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Finding Good Bets in the Lottery,
and Why You Shouldn’t Take Them

Aaron Abrams and Skip Garibaldi

Everybody knows that the lottery is a bad investment. But do you know why? How do
you know?

For most lotteries, the obvious answer is obviously correct: lottery operators are
running a business, and we can assume they have set up the game so that they make
money. If they make money, they must be paying out less than they are taking in;
so on average, the ticket buyer loses money. This reasoning applies, for example, to
the policy games formerly run by organized crime described in [15] and [18], and
to the (essentially identical) Cash 3 and Cash 4 games currently offered in the state
of Georgia, where the authors reside. This reasoning also applies to Las Vegas–style
gambling. (How do you think the Luxor can afford to keep its spotlight lit?)

However, the question becomes less trivial for games with rolling jackpots, like
Mega Millions (currently played in 12 of the 50 U.S. states), Powerball (played in 30
states), and various U.S. state lotteries. In these games, if no player wins the largest
prize (the jackpot) in any particular drawing, then that money is “rolled over” and
increased for the next drawing. On average the operators of the game still make money,
but for a particular drawing, one can imagine that a sufficiently large jackpot would
give a lottery ticket a positive average return (even though the probability of winning
the jackpot with a single ticket remains extremely small). Indeed, for any particular
drawing, it is easy enough to calculate the expected rate of return using the formula
in (4.5). This has been done in the literature for lots of drawings (see, e.g., [20]), and,
sure enough, sometimes the expected rate of return is positive. In this situation, why is
the lottery a bad investment?

Seeking an answer to this question, we began by studying historical lottery data. In
doing so, we were surprised both by which lotteries offered the good bets, and also
by just how good they can be. We almost thought we should invest in the lottery!
So we were faced with several questions; for example, are there any rules of thumb
to help pick out the drawings with good rates of return? One jackpot winner said
she only bought lottery tickets when the announced jackpot was at least $100 million
[26]. Is this a good idea? (Or perhaps a modified version, replacing the threshold with
something less arbitrary?) Sometimes the announced jackpots of these games are truly
enormous, such as on March 9, 2007, when Mega Millions announced a $390 million
prize. Would it have been a good idea to buy a ticket for that drawing? And our real
question, in general, is the following: on the occasions that the lottery offers a positive
rate of return, is a lottery ticket ever a good investment? And how can we tell? In this
paper we document our findings. Using elementary mathematics and economics, we
can give satisfying answers to these questions.

We should come clean here and admit that to this point we have been deliberately
conflating several notions. By a “good bet” (for instance in the title of this paper) we
mean any wager with a positive rate of return. This is a mathematical quantity which
is easily computed. A “good investment” is harder to define, and must take into ac-
count risk. This is where things really get interesting, because as any undergraduate
economics major knows, mathematics alone does not provide the tools to determine

doi:10.4169/000298910X474952

January 2010] FINDING GOOD BETS IN THE LOTTERY 3



when a good bet is a good investment (although a bad bet is always a bad investment!).
To address this issue we therefore leave the domain of mathematics and enter a dis-
cussion of some basic economic theory, which, in Part III of the paper, succeeds in
answering our questions (hence the second part of the title). And by the way, a “good
idea” is even less formal: independently of your financial goals and strategies, you
might enjoy playing the lottery for a variety of reasons. We’re not going to try to stop
you.

To get started, we build a mathematical model of a lottery drawing. Part I of this pa-
per (§§1–3) describes the model in detail: it has three parameters ( f, F, t) that depend
only on the lottery and not on a particular drawing, and two parameters (N , J ) that
vary from drawing to drawing. Here N is the total ticket sales and J is the size of the
jackpot. (The reader interested in a particular lottery can easily determine f, F, and
t .) The benefit of the general model, of course, is that it allows us to prove theorems
about general lotteries. The parameters are free enough that the results apply to Mega
Millions, Powerball, and many other smaller lotteries.

In Part II (§§4–8) we use elementary calculus to derive criteria for determining,
without too much effort, whether a given drawing is a good bet. We show, roughly
speaking, that drawings with “small” ticket sales (relative to the jackpot; the measure-
ment we use is N/J , which should be less than 1/5) offer positive rates of return, once
the jackpot exceeds a certain easily-computed threshold. Lotto Texas is an example of
such a lottery. On the other hand, drawings with “large” ticket sales (again, this means
N/J is larger than a certain cutoff, which is slightly larger than 1) will always have
negative rates of return. As it happens, Mega Millions and Powerball fall into this cate-
gory; in particular, no drawing of either of these two lotteries has ever been a good bet,
including the aforementioned $390 million jackpot. Moreover, based on these consid-
erations we argue in Section 8 that Mega Millions and Powerball drawings are likely
to always be bad bets in the future also.

With this information in hand, we focus on those drawings that have positive ex-
pected rates of return, i.e., the good bets, and we ask, from an economic point of view,
whether they can ever present a good investment. If you buy a ticket, of course, you
will most likely lose your dollar; on the other hand, there is a small chance that you
will win big. Indeed, this is the nature of investing (and gambling): every interesting
investment offers the potential of gain alongside the risk of loss. If you view the lot-
tery as a game, like playing roulette, then you are probably playing for fun and you
are both willing and expecting to lose your dollar. But what if you really want to make
money? Can you do it with the lottery? More generally, how do you compare invest-
ments whose expected rates of return and risks differ?

In Part III of the paper (§§9–11) we discuss basic portfolio theory, a branch of
economics that gives a concrete, quantitative answer to exactly this question. Portfolio
theory is part of a standard undergraduate economics curriculum, but it is not so well
known to mathematicians. Applying portfolio theory to the lottery, we find, as one
might expect, that even when the returns are favorable, the risk of a lottery ticket is
so large that an optimal investment portfolio will allocate a negligible fraction of its
assets to lottery tickets. Our conclusion, then, is unsurprising; to quote the movie War
Games, “the only winning move is not to play.”a

You might respond: “So what? I already knew that buying a lottery ticket was a bad
investment.” And maybe you did. But we thought we knew it too, until we discovered
the fantastic expected rates of return offered by certain lottery drawings! The point
we want to make here is that if you want to actually prove that the lottery is a bad

aHow about a nice game of chess?
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investment, the existence of good bets shows that mathematics is not enough. It takes
economics in cooperation with mathematics to ultimately validate our intuition.

Further Reading. The lotteries described here are all modern variations on a lottery
invented in Genoa in the 1600s, allegedly to select new senators [1]. The Genoese-style
lottery became very popular in Europe, leading to interest by mathematicians including
Euler; see, e.g., [9] or [2]. The papers [21] and [35] survey modern U.S. lotteries from
an economist’s perspective. The book [34] gives a treatment for a general audience.
The conclusion of Part III of the present paper—that even with a very good expected
rate of return, lotteries are still too risky to make good investments—has of course
been observed before by economists; see [17]. Whereas we compare the lottery to
other investments via portfolio theory, the paper [17] analyzes a lottery ticket as an
investment in isolation, using the Kelly criterion (described, e.g., in [28] or [32]) to
decide whether or not to invest. They also conclude that one shouldn’t invest in the
lottery, but for a different reason than ours: they argue that investing in the lottery
using a strategy based on the Kelly criterion, even under favorable conditions, is likely
to take millions of years to produce positive returns. The mathematics required for
their analysis is more sophisticated than the undergraduate-level material used in ours.

PART I. THE SETUP: MODELING A LOTTERY

1. Mega Millions and Powerball. The Mega Millions and Powerball lotteries are
similar in that in both, a player purchasing a $1 ticket selects 5 distinct “main” numbers
(from 1 to 56 in Mega Millions and 1 to 55 in Powerball) and 1 “extra” number (from
1 to 46 in Mega Millions and 1 to 42 in Powerball). This extra number is not related to
the main numbers, so, e.g., the sequence

main = 4, 8, 15, 16, 23 and extra = 15

denotes a valid ticket in either lottery. The number of possible distinct tickets is
(56

5

)
46

for Mega Millions and
(55

5

)
42 for Powerball.

At a predetermined time, the “winning” numbers are drawn on live television and
the player wins a prize (or not) based on how many numbers on his or her ticket
match the winning numbers. The prize payouts are listed in Table 1. A ticket wins
only the best prize for which it qualifies; e.g., a ticket that matches all six numbers
only wins the jackpot and not any of the other prizes. We call the non-jackpot prizes
fixed, because their values are fixed. (In this paper, we treat a slightly simplified version
of the Powerball game offered from August 28, 2005 through the end of 2008. The
actual game allowed the player the option of buying a $2 ticket that had larger fixed
prizes. Also, in the event of a record-breaking jackpot, some of the fixed prizes were
also increased by a variable amount. We ignore both of these possibilities. The rules
for Mega Millions also vary slightly from state to state,b and we take the simplest and
most popular version here.)

The payouts listed in our table for the two largest fixed prizes are slightly different
from those listed on the lottery websites, in that we have deducted federal taxes. Cur-
rently, gambling winnings over $600 are subject to federal income tax, and winnings
over $5000 are withheld at a rate of 25%; see [14] or [4]. Since income tax rates vary
from gambler to gambler, we use 25% as an estimate of the tax rate.c For example, the

bMost notably, in California all prizes are pari-mutuel.
cWe guess that most people who win the lottery will pay at least 25% in taxes. For anyone who pays more,

the estimates we give of the jackpot value J for any particular drawing should be decreased accordingly. This
kind of change strengthens our final conclusion—namely, that buying lottery tickets is a poor investment.
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Table 1. Prizes for Mega Millions and Powerball. A ticket costs $1. Payouts for the
5/5 and 4/5 + extra prizes have been reduced by 25% to approximate taxes.

Mega Millions Powerball

Match Payout

# of ways
to make

this match Payout

# of ways
to make

this match

5/5 + extra jackpot 1 jackpot 1
5/5 $187,500 45 $150,000 41

4/5 + extra $7,500 255 $7,500 250
4/5 $150 11,475 $100 10,250

3/5 + extra $150 12,750 $100 12,250
2/5 + extra $10 208,250 $7 196,000

3/5 $7 573,750 $7 502,520
1/5 + extra $3 1,249,500 $4 1,151,500
0/5 + extra $2 2,349,060 $3 2,118,760

winner of the largest non-jackpot prize for the Mega Millions lottery receives not the
nominal $250,000 prize, but rather 75% of that amount, as listed in Table 1. Because
state tax rates on gambling winnings vary from state to state and Mega Millions and
Powerball are each played in states that do not tax state lottery winnings (e.g., New
Jersey [24, p. 19] and New Hampshire respectively), we ignore state taxes for these
lotteries.

2. Lotteries with Other Pari-mutuel Prizes. In addition to Mega Millions or Power-
ball, some states offer their own lotteries with rolling jackpots. Here we describe the
Texas (“Lotto Texas”) and New Jersey (“Pick 6”) games. In both, a ticket costs $1 and
consists of 6 numbers (1–49 for New Jersey and 1–54 for Texas). For matching 3 of
the 6 winning numbers, the player wins a fixed prize of $3.

All tickets that match 4 of the 6 winning numbers split a pot of .05N (NJ) or .033N
(TX) dollars, where N is the total amount of sales for that drawing. (As tickets cost $1,
as a number, N is the same as the total number of tickets sold.) The prize for matching
5 of the 6 winning numbers is similar; such tickets split a pot of .055N (NJ) or .0223N
(TX); these prizes are typically around $2000, so we deduct 25% in taxes from them
as in the previous section, resulting in .0413N for New Jersey and .0167N for Texas.
(Deducting this 25% makes no difference to any of our conclusions, it only slightly
changes a few numbers along the way.) Finally, the tickets that match all 6 of the 6
winning numbers split the jackpot.

How did we find these rates? For New Jersey, they are on the state lottery website.
Otherwise, you can approximate them from knowing—for a single past drawing—the
prize won by each ticket that matched 4 or 5 of the winning numbers, the number of
tickets sold that matched 4 or 5 of the winning numbers, and the total sales N for that
drawing. (In the case of Texas, these numbers can be found on the state lottery website,
except for total sales, which is on the website of a third party [23].) The resulting
estimates may not be precisely correct, because the lottery operators typically round
the prize given to each ticket holder to the nearest dollar.

As a matter of convenience, we refer to the prize for matching 3 of 6 as fixed, the
prizes for matching 4 or 5 of 6 as pari-mutuel, and the prize for matching 6 of 6 as
the jackpot. (Strictly speaking, this is an abuse of language, because the jackpot is also
pari-mutuel in the usual sense of the word.)
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3. The General Model. We want a mathematical model that includes Mega Millions,
Powerball, and the New Jersey and Texas lotteries described in the preceding section.
We model an individual drawing of such a lottery, and write N for the total ticket sales,
an amount of money. Let t be the number of distinct possible tickets, of which:

• tfix
1 , tfix

2 , . . . , tfix
c win fixed prizes of (positive) amounts a1, a2, . . . , ac respectively,

• tpari
1 , tpari

2 , . . . , tpari
d split pari-mutuel pots of (positive) size r1 N , r2 N , . . . , rd N re-

spectively, and
• 1 of the possible distinct tickets wins a share of the (positive) jackpot J . More pre-

cisely, if w copies of this 1 ticket are sold, then each ticket-holder receives J/w.

Note that the ai , the ri , and the various t’s depend only on the setup of the lottery,
whereas N and J vary from drawing to drawing. Also, we mention a few technical
points. The prizes ai , the number N , and the jackpot J are denominated in units of
“price of a ticket.” For all four of our example lotteries, the tickets cost $1, so, for
example, the amounts listed in Table 1 are the ai ’s—one just drops the dollar sign.
Furthermore, the prizes are the actual amount the player receives. We assume that
taxes have already been deducted from these amounts, at whatever rate such winnings
would be taxed. (In this way, we avoid having to include tax in our formulas.) Jackpot
winners typically have the option of receiving their winnings as a lump sum or as an
annuity; see, e.g., [31] for an explanation of the differences. We take J to be the after-
tax value of the lump sum, or—what is the essentially the same—the present value
(after tax) of the annuity. Note that this J is far smaller than the jackpot amounts an-
nounced by lottery operators, which are usually totals of the pre-tax annuity payments.
Some comparisons are shown in Table 3A.

Table 3A. Comparison of annuity and lump sum jackpot amounts for some lottery drawings.
The value of J is the lump sum minus tax, which we assume to be 25%. The letter ‘m’ denotes
millions of dollars.

Date Game

Annuity
jackpot

(pre-tax)

Lump sum
jackpot

(pre-tax) J (estimated)

4/07/2007 Lotto Texas 75m 45m 33.8m
3/06/2007 Mega Millions 390m 233m 175m
2/18/2006 Powerball 365m 177.3m 133m

10/19/2005 Powerball 340m 164.4m 123.3m

We assume that the player knows J . After all, the pre-tax value of the annuitized
jackpot is announced publicly in advance of the drawing, and from it one can estimate
J . For Mega Millions and Powerball, the lottery websites also list the pre-tax value of
the cash jackpot, so the player only needs to consider taxes.

Statistics. In order to analyze this model, we focus on a few statistics f, F , and J0

deduced from the data above. These numbers depend only on the lottery itself (e.g.,
Mega Millions), and not on a particular drawing.

We define f to be the cost of a ticket less the expected winnings from fixed prizes,
i.e.,

f := 1 −
c∑

i=1

ai t
fix
i /t. (3.1)
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This number is approximately the proportion of lottery sales that go to the jackpot, the
pari-mutuel prizes, and “overhead” (i.e., the cost of lottery operations plus vigorish;
around 45% of total sales for the example lotteries in this paper). It is not quite the
same, because we have deducted income taxes from the amounts ai . Because the ai

are positive, we have f ≤ 1.
We define F to be

F := f −
d∑

i=1

ri , (3.2)

which is approximately the proportion of lottery sales that go to the jackpot and
overhead. Any actual lottery will put some money into one of these, so we have
0 < F ≤ f ≤ 1.

Finally, we put

J0 := Ft. (3.3)

We call this quantity the jackpot cutoff, for reasons which will become apparent in
Section 5. Table 3B lists these numbers for our four example lotteries. We assumed
that some ticket can win the jackpot, so t ≥ 1 and consequently J0 > 0.

Table 3B. Some statistics for our example lotteries that hold for all drawings.

Game t f F J0

Mega Millions 175,711,536 0.838 0.838 147m
Powerball 146,107,962 0.821 0.821 120m

Lotto Texas 25,827,165 0.957 0.910 23.5m
New Jersey Pick 6 13,983,816 0.947 0.855 11.9m

PART II. TO BET OR NOT TO BET: ANALYZING THE RATE OF RETURN

4. Expected Rate of Return. Using the model described in Part I, we now calculate
the expected rate of return (eRoR) on a lottery ticket, assuming that a total of N tickets
are sold. The eRoR is

(eRoR) = −
(

cost of
ticket

)
+

(
expected winnings
from fixed prizes

)

+
⎛
⎝expected winnings

from pari-mutuel
prizes

⎞
⎠ +

(
expected winnings
from the jackpot

)
, (4.1)

where all the terms on the right are measured in units of “cost of one ticket.” The
parameter f defined in (3.1) is the negative of the first two terms.

We focus on one ticket: yours. We will assume that the particular numbers on the
other tickets are chosen randomly. See 4.10 below for more on this hypothesis. With
this assumption, the probability that your ticket is a jackpot winner together with w − 1
of the other tickets is given by the binomial distribution:(

N − 1

w − 1

) (
1

t

)w (
1 − 1

t

)N−w

. (4.2)

8 c© THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 117



In this case the amount you win is J/w. We therefore define

s(p, N ) :=
∑
w≥1

1

w

(
N − 1

w − 1

)
pw (1 − p)N−w,

and now the expected amount won from the jackpot is J s(1/t, N ). Combining this
with a similar computation for the pari-mutuel prizes and with the preceding para-
graph, we obtain the formula:

(eRoR) = − f +
d∑

i=1

ri N s(pi , N ) + J s

(
1

t
, N

)
, (4.3)

where pi := tpari
i /t is the probability of winning the i th pari-mutuel prize and (d is the

number of pari-mutuel prizes).
The domain of the function s can be extended to allow N to be real (and not just

integral); one can do this the same way one ordinarily treats binomial coefficients in
calculus, or equivalently by using the closed form expression for s given in Proposition
4.4.

In the rest of this section we use first-year calculus to prove some basic facts about
the function s(p, x). An editor pointed out to us that our proofs could be shortened
if we approximated the binomial distribution (4.2) by a Poisson distribution (with pa-
rameter λ = N/t). Indeed this approximation is extremely good for the relevant values
of N and t ; however, since we are able to obtain the results we need from the exact
formula (4.2), we will stick with this expression in order to keep the exposition self-
contained.

Proposition 4.4. For 0 < p < 1 and N > 0,

s(p, N ) = 1 − (1 − p)N

N
.

We will prove this in a moment, but first we plug it into (4.3) to obtain:

(eRoR) = − f +
d∑

i=1

ri

(
1 − (1 − pi )

N
) + J s

(
1

t
, N

)
(4.5)

Applying this formula to our example drawings from Table 3A gives the eRoRs listed
in Table 4.

Table 4. Expected rate of return for some specific drawings, calculated using (4.5).

Date Game J N exp. RoR J/J0 N/J

4/07/2007 Lotto Texas 33.8m 4.2m +30% 1.44 0.13
3/06/2007 Mega Millions 175m 212m −26% 1.19 1.22
2/18/2006 Powerball 133m 157m −26% 1.11 1.18

10/19/2005 Powerball 123.3m 161m −31% 1.03 1.31
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Proof of Prop. 4.4. The binomial theorem gives an equality of functions of two vari-
ables x, y:

(x + y)n =
∑
k≥0

(
n

k

)
xk yn−k .

We integrate both sides with respect to x and obtain

(x + y)n+1

n + 1
+ f (y) =

∑
k≥0

(
n

k

)
xk+1

k + 1
yn−k

for some unknown function f (y). Plugging in x = 0 gives:

yn+1

n + 1
+ f (y) = 0;

hence for all x and y, we have:

(x + y)n+1

n + 1
− yn+1

n + 1
=

∑
k≥0

1

k + 1

(
n

k

)
xk+1 yn−k .

The proposition follows by plugging in x = p, y = 1 − p, N = n + 1, and w = k + 1.

We will apply the next lemma repeatedly in what follows.

Lemma 4.6. If 0 < c < 1 then 1 − 1
c − ln c < 0.

Proof. It is a common calculus exercise to show that 1 + z < ez for all z > 0 (e.g., by
using a power series). This implies ln(1 + z) < z or, shifting the variable, ln z < z − 1
for all z > 1. Applying this with z = 1/c completes the proof.

Lemma 4.7. Fix b ∈ (0, 1).

(1) The function

h(x, y) := 1 − bxy

x

satisfies hx := ∂h/∂x < 0 and hy := ∂h/∂y > 0 for x, y > 0.
(2) For every z > 0, the level set {(x, y) | h(x, y) = z} intersects the first quadrant

in the graph of a smooth, positive, increasing, concave up function defined on
the interval (0, 1/z).

Proof. We first prove (1). The partial with respect to y is easy: hy = −bxy ln(b) > 0.
For the partial with respect to x , we have:

∂

∂x

[
1 − bxy

x

]
= bxy

x2

[
1 − b−xy − ln(bxy)

]
.

Now, bxy and x2 are both positive, and the term in brackets is negative by Lemma 4.6
(with c = bxy). Thus hx < 0.
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To prove (2), we fix z > 0 and solve the equation h(x, y) = z for y, obtaining

y = ln(1 − xz)

x ln b
.

Recall that 0 < b < 1, so ln b < 0. Thus when x > 0 the level curve is the graph of a
positive smooth function (of x) with domain (0, 1/z), as claimed.

Differentiating y with respect to x and rearranging yields

dy

dx
= 1

x2 ln b

[
1 − 1

1 − xz
− ln(1 − xz)

]
.

For x in the interval (0, 1/z), we have 0 < 1 − xz < 1, so Lemma 4.6 implies that
the expression in brackets is negative. Thus dy/dx is positive; i.e., y is an increasing
function of x .

To establish the concavity we differentiate again and rearrange (considerably), ob-
taining

d2y

dx2
= −1

x3 ln b

1

(1 − xz)2

[
3(1 − xz)2 − 4(1 − xz) + 1 − 2(1 − xz)2 ln(1 − xz)

]
.

As ln b < 0 and x > 0, we aim to show that the expression

1 − 4c + 3c2 − 2c2 ln(c) (4.8)

is positive, where c := 1 − xz is between 0 and 1.
To show that (4.8) is positive, note first that it is decreasing in c. (This is because the

derivative is 4c(1 − 1
c − ln c), which is negative by Lemma 4.6.) Now, at c = 1, the

value of (4.8) is 0, so for 0 < c < 1 we deduce that (4.8) is positive. Hence d2 y/dx2 is
positive, and the level curve is concave up, as claimed.

Corollary 4.9. Suppose that 0 < p < 1. For x ≥ 0,

(1) the function x �→ s(p, x) decreases from − ln(1 − p) to 0.
(2) the function x �→ x s(p, x) increases from 0 to 1.

Proof.

(1) Lemma 4.7 implies that s(p, x) is decreasing, by setting y = 1 and b = 1 − p.
Its limit as x → ∞ is obvious because 0 < 1 − p < 1, and its limit as x → 0
can be obtained via l’Hospital’s rule.

(2) Proposition 4.4 gives that x s(p, x) is equal to 1 − (1 − p)x , whence it is in-
creasing and has the claimed limits because 0 < 1 − p < 1.

4.10. Unpopular Numbers. Throughout this paper, we are assuming that the other
lottery players select their tickets randomly. This is not strictly true: in a typical
U.S. lottery drawing, only 70 to 80 percent of the tickets sold are “quick picks,” i.e.,
tickets whose numbers are picked randomly by computer [27, 21], whereas the oth-
ers have numbers chosen by the player. Ample evidence indicates that player-chosen
numbers are not evenly distributed amongst the possible choices, leading to a strategy:
by playing “unpopular” numbers, you won’t improve your chances of winning any
particular prize, but if you do win the jackpot, your chance of sharing it decreases.
This raises your expected return. See, e.g., [6], [13], [34], or the survey in §4 of [12].
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The interested reader can adjust the results of this paper to account for this strategy.
One way to proceed is to view (4.3) as a lower bound on the eRoR, and then compute
an upper bound by imagining the extreme scenario in which one plays numbers that
are not hand-picked by any other player. In this case any sharing of the jackpot will
result from quick picks, which we assume are used by at least 70% of all players.
Therefore one can replace N by N ′ = 0.7N in (4.2) and hence in (4.3). The resulting
value of eRoR will be an upper bound on the returns available using the approach of
choosing unpopular numbers.

5. The Jackpot Cutoff J0. With the results of the preceding section in hand, it is
easy to see that the rate of return on “nearly all” lottery drawings is negative. How?
We prove an upper bound on the eRoR (4.5).

In (4.5), the terms 1 − (1 − pi )
N are at most 1. So we find:

(eRoR) ≤ − f +
d∑

i=1

ri + J s(1/t, N ).

The negative of the first two terms is the number F defined in (3.2), i.e.,

(eRoR) ≤ −F + J s(1/t, N ). (5.1)

But by Corollary 4.9, s(1/t, N ) is less than s(1/t, 1) = 1/t , so

(eRoR) < −F + J/t.

In order for the eRoR to be positive, clearly −F + J/t must be positive, i.e., J must be
greater than Ft = J0. This is why (in (3.3)) we called this number the jackpot cutoff.
To summarize:

If J < J0, then a lottery ticket is a bad bet,
i.e., the expected rate of return is negative. (5.2)

With (5.2) in mind, we ignore all drawings with J < J0. This naive and easy-to-
check criterion is extremely effective; it shows that “almost all” lottery drawings have
negative eRoR. The drawings listed in Table 4 are all the drawings in Mega Millions
and Powerball (since inception of the current games until the date of writing, Decem-
ber 2008) where the jackpot J was at least J0. There are only 3 examples out of about
700 drawings, so this event is uncommon. We also include one Lotto Texas drawing
with J > J0. (This drawing was preceded by a streak of several such drawings in
which no one won the jackpot; the eRoR increased until someone won the April 7,
2007 drawing.) During 2007, the New Jersey lottery had no drawings with J > J0.

Table 4 also includes, for each drawing, an estimate of the number of tickets sold
for that drawing. The precise numbers are not publicized by the lottery operators. In
the case of Powerball, we estimated N by using the number of tickets that won a prize,
as reported in press releases. For Mega Millions, we used the number of tickets that
won either of the two smallest fixed prizes, as announced on the lottery website. For
Lotto Texas, the number of tickets sold is from [23].

6. Break-even Curves. At this point, for any particular drawing, we are able to ap-
ply (4.5) to compute the expected rate of return. But this quickly becomes tiresome;
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our goal in this section is to give criteria that—in “most” cases—can be used to deter-
mine the sign of the expected rate of return, i.e., whether or not the drawing is a good
bet. These criteria will be easy to check, making them applicable to large classes of
drawings all at once.

Recall that for a given lottery, the numbers f, ri , pi , and t (and therefore F and
J0) are constants depending on the setup of the lottery; what changes from drawing to
drawing are the values of J and N . Thus J and N are the parameters which control
the eRoR for any particular drawing. In light of (5.2), it makes sense to normalize J
by dividing it by the jackpot cutoff J0; equation (5.2) says that if J/J0 < 1 then the
eRoR is negative. It is helpful to normalize N as well; it turns out that a good way
to do this is to divide by J , as the quantity N/J plays a decisive role in our analysis.
Thus we think of ticket sales as being “large” or “small” only in relation to the size of
the jackpot. We therefore use the variables

x := N

J
and y := J

J0

to carry out our analysis, instead of N and J . Plugging this in to (4.5)—i.e., substitut-
ing y J0 for J and xy J0 for N—gives

(eRoR) = − f +
d∑

i=1

ri

(
1 − (1 − pi )

xy J0
) + 1 − (1 − p)xy J0

x
. (6.1)

For any particular lottery, we can plug in the actual values for the parameters f , ri ,
pi , p, and J0 and plot the level set {(eRoR) = 0} in the first quadrant of the (x, y)-
plane. We call this level set the break-even curve, because drawings lying on this curve
have expected rate of return zero. This curve is interesting for the gambler because it
separates the region of the (x, y)-plane consisting of drawings with positive rates of
return from the region of those with negative rates of return.

Proposition 6.2. For every lottery as in §3, the break-even curve is the graph of a
smooth, positive function �(x) with domain (0, 1/F). If the lottery has no pari-mutuel
prizes, then �(x) is increasing and concave up.

Proof. For a fixed positive x , we can use (6.1) to view the eRoR as a (smooth) function
of one variable y. At y = 0, we have (eRoR) = − f < 0. Looking at (6.1), we see that
the nonconstant terms all have positive partial derivatives with respect to y, so eRoR
is a continuous, strictly increasing function of y. Further,

lim
y �→∞(eRoR) = − f +

d∑
i=1

ri + 1

x
= −F + 1

x
.

Therefore, by the intermediate value theorem, for each x ∈ (0, 1/F) there is a unique
y > 0 such that (eRoR) = 0. Moreover for x ≥ 1/F the eRoR is always negative. This
proves that the break-even curve is the graph of a positive function �(x) with domain
(0, 1/F).

Now, observe that for fixed y > 0, it is in general unclear whether eRoR is increas-
ing in x . One expects it to decrease, because x is proportional to ticket sales. However,
in (6.1), the terms in the sum (which are typically small) are increasing in x whereas
only the last term is decreasing in x (by Lemma 4.7). If there are no pari-mutuel prizes,
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then the sum disappears, and the eRoR is decreasing in x . Specifically, in this case the
graph of �(x) is the level curve of the function h(x, y) = (1 − bxy)/x at the value f ,
where b = (1 − p)J0 . By Lemma 4.7, �(x) is smooth, increasing, and concave up.

Nevertheless, even when there are pari-mutuel prizes, the function �(x) is still
smooth. This is because, as we showed in the first paragraph of this proof, the y-
derivative of eRoR is always positive (for 0 < x < 1/F), so we can invoke the implicit
function theorem. Since eRoR is smooth as a function of two variables, its level sets
are graphs of smooth functions of x on this interval. The break-even curve is one such
level set.

The break-even curves for Mega Millions, Powerball, Lotto Texas, and New Jersey
Pick 6 are the lighter curves in Figure 6A. (Note that they are so similar that it is hard
to tell that there are four of them!)

The two bold curves in Figure 6A are the level curves

U :=
{
(x, y)

∣∣∣∣ −1 + 1 − 0.45xy

x
= 0

}
(6.3)

and

L :=
{
(x, y)

∣∣∣∣ −0.8 + 1 − 0.36xy

x
= 0

}
. (6.4)

Their significance is spelled out in the following theorem, which is our core result. We
consider a lottery to be major if there are at least 500 distinct tickets; one can see from
the proofs that this particular bound is almost arbitrary.

−
−

−

−

−

−

−

−

−

−

+
+

+

0.5 1.0 1.5 2.0

0.5

1.0

1.5

2.0

J/J0

N/J

Figure 6A. Illustration of Theorem 6.5. The break-even curve for any lottery must lie in the region between the
two bold curves. The lighter curves between the two bold curves are the break-even curves for Mega Millions,
Powerball, Lotto Texas, and New Jersey Pick 6. Drawings in the region marked − have a negative eRoR and
those in the region marked + have a positive eRoR.

Theorem 6.5. For any major lottery with F ≥ 0.8 (i.e., that roughly speaking pays
out on average less than 20% of its revenue in prizes other than the jackpot) we have:
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(a) The break-even curve lies in the region between the curves U and L and to the
right of the y-axis.

(b) Any drawing with (x, y) above the break-even curve has positive eRoR.

(c) Any drawing with (x, y) below the break-even curve has negative eRoR.

In particular, for any drawing of any such lottery, if (x, y) is above U then the eRoR
is positive, and if (x, y) is below or to the right of L then the eRoR is negative.

The hypotheses of the theorem are fairly weak. Being major means that the lottery
has at least 500 possible distinct tickets; our example lotteries all have well over a
million distinct tickets. All of our example lotteries have F ≥ 0.82.

We need the following lemma from calculus.

Lemma 6.6. The function g(t) = (1 − 1/t)t is increasing for t > 1, and the limit is
1/e.

Proof. The limit is well known. We prove that g is increasing, which is an exercise in
first-year calculus.d In order to take the derivative we first take the logarithm:

ln g(t) = t ln(1 − 1/t)

Now differentiating both sides yields

g′(t)
g(t)

= ln

(
1 − 1

t

)
+ t

1/t2

1 − 1/t
= ln

(
1 − 1

t

)
+ 1

t − 1
. (6.7)

We want to show that g′(t) > 0. Since the denominator on the left, g(t), is positive, it
suffices to show that the right side is positive. To do this we rearrange the logarithm as
ln(1 − 1/t) = ln( t−1

t ) = ln(t − 1) − ln t . Now, using the fact that

ln t =
∫ t

1

1

x
dx,

the right side of (6.7) becomes

−
∫ t

t−1

1

x
dx + 1

t − 1
,

which is evidently positive, because the integrand 1/x is less than 1/(t − 1) on the
interval of integration.

We can now prove the theorem.

Proof of Theorem 6.5. Parts (b) and (c) follow from the proof of Proposition 6.2: for a
fixed x , the eRoR is an increasing function of y.

To prove (a), we first claim that for any c > 0,

1 − 0.45c < cJ0 s

(
1

t
, cJ0

)
< 1 − 0.36c. (6.8)

dThis function is one of those for which computers give a misleading plot. For large values of t , say t > 108,
Mathematica shows a function that appears to be oscillating.
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Recall that J0 = Ft . We write out s using Proposition 4.4:

cJ0 s

(
1

t
, cJ0

)
= 1 −

(
1 − 1

t

)cFt

.

By Lemma 6.6, the function t �→ (1 − 1/t)t is increasing. Thus, since t ≥ 500 by
assumption, we have (

1 − 1

t

)t

≥ 0.998500 > 0.36.

For the lower bound in (6.8), Lemma 6.6 implies that (1 − 1/t)t is at most 1/e. Putting
these together, we find:

1 − e−cF < cJ0 s

(
1

t
, cJ0

)
< 1 − 0.36cF .

Finally, recall that F ≥ 0.8; plugging this in (and being careful with the inequalities)
now establishes (6.8).

Looking at equation (4.5) for the eRoR, we observe that the pari-mutuel rates ri are
nonnegative, so for a lower bound we can take pi = 0 for all i . Combined with the
upper bound (5.1), we have:

− f + J s

(
1

t
, N

)
≤ (eRoR) ≤ −F + J s

(
1

t
, N

)
.

Replacing N with xy J0 and J with xy J0/x and applying (6.8) with c = xy gives:

−1 + 1 − 0.45xy

x
< (eRoR) < −0.8 + 1 − 0.36xy

x
. (6.9)

By Lemma 4.7, the partial derivatives of the upper and lower bounds in (6.9) are
negative with respect to x and positive with respect to y. This implies (a) as well as
the last sentence of the theorem.

We can enlarge the negative region in Figure 6A somewhat by incorporating (5.2),
which says that the eRoR is negative for any drawing with y = J/J0 < 1. In fact (5.2)
implies that the break-even curve for a lottery will not intersect the line y = 1 except
possibly when no other tickets are sold, i.e., when N = 1 or equivalently x = 1/J ≈ 0.
The result is Figure 6B.

Figure 6B includes several data points for actual drawings which have occurred.
The four solid dots represent the four drawings from Table 4. The circles in the bot-
tom half of the figure are a few typical Powerball and Mega Millions drawings. In
all the drawings that we examined, the only ones we found in the inconclusive region
(between the bold curves) were some of those leading up to the positive Lotto Texas
drawing plotted in the figure.

7. Examples. We now give two concrete illustrations of Theorem 6.5. Let’s start with
the good news.

7.1. Small Ticket Sales. The point (0.2, 1.4) (approximately) is on the curve U de-
fined in (6.3). Any drawing of any lottery satisfying
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Figure 6B. Refinement of Figure 6A. Drawings in the regions marked with +’s have positive eRoR and those
in regions marked with −’s have negative eRoR.

(1) N < 0.2 J and

(2) J > 1.4 J0

is above U and so will have positive eRoR by Theorem 6.5. (The points satisfying (1)
and (2) make up the small shaded rectangle on the left side of Figure 7.) We chose
to look at this point because some state lotteries, such as Lotto Texas, tend to satisfy
(1) every week. So to find a positive eRoR, this is the place to look: just wait until J
reaches the threshold (2).
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Figure 7. Figure 6B with the regions covered by the Small Ticket Sales and the Large Ticket Sales examples
shaded.
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7.2. Large Ticket Sales. On the other hand, the point (1.12, 2) is on the curve L de-
fined in (6.4); therefore any drawing of any lottery with

(1) N > 1.12 J and
(2) J < 2 J0

lies below or to the right of L and will have a negative eRoR. These drawings make
up the large rectangular region on the right side of Figure 7. Here we have chosen to
focus on this particular rectangle for two reasons. Mega Millions and Powerball tend
to have large ticket sales (relative to J ); specifically, N/J has exceeded 1.12 every
time J has exceeded J0. Moreover, no drawing of any lottery we are aware of has ever
come close to violating (2). In fact, for lotteries with large ticket sales (such as Mega
Millions and Powerball), the largest value of J/J0 we have observed is about 1.19,
in the case of the Mega Millions drawing in Table 4. Thus no past drawing of Mega
Millions or Powerball has ever offered a positive eRoR.

Of course, if we are interested in Mega Millions and Powerball specifically, then
we may obtain stronger results by using their actual break-even curves, rather than
the bound L . We will do this in the next section to argue that in all likelihood these
lotteries will never offer a good bet.

In each of these examples, our choice of region (encoded in the hypotheses (1) and
(2)) is somewhat arbitrary. The reader who prefers a different rectangular region can
easily cook one up: just choose a point on U or L to be the (lower right or upper left)
corner of the rectangle and apply Theorem 6.5. At the cost of slightly more compli-
cated (but still linear) hypotheses, one could prove something about various triangular
regions as well.

8. Mega Millions and Powerball. Mega Millions and Powerball fall under the Large
Ticket Sales example (7.2) of the previous section, and indeed they have never offered
a positive eRoR. We now argue that in all likelihood, no future drawing of either of
these lotteries will ever offer a positive expected rate of return.

8.1. Mega Millions / Powerball. Note that for these lotteries we know the exact
break-even curves, so we needn’t use the general bound L . Using the data from
Table 3B, we find that the break-even curve for Mega Millions is given by

ZM M :=
{
−0.838 + 1 − 0.43xy

x
= 0

}

and the break-even curve for Powerball is given by

Z P B :=
{
−0.821 + 1 − 0.44xy

x
= 0

}
.

The point (1, 2) is below both of these curves, as can be seen by plugging in x = 1
and y = 2. Thus, as in Theorem 6.5, any Mega Millions or Powerball drawing has
negative eRoR if

(1) N > J and
(2) J < 2 J0.

8.2. Why Mega Millions and Powerball Will Always Be Bad Bets. As we have
mentioned already, every time a Mega Millions or Powerball jackpot reaches J0,
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the ticket sales N have easily exceeded the jackpot J . Assuming this trend will con-
tinue, the preceding example shows that a gambler seeking a positive rate of return on
a Mega Millions or Powerball drawing need only consider those drawings where the
jackpot J is at least 2J0. (Even then, of course, the drawing is not guaranteed to offer
a positive rate of return.) We give a heuristic calculation to show that the jackpot will
probably never be so large.

Since the inception of these two games, the value of J/J0 has exceeded 1 only three
times, in the last three drawings in Table 4. The maximum value attained so far is 1.19.
What would it take for J/J0 to reach 2?

We will estimate two things: first, the probability that a large jackpot (J ≥ J0) rolls
over, and second, the number of times this has to happen for the jackpot to reach 2J0.
The chance of a rollover is the chance that the jackpot is not won, i.e.,

(
1 − 1

t

)N

where N is the number of tickets sold. This is a decreasing function of N , so in order
to find an upper bound for this chance, we need a lower bound on N as a function of J .
For this we use the assumption (1) of Section 8.1, which historically has been satisfied
for all large jackpots.e Since a rollover can only cause the jackpot to increase, the same
lower bound on N will hold for all future drawings until the jackpot is won. Thus if
the current jackpot is J ≥ J0, the chance of rolling over k times is at most

(
1 − 1

t

)k J0

.

Now, J0 = Ft and since t is quite large, we may approximate (1 − 1/t)t by its limiting
value as t tends to infinity, which is 1/e. Thus the probability above is roughly e−kF .
Since F ≥ 0.82, we conclude that once the jackpot reaches J0, the chance of it rolling
over k times is no more than e−.82k .

Let us now compute the number k of rollovers it will take for the jackpot to reach
2J0. Each time the jackpot (J ) rolls over (due to not being won), the jackpot for the
next drawing increases, say to J ′. The amount of increase depends on the ticket sales,
as this is the only source of revenue and a certain fraction of revenue is mandated to go
toward the jackpot. So in order to predict how much the jackpot will increase, we need
a model of ticket sales as a function of the jackpot. It is not clear how best to model this,
since the data are so sparse in this range. For smaller jackpots, evidence [7] indicates
that ticket sales grow as a quadratic function of the jackpot, so one possibility is to
extrapolate to this range. On the other hand, no model can work for arbitrarily large
jackpots, because of course at some point the sales market will be saturated. For the
purposes of this argument, then, we note that the ratio J ′/J has never been larger than
about 1.27 for any reasonably large jackpot, and we use this as an upper bound on the
rolled-over jackpot. This implicitly assumes a linear upper bound on ticket sales as a
function of the jackpot, but the bound is nevertheless generous by historical standards.f

So, suppose that each time a large jackpot J is rolled over, the new jackpot J ′ is
less than 1.27J . Then, even the jackpot corresponding to the largest value of J/J0

eAdded in proof: The 2008–2009 recession appears to have disturbed this trend. The 8/28/09 Mega Millions
drawing had an announced jackpot of $335m, leading to J ≈ 159m. About 149m tickets were sold, so N ≈
0.94J . But this drawing was still a bad bet with an eRoR of −23%.

fIt was pointed out to us by Victor Matheson that over time lottery ticket sales are trending downward [7],
so our upper bound on all past events is likely to remain valid in the future.
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(namely J/J0 = 1.19) would have had to roll over three more times before J would
have surpassed 2J0. Thus we should evaluate e−0.82k with k = 3.

Plugging in k = 3 shows that once the jackpot reaches J0, the probability that it
reaches 2J0 is at most e−0.82·3 < 1/11. So if the jackpot of one of these lotteries reaches
J0 about once every two years (a reasonable estimate by historical standards), then one
would expect it to reach 2J0 about once every 22 years, which is longer than the life
span of most lotteries. This is the basis of our claim that Mega Millions and Powerball
are unlikely to ever offer a positive eRoR.

As a final remark, we point out that even in the “once every 22 years” case where
the jackpot exceeds 2J0, one only concludes that the hypotheses of Example 8.1 are
not satisfied; one still needs to check whether the expected rate of return is positive.
And in any case, there still remains the question of whether buying lottery tickets is a
good investment.

PART III. TO INVEST OR NOT TO INVEST: ANALYZING THE RISK. In the
last few sections we have seen that good bets in the lottery do exist, though they may
be rare. We also have an idea of how to find them. So if you are on the lookout and
you spot a good bet, is it time to buy tickets? In the rest of the paper we address the
question of whether such an opportunity would actually make a good investment.

9. Is Positive Rate of Return Enough? The Lotto Texas drawing of April 7, 2007
had a huge rate of return of 30% over a very short time period (which for the sake of ar-
gument we call a week). Should you buy tickets for such a drawing? The naive investor
would see the high rate of return and immediately say “yes.”g But there are many risky
investments with high expected rates of return that investors typically choose not to in-
vest in directly, like oil exploration or building a time machine. How should one make
these decisions?

This is an extreme example of a familiar problem: you want to invest in a combi-
nation of various assets with different rates of return and different variances in those
rates of return. Standard examples of such assets are a certificate of deposit with a low
(positive) rate of return and zero variance, bonds with a medium rate of return and
small variance, or stocks with a high rate of return and large variance. How can you
decide how much to invest in each? Undergraduate economics courses teach a method,
known as mean-variance portfolio analysis, by which the investor can choose the opti-
mal proportion to invest in each of these assets. (Harry Markowitz and William Sharpe
shared the Nobel Prize in economics in 1990 for their seminal work in this area.) We
will apply this same method to compare lottery tickets with more traditional risky as-
sets. This will provide both concrete investment advice and a good illustration of how
to apply the method, which requires little more than basic linear algebra.

The method is based on certain assumptions about your investment preferences.
You want to pick a portfolio, i.e., a weighted combination of the risky assets where the
weights sum to 1. We assume:

(1) When you decide whether or not to invest in an asset, the only attributes you con-
sider are its expected rate of return, the variance in that rate, and the covariance
of that rate with the rates of return of other assets.h

gThe naive view is that rate of return is all that matters. This is not just a straw man; the writers of mu-
tual fund prospectuses often capitalize on this naive view by reporting historical rates of return, but not, say,
correlation with the S&P 500.

hThis assumption is appealing from the point of view of mathematical modeling, but there are various
objections to it, hence also to mean-variance analysis. But we ignore these concerns because mean-variance
analysis is “the de-facto standard in the finance profession” [5, §2.1].
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(2) You prefer portfolios with high rate of return and low variance over portfolios
with low rate of return and high variance. (This is obvious.)

(3) Given a choice between two portfolios with the same variance, you prefer the
one with the higher rate of return.

(4) Given a choice between two portfolios with the same rate of return, you prefer
the one with the lower variance.

From these assumptions, we can give a concrete decision procedure for picking an
optimal portfolio.

But before we do that, we first justify (4). In giving talks about this paper, we have
found that (4) comes as a surprise to some mathematicians; they do not believe that it
holds for every rational investor. Indeed, if an investor acts to maximize her expected
amount of money, then two portfolios with the same rate of return would be equally
desirable. But economists assume that rational investors act to maximize their expected
utility.i

In mathematical terms, an investor derives utility (pleasure) U(x) from having x
dollars, and the investor seeks to maximize the expected value of U(x). Economists
assume that U ′(x) is positive, i.e., the investor always wants more money. They call
this axiom non-satiety. They also assume that U ′′(x) is negative, meaning that some-
one who is penniless values a hundred dollars more than a billionaire does. These as-
sumptions imply (4), as can be seen by Jensen’s inequality: given two portfolios with
the same rate of return, the one with lower variance will have higher expected utility.
As an alternative to using Jensen’s inequality, one can examine the Taylor polynomial
of degree 2 for U(x). The great economist Alfred Marshall took this second approach
in Note IX of the Mathematical Appendix to [19].j Economists summarize property
(4) by saying that rational investors are risk-averse.

10. Example of Portfolio Analysis. We consider a portfolio consisting of typical
risky assets: the iShares Barclays aggregate bond fund (AGG), the MSCI EAFE in-
dex (which indexes stocks from outside of North America), the FTSE/NAREIT all
REIT index (indexing U.S. Real Estate Investment Trusts), the Standard & Poors 500
(S&P500), and the NASDAQ Composite index. We collected weekly adjusted returns
on these investments for the period January 31, 1972 through June 4, 2007—except
for AGG, for which the data began on September 29, 2003. This time period does not
include the current recession that began in December 2007. The average weekly rates
of return and the covariances of these rates of return are given in Table 10.

Table 10. Typical risky investments. The third column gives the expected weekly rate of return in %. Columns
4–8 give the covariances (in %2) between the weekly rates of return. The omitted covariances can be filled in
by symmetry.

# Asset eRoR AGG EAFE REIT S&P500 NASDAQ

1 AGG .057 .198 .128 .037 −.077 −.141
2 EAFE .242 5.623 2.028 .488 .653
3 REIT .266 4.748 .335 .419
4 S&P500 .109 10.042 10.210
5 NASDAQ .147 12.857

iGabriel Cramer of Cramer’s rule fame once underlined this distinction by writing: “mathematicians eval-
uate money in proportion to its quantity while . . . people with common sense evaluate money in proportion to
the utility they can obtain from it.” [3, p. 33].

jThat note ends with: “ . . . experience shows that [the pleasures of gambling] are likely to engender a
restless, feverish character, unsuited for steady work as well as for the higher and more solid pleasures of life.”
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We choose one of the simplest possible versions of mean-variance analysis. We
assume that you can invest in a risk-free asset—e.g., a short-term government bond or
a savings account—with positive rate of return RF . The famous “separation theorem”
says that you will invest in some combination of the risk-free asset and an “efficient”
portfolio of risky assets, where the risky portfolio depends only on RF and not on your
particular utility function. See [29] or any book on portfolio theory for more on this
theorem.

We suppose that you will invest an amount i in the risky portfolio, with units chosen
so that i = 1 means you will invest the price of 1 lottery ticket. We describe the risky
portfolio with a vector X such that your portfolio contains i Xk units of asset k. If Xk

is negative, this means that you “short” i |Xk | units of asset k. We require further that∑
k |Xk | = 1, i.e., in order to sell an asset short, you must put up an equal amount

of cash as collateral. (An economist would say that we allow only “Lintnerian” short
sales, cf. [16].)

Determining X is now an undergraduate exercise. We follow §II of [16]. Write μ

for the vector of expected returns, so that μk is the eRoR on asset k, and write C for
the symmetric matrix of covariances in rates of return; initially we only consider the 5
typical risky assets from Table 10. Then by [16, p. 21, (14)],

X = Z∑
k |Zk | where Z := C−1

(
μ − RF

( 1
1
...
1

))
. (10.1)

For a portfolio consisting of the 5 typical securities in Table 10, we find, with numbers
rounded to three decimal places:

Z =

⎛
⎜⎜⎜⎝

0.277 − 5.118RF

0.023 + 0.013RF

0.037 − 0.165RF

−0.009 − 0.014RF

0.019 − 0.118RF

⎞
⎟⎟⎟⎠ . (10.2)

11. Should You Invest in the Lottery? We repeat the computation from the previous
section, but we now include a particular lottery drawing as asset 6. We suppose that
the drawing has eRoR RL and variance v. Recall that the eRoR is given by (4.5). One
definition of the variance is E(X 2) − E(X)2; here is a way to quickly estimate it.

11.1. Estimating the Variance. For lottery drawings, E(X 2) dwarfs E(X)2 and by
far the largest contribution to the former term comes from the jackpot. Recall that
jackpot winnings might be shared, so by taking into account the odds for the various
possible payouts, we get the following estimate for the variance v1 on the rate of return
for a single ticket, where w denotes the total number of tickets winning the jackpot,
including yours:

v1 ≈
∑
w≥1

1002

(
J

w
− 1

)2 (
N − 1

w − 1

)
pw(1 − p)N−w.

(The factor of 1002 converts the units on the variance to %2, to match up with the
notation in the preceding section.) Although this looks complicated, only the first few
terms matter.

There is an extra complication. The variance of an investment in the lottery depends
on how many tickets you buy, and we avoid this worry by supposing that you are buy-
ing shares in a syndicate that expects to purchase a fixed number S of lottery tickets.
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In this way, the variance v of your investment in the lottery is the same as the variance
in the syndicate’s investment. Assuming the number S of tickets purchased is small
relative to the total number of possible tickets, the variance v of your investment is
approximately v1/S.

11.2. The Lottery as a Risky Asset. With estimates of the eRoR RL and the variance
v in hand, we can consider the lottery as a risky asset, like stocks and bonds. We write
μ̂ for the vector of expected rates of return and Ĉ for the matrix of covariances, so that

μ̂ =
(

μ

RL

)
and Ĉ =

(
C 0
0 v

)
.

We have:

Ẑ = Ĉ−1

(
μ̂ − RF

( 1
1
...
1

))
=

(
Z

(RL − RF )/v

)
.

We may as well assume that RL is greater than RF ; otherwise, buying lottery tickets
increases your risk and gives you a worse return than the risk-free asset. Then the last
coordinate of Ẑ is positive. This is typical in that an efficient portfolio contains some
amount of “nearly all” of the possible securities. In the real world, finance profession-
als do not invest in assets where mean-variance analysis suggests an investment of less
than some fraction θ of the total. Let us do this. With that in mind, should you invest
in the lottery?

Negative Theorem. Under the hypotheses of the preceding paragraph, if

v ≥ RL − RF

0.022θ
,

then an efficient portfolio contains a negligible fraction of lottery tickets.

Before we prove this Negative Theorem, we apply it to the Lotto Texas drawing
from Table 4, so, e.g., RL is about 30% and the variance for a single ticket v1 is about
4 × 1011 (see Section 11.1). Suppose that you have $1000 to invest for a week in some
combination of the 5 typical risky assets or in tickets for such a lottery drawing. We
will round our investments to whole numbers of dollars, so a single investment of less
than 50 cents will be considered negligible. Thus we take θ = 1/2000. We have:

RL − RF

.022θ
<

30

1.1 × 10−5
< 2.73 × 106.

In order to see if the Negative Theorem applies, we want to know whether v is
bigger than 2.73 million. As in Section 11.1, we suppose that you are buying shares in a
syndicate that will purchase S tickets, so the variance v is approximately (4 × 1011)/S.
That is, it appears that the syndicate would have to buy around

S ≈ 4 × 1011

2.73 × 106
≈ 145,000 tickets

to make the (rather coarse) bound in the Negative Theorem fail to hold.
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In other words, according to the Negative Theorem, if the syndicate buys fewer
than 145,000 tickets, our example portfolio would contain zero lottery tickets. (If the
syndicate buys more than that number of tickets, then it might be worth your while
to get involved.) This is the quantitative statement we were seeking to validate our
intuition: buying lottery tickets really is a bad investment.

Proof of the Negative Theorem. We want to prove that |X̂6| < θ . We have:

|X̂6| = |Ẑ6|∑
k |Ẑk|

<
|Ẑ6|
|Ẑ2|

.

(The inequality is strict because Ẑ6 is not zero.) Since RF is positive, (10.2) gives
Ẑ2 > 0.022. Plugging in the formula |Ẑ6| = (RL − RF )/v, we find:

|X̂6| <
RL − RF

0.022v
.

By hypothesis, the fraction on the right is at most θ .

12. Conclusions. So, how can you make money at the lottery?

Positive return. If you just want a positive expected rate of return, then our results in
Section 8 say to avoid Mega Millions and Powerball. Instead, you should buy tickets
in lotteries where the ticket sales are a small fraction of the jackpot. And furthermore,
you should only do so when the jackpot is unusually large—certainly the jackpot has
to be bigger than the jackpot cutoff J0 defined in (3.3).

To underline these results, we point out that the Small Ticket Sales example 7.1
gives concrete criteria that guarantee that a lottery drawing has a positive rate of re-
turn. We remark that even though these drawings have high variances, a positive rate
of return is much more desirable than, say, casino games like roulette, keno, and slot
machines, which despite their consistent negative rates of return are nonetheless ex-
tremely popular.

Positive return and buyouts. For drawings with a positive rate of return, one can
obtain a still higher rate of return by “buying out” the lottery, i.e., buying one of each
of the possible distinct tickets. We omit a detailed analysis here because of various
complicating factors such as the tax advantages, increase in jackpot size due to extra
ticket sales, and a more complicated computation of expected rate of return due to the
lower-tier pari-mutuel prizes. The simple computations we have done do not scale up
to include the case of a buyout. See [11] for an exhaustive empirical study.

In any case, buying out the lottery requires a large investment—in the case of Lotto
Texas, about $26 million. This has been attempted on several occasions, notably with
Australia’s New South Wales lottery in 1986, the Virginia (USA) Lottery in 1992 [22],
and the Irish National Lottery in 1992 [10].k Buying out the lottery may be tax advan-
taged because the full cost of buying the tickets may be deductible from the winnings;
please consult a tax professional for advice. On the other hand, buying out the lottery
incurs substantial operational overhead in organizing the purchase of so many tickets,
which typically must be purchased by physically going to a lottery retailer and filling
out a play slip.

kInterestingly, in both the Virginia and Irish drawings, buyout organizers won the jackpot despite only
buying about 70% [33] and 92% [8] of the possible tickets, respectively.
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We also point out that in some of the known buyout attempts the lottery companies
resisted paying out the prizes, claiming that the practice of buying out the game is
counter to the spirit of the game (see [22], [10]). In both the cited cases there was
a settlement, but one should be aware that a buyout strategy may come up against
substantial legal costs.

Investing. If you are seeking good investment opportunities, then our results in Sec-
tion 11 suggest that this doesn’t happen in the lottery, due to the astounding variances
in rates of return on the tickets.

What if a syndicate intends to buy out a lottery drawing, and there is a positive
expected rate of return? Our mean-variance analysis suggests that you should invest a
small amount of money in such a syndicate.

Alternative strategies. Buying tickets is not the only way to try to make money off
the lottery. The corporations that operate Mega Millions and Powerball are both prof-
itable, and that’s even after giving a large fraction of their gross income (35% in the
case of Mega Millions [25]) as skim to the participating states. Historically speak-
ing, lotteries used to offer a better rate of return to players [30], possibly because the
lottery only had to provide profits to the operators. With this in mind, today’s en-
trepreneur could simply run his or her own lottery with the same profit margins but
returning to the players (in the form of better prizes) the money that the state would
normally take. This would net a profit for the operator and give the lottery players a
better game to play. Unfortunately, we guess that running one’s own lottery is illegal
in most cases. But a similar option may be open to casinos: a small modification of
keno to allow rolling jackpots could combine the convenience and familiarity of keno
with the excitement and advertising power of large jackpots.
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Voting in Agreeable Societies

Deborah E. Berg, Serguei Norine, Francis Edward Su,
Robin Thomas, and Paul Wollan

My idea of an agreeable person is a person who agrees with me.
—Benjamin Disraeli [1, p. 29]

1. INTRODUCTION. When is agreement possible? An important aspect of group
decision-making is the question of how a group makes a choice when individual pref-
erences may differ. Clearly, when making a single group choice, people cannot all
have their “ideal” preferences, i.e., the options that they most desire, if those ideal
preferences are different. However, for the sake of agreement, people may be willing
to accept as a group choice an option that is merely “close” to their ideal preferences.

Voting is a situation in which people may behave in this way. The usual starting
model is a one-dimensional political spectrum, with conservative positions on the right
and liberal positions on the left, as in Figure 1. We call each position on the spectrum
a platform that a candidate or voter may choose to adopt. While a voter may represent
her ideal platform by some point x on this line, she might be willing to vote for a
candidate who is positioned at some point “close enough” to x , i.e., in an interval
about x .

liberal conservativeneutral

x
[ ]I

Figure 1. A one-dimensional political spectrum, with a single voter’s interval of approved platforms.

In this article, we ask the following: given such preferences on a political spectrum,
when can we guarantee that some fraction (say, a majority) of the population will
agree on some candidate? By “agree”, we mean in the sense of approval voting, in
which voters declare which candidates they find acceptable.

Approval voting has not yet been adopted for political elections in the United States.
However, many scientific and mathematical societies, such as the Mathematical Asso-
ciation of America and the American Mathematical Society, use approval voting for
their elections. Additionally, countries other than the United States have used approval
voting or an equivalent system; for details, see Brams and Fishburn [3] who discuss
the advantages of approval voting.

Understanding which candidates can get voter approval can be helpful when there
are a large number of candidates. An extreme example is the 2003 California guber-
natorial recall election, which had 135 candidates in the mix [7]. We might imagine
these candidates positioned at 135 points on the line in Figure 1, which we think of as
a subset of R. If each California voter approves of candidates “close enough” to her
ideal platform, we may ask under what conditions there is a candidate that wins the
approval of a majority of the voters.
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In this setting, we may assume that each voter’s set of approved platforms (her ap-
proval set) is a closed interval in R, and that there is a set of candidates who take
up positions at various points along this political spectrum. We shall call this spec-
trum with a collection of candidates and voters, together with voters’ approval sets,
a linear society (a more precise definition will be given soon). We shall say that the
linear society is super-agreeable if for every pair of voters there is some candidate that
they would both approve, i.e., each pair of approval sets contains a candidate in their
intersection. For linear societies this “local” condition guarantees a strong “global”
property, namely, that there is a candidate that every voter approves! As we shall see in
Theorem 5, this can be viewed as a consequence of Helly’s theorem about intersections
of convex sets.

But perhaps this is too strong a conclusion. Is there a weaker local condition that
would guarantee that only a majority (or some other fraction) of the voters would
approve a particular candidate? For instance, we relax the condition above and call a
linear society agreeable if among every three voters, some pair of voters approve the
same candidate. Then it is not hard to show:

Theorem 1. In an agreeable linear society, there is a candidate who has the approval
of at least half the voters.

More generally, call a linear society (k, m)-agreeable if it has at least m voters, and
among every m voters, some subset of k voters approve the same candidate. Then our
main theorem is a generalization of the previous result:

Theorem 2 (The Agreeable Linear Society Theorem). Let 2 ≤ k ≤ m. In a (k, m)-
agreeable linear society of n voters, there is a candidate who has the approval of at
least n(k − 1)/(m − 1) of the voters.

We prove a slightly more general result in Theorem 8 and also briefly study societies
whose approval sets are convex subsets of R

d .
As an example, consider a city with fourteen restaurants along its main boulevard:

A B C D E F G H I J K L M N

and suppose every resident dines only at the five restaurants closest to his/her house (a
set of consecutive restaurants, e.g., DE FG H ). A consequence of Theorem 1 is that
there must be a restaurant that is patronized by at least half the residents. Why? The
pigeonhole principle guarantees that among every 3 residents, each choosing 5 of 14
restaurants, there must be a restaurant approved by at least 2 of them; hence this linear
society is agreeable and Theorem 1 applies. For an example of Theorem 2, see Figure
3, which shows a (2, 4)-agreeable linear society, and indeed there are candidates that
receive at least 1/3 of the votes (in this case �7/3� = 3).

We shall begin with some definitions, and explain connections to classical convexity
theorems, graph colorings, and maximal cliques in graphs. Then we prove Theorem 2,
discuss extensions to higher-dimensional spectra, and conclude with some questions
for further study.

2. DEFINITIONS. In this section, we fix terminology and explain the basic concepts
upon which our results rely. Let us suppose that the set of all possible preferences is
modeled by a set X , called the spectrum. Each element of the spectrum is a platform.
Assume that there is a finite set V of voters, and each voter v has an approval set Av

of platforms.
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We define a society S to be a triple (X, V,A) consisting of a spectrum X , a set of
voters V , and a collection A of approval sets for all the voters. Of particular interest to
us will be the case of a linear society, in which X is a closed subset of R and approval
sets in A are of the form X ∩ I where I is either empty or a closed bounded interval
in R. In general, however, X could be any set and the collection A of approval sets
could be any class of subsets of X . In Figure 2 we illustrate a linear society, where
for ease of display we have separated the approval sets vertically so that they can be
distinguished.

1
2

3
4

6
5

7

Figure 2. A linear society with infinite spectrum: each interval (shown here displaced above the spectrum)
corresponds to the approval set of a voter. The shaded region indicates platforms with agreement number 4.
This is a (2, 3)-agreeable society.

Our motivation for considering intervals as approval sets arises from imagining
that voters have an “ideal” platform along a linear scale (similar to Coombs’ J -scale
[8]), and that voters are willing to approve “nearby” platforms, yielding approval sets
that are connected intervals. Unlike the Coombs scaling theory, however, we are not
concerned with the order of preference of approved platforms; all platforms within a
voter’s approval set have equivalent status as “approved” by that voter. We also note
that while we model our linear scale as a subset of R, none of our results about linear
societies depends on the metric; we only appeal to the ordinal properties of R.

We have seen that politics provides natural examples of linear societies. For a dif-
ferent example, X could represent a temperature scale, V a set of people that live in a
house, and each Av a range of temperatures that person v finds comfortable. Then one
may ask: at what temperature should the thermostat be set so as to satisfy the largest
number of people?

1
2

3
4

6
5

7

^ ^
Figure 3. A linear society with a spectrum of two candidates (at platforms marked by carats): take the approval
sets of the society of Figure 2 and intersect with these candidates. It is a (2, 4)-agreeable linear society.

Two special cases of linear societies are worth mentioning. When X = R we should
think of X as an infinite spectrum of platforms that potential candidates might adopt.
However, in practice there are normally only finitely many candidates. We model that
situation by letting X be the set of platforms adopted by actual candidates. Thus one
could think of X as either the set of all platforms, or the set of (platforms adopted by)
candidates. See Figures 2 and 3.
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Let 1 ≤ k ≤ m be integers. Call a society (k, m)-agreeable if it has at least m voters,
and for any subset of m voters, there is at least one platform that at least k of them can
agree upon, i.e., there is a point common to at least k of the voters’ approval sets. Thus
to be (2, 3)-agreeable is the same as to be agreeable, and to be (2, 2)-agreeable is the
same as to be super-agreeable, as defined earlier.

One may check that the society of Figure 2 is (2, 3)-agreeable. It is not (3, 4)-
agreeable, however, because among voters 1, 2, 4, 7 no three of them share a common
platform. The same society, after restricting the spectrum to a set of candidates, is the
linear society shown in Figure 3. It is not (2, 3)-agreeable, because among voters 2, 4,
7 there is no pair that can agree on a candidate (in fact, voter 7 does not approve any
candidate). However, one may verify that this linear society is (2, 4)-agreeable.

For a society S, the agreement number of a platform, a(p), is the number of voters
in S who approve of platform p. The agreement number a(S) of a society S is the
maximum agreement number over all platforms in the spectrum, i.e.,

a(S) = max
p∈X

a(p).

The agreement proportion of S is simply the agreement number of S divided by the
number of voters of S. This concept is useful when we are interested in percentages of
the population rather than the number of voters. The society of Figure 2 has agreement
number 4, which can be seen where the shaded rectangle covers the set of platforms
that have maximum agreement number.

3. HELLY’S THEOREM AND SUPER-AGREEABLE SOCIETIES. Let us say
that a society is R

d -convex if the spectrum is R
d and each approval set is a closed con-

vex subset of R
d . Note that an R

1-convex society is a linear society with spectrum R.
An R

d -convex society can arise when considering a multi-dimensional spectrum, such
as when evaluating political platforms over several axes (e.g., conservative vs. liberal,
pacifist vs. militant, interventionist vs. isolationist). Or, the spectrum might be arrayed
over more personal dimensions: the dating website eHarmony claims to use up to 29 of
them [9]. In such situations, the convexity of approval sets might, for instance, follow
from an independence-of-axes assumption and convexity of approval sets along each
axis.

To find the agreement proportion of an R
d -convex society, we turn to work con-

cerning intersections of convex sets. The most well-known result in this area is Helly’s
theorem. This theorem was proven by Helly in 1913, but the result was not published
until 1921, by Radon [17].

Theorem 3 (Helly). Given n convex sets in R
d where n > d, if every d + 1 of them

intersect at a common point, then they all intersect at a common point.

Helly’s theorem has a nice interpretation for R
d -convex societies:

Corollary 4. For every d ≥ 1, a (d + 1, d + 1)-agreeable R
d -convex society must

contain at least one platform that is approved by all voters.

Notice that for the corollary to hold for d > 1 it is important that the spectrum of an
R

d -convex society be all of R
d . However, for d = 1 that is not necessary, as we now

show.

Theorem 5 (The Super-Agreeable Linear Society Theorem). A super-agreeable
linear society must contain at least one platform that is approved by all voters.
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We provide a simple proof of this theorem, since the result will be needed later.
When the spectrum is all of R, this theorem is just Helly’s theorem for d = 1; a proof
of Helly’s theorem for general d may be found in [15].

Proof. Let X ⊆ R denote the spectrum. Since each voter v agrees on at least one
platform with every other voter, we see that the approval sets Av must be nonempty. Let
Lv = min Av, Rv = max Av, and let x = maxv{Lv} and y = minv{Rv}. The first two
expressions exist because each Av is compact; the last two exist because the number
of voters is finite.

^^ ^ ^
yx

Figure 4. A super-agreeable linear society of 6 voters and 4 candidates, with agreement number 6.

We claim that x ≤ y. Why? Since every pair of approval sets intersect in some
platform, we see that Li ≤ Rj for every pair of voters i, j . In particular, let i be the
voter whose Li is maximal and let j be the voter whose Rj is minimal. Hence x ≤ y
and every approval set contains all platforms of X that are in the nonempty interval
[x, y], and in particular, the platform x .

The idea of this proof can be easily extended to furnish a proof of Theorem 1.

Proof of Theorem 1. Using the same notations as in the prior proof, if x ≤ y then that
proof shows that every approval set contains the platform x . Otherwise x > y implies
Li > Rj so that A j and Ai do not contain a common platform.

We claim that for any other voter v, the approval set Av contains either platform
x or y (or both). After all, the society is agreeable, so some pair of Ai , A j , Av must
contain a common platform; by the remarks above it must be that Av intersects one of
Ai or A j . If Av does not contain x = Li then since Lv ≤ Li (by definition of x), we
must have that Rv < Li and Av ∩ Ai does not contain a platform. Then Av ∩ A j must
contain a platform; hence Lv ≤ Rj . Since Rj ≤ Rv (by definition of y), the platform
y = Rj must be in Av .

Thus every approval set contains either x or y, and by the pigeonhole principle one
of them must be contained in at least half the approval sets.

Proving the more general Theorem 2 will take a little more work.

4. THE AGREEMENT GRAPH OF LINEAR SOCIETIES IS PERFECT. To
understand (k, m)-agreeability, it will be helpful to use a graph to represent the in-
tersection relation on approval sets. Recall that a graph G consists of a finite set V (G)

of vertices and a set E(G) of 2-element subsets of V (G), called edges. If e = {u, v}
is an edge, then we say that u, v are the ends of e, and that u and v are adjacent in G.
We use uv as notation for the edge e.

Given a society S, we construct the agreement graph G of S by letting the vertices
V (G) be the voters of S and the edges E(G) be all pairs of voters u, v whose approval
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sets intersect each other. Thus u and v are connected by an edge if there is a platform
that both u and v would approve. Note that the agreement graph of a society with
agreement number equal to the number of voters is a complete graph (but the converse
is false in higher dimensions, as we discuss later). Also note that a vertex v is isolated
if Av is empty or disjoint from other approval sets.

65

4 7

21

3

Figure 5. The agreement graph for the society in Figure 2. Note that voters 4, 5, 6, 7 form a maximal clique
that corresponds to the maximal agreement number in Figure 2.

The clique number of G, written ω(G), is the greatest integer q such that G has a
set of q pairwise adjacent vertices, called a clique of size q. By restricting our attention
to members of a clique, and applying the Super-Agreeable Linear Society Theorem,
we see that there is a platform that has the approval of every member of a clique, and
hence:

Fact 1. For the agreement graph of a linear society, the clique number of the graph is
the agreement number of the society.

This fact does not necessarily hold if the society is not linear. For instance, it is easy
to construct an R

2-convex society with three voters such that every two voters agree on
a platform, but all three of them do not. It does, however hold in R

d for box societies,
to be discussed in Section 6.

Now, to get a handle on the clique number, we shall make a connection between
the clique number and colorings of the agreement graph. The chromatic number of
G, written χ(G), is the minimum number of colors necessary to color the vertices
of G such that no two adjacent vertices have the same color. Thus two voters may
have the same color as long as they do not agree on a platform. Note that in all cases,
χ(G) ≥ ω(G).

A graph G is called an interval graph if we can assign to every vertex x a closed
interval or an empty set Ix ⊆ R such that xy ∈ E(G) if and only if Ix ∩ Iy 
= ∅. We
have:

Fact 2. The agreement graph of a linear society is an interval graph.

To see that Fact 2 holds let the linear society be (X, V,A), and let the voter ap-
proval sets be Av = X ∩ Iv, where Iv is a closed bounded interval or empty. We may
assume that each Iv is minimal such that Av = X ∩ Iv; then the collection {Iv : v ∈ V }
provides an interval representation of the agreement graph, as desired.

An induced subgraph of a graph G is a graph H such that V (H) ⊆ V (G) and the
edges of H are the edges of G that have both ends in V (H). If every induced subgraph
H of a graph G satisfies χ(H) = ω(H), then G is called a perfect graph; see, e.g.,
[18]. The following is a standard fact [20] about interval graphs:

Theorem 6. Interval graphs are perfect.
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Proof. Let G be an interval graph, and for v ∈ V (G), let Iv be the interval representing
the vertex v. Since every induced subgraph of an interval graph is an interval graph,
it suffices to show that χ(G) = ω, where ω = ω(G). We proceed by induction on
|V (G)|. The assertion holds for the null graph, and so we may assume that |V (G)| ≥ 1,
and that the statement holds for all smaller graphs. Let us select a vertex v ∈ V (G)

such that Iv is empty or the right end of Iv is as small as possible. It follows that the
elements of N , the set of neighbors of v in V (G), are pairwise adjacent because their
intervals must all contain the right end of Iv, and hence |N | ≤ ω − 1. See Figure 6.
By the inductive hypothesis, the graph G\{v} obtained from G by deleting v can be
colored using ω colors, and since v has at most ω − 1 neighbors, this coloring can be
extended to a coloring of G, as desired.

I

I

v

w

Figure 6. If Iv, Iw intersect and the right end of Iv is smaller than the right end of Iw , then Iw must contain
the right end of Iv .

The perfect graph property will allow us, in the next section, to make a crucial con-
nection between the (k, m)-agreeability condition and the agreement number of the
society. Given its importance in our setting, it is worth making a few comments about
how perfect graphs appear in other contexts in mathematics, theoretical computer
science, and operations research. The concept was introduced in 1961 by Berge [2],
who was motivated by a question in communication theory, specifically, the determi-
nation of the Shannon capacity of a graph [19]. Chvátal later discovered that a certain
class of linear programs always have an integral solution if and only if the correspond-
ing matrix arises from a perfect graph in a specified way [6, 18, 5]. As pointed out
in [18], algorithms to solve semi-definite programs grew out of the theory of perfect
graphs. It has been proven recently [4] that a graph is perfect if and only if it has no
induced subgraph isomorphic to a cycle of odd length at least five, or a complement of
such a cycle.

5. (k, m)-AGREEABLE LINEAR SOCIETIES. We now use the connection be-
tween perfect graphs, the clique number, and the chromatic number to obtain a lower
bound for the agreement number of a (k, m)-agreeable linear society (Theorem 8). We
first need a lemma that says that in the corresponding agreement graph, the (k, m)-
agreeable condition prevents any coloring of the graph from having too many vertices
of the same color. Thus, there must be many colors and, since the graph is perfect, the
clique number must be large as well.

Lemma 7. Given integers m ≥ k ≥ 2, let positive integers q, ρ be defined by the divi-
sion with remainder: m − 1 = (k − 1)q + ρ, where 0 ≤ ρ ≤ k − 2. Let G be a graph
on n ≥ m vertices with chromatic number χ such that every subset of V (G) of size m
includes a clique of size k. Then n ≤ χq + ρ, or χ ≥ (n − ρ)/q.

Proof. Let the graph be colored using the colors 1, 2, . . . , χ , and for i = 1, 2, . . . , χ

let Ci be the set of vertices of G colored i . We may assume, by permuting the col-
ors, that |C1| ≥ |C2| ≥ · · · ≥ |Cχ |. Since C1 ∪ C2 ∪ · · · ∪ Ck−1 is colored using k − 1
colors, it includes no clique of size k, and hence, |C1 ∪ C2 ∪ · · · ∪ Ck−1| ≤ m − 1.
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It follows that |Ck−1| ≤ q, for otherwise |C1 ∪ C2 ∪ · · · ∪ Ck−1| ≥ (k − 1)(q + 1) ≥
(k − 1)q + ρ + 1 = m, a contradiction. Thus |Ci | ≤ q for each i ≥ k and

n =
k−1∑
i=1

|Ci | +
χ∑

i=k

|Ci | ≤ m − 1 + (χ − k + 1)q

= (k − 1)q + ρ + (χ − k + 1)q = χq + ρ,

as desired.

Theorem 8. Let 2 ≤ k ≤ m. If G is the agreement graph of a (k, m)-agreeable linear
society and q, ρ are defined by the division with remainder: m − 1 = (k − 1)q + ρ,
ρ ≤ k − 2, then the clique number satisfies:

ω(G) ≥
⌈

n − ρ

q

⌉
,

and this bound is best possible. It follows that this is also a lower bound on the agree-
ment number, and hence every linear (k, m)-agreeable society has agreement propor-
tion at least (k − 1)/(m − 1).

Proof. By Fact 2 and Theorem 6 the graph G is perfect. Thus the chromatic number
of G is equal to ω(G), and hence ω(G) ≥ �(n − ρ)/q� by Lemma 7, as desired.

The second assertion follows from Fact 1 and noting that (n − ρ)(m − 1) = n(k −
1)q + nρ − ρ(m − 1) = n(k − 1)q + ρ(n − m + 1) ≥ n(k − 1)q, from which we see
that (n − ρ)/q ≥ n(k − 1)/(m − 1).

Let us observe that the bound �(n − ρ)/q� in Theorem 8 is best possible. Indeed,
let I1, I2, . . . , Iq be disjoint intervals, for i = q + 1, q + 2, . . . , n − ρ let Ii = Ii−q ,
and let In−ρ+1, In−ρ+2, . . . , In be pairwise disjoint and disjoint from all the previous
intervals, e.g., see Figure 7. Then the society with approval sets I1, I2, . . . , In is (k, m)-
agreeable and its agreement graph has clique number �(n − ρ)/q�.

Figure 7. A linear (4, 15)-society with n = 21 voters. Here q = 4 and ρ = 2, so the clique number is at least
�(n − ρ)/q� = 5.

The Agreeable Linear Society Theorem (Theorem 2) now follows as a corollary of
Theorem 8.

6. R
d-CONVEX AND d-BOX SOCIETIES. In this section we prove a higher-

dimensional analogue of Theorem 8 by giving a lower bound on the agreement
proportion of a (k, m)-agreeable R

d -convex society. We need a different method than
our method for d = 1, because for d ≥ 2, neither Fact 1 nor Fact 2 holds.

Also, we remark that, unlike our results on linear societies, our results in this section
about the agreement proportion for platforms will not necessarily hold when restricting
the spectrum to a finite set of candidates in R

d .
We shall use the following generalization of Helly’s theorem, due to Kalai [11].
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Theorem 9 (The Fractional Helly’s Theorem). Let d ≥ 1 and n ≥ d + 1 be inte-
gers, let α ∈ [0, 1] be a real number, and let β = 1 − (1 − α)1/(d+1). Let F1, F2, . . . , Fn

be convex sets in R
d and assume that for at least α

( n
d+1

)
of the (d + 1)-element index

sets I ⊆ {1, 2, . . . , n} we have
⋂

i∈I Fi 
= ∅. Then there exists a point in R
d contained

in at least βn of the sets F1, F2, . . . , Fn.

The following is the promised analogue of Theorem 8.

Theorem 10. Let d ≥ 1, k ≥ 2, and m ≥ k be integers, where m > d. Then every
(k, m)-agreeable R

d -convex society has agreement proportion at least

1 −
(

1 −
(

k

d + 1

)/(
m

d + 1

))1/(d+1)

.

Proof. Let S be a (k, m)-agreeable R
d -convex society, and let A1, A2, . . . , An be

its voter approval sets. Let us call a set I ⊆ {1, 2, . . . , n} good if |I | = d + 1 and⋂
i∈I Ai 
= ∅. By Theorem 9 it suffices to show that there are at least

( k
d+1

)( n
d+1

)/( m
d+1

)
good sets. We will do this by counting in two different ways the number N of all
pairs (I, J ), where I ⊆ J ⊆ {1, 2, . . . , n}, I is good, and |J | = m. Let g be the num-
ber of good sets. Since every good set is of size d + 1 and extends to an m-element
subset of {1, 2, . . . , n} in

(n−d−1
m−d−1

)
ways, we have N = g

(n−d−1
m−d−1

)
. On the other hand,

every m-element set J ⊆ {1, 2, . . . , n} includes at least one k-element set K with⋂
i∈K Ai 
= ∅ (because S is (k, m)-agreeable), and K in turn includes

( k
d+1

)
good sets.

Thus N ≥ ( k
d+1

)(n
m

)
, and hence g ≥ ( k

d+1

)( n
d+1

)/( m
d+1

)
, as desired.

For d = 1, Theorem 10 gives a worse bound than Theorem 8, and hence for d ≥ 2,
the bound is most likely not best possible. However, a possible improvement must use
a different method, because the bound in Theorem 9 is best possible.

A box in R
d is the Cartesian product of d closed intervals, and we say that a so-

ciety is a d-box society if each of its approval sets is a box in R
d . By projection

onto each axis, it follows from Theorem 5 that d-box societies satisfy the conclusion
of Fact 1 (namely, that the clique number equals the agreement number), and hence
their agreement graphs capture all the essential information about the society. Unfor-
tunately, agreement graphs of d-box societies are, in general, not perfect. For instance,
there is a 2-box society (Figure 8) whose agreement graph is the cycle on five vertices;
hence its chromatic number is 3 but its clique number is 2.

For k ≤ m ≤ 2k − 2, the following theorem will resolve the agreement propor-
tion problem for all (k, m)-agreeable societies satisfying the conclusion of Fact 1, and
hence for all (k, m)-agreeable d-box societies where d ≥ 1 (Theorem 13).

Theorem 11. Let m, k ≥ 2 be integers with k ≤ m ≤ 2k − 2, and let G be a graph on
n ≥ m vertices such that every subset of V (G) of size m includes a clique of size k.
Then ω(G) ≥ n − m + k.

Before we embark on a proof let us make a few comments. First of all, the bound
n − m + k is best possible, as shown by the graph consisting of a clique of size
n − m + k and m − k isolated vertices. Second, the conclusion ω(G) ≥ n − m + k
implies that every subset of V (G) of size m includes a clique of size k, and so the two
statements are equivalent under the hypothesis that k ≤ m ≤ 2k − 2. Finally, this hy-
pothesis is necessary, because if m ≥ 2k − 1, then for n ≥ 2(m − k + 1), the disjoint
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Figure 8. A 2-box society whose agreement graph is a 5-cycle.

union of cliques of sizes n/2� and �n/2� satisfies the hypothesis of Theorem 11, but
not its conclusion.

A vertex cover of a graph G is a set Z ⊆ V (G) such that every edge of G has at
least one end in Z . We say a set S ⊆ V (G) is stable if no edge of G has both ends in
S. We deduce Theorem 11 from the following lemma.

Lemma 12. Let G be a graph with vertex cover of size z and none of size z − 1 such
that G\{v} has a vertex cover of size at most z − 1 for all v ∈ V (G). Then |V (G)| ≤
2z.

Proof. Let Z be a vertex cover of G of size z. For every v ∈ V (G) − Z let Zv be a
vertex cover of G\{v} of size z − 1, and let Xv = Z − Zv . Then Xv is a stable set. For
X ⊆ Z let N (X) denote the set of neighbors of X outside Z . We have v ∈ N (Xv) and
N (Xv) − {v} ⊆ Zv − Z , and so

|Xv| = |Z − Zv| = |Z | − |Z ∩ Zv| = |Zv| + 1 − |Z ∩ Zv| = |Zv − Z | + 1

≥ |N (Xv)|.
On the other hand, if X ⊆ Z is stable, then |N (X)| ≥ |X |, for otherwise (Z − X) ∪
N (X) is a vertex cover of G of size at most z − 1, a contradiction. We have

|Z | ≥
∣∣∣⋃ Xv

∣∣∣ ≥
∣∣∣⋃ N (Xv)

∣∣∣ ≥ |V (G)| − |Z |, (1)

where both unions are over all v ∈ V (G) − Z , and hence |V (G)| ≤ 2z, as required.
To see that the second inequality holds let u, v ∈ V (G) − Z . Then

|Xu ∪ Xv| = |Xu| + |Xv| − |Xu ∩ Xv| ≥ |N (Xu)| + |N (Xv)| − |N (Xu ∩ Xv)|
≥ |N (Xu)| + |N (Xv)| − |N (Xu) ∩ N (Xv)| = |N (Xu) ∪ N (Xv)|,

and, in general, the second inequality of (1) follows by induction on |V (G) − Z |.

Proof of Theorem 11. We proceed by induction on n. If n = m, then the conclusion
certainly holds, and so we may assume that n ≥ m + 1 and that the theorem holds
for graphs on fewer than n vertices. We may assume that m > k, for otherwise the
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hypothesis implies that G is the complete graph. We may also assume that G has
two nonadjacent vertices, say x and y, for otherwise the conclusion holds. Then in G,
every clique contains at most one of x, y, so in the graph G\{x, y} every set of vertices
of size m − 2 includes a clique of size k − 1. Since k − 1 ≤ m − 2 ≤ 2(k − 1) − 2
we deduce by the inductive hypothesis that ω(G) ≥ ω(G\{x, y}) ≥ n − 2 − (m −
2) + k − 1 = n − m + k − 1. We may assume in the last statement that equality holds
throughout, because otherwise G satisfies the conclusion of the theorem. Let Ḡ denote
the complement of G; that is, the graph with vertex set V (G) and edge set consisting
of precisely those pairs of distinct vertices of G that are not adjacent in G. Let us
notice that a set Q is a clique in G if and only if V (G) − Q is a vertex cover in Ḡ.
Thus Ḡ has a vertex cover of size m − k + 1 and none of size m − k. Let t be the least
integer such that t ≥ m and Ḡ has an induced subgraph H on t vertices with no vertex
cover of size m − k. We claim that t = m. Indeed, if t > m, then the minimality of t
implies that H\{v} has a vertex cover of size at most m − k for every v ∈ V (H). Thus
by Lemma 12, t = |V (H)| ≤ 2(m − k + 1) ≤ m < t , a contradiction. Thus t = m.
By hypothesis, the graph H̄ has a clique Q of size k, but V (H) − Q is a vertex cover
of H of size m − k, a contradiction.

Theorem 13. Let d ≥ 1 and m, k ≥ 2 be integers with k ≤ m ≤ 2k − 2, and let S be
a (k, m)-agreeable d-box society with n voters. Then the agreement number of S is at
least n − m + k, and this bound is best possible.

Proof. The agreement graph G of S satisfies the hypothesis of Theorem 11, and hence
it has a clique of size at least n − m + k by that theorem. Since d-box societies satisfy
the conclusion of Fact 1, the first assertion follows. The bound is best possible, because
the graph consisting of a clique of size n − m + k and m − k isolated vertices is an
interval graph.

7. DISCUSSION. As we have seen, set intersection theorems can provide a useful
framework to model and understand the relationships between sets of preferences in
voting, and this context leads to new mathematical questions. We suggest several di-
rections which the reader may wish to explore.

Recent results in discrete geometry have social interpretations. The piercing number
[12] of approval sets can be interpreted as the minimum number of platforms that are
necessary such that everyone has some platform of which he or she approves. Set
intersection theorems on other spaces (such as trees and cycles) are derived in [16]
as an extension of both Helly’s theorem and the KKM lemma [13]; as an application
the authors show that in a super-agreeable society with a circular political spectrum,
there must be a platform that has the approval of a strict majority of voters (in contrast
with Theorem 5). Chris Hardin [10] has recently provided a generalization to (k, m)-
agreeable societies with a circular political spectrum.

What results can be obtained for other spectra? The most natural problem seems to
be to determine the agreement proportion for R

d -convex and d-box (k, m)-agreeable
societies. The smallest case where we do not know the answer is d = 2, k = 2,
and m = 3. Rajneesh Hegde (private communication) found an example of a (2, 3)-
agreeable 2-box society with agreement proportion 3/8. There may very well be a
nice formula, because for every fixed integer d the agreement number of a d-box so-
ciety can be computed in polynomial time. This is because the clique number of the
corresponding agreement graph (also known as a graph of boxicity at most d) can be
determined by an easy polynomial-time algorithm. On the other hand, for every d ≥ 2
it is NP-hard to decide whether an input graph has boxicity at most d [14, 21]. (For

January 2010] VOTING IN AGREEABLE SOCIETIES 37



d = 1 this is the same as testing whether a graph is an interval graph, and that can be
done efficiently.)

Passing from results about platforms in societies to results about a finite set of can-
didates appears to be tricky in dimensions greater than 1. Are there techniques or
additional hypotheses that would give useful results about the existence of candidates
who have strong approval in societies with multi-dimensional spectra?

We may also question our assumptions. While convexity seems to be a rational
assumption for approval sets in the linear case, in multiple dimensions additional con-
siderations may become important. One might also explore the possibility of discon-
nected approval sets: what is the agreement proportion of a (k, m)-agreeable society
in which every approval set has at most two components?

One might also consider varying levels of agreement. For instance, in a d-box so-
ciety, two voters might not agree on every axis, so their approval sets do not intersect,
but it might be the case that many of the projections of their approval sets do. In this
case, one may wish to consider an agreement graph with weighted edges.

Finally, we might wonder about the agreement parameters k and m for various real-
world issues. For instance, a society considering outlawing murder would probably be
much more agreeable than that same society considering tax reform. Currently, we can
empirically measure these parameters only by surveying large numbers of people about
their preferences. It is interesting to speculate about methods for estimating suitable k
and m from limited data.

This article grew out of the observation that Helly’s theorem, a classical result in
convex geometry, has an interesting voting interpretation. This led to the development
of mathematical questions and theorems whose interpretations yield desirable conclu-
sions in the voting context, e.g., Theorems 2, 8, 10, and 13. It is nice to see that when
classical theorems have interesting social interpretations, the social context can also
motivate the study of new mathematical questions.
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Agreement in Circular Societies

Christopher S. Hardin

1. INTRODUCTION. In approval voting systems, each voter indicates approval or
disapproval for each candidate or option (we use the term platform), and the platform
with the most approval votes wins. What conditions guarantee that there will be a
platform with the approval of at least half (or all) the voters? Without introducing any
further assumptions, one can only reach trivial conclusions, but in many situations,
there is some underlying property of the set of platforms and votes that allows for more
interesting results. For example, it is common to imagine a linear political spectrum
from liberal to conservative, with platforms lying along this spectrum, and to assume
that for each voter, the set of platforms the voter approves of (which we call the voter’s
approval set) forms a subinterval of the spectrum. Or, suppose a town is trying to
determine a school budget; the interval [0, ∞) forms the spectrum of possible budgets
(in dollars, say), and voters will typically approve of some subinterval of this spectrum.
In these linear societies, where the spectrum is a line and the approval sets are intervals,
Berg, Norine, Su, Thomas, and Wollan have shown that if, out of every 3 voters, there
is a platform that at least 2 of them approve of, then there must be a platform with the
approval of at least 1/2 of all voters [1] (we call this an agreement proportion of at
least 1/2). More generally, they showed that if among every m voters, k can agree on
a platform, then one can obtain an agreement proportion of at least (k − 1)/(m − 1)

(this is stated more precisely as Theorem 1.1 below).
In other situations, one might wish to consider circular societies, in which the spec-

trum of platforms is a circle and the approval sets are arcs. For example, some suggest
that a circular political spectrum is a better model than a linear spectrum. Sometimes
there is something inherently circular about the set of options at hand: a professional
society might be trying to determine what time of year to hold a recurring annual
meeting; a committee might want to determine the background hue for the cover of a
report; a group of scouts lost in the woods might need to choose a compass bearing.
Or, one could have a linear spectrum, but allow approval sets to be intervals or their
complements (perhaps a voter finds a particular interval unsavory, or just wants to can-
cel someone else’s vote); in this case, one is essentially forming a circular spectrum by
wrapping the linear spectrum around a circle, and allowing arcs as approval sets. But
most importantly, if one seeks a general understanding of how Theorem 1.1 changes as
one changes the form of the spectrum and approval sets, then circular societies are one
of the first cases to be considered. During his invited address at the 2006 Joint Math-
ematics Meetings [4], Francis Su posed the question of what analog of Theorem 1.1
might hold for circular societies.

This paper answers Su’s question with Theorem 1.2, an analog of Theorem 1.1
that applies to circular societies and has a strict lower bound of (k − 1)/m (instead
of (k − 1)/(m − 1)) on the agreeement proportion. Despite the strong resemblance in
the statement of the two theorems, the proof we offer is quite different. Berg et al.
use chromatic numbers of perfect graphs to prove Theorem 1.1 [1], while we prove
Theorem 1.2 by exhibiting a class of easily analyzed societies (the uniform societies)
and showing that it is possible to transform an arbitrary circular society, in a permissi-
ble way, into one of these uniform societies. Although the technique we offer can be

doi:10.4169/000298910X474970
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adapted to prove Theorem 1.1 (one gets a different notion of uniform society that can
then be analyzed), this unfortunately sheds little light on how Theorems 1.1 and 1.2
might generalize to other spectra (though the technique used for Theorem 1.1 in [1]
adapts to trees to yield the same (k − 1)/(m − 1) result).

In Section 1, we make the above notions precise, introduce notation, and state The-
orems 1.1 and 1.2. In Section 1, we describe the general context where these results
reside, and pose some further questions. We prove Theorem 1.2 in Sections 2–4.

Definitions and Results. A society is a tuple S = (V, X, A), where V is a finite set of
voters, X is a set of platforms, and A : V → P(X) is a function that associates each
voter x ∈ V with a set Ax of platforms in X . We call X the spectrum of S, and Ax the
approval set of voter x . The intention is that the platforms are options (or candidates)
that the voters must choose among, and Ax is the set of platforms that voter x approves
of.

Some further notation is helpful. Given a platform p ∈ X , the support supp(p) of
p is the set of voters that approve of p, and the agreement number a(p) of p is the
number of voters that approve of p. We can also restrict these notions to a subset
W ⊆ V of voters: suppW (p) is the set of voters in W that approve of p, and aW (p) is
the number of voters in W that approve of p. The agreement number a(S) of society
S is the greatest number of voters that can agree on a single platform. More formally:

supp(p) = {x ∈ V | p ∈ Ax},
suppW (p) = {x ∈ W | p ∈ Ax},

a(p) = |supp(p)|,
aW (p) = |suppW (p)|,

a(S) = max
p∈X

a(p).

With any of this notation, if there is ambiguity about which society is in question,
we can include it as a superscript: AS

x is the approval set of x in society S, and so on.
We abuse notation and allow S to be treated as its set of voters; in particular, we write
x ∈ S for x ∈ V S and |S| for |V S|.

A society S is (k, m)-agreeable if 1 ≤ k ≤ m ≤ |S| and for every W ⊆ S with
|W | = m, there exists a platform p such that aW (p) ≥ k; in other words, out of every m
voters, there must be k among them who can agree on a single platform. The agreement
proportion of S is the fraction a(S)/|S| of the voters who can agree upon a single
platform.

The types of societies of immediate interest are linear societies and circular soci-
eties. A linear society is a society in which the spectrum is R (or an interval of R) and
approval sets are intervals. A circular society is a society in which the spectrum is the
circle S1, and approval sets are connected subsets of the circle (typically arcs). Figure 1
gives an example of a circular society T : we have 3 voters A, B, and C whose approval
sets intersect pairwise, but the intersection of the three approval sets is empty. By un-
wrapping the circle to form an interval, we can present T as it appears on the right in
the figure; for clarity, we favor this latter form. Society T is (2, 2)-agreeable: every
pair of voters has overlapping approval sets. (It is also (2, 3)-agreeable, but not (3, 3)-
agreeable.) The agreement number of T is a(T ) = 2 (we can get 2 voters to agree upon
a single platform, but not 3); this gives T an agreement proportion of a(T )/|T | = 2/3.

The following theorem describes how (k, m)-agreeability affects agreement propor-
tion in linear societies.

January 2010] AGREEMENT IN CIRCULAR SOCIETIES 41



Spectrum

A

B

C

� �

� �

� �

A

B

C

Spectrum

Figure 1. A circular society with voters A, B, and C , drawn two ways: with the spectrum as a circle, and with
the spectrum as an interval.

Theorem 1.1 (Berg et al. [1]). If S is a (k, m)-agreeable linear society with m ≥ 2,
then

a(S)

|S| ≥ k − 1

m − 1
, (1)

and this bound is best possible (in a sense that we do not make precise here).

It is not hard to see that Theorem 1.1 does not apply to circular societies. For
instance, the society T of Figure 1 is (2, 2)-agreeable, but a(T )/|T | = 2/3 <

(2 − 1)/(2 − 1). Experimentation with a few societies suggests (k − 1)/m as a lower
bound on the agreement proportion of a (k, m)-agreeable circular society. This turns
out to be correct; the difficulty lies in proving it, and the rest of the paper is devoted to
the following theorem.

Theorem 1.2.

(a) If S is a (k, m)-agreeable circular society, then

a(S)

|S| >
k − 1

m
; (2)

equivalently, a(S) ≥ 	 k−1
m |S|
 + 1.

(b) For every N ≥ m ≥ k ≥ 1, there is a (k, m)-agreeable circular society S of
size N with a(S) = 	 k−1

m N
 + 1.

We prove the sharpness condition (b) in Section 2, and establish the lower bound
(a) in Section 4. (Section 3 discretizes societies, which is necessary for Section 4.)

Further Questions. Our interest in results like Theorems 1.1 and 1.2 is not just moti-
vated by an interest in approval voting. Rather, approval voting provides a convenient
presentation of a broader mathematical problem: given a family of sets, is their inter-
section nonempty? Treating each set as the approval set of a voter, this amounts to
asking whether there is a single platform with the approval of all voters. Or, even if a
family of sets has empty intersection, is there a sense in which many of the sets must
have nonempty intersection? Studying (k, m)-agreeability and its consequences is one
line of approach to these questions.

42 c© THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 117



Let A be a family of subsets of a set X . An A-society is a society with spectrum
X and approval sets in A. What is the best lower bound we can put on the agreement
proportion of (k, m)-agreeable A-societies? A few cases of interest are the connected
subsets of a topological space (particularly graphs), the open balls of a metric space,
the convex subsets of an affine space, and solid rectangles in R

n . (Linear societies can
be seen as a special case of any of these; circular societies are a special case of the first
two.)

Some known set-intersection theorems can be seen in this light. Berg et al. [1] point
to Helly’s theorem [3] as an example, which we reproduce here. An R

d -convex society
is a society with spectrum R

d and convex approval sets. Helly’s theorem (below) tells
us that a (d + 1, d + 1)-agreeable R

d -convex society has agreement proportion 1.

Theorem 1.3 (Helly). Suppose d < n and A1, . . . , An ⊆ R
d are convex sets such that

the intersection of any d + 1 of these sets is nonempty. Then ∩i Ai �= ∅.

We would like to draw attention to graphs: given a graph G as spectrum, and allow-
ing connected subsets of G as agreement sets, what can one say about (k, m)-agreeable
societies of this form? (By a graph, we mean a 1-dimensional cell complex [2, p. 5],
so that each edge is considered as a copy of the unit interval.) Linear societies are the
special case in which the graph takes the form of a line segment; circular societies
are the special case in which the graph consists of a single cycle. We would like a
generalization of Theorems 1.1 and 1.2 to arbitrary graphs. It should be pointed out
that, whatever this generalization might be, it will not simply depend on the number of
cycles (which, for connected graphs, determines the homotopy type). The two graphs
in Figure 2 are homotopy equivalent, but behave differently when treated as spectra. It
is easy to construct a (2,2)-agreeable society in the graph on the left with agreement
proportion 1/2: associate each vertex with an approval set containing that vertex and
most of each incident edge. However, any (2,2)-agreeable society in the rose on the
right (or any other rose) must have agreement proportion greater than 1/2: in such a
society, any approval sets that do not include the center point must be contained in
the same petal, letting us safely “pluck” off the other petals to leave behind a circular
society, to which Theorem 1.2 then applies.

Figure 2. Two graphs with 3 cycles that behave differently as spectra.

2. SHARPNESS AND UNIFORM SOCIETIES. Before handling arbitrary circular
societies, we consider societies in which the approval sets are spread as evenly as
possible over the circle. These societies are enough to establish Theorem 1.2(b), and
arise again in our proof of Theorem 1.2(a).

Definition 2.1. For integers 1 ≤ h ≤ N , we define the circular society U(N , h) as
follows. First, we identify the circle S1 with the real numbers modulo N . The set of
voters in U(N , h) is {0, 1, . . . , N − 1}, though we generally think of this as the group
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ZN so that we can speak of voter 1 − N , and so on. For voter i , we let Ai = [i, i + h).
Societies of the form U(N , h) are called uniform societies. (An example appears in
Figure 3.)

� �

� �

� �

� �

��

��

��

Spectrum

Figure 3. The uniform society U(7, 4). (Hollow circles denote open endpoints.)

The first observation we make about U(N , h) is that every platform appears in
exactly h approval sets. In particular, a(U(N , h)) = h. The following lemma describes
which uniform societies are (k, m)-agreeable.

Lemma 2.2. For integers N ≥ m ≥ k ≥ 1 and h ≥ 1, the following are equivalent.

(i) U(N , h) is (k, m)-agreeable.

(ii) h ≥ 	 k−1
m N
 + 1.

(iii) k ≤ mh/N�.

Proof. The equivalence (ii) ⇔ (iii) is straightforward:

h ≥ 	 k−1
m N
 + 1 ⇐⇒ h > k−1

m N

⇐⇒ k < mh/N + 1

⇐⇒ k ≤ mh/N�.
Now suppose k ≤ mh/N�. Choose any set W of m voters in U(N , h). The average

value of aW (p) is

1

N

∫ N

0
aW (p) dp = 1

N

∑
x∈W

∫ N

0
a{x}(p) dp

= 1

N

∑
x∈W

h

= mh/N .

It follows that aW (p) ≥ mh/N for some platform p; since aW (p) is an integer,
aW (p) ≥ mh/N� ≥ k. So U(N , h) is (k, m)-agreeable. This establishes (iii) ⇒ (i).

Finally, to establish (i) ⇒ (iii), it suffices to exhibit a set W of m voters from
U(N , h) such that at most mh/N� of them can agree on a single platform. Define
v : Z → Z by v(i) = 	i N/m
, and let W = {v(i) | 0 ≤ i < m}. (Essentially, W con-
sists of m voters that are spaced as evenly as possible.) Take any platform p; we
show that at most mh/N� voters from W approve of p. A straightforward compu-
tation shows that v(i + mh/N�) − v(i) ≥ h, so the interval (p − h, p] (considered
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for a moment as a subset of R) can contain at most mh/N� points from the range
of v. Since v(i + jm) = v(i) + j N , the range of v is closed under adding multi-
ples of N , so when we consider the reals modulo N , the interval (p − h, p] still con-
tains at most mh/N� distinct points from the range of v. We have now shown that
|W ∩ (p − h, p]| ≤ mh/N�, and we observe that W ∩ (p − h, p] is exactly the set
of voters x ∈ W that approve of p: p ∈ Ax = [x, x + h) ⇐⇒ x ∈ (p − h, p].
Proof of Theorem 1.2(b). Let h = 	 k−1

m N
 + 1. Then by Lemma 2.2, U(N , h) is a
(k, m)-agreeable society (of size N ), and a(U(N , h)) = h = 	 k−1

m N
 + 1.

3. DISCRETIZATION. For the purposes of proving Theorem 1.2(a), we find it con-
venient to work with discrete representations of circular societies. These representa-
tions capture only the relative ordering of the endpoints, not their exact positions; since
the lost information is not relevant to the problem, we do not distinguish between
the actual society and its discretization. Before switching to discrete representations,
though, we make a few simplifying assumptions.

First, we may restrict our attention to societies in which no voter has an empty
approval set. For, suppose Theorem 1.2 applies to such societies, and consider a (k, m)-
agreeable circular society S in which i voters have empty approval sets (call them
implacable). Form the society S′ by throwing away these voters; S′ must be (k, m − i)-
agreeable: given m − i voters in S′, combine them with the i implacable voters in S;
by the (k, m)-agreeability of S, there must be a platform that k of these voters approve
of, and each of these voters is in S′. (In particular, this shows that k ≤ m − i .) Since
S′ is (k, m − i)-agreeable, and noting that a(S) = a(S′), we have

a(S)

|S| = a(S′)
|S′| · |S′|

|S|
>

k − 1

m − i
· |S′|

|S|
= k − 1

m
· m

m − i
· |S| − i

|S|
≥ k − 1

m
(since |S| ≥ m).

We may also assume that no voter’s approval set is the entire circle. For any such
voter, we could find a closed arc disjoint from the boundaries of the approval sets,
and remove it from that voter’s approval set without influencing a(S) or the society’s
(k, m)-agreeability.

Now, each voter’s approval set is an arc along the circle. Making small perturbations
as necessary, we can assume that the endpoints of all these arcs are distinct. (First, at
any open endpoint, perturb it to make the interval slightly shorter; this avoids introduc-
ing new overlaps between approval sets without losing any existing overlaps. Then, at
any closed endpoint, perturb it to make the interval slightly longer; this preserves exist-
ing overlaps, and does not introduce any new overlaps since the open endpoints were
already perturbed.) We say a society in this form, with all approval sets arcs and all
endpoints distinct, is discretizable.

Thinking of the circle as an interval [0, N ], with 0 and N identified (and N > 0),
we can treat each approval set as an interval with a left and right endpoint. Because
of the circular nature, the left endpoint might nominally be to the right of the right
endpoint; for example, [2/3, 1/3] denotes the set [0, 1/3] ∪ [2/3, N ].
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For our purposes, a society is sufficiently described by the order in which the left
and right endpoints of the voters are encountered as one moves around the circle (or,
more precisely, as one moves from 0 up to N ). So, each society may be represented by a
string of symbols, where each symbol represents a left or right endpoint of a particular
voter’s approval set. For a voter x , we use the symbols �x and �x to denote the left and
right endpoints of Ax , respectively. For example, the society from Figure 1 would have
a string representation of �B �A �C �B �A �C . Of course, any string representation can
be rotated cyclically without changing the society.

We can disregard the platforms occurring at endpoints, because their support will
coincide with the support of platforms either immediately to the left or right. Also, be-
tween two consecutive endpoints, any two platforms will have the same support, so we
only need to consider one platform between two consecutive endpoints. So, between
any two consecutive endpoints, we fix one platform that we call a representative plat-
form (r.p.), and we restrict our attention to r.p.’s. As a matter of notation, when we list a
string of endpoints, we may want to name any r.p.’s at hand, and we do so by allowing
r.p.’s to be listed among endpoints; for example, the string �x p �y q �x r represents a
portion of a society in which �x , �y , and �x appear consecutively, p is the r.p. between
�x and �y , q is the r.p. between �y and �x , and r is the r.p. immediately to the right
of �x .

For a voter x in society S, we let |AS
x | denote the number of r.p.’s in AS

x ; we call this
the approval length of x (and if we think of consecutive endpoints as being spaced one
unit apart, |AS

x | coincides with the actual measure of AS
x ).

4. THE LOWER BOUND. Lemma 2.2 shows that Theorem 1.2(a) applies to uni-
form societies. Knowing this, it should not be surprising that it would also apply to
arbitrary societies: nonuniform societies are going to be more “bunched up” in places,
which would tend to yield higher agreement numbers. Our proof gives rigor to this in-
tuition; we start with an arbitrary (k, m)-agreeable society, and smooth it out through
transformations that do not break (k, m)-agreeability and do not increase the agree-
ment number, until we reach a uniform society, to which we can apply Lemma 2.2.

Definition 4.1. For societies S and T , we say S validly transforms to T , and write S ⇀

T , if |S| = |T |, a(S) ≥ a(T ), and (S is (k, m)-agreeable)⇒(T is (k, m)-agreeable)
for all k, m. Observe that the relation ⇀ on societies is reflexive and transitive (a
preorder). An operation on societies is a valid transformation if applying the operation
to a society S always yields a society S′ with S ⇀ S′.

The transformation of an arbitrary society into a uniform society will occur in two
phases. First, in Section 4, we transform to a society in which no voter’s approval set
contains another’s. Then, in Section 4, we transform such a society into a uniform
society.

Eliminating Containment.

Definition 4.2. A society S is containment-free if no voter’s approval set contains
another voter’s approval set.

Lemma 4.3. For any society S, there is a containment-free society T such that
S ⇀ T .

Proof. If S is containment-free, then we are done, so suppose that S is not containment-
free. Then Ay ⊆ Ax for some x �= y, and (after rotating if necessary) the string rep-
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resentation of S contains �x ρ �y σ �y τ �x , where ρ, σ , and τ are (possibly empty)
strings of intervening endpoints. Let R be the society that results from swapping �x

and �y; that is, we replace �x ρ �y σ �y τ �x with �x ρ �y σ �x τ �y . (See Figure 4.)
Note that this only affects the approval sets of x and y. We wish to show S ⇀ R
(although R will not necessarily be the promised society T ).

� �

� �

�x �x

�y �y

� �

� �

�x �x

�y �y

↓

Figure 4. Swapping endpoints to eliminate a containment.

For any r.p. q, either the support of q is unchanged by this transformation, or x
leaves the support and y enters the support; in either case, aR(q) = aS(q). So a(R) =
a(S).

Supposing that S is (k, m)-agreeable, we claim that R is (k, m)-agreeable. Let M ⊆
V S = V R be any set of m voters. We must show aR

M(p) ≥ k for some r.p. p. There is
some tedium in considering all possible cases, but the argument stands on the following
facts: aR

{x,y}(p) = aS
{x,y}(p) for all p (used in case 2), AS

y ⊆ AR
y (used in case 1), and

AS
y ⊆ AR

x (used in case 3).

Case 1. x �∈ M . We can choose p with aS
M(p) ≥ k (since S is (k, m)-agreeable), and

aR
M(p) ≥ aS

M(p) ≥ k, since AR
z ⊇ AS

z for all z �= x .

Case 2. y ∈ M . Again, choose p with aS
M(p) ≥ k. If p is one of the platforms whose

support was unchanged, then aR
M (p) = aS

M(p) ≥ k; otherwise, p is a platform whose
support lost x but gained y, and we have aR

M(p) ≥ aS
M(p) ≥ k.

Case 3. x ∈ M , y �∈ M . We will use the fact that AS
y ⊆ AR

x , by swapping x and y
before applying the (k, m)-agreeability of S, and then swapping back. Let M ′ = M ∪
{y} \ {x}. Since |M ′| = |M| = m, we can choose p such that AS

M ′(p) ≥ k. Let K ′ =
suppS

M ′(p); then |K ′| ≥ k. If y �∈ K ′, then K ′ ⊆ suppR
M(p), so aR

M(p) ≥ k. Otherwise,
let K = K ′ ∪ {x} \ {y}; then K ⊆ suppR

M(p) since AS
y ⊆ AR

x , so aR
M(p) ≥ k.

We have now established S ⇀ R. Of course, R is not necessarily containment-free,
but we can show that if we repeat the above transformation enough times, we must
eventually reach a containment-free society. Essentially, this is because the standard
deviation of the approval lengths decreases each time we apply the transformation, so
we cannot keep applying the transformation forever; the following argument makes
this precise. Define the square sum of a society Q to be∑

x∈Q

|AQ
x |2.

In S, let i , j , and k be the number of r.p.’s, respectively, between �x and �y , �y and �y ,
and �y and �x . Then we have i, j, k > 0, |AS

x | = i + j + k, |AS
y | = j , |AR

x | = i + j ,
and |AR

y | = j + k. It is easy to verify that |AS
x |2 + |AS

y |2 > |AR
x |2 + |AR

y |2. All other
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terms in the square sum are the same for S and R, because AS
z = AR

z for z �= x, y.
Thus, the above transformation decreases the square sum of a society. Noting that the
square sum is a positive integer, we see that the transformation can only be performed
a finite number of times before we reach a containment-free society T .

Left-Right Alternation.

Definition 4.4. A society is left-right alternating if its sequence of endpoints alter-
nates between left and right endpoints.

Lemma 4.5. For any containment-free society S, there is a left-right alternating
containment-free society T such that S ⇀ T .

Proof. Suppose S is not left-right alternating. Then, since there is an equal number
of left and right endpoints, there must be a pair of consecutive right endpoints some-
where. Continuing to the right, one must eventually reach a left endpoint. Thus, there
must be a sequence of endpoints of the form p �x q �y r �z somewhere in the society.
(Note that x �= y, since each voter has only one right endpoint. We also have y �= z;
otherwise, we would have a containment Ax ⊆ Ay .) Note that aS(p) = aS(q) + 1, be-
cause suppS(p) = suppS(q) ∪ {x} (and x �∈ suppS(q)); continuing this reasoning, we
have aS(p) = aS(q) + 1 = aS(r) + 2.

Let S′ be the society that results from swapping �y and �z , so that p �x q �y r �z

becomes p �x q �z r �y . (See Figure 5.) Since we are expanding Ay and Az without
altering any other agreement sets, this preserves (k, m)-agreeability. This also does not
introduce any containments: when we moved �z to the left, it did not pass any other
left endpoints; similarly, when we moved �y to the right, it did not pass any other right
endpoints.

�

�

�

�x

�y

�z

↓
�

�

�

�x

�y

�z

Figure 5. Swapping endpoints to achieve left-right alternation.

This tranformation does not affect the agreement number of any representative plat-
form except for r . The agreement number of r increases by two, because y and z
have entered its support. So, we have aS′

(r) = aS(r) + 2 = aS(p). This shows that
a(S′) = a(S): the only opportunity for a(S′) to exceed a(S) would be from what hap-
pens at r , but we have aS′

(r) = aS(p) ≤ a(S). So, this transformation is valid. Fur-
thermore, each time it is applied, the sum of the lengths of the approval sets goes up.
Because this sum is bounded and is always an integer, the transformation can only be
applied finitely many times before we reach a left-right alternating society T , which
will be containment-free since the transformation does not introduce containments.

Uniform Societies, Again. Our definition of the uniform societies U(N , h) did not
conform to the simplifications made in Section 3; namely, the endpoints are not all
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distinct. So, we define U ′(N , h) to be like U(N , h), except that we define Ai to be
[i, i + h − ε] instead of [i, i + h), with ε = 1/2, say. This difference is minor enough
that we immediately have a(U ′(N , h)) = a(U(N , h)) = h, and U ′(N , h) is (k, m)-
agreeable if and only if U(N , h) is, so Lemma 2.2 applies to U ′(N , h) as well as
U(N , h). The society U ′(N , h) is discretizable, and has string representation

�0 �1−h �1 �2−h · · · �N−1 �N−h .

(To see this, the reader might find it helpful to consider the cases h = 1 and h = 2.)
In particular, U ′(N , h) is left-right alternating, the left endpoints appear in the order
0, 1, . . . , N − 1, and the right endpoints appear in the same order, but rotated by 1 − h:
1 − h, 2 − h, . . . , N − h. We are now ready to finish.

Proof of Theorem 1.2(a). Let S0 be any (k, m)-agreeable circular society. By Lem-
mas 4.3 and 4.5, we can validly transform S0 into a (k, m)-agreeable society S that is
left-right alternating and containment-free. Letting N = |S|, we may assume the vot-
ers of S are {0, 1, . . . , N − 1}. Renaming voters as necessary, we may assume that the
left endpoints of their approval sets occur in the order �0, �1, . . . , �N−1.

We claim that, up to a cyclic rotation, the right endpoints of the approval sets oc-
cur in the same order: �0, �1, . . . , �N−1. Suppose not. Then there must be distinct
voters x , y, and z such that their left endpoints occur in the order xyz while their
right endpoints occur in some cyclic rotation of the order xzy. Breaking into cases, it
is straightforward to show that there must be a containment, a contradiction. So the
claim holds.

We have established that S is a left-right alternating society whose left endpoints
occur in the order �0, �1, . . . , �N−1 and whose right endpoints occur in the same
order, up to a cyclic rotation. Considering the discretization of uniform societies, we
can observe that S must have the same discretization as U ′(N , h) for some h. This
yields a(S) = a(U ′(N , h)) = h, and by Lemma 2.2, h ≥ 	 k−1

m N
 + 1. We now have
a(S0) ≥ a(S) = h ≥ 	 k−1

m N
 + 1, so the agreement proportion of S0 is greater than
(k − 1)/m.
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Revisiting the Pascal Matrix

Barry Lewis

1. INTRODUCTION. Pascal’s triangle is the most famous of all number arrays—
full of patterns and surprises. It continues to surprise. This article is motivated by three
articles in this journal, [3], [6], and [1], each of which looked at different properties
of the Pascal array and some of its siblings from the perspective of matrices, both
finite and infinite. The inverse matrix the third authors sought has another very dif-
ferent manifestation and that is a key part of this present article. But the same path
leads further. The first article looked at the powers of the Pascal matrix. These have
a particularly elegant form and they lead to some surprising results. Other surprises
follow.

2. POWERS OF TRIANGULAR ARRAYS. First, let us be clear that we will be
dealing with infinite matrices throughout. So the Pascal matrix P is the lower triangu-
lar array

P =
[(

r

k

)
: r, k ∈ Z, r, k ≥ 0

]
=

⎡
⎢⎢⎢⎣

1 ·
1 1 ·
1 2 1 ·
1 3 3 1 ·
· · · · ·

⎤
⎥⎥⎥⎦

extending indefinitely downwards and to the right. (The missing entries above the
main diagonal are all 0.) Such an array has well-defined positive powers. Consider any
finite, square truncation of the matrix. A term-by-term arithmetic procedure leads to
the terms that make up the appropriate power. These terms retain the lower triangular
structure. Moreover, corresponding terms are always the same whatever the size of the
truncation—a simple consequence of the lower triangular structure. So the terms are
independent of the size of the truncation and may be used to define the corresponding
power in the infinite case.

Negative powers can also be defined for such arrays whenever an inverse exists; as
long as there are no zeros on the main diagonal, the inverse of any finite truncation
exists and this leads to the inverse of the infinite array by the same stability in the
individual terms as for a positive power. In turn this leads to any negative power of the
array.

Rather than using sophisticated matrix algebra to determine the terms in powers of
such arrays, we will regard the array as consisting of sequences—one for each column
and one for each row. For example, in the case of the Pascal array P we have the
column sequences

C P
0 = {1, 1, 1, 1, 1, 1, . . . }, C P

1 = {0, 1, 2, 3, 4, 5, . . . },
C P

2 = {0, 0, 1, 3, 6, 10, . . . }, . . .

and the row sequences

RP
0 = {1, 0, 0, 0, 0, 0, . . . }, RP

1 = {1, 1, 0, 0, 0, 0, . . . },
RP

2 = {1, 2, 1, 0, 0, 0, . . . }, . . . .

doi:10.4169/000298910X474989
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We invoke the machinery of generating functions to represent such sequences, which
are then exploited to find powers of the array.

The indexed symbol C M
k will always stand for a column of the array M; for the

rows the indexed symbol RM
r operates similarly. The numbering of these columns and

rows corresponds to the numbering of the terms that make up the array itself—that is,
they each start at zero.

We are going to use generating functions to “capture” the sequences that make up
the columns and rows of the arrays we consider—but a different generating function
for each of them. For an arbitrary sequence

{ur : r ∈ Z, r ≥ 0} = {u0, u1, u2, . . . }
the exponential generating function (egf) of the sequence is defined as

U(z) =
∑
r≥0

ur zr

r ! .

The column egfs of the Pascal array have a very simple form. We have

C P
k (z) =

(k
k

)
zk

k! +
(k+1

k

)
zk+1

(k + 1)! +
(k+2

k

)
zk+2

(k + 2)! + · · · = zkez

k! .

The natural generating functions for the rows are ordinary generating functions (ogf)
defined for the sequence

{vr : r ∈ Z, r ≥ 0} = {v0, v1, v2, . . . }
by

V (w) =
∑
k≥0

vkw
k .

In the Pascal array we have the simple ogfs

RP
r (w) = (1 + w)r .

In general, we use the variable z for columns and w for rows. Collectively the whole
array can be represented by a single generating function—exponential in its columns,
ordinary in its rows:

P(z, w) =
∑
k≥0

C P
k (z)wk =

∑
r≥0

RP
r (w)zr

r ! .

This is the joint generating function which conveniently (and necessarily) produces
the same result whichever way it is evaluated:

P(z, w) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∑
k≥0

C P
k (z)wk =

∑
k≥0

zkezwk

k!
∑
r≥0

RP
r (w)zr

r ! =
∑
r≥0

(1 + w)r zr

r !

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

= ez(1+w).

This encapsulates the whole array, and may be used to discover properties of the
columns and of the rows.
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3. PRODUCTS AND POWERS OF LOWER TRIANGULAR MATRICES. We
have just started with a lower triangular array and developed the egfs of its columns.
But we can reverse this process. The column generating functions of the Pascal array
are given by

C P
k (z) = ezzk

k! , k ≥ 0;

if we generalise this to

f (z)zk

k! , k ≥ 0,

what array—if any—does it generate if we use the appropriate function (for a given
value of k) as the corresponding column egf of the array? The answer is given by the
following theorem:

Theorem 1. If the function f is analytic at 0 then the set of functions

{
f (z)zk

k! : k ∈ Z, k ≥ 0

}
,

acting as the column egfs of an array, generate a lower triangular array M = [mr,k].
Moreover:

• if f (0) �= 0 then the array M is invertible;
• every term of the array is related to a term in the first column:

mr,k =
(

r

k

)
mr−k,0, r ≥ k.

Proof. Whenever the function f is analytic at 0 we may expand it,

f (z) =
∑
n≥0

fnzn

n! ,

as a convergent Taylor sum in some neighbourhood of 0. Then

f (z)zk

k! =
∑
n≥0

fnzn+k

n! k! = f0zk

0! k! + f1zk+1

1! k! + · · ·

is also convergent in the same neighbourhood. This is the egf of a sequence {mr,k}
which, in turn, may be used as the kth column of an array M = [mr,k], which is clearly
lower triangular. Moreover:

• as f (0) = f0 �= 0, the array has nonzero entries on its main diagonal and hence
is invertible;

• the column egfs of the array are

∑
r≥0

mr,k zr

r ! = f (z)zk

k! =
∑
n≥0

fnzn+k

n! k! ;
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by comparing coefficients of zr on either side we have for r ≥ k

mr,k

r ! = fr−k

(r − k)! k! ⇒ mr,k =
(

r

k

)
fr−k =

(
r

k

)
mr−k,0,

as required.

We say that the array M is generated by the function f —it follows that f must be
analytic about 0.

Example 1. If f (z) = 1 for all z, then the array it generates has for its column egfs
zk/k!; the array is the lower triangular (infinite) identity matrix I .

Now we move on to a way of combining such functions and the effect this has on
the arrays they generate.

Theorem 2. If M is generated by f and N is generated by g then the matrix product
M · N is generated by the functional product f · g.

Proof. Suppose that M = [mr,k] and N = [nr,k]. Then we have

f (z) =
∑
r≥0

mr,0zr

r ! and
g(z)zk

k! =
∑
r≥0

nr,kzr

r ! .

Note that f (z) · g(z) can be expanded as a power series that is convergent in some
neighbourhood of 0 (the smaller of the neighbourhoods in which f and g may be
expanded), so it generates a lower triangular array. If this array is Q = [qr,k] then we
have

∑
r≥0

qr,k zr

r ! = f (z) · g(z)zk

k! =
(∑

r≥0

mr,0zr

r !

)(∑
r≥0

nr,kzr

r !

)
,

and then comparing coefficients of zr on either side gives

qr,k

r ! =
r∑

l=0

mr−l,0nl,k

(r − l)!l!

so that

qr,k =
r∑

l=0

(
r

l

)
mr−l,0nl,k =

r∑
l=0

mr,lnl,k,

and this is precisely the (r, k)th term of the matrix product M · N .

This leads to a result for the inverse of an array generated by the function f .

Corollary 3. If M is generated by f and f (0) �= 0 then the inverse array M−1 is
generated by the function 1/ f .
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Proof. As the function f is analytic at 0 and f (0) �= 0, 1/ f may be expanded in a
neighbourhood of 0 (the neighbourhood is either that of the function f or that defined
by the closest zero of f to the origin in the complex plane). Hence it generates a
lower triangular array. As f · (1/ f ) = 1, which generates the identity matrix, the result
follows.

Using these results on the Pascal matrix gives an appealing form for its powers.

Example 2. The Pascal array is generated by the function ez; so by Corollary 3 its
inverse is generated by the function e−z . This means that its entries are given by P−1 =[
(−1)r−k

(r
k

)]
and the inverse is a signed copy of the Pascal matrix. By repeated use of

Theorem 2 the powers of Pascal are given by Pn = [
nr−k

(r
k

)]
. This result is true for all

integer values of n as noted and proved by other methods in [3]; it is possible to extend
this to rational and even irrational values of n.

We can also obtain more exotic results.

Example 3. Suppose we define the matrix M = [mr,k] as being generated by the func-
tion

√
1 + ez . The column egfs of the matrix are given by

C M
k (z) =

∑
r≥0

mr,k zr

r ! = zk
√

1 + ez

k! .

The first column has the egf

C M
0 (z) =

∑
r≥0

mr,0zr

r ! = √
1 + ez

and we find that

√
1 + ez = √

2

(
1 +

(
1

4

)
z +

(
3

16

)
z2

2! +
(

7

64

)
z3

3! +
(

9

256

)
z4

4! + · · ·
)

.

So the matrix M begins:

M = √
2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 ·
1
4

(1
1

) ·
3

16

(2
1

)
1
4

(2
2

) ·
7

64

(3
1

)
3

16

(3
2

)
1
4

(3
3

) ·
9

256

(4
1

)
7

64

(4
2

)
3

16

(4
3

)
1
4

(4
4

) ·
· · · · · ·

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= √
2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 ·
1
4 1 ·
3

16
1
2 1 ·

7
64

9
16

3
4 1 ·

9
256

7
16

9
8 1 1 ·

· · · · · ·

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

However, M2 is generated by the function 1 + ez which in turn (see below) generates
the matrix I + P in which I is the (infinite) identity matrix. So we might define

M = √
I + P .

4. INVERTING THE PASCAL PLUS ONE MATRIX. Let us denote the matrix
I + P by A = [ar,k]. The egf of its kth column is:

C A
k (z) =

∑
r≥0

ar,k zr

r ! = zk

k! + C P
k (z) = zk

k! + zkez

k! = zk

k! (1 + ez),
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and it is therefore generated by the function 1 + ez . The joint generating function of
the array is

A(z, w) =
∑
k≥0

zk(1 + ez)wk

k! = (1 + ez)ezw.

Corollary 3 tells us that the inverse matrix, A−1 = (
a−1

r,k

)
, is generated by the function

∑
r≥0

a−1
r,0 zr

r ! = 1

(1 + ez)
.

This generating function is analytic at 0 and may be expanded in a Taylor series (valid,
of course, when |z| < π) and we then find

{a−1
r,0 } =

{
1

2
,
−1

4
, 0,

1

8
, 0,

−1

4
, 0,

17

16
, 0, . . .

}
.

The first column “spawns” each of the entries in succeeding columns:

a−1
r,k =

(
r

k

)
a−1

r−k,0.

So the inverse of the Pascal matrix plus one starts

A−1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

(0
0

)
1
2 ·(1

0

)−1
4

(1
1

)
( 1

2) ·(2
0

)
0

(2
1

)
(−1

4 )
(2

2

)
( 1

2 ) ·(3
0

)
1
8

(3
1

)
(0)

(3
2

)
(−1

4 )
(3

3

)
( 1

2 ) ·(4
0

)
0

(4
1

)
( 1

8)
(4

2

)
(0)

(4
3

)
(−1

4 )
(4

4

)
( 1

2 ) ·(5
0

)−1
4

(5
1

)
(0)

(5
2

)
( 1

8 )
(5

3

)
(0)

(5
4

)
(−1

4 )
(5

5

)
( 1

2) ·(6
0

)
0

(6
1

)
(−1

4 )
(6

2

)
(0)

(6
3

)
( 1

8 )
(6

4

)
(0)

(6
5

)
(−1

4 )
(6

6

)
( 1

2 ) ·
· · · · · · · ·

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2 ·

−1
4

1
2 ·

0 −1
2

1
2 ·

1
8 0 −3

4
1
2 ·

0 1
2 0 −1 1

2 ·
−1
4 0 5

4 0 −5
4

1
2 ·

0 −3
2 0 5

2 0 −3
2

1
2 ·

· · · · · · · ·

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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and it has a number of arithmetic delights. For example, the row sum sequence (which
is well defined since there are always a finite number of nonzero terms in each row)
is the signed value of the corresponding entry in the first column, (−1)ra−1

r,0 . We can
prove this with a joint generating function for the inverse matrix:

∑
k≥0

(∑
r≥0

a−1
r,k zr

r !

)
wk =

∑
k≥0

zkwk

k! (1 + ez)
= ezw

1 + ez
.

We will write this in the row form

A−1(z, w) =
∑
r≥0

RA−1

r (w)zr

r ! = ezw

1 + ez
. (1)

When w = 1 this returns the egf of the row sum sequence, which is

ez

1 + ez
= 1

e−z + 1
=

∑
r≥0

a−1
r,0 (−z)r

r ! =
∑
r≥0

(−1)ra−1
r,0 zr

r ! ,

exactly as claimed. It is also possible to express the elements of the first column in
terms of the Bernoulli numbers {br } [12], which are defined by another egf:

∑
r≥0

br zr

r ! = z

ez − 1
.

We then have

∑
r≥0

a−1
r,0 zr

r ! = 1

ez + 1
= 1

ez − 1
− 2

e2z − 1
= 1

z

(
z

ez − 1
− 2z

e2z − 1

)

= 1

z

(∑
r≥0

br zr

r ! −
∑
r≥0

br 2r zr

r !

)
,

and comparing coefficients of zr on each side gives

a−1
r,0 = (1 − 2r+1)

r + 1
br+1.

This connection with the Bernoulli numbers is no accident. Their first appearance was
in connection with the sums of the powers of the positive integers, a problem first
solved by Faulhaber, but always attributed to Jacob Bernoulli [8]. The classic way to
determine such a sum is to exploit what is called a “telescoping sum”, and it is to that
topic that we now turn.

5. TELESCOPING SUMS. A telescoping sum is a delightful and serendipitous way
of determining certain sums. What follows is a particular instance of this at work.
Suppose that we wish to evaluate the alternating sums of powers of the positive integers

n∑
k=1

(−1)kkr
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for any positive integer r . There is, of course, a very good reason why I chose this
particular sum. We introduce a telescoping element by defining a sequence of polyno-
mials

{Rr (w) : r ∈ Z, r ≥ 0}

with the property that

Rr (w + 1) + Rr (w) = wr . (2)

If we can find polynomials that have this property, the sums we seek are easily found
since we can then write

(−1)n
(
Rr (n + 1) + Rr (n)

) = (−1)nnr ;
(−1)n−1

(
Rr (n) + Rr (n − 1)

) = (−1)n−1(n − 1)r ;
...

(−1)1
(
Rr (2) + Rr (1)

) = (−1)11r .

A vertical summation now causes the cancellation to cascade downwards, and the sum
telescopes to give

(−1)n Rr (n + 1) − Rr (1) =
n∑

k=1

(−1)kkr . (3)

If we know the polynomials, then in principle we have solved our problem. But we do
indeed know these polynomials (at least, we know one set of polynomials that satisfy
equation (2)—there are many others); they are the row polynomials of the matrix A−1,
the inverse of the Pascal plus one matrix! To see this we need only adapt equation (1):

∑
r≥0

RA−1

r (w + 1)zr

r ! = ez(1+w)

ez + 1
and

∑
r≥0

RA−1

r (w)zr

r ! = ezw

ez + 1
,

and hence

∑
r≥0

(
RA−1

r (w + 1) + RA−1

r (w)
)

zr

r ! = ez(1+w) + ezw

ez + 1
= ezw

=
∑
r≥0

wr zr

r ! ,

from which follows (by comparing coefficients of zr ) precisely equation (2):

RA−1

r (w + 1) + RA−1

r (w) = wr .

So the row polynomials of the inverse matrix A−1 have the telescoping property we
seek.
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6. THE POLYNOMIALS TELESCOPE. For example, when r = 2, equation (3)
gives

(−1)n RA−1

2 (n + 1) − RA−1

2 (1) =
n∑

k=1

(−1)kk2.

All we now need is the polynomial RA−1

2 (n + 1) and the constant RA−1

2 (1); we find
these in the third row (r = 2) of the matrix A−1, and so

n∑
k=1

(−1)kk2 = (−1)n

(−1

2
(n + 1) + 1

2
(n + 1)2

)
−

(−1

2
+ 1

2

)

= (−1)nn(n + 1)

2
.

We can repeat this for any value of r by using the corresponding row polynomial of
this matrix. The row polynomials are given by

RA−1

r (w) =
r∑

k=0

(
r

k

)
a−1

r−k,0w
k,

and hence using equation (3) again we have:

n∑
k=1

(−1)kkr =
n−1∑
k=1

(−1)kkr + (−1)nnr

= (−1)n−1 RA−1

r (n) − RA−1

r (1) + (−1)nnr

= (−1)nnr + (−1)n−1
r∑

k=0

(
r

k

)
a−1

r−k,0n
k −

r∑
k=0

(
r

k

)
a−1

r−k,0

(splitting up the sum ensures we obtain a polynomial in n rather than n + 1). The last
sum on the right is the row sum and so we have:

Theorem 4.

n∑
k=1

(−1)kkr = (−1)nnr + (−1)n−1
r∑

k=0

(
r

k

)
a−1

r−k,0n
k − (−1)r a−1

r,0 .

Using this result and the notation
∑n

k=1(−1)kkr = S±
r we find that

S±
0 = (−1)n − 1

2
, S±

1 = (−1)n(2n + 1) − 1

4
, S±

2 = (−1)nn (n + 1)

2
,

S±
3 = (−1)n

(
4n3 + 6n2 − 1

) + 1

8
, and S±

4 = (−1)nn(n + 1)(n2 + n − 1)

2
.

There is another gem, based on the intriguing third result, which we can write

S±
2 = (−1)n

n∑
k=1

k = (−1)n S1,
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extending the notation in an obvious way. If we continue this analysis, we find that:

S±
4 = (−1)n(−S1 + 2S3);

S±
6 = (−1)n(3S1 − 5S3 + 3S5);

S±
8 = (−1)n(−17S1 + 28S3 − 14S5 + 4S7).

This naturally leads to another lower triangular array which is interesting in its own
right.

7. MORE ARRAYS, MORE TELESCOPING. Other combinations of Pascal and
the identity matrix yield corresponding results. The one we choose, 2I − P , turns out
to have a particular significance. Let us denote this matrix by B = [br,k], which is
generated by the function 2 − ez . Invoking Corollary 3 means that if we denote the
inverse matrix by B−1 = [b−1

r,k ] then the egf of its first column is given by:

∑
r≥0

b−1
r,0 zr

r ! = 1

2 − ez
.

This generating function may be expanded in a Taylor series (valid, of course, when
|z| < log 2) and we then find {b−1

r,0 } = {1, 1, 3, 13, 75, 541, . . . }. This first column
“spawns” each of the entries in succeeding columns:

b−1
r,k =

(
r

k

)
b−1

r−k,0.

So the inverse of the matrix B = 2I − P starts

B−1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

(0
0

)
1 ·(1

0

)
1

(1
1

)
1 ·(2

0

)
3

(2
1

)
1

(2
2

)
1 ·(3

0

)
13

(3
1

)
3

(3
2

)
1

(3
3

)
1 ·(4

0

)
75

(4
1

)
13

(4
2

)
3

(4
3

)
1

(4
4

)
1 ·(5

0

)
541

(5
1

)
75

(5
2

)
13

(5
3

)
3

(5
4

)
1

(5
5

)
1 ·

· · · · · · ·

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

1 ·
1 1 ·
3 2 1 ·

13 9 3 1 ·
75 52 18 4 1 ·
541 375 130 30 5 1 ·
· · · · · · ·

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

The joint generating function of this inverse array is

B−1(z, w) =
∑
k≥0

(∑
r≥0

b−1
r,k zr

r !

)
wk =

∑
k≥0

zkwk

k!(2 − ez)
= ezw

2 − ez
.
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We may write this in terms of the row polynomials of the array

B−1(z, w) =
∑
r≥0

RB−1

r (w)zr

r ! = ezw

2 − ez
,

and so we have

∑
r≥0

(
2RB−1

r (w) − RB−1

r (w + 1)
)
zr

r ! = 2ezw

2 − ez
− ez(w+1)

2 − ez
= ezw =

∑
r≥0

wr zr

r !

and hence

2RB−1

r (w) − RB−1

r (w + 1) = wr .

This can be used to construct a sum that telescopes—but, this time, a more sophisti-
cated sum, one that is “weighted”:

2RB−1

r (n) − RB−1

r (n + 1) = nr ;
2
(
2RB−1

r (n − 1) − RB−1

r (n)
) = 2(n − 1)r ;

22
(
2RB−1

r (n − 2) − RB−1

r (n − 1)
) = 22(n − 2)r ;

...

2n−1
(
2RB−1

r (1) − RB−1

r (2)
) = 2n−1(1)r .

Vertical summation induces the telescoping and then

2n RB−1

r (1) − RB−1

r (n + 1) =
n∑

k=1

2n−kkr ,

which may be written

n∑
k=1

kr

2k
= RB−1

r (1) − 1

2n
RB−1

r (n + 1).

When r = 2 we have

n∑
k=1

k2

2k
= RB−1

2 (1) − 1

2n
RB−1

2 (n + 1);

the relevant polynomials occur in the third row of the matrix, so that

n∑
k=1

k2

2k
= 3 + 2 + 1 − (3 + 2(n + 1) + (n + 1)2)

2n
= 6 − (6 + 4n + n2)

2n
.

As n → ∞ this gives a famous result:

∑
k≥1

k2

2k
= 6,
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one that Jacob Bernoulli derived by different means in 1689 [5, pp. 41–45] (and the
motivation for the letter B denoting the matrix). Using other rows of the array yields
the following Bernoulli results:

∑
k≥1

1

2k
= 1,

∑
k≥1

k

2k
= 2, and

∑
k≥1

k3

2k
= 26;

you might easily spot that these are simply the row sums in each case, and then that this
is always true. One more interesting property of the array concerns the terms occurring
in the first column, {b−1

r,0 }. These count the number of distinct combinations for a lock
with r buttons in which all the buttons must be used exactly once [10].

8. A GENERALISATION. First we need some machinery due to Euler. Let us con-
sider the matrix

E = [er,k] = I + γ P;
this is generated by the function (1 + γ ez), and as long as γ �= −1 it will be invertible.
This inverse,

E−1 = [
e−1

r,k

]
,

is generated by the function

∑
r≥0

e−1
r,0 zr

r ! = f (z) = 1

(1 + γ ez)
;

knowing this we know the complete array. We have:

f (z) =
∑
r≥0

e−1
r,0 zr

r ! = 1

1 + γ ez
⇒ e−1

0,0 = f (0) = 1

1 + γ
;

if we differentiate (term-by-term inside the disc of convergence), we have

D f (z) =
∑
r≥0

e−1
r+1,0zr

r ! = −γ ez

(1 + γ ez)2
⇒ e−1

1,0 = (
D f (z)

)
z=0

= −γ

(1 + γ )2
;

another differentiation gives

D2 f (z) =
∑
r≥0

e−1
r+2,0zr

r ! = −γ ez + γ 2e2z

(1 + γ ez)3
⇒ e−1

2,0 = (
D2 f (z)

)
z=0

= −γ + γ 2

(1 + γ )3
;

differentiation yet again gives

D3 f (z) =
∑
r≥0

e−1
r+3,0zr

r ! = −γ ez + 4γ 2e2z − γ 3e3z

(1 + γ ez)4

⇒ e−1
3,0 = (

D3 f (z)
)

z=0
= −γ + 4γ 2 − γ 3

(1 + γ )4
.
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The polynomials that appear in the numerators are well known; the (unsigned) coeffi-
cients are called Eulerian numbers, and they too make up a lower triangular array:

[〈r

k

〉]
=

⎡
⎢⎢⎢⎢⎢⎣

1 ·
0 1 ·
0 1 1 ·
0 1 4 1 ·
0 1 11 11 1 ·
· · · · · ·

⎤
⎥⎥⎥⎥⎥⎦ .

The Eulerian numbers occur as here, and also in the guise of counting the number of
ascents in a given permutation [7, pp. 267–269]. Using them means that we have an
explicit form for the entries in the first column of the matrix E−1:

e−1
r,0 =

∑
k≥0 (−1)k

〈
r
k

〉
γ k

(1 + γ )r+1
,

and hence for each of its other terms in subsequent columns. The joint generating
function of the matrix is

E−1(z, w) = ezw

1 + γ ez
,

and writing this in terms of its row polynomials Rr (w) gives

∑
r≥0

(
RE−1

r (w) + γ RE−1

r (w + 1)
)
zr

r ! = ezw

1 + γ ez
+ γ ez(w+1)

1 + γ ez
= ezw =

∑
r≥0

wr zr

r ! ,

so that

RE−1

r (w) + γ RE−1

r (w + 1) = wr

and we can construct a telescoping sum: when γ is positive this will be an alternating
weighted sum and when γ ( �= −1) is negative, a direct weighted sum. Suitable variants
of γ provide different weights to the sum.

9. FUNCTIONS OF MATRICES. It is possible to define the exponential of any
finite square matrix M [4, pp. 45] as the convergent sum

exp(M) =
(∑

n≥0

Mn

n!

)
.

In the case of the (infinite) Pascal matrix the corresponding sum also converges. The
(r, k)th term is given by (∑

n≥0

nr−k
(r

k

)
n!

)
=

((
r

k

)∑
n≥0

nr−k

n!

)
.

But the sum on the right is a (convergent) Dobinski sum [13] and hence

exp(P) =
[
e

(
r

k

)
Br−k

]
,
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in which the sequence {Br } is called the Bell sequence in honour of E. T. Bell [9].
It enumerates the number of ways of partitioning r objects into nonempty, disjoint
subsets, and begins {1, 1.2, 5, 15, 52, 203, . . . }. The egf of the Bell sequence [11] is
given by

∑
r≥0

Br zr

r ! = exp(ez − 1).

This leads directly to:

Theorem 5. The exponential of the Pascal matrix is generated by the function exp(ez).

Proof. We have

Cexp(P)

k (z) =
∑
r≥0

e
(r

k

)
Br−k zr

r ! = ezk

k!
∑
r≥k

Br−k zr−k

(r − k)! = ezk exp(ez − 1)

k! = zk exp(ez)

k! ,

exactly as required.

This is a particular example of a more general result, namely:

Theorem 6. Suppose that f is a function analytic at 0 so that the (positive) radius
of its disc of convergence is S. Also suppose that M is a lower triangular matrix
generated by the function g for which |g(0)| < S. Then

f (M) =
∑
n≥0

fn Mn

n!

is a well-defined lower triangular array that is generated by f ◦ g.

Proof. We will write the (r, k)th term of the matrix Mn in the form [Mn]r,k . First we
note that

f (z) =
∑
n≥0

fnzn

n!

is convergent whenever |z| < S. Also the function g generates the array M and so it is
analytic at 0. Hence

g(z) =
∑
r≥0

[M]r,0zr

r !

is convergent whenever |z| < R for some R > 0. This series converges absolutely so
that

∑
r≥0

∣∣[M]r,0
∣∣ zr

r !

converges to a continuous function in the disk |z| < R. By continuity and the fact that∣∣[M]0,0

∣∣ = |g(0)| < S
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we may shrink R (if necessary) so that for |z| < R we also have

∑
r≥0

∣∣∣∣ [M]r,0 zr

r !
∣∣∣∣ < S.

Now we may expand f ◦ g in a sum that is convergent for |z| < R:

f
(
g(z)

) =
∑
n≥0

fn (g(z))n

n! .

But Mn is generated by gn (Theorem 3) and so for all |z| < R and all n ∈ Z, n ≥ 0 we
have

(
g(z)

)n =
∑
r≥0

[Mn]r,0zr

r !

and hence

f
(
g(z)

) =
∑
n≥0

fn

(
g(z)

)n

n! =
∑
n≥0

fn

n!
∑
r≥0

[Mn]r,0zr

r ! .

By [2, Theorem 13-27, pp. 414] we can rearrange this sum into ascending powers of z
and so

f
(
g(z)

) =
∑
r≥0

(∑
n≥0

fn[Mn]r,0
n! r !

)
zr .

Hence,

f
(
g(z)

)
zk

k! =
∑
r≥0

(∑
n≥0

fn[Mn]r,0
n! r ! k!

)
zr+k =

∑
r≥0

(∑
n≥0

fn

(r+k
k

)[Mn]r,0
n!

)
zr+k

(r + k)! .

However, as before,

[Mn]r+k,k =
(

r + k

k

)
[Mn]r,0,

and then

f
(
g(z)

)
zk

k! =
∑
r≥0

(∑
n≥0

fn[Mn]r+k,k

n!

)
zr+k

(r + k)! =
∑
s≥0

(∑
n≥0

fn[Mn]s,k

n!

)
zs

s!

=
∑
s≥0

([
f (M)

]
s,k

) zs

s!

so that f ◦ g generates f (M) as required.

We illustrate this interesting result through another example—done in reverse.
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Example 4. Suppose that we define the matrix L = [lr,k] as being generated by the
function log(1 + ez). The entries in the first column are given by

C L
0 (z) =

∑
r≥0

lr,0zr

r ! = log(1 + ez) (4)

so that l0,0 = log 2. To find the remaining terms we differentiate equation (4) which
gives

D

(∑
r≥0

lr,0zr

r !

)
= D (log (1 + ez))

⇒
∑
r≥0

lr+1,0zr

r ! = ez

1 + ez
= 1

1 + e−z
=

∑
r≥0

a−1
r,0 (−z)r

r ! =
∑
r≥0

(−1)ra−1
r,0 zr

r !

in which a−1
r,0 is a term in the first column of the inverse matrix A−1. This means that

lr+1,0 = (−1)ra−1
r,0 .

This gives

{lr,0} =
{

log 2,
1

2
,

1

4
, 0,

−1

8
, . . .

}
.

So the array begins:

L =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

log 2 ·
1
2

(1
1

)
log 2 ·

1
4

(2
1

)
1
2

(2
2

)
log 2 ·

0
(3

1

)
1
4

(3
2

)
1
2

(3
3

)
log 2 ·

−1
8

(4
1

)
0

(4
2

)
1
4

(4
3

)
1
2

(4
4

)
log 2 ·

· · · · · ·

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

log 2 ·
1
2 log 2 ·
1
4 1 log 2 ·
0 3

4
3
2 log 2 ·

−1
8 0 3

2 2 log 2 ·
· · · · · ·

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

However, by Theorem 6, exp(L) is generated by 1 + ez which, in turn, generates I +
P . So we might define

log(I + P) = L .
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10. A SURPRISING SEQUENCE. We started with the Pascal matrix so it is fitting
that we should end there—with the progenitor of Pascal itself [6]. Consider the infinite
lower triangular matrix

� =

⎡
⎢⎢⎢⎣

0 ·
1 0 ·
0 2 0 ·
0 0 3 0 ·
0 0 0 4 ·

⎤
⎥⎥⎥⎦ .

The column egfs are given by

C�
k (z) =

∑
r≥0

[�]r,k zr

r ! = zk+1

k! = z · zk

k!
and so it is generated by the function g(z) = z. By Theorem 6 the exponential of this
matrix is generated by the function ez . But this generates the Pascal matrix! So we end
on the intriguing sequence

�
exp−→ P

exp−→
[
e

(
r

k

)
Br−k

]
which relates the positive integers, the binomial coefficients, and the Bell numbers—
with a dash of the exponential constant.

ACKNOWLEDGMENT. This article grew and developed in the writing, guided by reviewers and others who
know who they are. My sincere thanks to them.
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NOTES
Edited by Ed Scheinerman

Newton’s Identities and the
Laplace Transform

Mircea I. Cı̂rnu

1. INTRODUCTION. The relations now named Newton’s identities or the Girard-
Newton formulas were obtained by A. Girard in 1629 and, independently, by I. Newton
in 1666 and published by Newton in his book Arithmetica Universalis (1707), as re-
ported in [13]. They connect the sums of powers of the roots of a polynomial, counted
with their multiplicities, with the polynomial’s coefficients and also by Viète’s formu-
las with the symmetric polynomials in the roots. These identities, given in Section 2,
have applications in Galois theory, invariant theory, group theory, combinatorics, and
general relativity.

There are many proofs for Newton’s identities, using a variety of approaches; see
[1]–[3], [6]–[11], and [14].

In this note we shall give a new proof, based on the Laplace transform. This trans-
form, introduced by L. Euler in 1737 and extensively used by P. S. Laplace in his book
Théorie Analytique des Probabilites, vol. 1 (1812), has many applications in mathe-
matics, physics, optics, electrical and control engineering, signal processing, and prob-
ability theory. Its main application consists in finding the solutions of differential and
integral equations by their reduction to algebraic ones.

Our deduction of an algebraic result—the Newton identities—with the help of the
Laplace transform is a new illustration of the power of this transformation. Other re-
sults of this kind, with methods different from ours, were given in the paper [4].

We use the Laplace transform in a particular context sufficient for our goal, the
definition and two of its main properties being presented in Section 3. General aspects
of the theory of the Laplace transform can be found in specialized books, such as [5]
or [12].

In preparation for the proof of Newton’s identities given in Section 6, we present in
Section 4 an explicit formula for the solution of the initial value problem for homoge-
neous linear differential equations with constant coefficients, obtained by the Laplace
transform method, and give in Section 5 a useful lemma.

2. NEWTON’S IDENTITIES. One considers the polynomial of degree n, in the
complex variable x ,

P(x) =
n∑

k=0

an−k xk =
n∑

k=0

ak xn−k = a0(x − x1)(x − x2) · · · (x − xn), (1)

with complex coefficients a0 �= 0, a1, . . . , an and complex roots, not necessarily dis-
tinct, x1, x2, . . . , xn . We introduce the notation Sk = ∑n

j=1 xk
j , k = 0, 1, 2, . . . , for

doi:10.4169/000298910X474998
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the sums of the natural powers of the roots of P(x), and E0 = 1,

Ek =
∑

1≤ j1≤ j2≤···≤ jk≤n

x j1 x j2 · · · x jk , k = 1, . . . , n,

for the symmetric polynomials in the roots.

Theorem. The sums Sk of the natural powers of the roots of the polynomial P(x)

satisfy Newton’s identities

k∑
j=1

ak− j S j = −kak, k = 1, . . . , n − 1,

k∑
j=k−n

ak− j S j = 0, k ≥ n (2)

and

k∑
j=1

(−1) j−1 Ek− j S j = k Ek, k = 1, . . . , n − 1,

k∑
j=k−n

(−1) j Ek− j S j = 0, k ≥ n. (3)

3. THE LAPLACE TRANSFORM. A complex-valued function f (t) that is con-
tinuous on the interval [0, ∞) is said to be of exponential order t f > 0 if there is
a constant M f > 0 such that | f (t)| ≤ M f et f t . For such a function, one defines the
Laplace transform

f̂ (x) = L
(

f (t)
) =

∫ ∞

0
e−xt f (t) dt, (4)

which is an analytic function of the complex variable x , with Re(x) > t f .
An example of the Laplace transform is given by

L(eat)(x) = 1

x − a
, (5)

for Re(x) > Re(a), where a is an arbitrary complex number.
If the function f (t) has a continuous derivative f (n)(t) of exponential order t f > 0

on [0, ∞), then the functions f (t) and f (m)(t) are also of exponential order t f and

L
(

f (m)(t)
) = xm f̂ (x) −

m−1∑
q=0

f (m−q−1)(0) xq , Re(x) > t f , m = 1, . . . , n. (6)

4. SOLVING HOMOGENEOUS LINEAR DIFFERENTIAL EQUATIONS
WITH CONSTANT COEFFICIENTS BY THE LAPLACE TRANSFORM.

Theorem. Suppose that the function u(t) has a continuous derivative u(n)(t) of expo-
nential order t0 on [0, ∞) and satisfies the homogeneous linear differential equation
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with constant coefficients

n∑
m=0

an−mu(m)(t) = 0, t ≥ 0, (7)

Suppose also that the characteristic polynomial P(x) = ∑n
m=0 an−m xm has roots

x1, . . . , xn, and that t0 > max
(
0, max1≤ j≤n Re(x j )

)
. Then the Laplace transform

û(x) is given by the formula

û(x) = 1

P(x)

n−1∑
k=0

k∑
j=0

a j u
(k− j)(0)xn−k−1, Re(x) > t0. (8)

Proof. Suppose Re(x) > t0. Then x �= x j , j = 1, . . . , n, and hence P(x) �= 0. Ap-
plying the Laplace transform to the differential equation (7) we obtain, according to
formula (6), an algebraic equation with the unknown function û(x) = L(u(t)):

n∑
m=1

an−m

[
xmû(x) −

m−1∑
q=0

u(m−q−1)(0) xq

]
+ anû(x) = 0.

Hence

P(x)û(x) =
n∑

m=0

an−m xmû(x) =
n∑

m=1

an−m

m−1∑
q=0

u(m−q−1)(0) xq , Re(x) > t0.

Interchanging the two finite sums, we obtain

P(x) û(x) =
n−1∑
q=0

n∑
m=q+1

an−mu(m−q−1)(0) xq , Re(x) > t0.

Making the change of variables q = n − 1 − k in the first sum yields

P(x)û(x) =
n−1∑
k=0

n∑
m=n−k

an−mu(m−n+k)(0) xn−k−1

=
n−1∑
k=0

k∑
j=0

a j u
(k− j)(0)xn−k−1, Re(x) > t0,

where we have made the change of variables m = n − j in the second sum. From the
above relation, the equation (8) follows.

Remark. The solution of the Cauchy problem formed by the differential equation (7)
and initial known values u(0), u′(0), . . . , u(n−1)(0) is the inverse Laplace transform of
the function û(x) given by formula (8).
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5. LOGARITHMIC DERIVATIVE OF A POLYNOMIAL AS A
LAPLACE TRANSFORM.

Lemma. Suppose that u0(t) is the function given by

u0(t) =
n∑

j=1

ex j t , t ≥ 0 (9)

where x1, . . . , xn are complex numbers, and assume t0 > max(0, max1≤ j≤n Re(x j )).
Then u0(t) is of exponential order t0, and its Laplace transform is the logarithmic
derivative of the polynomial P(x) with the roots x1, . . . , xn; in other words

û0(x) = P ′(x)

P(x)
, Re(x) > t0. (10)

Proof. Using the additivity of the Laplace transform and relation (5), we obtain

û0(x) = L
(
u0(t)

) = L

(
n∑

j=1

ex j t

)
=

n∑
j=1

L
(
ex j t

) =
n∑

j=1

1

x − x j
= P ′(x)

P(x)
.

6. PROOF OF NEWTON’S IDENTITIES. If u0(t) and t0 are as in the Lemma in
Section 5, then we have

u(k)

0 (0) =
n∑

j=1

xk
j = Sk, k = 0, 1, 2, . . . (11)

The function u0(t) obviously being a particular solution of the differential equation
(7), with the initial values given by (11) for k = 0, 1, . . . , n − 1, it satisfies equation
(8) given by the Theorem in Section 4. Hence from relations (1), (8) for u(t) = u0(t),
(10), and (11) we obtain

P ′(x) =
n−1∑
k=0

(n − k)ak xn−k−1 = P(x)û0(x)

=
n−1∑
k=0

k∑
j=0

a j Sk− j x
n−k−1, Re(x) > t0. (12)

Identifying the coefficients of the polynomials from relation (12), we have

(n − k)ak =
k∑

j=0

a j Sk− j = nak +
k−1∑
j=0

a j Sk− j , k = 0, 1, . . . , n − 1, (13)

the last equality being obtained because S0 = n. The first Newton’s identity (2) results
from relation (13).

For completeness we shall also provide a proof for the second Newton’s iden-
tity (2), which is straightforward and well known. Multiplying the obvious rela-
tion

∑n
m=0 an−m xm

i = 0 by xq
i , q = 0, 1, . . . and summing for i = 1, . . . , n leads

to
∑n

m=0 an−m Sm+q = 0. Changing the index to j = m + q, the above relation be-
comes

∑n+q
j=q an− j+q S j = 0, q = 0, 1, . . . . Letting k = n + q ≥ n, we obtain the sec-

ond identity (2). Relations (3) result from (2) and Viète’s formulas Ek = (−1)kak/a0,
k = 1, . . . , n.
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7. COMPUTING SUMS OF POWERS OF THE ROOTS OF A POLYNOMIAL
BY NEWTON’S IDENTITIES. Knowledge of the sums of the powers of the roots
of a polynomial is useful in several problems such as the radical (Newton) and ratio
(Daniel Bernoulli) methods of approximate computation of the roots of polynomials
or the spectral theory of matrices.

Newton’s identities allow the computation of these values by recurrence, without
effective knowledge of the roots or utilization of Viète’s formulas or other methods.

Example. Compute the sums Sk = ∑6
j=1 xk

j , k = 0, 1, . . . , 10, if x1, . . . , x6 are the
roots of the polynomial P(x) = x6 + x5 + 2x4 + 1.

Solution. The Newton identities have the form S0 = 6, S1 = −1, S1 + S2 = −4,
2Sk−2 + Sk−1 + Sk = 0, k = 3, 4, 5, and Sk−6 + 2Sk−2 + Sk−1 + Sk = 0, k ≥ 6, from
which results by recurrence, S2 = −3, S3 = 5, S4 = 1, S5 = −11, S6 = 3, S7 = 20,
S8 = −23, S9 = −22, and S10 = 67.

ACKNOWLEDGMENTS. I would like to thank the referees, to whom I am indebted for the present form of
the paper.
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Farey Sums and Dedekind Sums

Kurt Girstmair

1. INTRODUCTION. Let n be a natural number. If we arrange all fractions a/b,
a, b ∈ Z, 0 ≤ a ≤ b, (a, b) = 1, with 1 ≤ b ≤ n in ascending order, we obtain the
Farey sequence Fn = (a1/b1, a2/b2, . . . , aN /bN ) of order n. For example,

F5 =
(

a1

b1
,

a2

b2
, . . . ,

a11

b11

)
=

(
0

1
,

1

5
,

1

4
,

1

3
,

2

5
,

1

2
,

3

5
,

2

3
,

3

4
,

4

5
,

1

1

)
.

This sequence has quite a number of interesting properties, of which we mention just
two. Namely, we have, for a fraction a j/b j and its successor a j+1/b j+1,

a j+1b j − a j b j+1 = 1, 1 ≤ j ≤ N − 1, (1)

and also

a j+1

b j+1
= a j + a j+2

b j + b j+2
, 1 ≤ j ≤ N − 2; (2)

see [4, p. 125ff.], [3, p. 23ff.]. The length N of the sequence Fn can be written

N = 2 +
n∑

k=2

φ(b),

where φ(b) = |{a : 1 ≤ a ≤ b, (a, b) = 1}| denotes Euler’s totient function. This
length occurs in the remarkable identity

Tn =
N−1∑
j=1

b j

b j+1
= 3N − 4

2
. (3)

Formula (3) is contained in the book of Rademacher and Grosswald [6, p. 30]; it seems,
however, to be due to Lehner and Newman [5]. We outline its proof as given in [6], but
also present a much simpler proof (Sections 2, 3). Nevertheless, the approach of [6] has
some value of its own, since it leads to interesting formulas for certain subsequences
of the Farey sequence, as will be shown in Sections 4 and 5.

2. A PROOF OF THE SUMMATION FORMULA. Rademacher and Grosswald’s
proof of (3) consists in an application of the reciprocity law for Dedekind sums. The
Dedekind sum s(a, b), a, b ∈ Z, b ≥ 1, (a, b) = 1, is defined by

s(a, b) =
b∑

k=1

((
k

b

))((
ak

b

))
, (4)

doi:10.4169/000298910X475005
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where the “sawtooth-function” ((. . . )) is given by

((x)) =
{

x − �x� − 1/2 if x ∈ R \ Z,
0 if x ∈ Z.

In the present setting it is more natural to work with

S(a, b) = 12s(a, b).

Then the reciprocity law

S(a, b) + S(b, a) = a

b
+ b

a
+ 1

ab
− 3 (5)

holds for arbitrary coprime integers a, b ≥ 1. It is probably the most important prop-
erty of Dedekind sums—but not easy to prove (see, for instance, [6, Chapter 2]). Much
more obvious are the following identities:

S(−a, b) = −S(a, b), (6)

and, for any integer c, ac ≡ 1 mod b,

S(a, b) = S(c, b). (7)

The first of these simply follows from ((−x)) = −((x)). As to the second, observe
that the value of ((k/b)) depends on only the residue class of k mod b. If we, hence,
substitute ak = j in formula (4), we also have to substitute k = cj , where c is an
inverse of a mod b. In this way S(a, b) goes over into S(c, b) whereas its value remains
unchanged.

Rademacher and Grosswald consider the telescope sum

N−1∑
j=1

(S(a j+1, b j+1) − S(a j , b j )) = S(aN , bN ) − S(a1, b1) (8)

in the case of the Farey sequence Fn . For the time being, however, we only assume that
(a1/b1, . . . , aN /bN ) is a sequence of fractions a j/b j , a j , b j ∈ Z, b j > 0, (a j , b j ) = 1,
such that (1) holds—this more general setting will be useful later. By (1), a j+1b j ≡
1 mod b j+1, −a j b j+1 ≡ 1 mod b j and so (7) combined with (6) gives

S(a j+1, b j+1) − S(a j , b j ) = S(b j , b j+1) + S(b j+1, b j ).

Thus, (8) can be written

S(aN , bN ) − S(a1, b1) =
N−1∑
j=1

(S(b j , b j+1) + S(b j+1, b j )),

and the reciprocity law (5) implies

S(aN , bN ) − S(a1, b1) =
N−1∑
j=1

(
b j

b j+1
+ b j+1

b j
+ 1

b j+1b j
− 3

)
. (9)
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The desired identity (3) follows from three easy observations: First, S(1, 1) =
S(0, 1) = 0, as can be seen from (4). Therefore, the left side of (9) vanishes in
the case of the Farey sequence Fn . Second,

a j+1

b j+1
− a j

b j
= 1

b jb j+1
, (10)

which is immediate from (1). Hence

N−1∑
j=1

1

b jb j+1
=

N−1∑
j=1

(
a j+1

b j+1
− a j

b j

)
,

another telescope sum, whose value equals aN /bN − a1/b1. In the case of Fn this value
is 1. Third, the denominators in the sequence Fn have a symmetry property; namely,
bN− j+1 = b j since aN− j+1/bN− j+1 = 1 − a j/b j for j = 1, . . . , N . Accordingly,

N−1∑
j=1

b j+1

b j
=

N−1∑
j=1

b j

b j+1
= Tn. (11)

Altogether, (9) becomes 0 = 2Tn + 1 − 3(N − 1), which is equivalent to (3).

3. ANOTHER PROOF. This proof uses the basic idea of the proof of Theorem 1 in
[2] (a result which is equivalent to (3), as one of the referees showed in a few lines). If
a/b, a′/b′, a′′/b′′ are three fractions with b, b′′ ≥ 1 and b′ = b + b′′, the identity

b

b′ + b′

b
+ b′

b′′ + b′′

b′ = b

b′′ + b′′

b
+ 3 (12)

holds, as a short calculation shows. Together with (2), this identity serves as a sort of
nucleus for a summation similar to that of (9). To this end consider the Farey sequence
Fn = (a1/b1, . . . , aN /bN ) and the sum

Un =
N−1∑
j=1

(
b j

b j+1
+ b j+1

b j

)

(actually, Un = 2Tn , by (11)). In view of (12), it would be desirable if b j+1 = b j + b j+2

for all j , 1 ≤ j ≤ N − 2, but this is not true. In fact, (2) only implies

b j+1 = (b j + b j+2)/k, a j+1 = (a j + a j+2)/k

for some k ≥ 1 dividing b j + b j+2 and a j + a j+2. However, we may proceed induc-
tively, starting with U1 = 1 + 1 = 2. Suppose we know the value of Un . A member
c/d of Fn+1 that does not belong to Fn satisfies d = n + 1. Further, its predecessor
a/b and its successor a′/b′ (in the sequence Fn+1) must be members of Fn since (1)
requires that no two consecutive fractions in Fn+1 have the same denominator. From
(2) we conclude n + 1 = (b + b′)/k for some natural number k. But this is only pos-
sible for k = 1, since b, b′ ≤ n yields (b + b′)/k ≤ n for each k ≥ 2. In other words,
d = n + 1 = b + b′, c = a + a′, and (12) shows

Un+1 = Un + 3φ(n + 1),
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where φ(n + 1) is the number of fractions c/(n + 1), 1 ≤ c ≤ n + 1, (c, n + 1) = 1.
So we arrive at the formula

Un = 2 + 3
n∑

k=2

φ(k) = 3N − 4.

Together with (11), this implies Tn = (3N − 4)/2, again.

4. WHAT ELSE CAN BE DONE WITH DEDEKIND SUMS? In the light of Sec-
tion 3 the method of Rademacher and Grosswald means using a sledgehammer to crack
a nut. But could this method be good for something else? As we said above, formula
(9) holds for any sequence (a1/b1, a2/b2, . . . , aN /bN ) of fractions with a j , b j ∈ Z,
b j ≥ 1, which satisfies (1). We take a1 = 0, b1 = 1 again but aN /bN possibly different
from 1. Then this formula, together with (10), gives

N−1∑
j=1

(
b j+1

b j
+ b j

b j+1

)
= 3(N − 1) − aN /bN + S(aN , bN ). (13)

Consider, for instance, the sequence(
0

1
,

1

m
,

2

2m − 1
,

3

3m − 2
, . . . ,

k

km − k + 1

)

with m ≥ 2. The denominators jm − j + 1 are strictly increasing, so a summation by
means of (12) does not work, but (1) is still true. Hence (13) reads

k−1∑
j=0

(
( j + 1)m − j

jm − j + 1
+ jm − j + 1

( j + 1)m − j

)
= 3k − k

km − k + 1
+ S(k, km − k + 1).

The Dedekind sum on the right side can be evaluated by means of the reciprocity law.
Since km − k + 1 ≡ 1 mod k, we consider S(k, r) for some r ≡ 1 mod k. We obtain

S(k, r) + S(r, k) = S(k, r) + S(1, k) = k

r
+ r

k
+ 1

rk
− 3

and

S(1, k) = S(1, k) + S(k, 1) = k

1
+ 1

k
+ 1

k
− 3 = (k − 1)(k − 2)

k
(14)

(observe S(k, 1) = S(0, 1) = 0). So we have S(k, r) = (k2(1 − r) − 2r + r 2 +
1)/(kr), which yields the final formula

k−1∑
j=0

(
( j + 1)m − j

jm − j + 1
+ jm − j + 1

( j + 1)m − j

)
= k(2km − 2k + m2 − 2m + 3)

km − k + 1
.

Of course, one can prove this formula by induction (or directly by telescoping, as one
of the referees suggested), but would you have found it without Dedekind sums?

The preceding example can be considered as a special case of the following situa-
tion. Suppose we are given natural numbers a < b, (a, b) = 1. It is not hard to show
that there is a uniquely determined sequence 0/1 = a1/b1 < a2/b2 < · · · < aN /bN =
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a/b of fractions a j/b j such that b j < b j+1 for j = 1, . . . , N − 1 and (1) holds (which
implies that a j and b j are always coprime). Then (13) can be used to evaluate the
Dedekind sum S(a, b)—provided that we know what the sequence a j/b j looks like.
To this end we use a special form of the Euclidean algorithm, namely,

r1 = b, r2 = a, r1 = q2r2 − r3, r2 = q3r3 − r4, . . . ,

rN−2 = qN−1rN−1 − rN , rN−1 = qNrN − rN+1,

where 0 ≤ r j < r j−1 for all j ≥ 2 and rN+1 = 0. This has the effect that all quotients
qi are ≥ 2. We put a0 = −1, b0 = 0, a1 = 0, b1 = 1 and define

a j+1 = q j+1a j − a j−1, b j+1 = q j+1b j − b j−1 (15)

for j = 1, . . . , N − 1. It is not difficult to see that the numbers b j are strictly increas-
ing and that (1) holds. Further, one can show

ab j − ba j = r j+1

for j = 0, . . . , N ; in particular, aN /bN = a/b. From (15) and (10) we obtain

b j+1

b j
+ b j

b j+1
+ 1

b jb j+1
− 3 = (q j+1 − 3) + a j+1 + b j

b j+1
− a j + b j−1

b j
.

We combine this identity with (13) and observe that the fractions on the right side give
rise to a telescope series; in this way

S(a, b) = S(aN , bN ) =
N∑

j=2

(q j − 3) + aN + bN−1

bN
=

N∑
j=2

(q j − 3) + a + bN−1

b
(16)

follows. Formula (16) allows a fast computation of S(a, b) in many cases. In the liter-
ature one usually finds a similar formula, which, however, uses a sequence a/b =
aN /bN < an−1/bn−1 < · · · < a1/b1 = 1/1; see [7]. As a numerical example, take
a = 14 and b = 25. We obtain q2 = 2, q3 = 5, and q4 = 3; further, b3 = 9 and
a4/b4 = a/b. So (16) says S(14, 25) = −1 + 2 + 0 + (14 + 9)/25 = 48/25.

5. GENERALIZED FAREY SEQUENCES. We introduce a tool which is, in gen-
eral, more powerful than the reciprocity law, namely, the three-term relation for
Dedekind sums. In its general form it is due to U. Dieter; see [1]. Let a, b, c, d be in-
tegers, 0 ≤ c < d, 1 ≤ a ≤ b, (c, d) = (a, b) = 1, and suppose that q = ad − bc ≥ 1
(which is the same as saying c/d < a/b). Then we have

S(a, b) = S(c, d) + S(r, q) + b

dq
+ d

bq
+ q

bd
− 3, (17)

where r = ja − kb for some integers j, k such that kd − jc = 1; see [1, Lemma 1]
(it is not difficult to show that (r, q) = 1). In the case q = 1 the Dedekind sum S(r, q)

vanishes, and, by (6) and (7), formula (17) goes over into the reciprocity law (5). From
(14) we know that S(1, 2) = 0, and hence the case q = 2 reads

S(a, b) − S(c, d) = b

2d
+ d

2b
+ 2

db
− 3.
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This fact may be used for summations similar to the ones above. Again, we consider a
sequence of fractions

0

1
= a1

b1
<

a2

b2
< · · · <

aN

bN
= 1,

a j , b j ∈ Z, b j ≥ 1, and (a j , b j ) = 1 for j = 1, . . . , N . This sequence is said to be of
(1, 2)-type if

q j = a j+1b j − a j b j+1 ∈ {1, 2}
for j = 1, . . . , N − 1. If we apply the above telescoping summation method to a se-
quence of (1, 2)-type, the cases q = 1 and q = 2 of (17) yield

∑
1≤ j≤N−1,

q j =1

(
b j

b j+1
+ b j+1

b j

)
+ 1

2

∑
1≤ j≤N−1,

q j =2

(
b j

b j+1
+ b j+1

b j

)
= 3N − 4. (18)

As an example, we construct a subsequence of the Farey sequence Fn as follows: Put
a1/b1 = 0/1. If a j/b j < 1 is already defined, consider a j/b j = a/b as a member of
Fn and let a′/b′ < a′′/b′′ be its immediate successors in Fn (where a′′/b′′ need not
exist). Then put

a j+1/b j+1 =
{

a′′/b′′ if a′′/b′′ exists and a′′b − ab′′ ∈ {1, 2},
a′/b′ otherwise.

It is clear that this sequence of (1, 2)-type contains at least one half of all members
of Fn because at most every second member of Fn is omitted. For n = 13, say, Fn

consists of 59 fractions and the subsequence (a j/b j ), namely,(
0

1
,

1

12
,

1

10
,

1

8
,

1

7
,

1

6
,

1

5
,

3

13
,

1

4
,

2

7
,

4

13
, . . . ,

5

6
,

6

7
,

8

9
,

10

11
,

12

13
,

1

1

)
,

of 33 fractions. We have q j = 2 for the indices j = 2, 3, 7, 10, 15, 18, 29, 30, 31, the
corresponding fractions a j/b j being

1

12
,

1

10
,

1

5
,

2

7
,

3

7
,

6

11
,

6

7
,

8

9
,

10

11
.

In our opinion, one cannot expect to prove (18) by the method of Section 3. For if we
inspect, in the previous example, the fractions a j/b j with q j = 2, we see that some
of them occur in groups of two or three consecutive ones (such as 1/12, 1/10 or 6/7,
8/9, 10/11), whereas others are isolated (such as 1/5 or 2/7). If we try to extend the
summation of Section 3 to an isolated fraction a j/b j with q j = 2, we are confronted
with the problem that its neighbours a j−1/b j−1 and a j+1/b j+1 need not satisfy (1).
In the case a j/b j = 1/5 we have a j+1b j−1 − a j−1b j+1 = 5, whereas for a j/b j = 2/7
this expression takes the value 3. Further, groups of different length with q j = 2 may
constitute a problem of their own.

Can we extend (18) to sequences a j/b j such that q j may be ≥ 3? Here a new
feature comes in since S(r, q) takes more than one value for q ≥ 3. So (14) gives
S(1, 3) = −S(2, 3) = 2/3 and S(1, 4) = −S(3, 4) = 3/2. In cases like q = 3 or q =
4, however, the values of S(r, q) can easily be read from congruence conditions. For
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example, suppose 3 � d and 3 � b. Then S(r, 3) equals 2/3 if b ≡ −d mod 3, but −2/3
otherwise. If, accordingly, a j/b j is a (1, 3)-sequence (i.e., q j ∈ {1, 3}) but 3 � b j for
all j , we obtain

∑
1≤ j≤N−1,

q j =1

(
b j

b j+1
+ b j+1

b j

)
+ 1

3

∑
1≤ j≤N−1,

q j =3 � b j

(
b j

b j+1
+ b j+1

b j
+ 2ε j

)
= 3N − 4, (19)

where ε j = 1 if b j+1 
≡ b j mod 3 and −1 otherwise. As an example, consider the
(1, 3)-sequence (0/1, 1/4, 2/5, 1/2, 4/5, 1/1), where q j = 3 for j = 2 and j = 4
only. Since 5 
≡ 4 mod 3 and 5 ≡ 2 mod 3, (19) says(

1

4
+ 4

1

)
+ 1

3

(
4

5
+ 5

4
+ 2

)
+

(
5

2
+ 2

5

)
+ 1

3

(
2

5
+ 5

2
− 2

)
+

(
5

1
+ 1

5

)
= 14.

Of course, extending formula (19) to arbitrary (1, 3)-sequences (or even to (1, 2, 3)-
sequences) requires additional distinctions.
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1
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+

(
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5
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2
− 2

)
+

(
5

1
+ 1

5
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constant γ appears in many number-theoretic identities and relations; see, e.g., [5].
One of these is a result from de la Vallée Poussin [4] from the year 1898. He showed
that if one divides an integer m by all integers less than it, then the average of the
fractional parts of these fractions tends to 1 − γ when m approaches infinity. This
result is mentioned (without any proof), in an equivalent form, in [2, Chapter 12.3],
and it can also be found in [5]. The same result holds true when the divisors are only
those in an arithmetic progression. Using the notation {x} = x − 	x
 for the fractional
part of x , de la Vallée Poussin’s [4] result can be stated in the following form:

Theorem 0 (de la Vallée Poussin, 1898). For all reals x ≥ 1 and integers a �= 0 and
b we have ∑

d≤x
d≡b (mod a)

{ x

d

}
= x

a
(1 − γ ) + O

(√
x
)
,

where
∑

d≤x means summation over all integers d such that 1 ≤ d ≤ x.

It should be remarked that a similar result holds true if the divisors are only the
primes. More precisely, in [4] it was also shown that, as x → ∞, we have

∑
p≤x

{
x

p

}
= x

log x
(1 − γ ) + o

(
x

log x

)
, (1)

where the sum is over all primes p such that p ≤ x .
In this note we present an easy proof of Theorem 0 and we show a new formula of

the same kind, but where the divisors are only allowed to be a fixed power of integers
(see Theorem 1).

For the statement of the new result we will need a generalization of Euler’s constant:
for reals α > 0 we define γα := limx→∞

(∑
n≤x 1/nα − ∫ x

1 1/tα dt
)

(note that the limit
exists since x → 1/xα is a decreasing function). In this setting, Euler’s constant can
be obtained by choosing α = 1. With this notation we can state our second theorem:

Theorem 1. For integers a > 1 and reals x ≥ 1 we have

∑
k≤ a√x

{ x

ka

}
= a

√
x(1 − γ1/a) + O

(
x1/(a+1)

)
.

2. THE PROOF OF THEOREMS 0 AND 1. For the proof of the two theorems we
study sums of the form

∑
d≤x

f (d)
{ x

d

}
(2)

for real x ≥ 1, where f is an arithmetic function. For example if f (d) = 1 if d ≡
b (mod a) and 0 otherwise, then we obtain the sum in Theorem 0, and if f (d) = 1 if
d = ka for some integer k and 0 otherwise, then we obtain the sum in Theorem 1.

We need some notation and lemmas: for arithmetic functions f, g : N → C the
convolution f ∗ g is defined by f ∗ g(n) := ∑

d|n f (d)g(n/d), where the sum is over
all integers d such that 1 ≤ d ≤ n and d is a divisor of n. Let 1 : N → N be defined
by 1(n) = 1.

We start with the following simple observation:
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Lemma 1. For any real x ≥ 1 we have

∑
d≤x

f (d)
{ x

d

}
= x

∑
d≤x

f (d)

d
−

∑
n≤x

f ∗ 1(n).

Proof. Convolution of the arithmetic function f with 1 yields∑
n≤x

f ∗ 1(n) =
∑
n≤x

∑
d|n

f (d)1
(n

d

)
=

∑
d≤x

f (d)
∑
n≤x
d|n

1 =
∑
d≤x

f (d)
⌊ x

d

⌋
.

Hence we have∑
d≤x

f (d)
{ x

d

}
=

∑
d≤x

f (d)
( x

d
−

⌊ x

d

⌋)
= x

∑
d≤x

f (d)

d
−

∑
n≤x

f ∗ 1(n)

as desired.

Furthermore, we will often need some elementary and well-known asymptotic for-
mulas which we collect in the following lemma.

Lemma 2.

(a) For x ≥ 1 we have
∑

n≤x 1/ns = x1−s/(1 − s) + ζ(s) + O(x−s) for s > 0,
s �= 1. Here ζ(s) denotes the Riemann zeta function which is defined by ζ(s) :=∑∞

n=1 1/ns if s > 1 and by ζ(s) := limx→∞
(∑

n≤x 1/ns − x1−s/(1 − s)
)

if
0 < s < 1.

(b) For v ≥ 0 and x ≥ 1 we have
∑

n≤x 1/(n + v) = log(x + v) + C(v) + O(1/x),
where C(v) only depends on v. (For v = 0 we have C(0) = γ .)

Proof. A proof for (a) can be found in [1, Theorem 3.2] and a proof for (b) can be
found in [3, Kapitel VI, §4, 3.].

Now we present the proof of Theorem 0.

Proof of Theorem 0. We assume that 0 ≤ b < a. Let f (d) = 1 if n ≡ b (mod a) and
0 otherwise. From Lemma 1 we obtain∑

d≤x
d≡b (mod a)

{ x

d

}
= x

∑
d≤x

d≡b (mod a)

1

d
−

∑
n≤x

f ∗ 1(n). (3)

Using Lemma 2(b) and the notation tb := 1/b if b �= 0 and t0 := 0 we have

∑
d≤x

d≡b (mod a)

1

d
= tb + 1

a

∑
k≤ x−b

a

1

k + b
a

= 1

a
log

( x

a

)
+ tb + C(b/a)

a
+ O

(
1

x

)
. (4)

For the evaluation of the last sum in (3) we use Dirichlet’s hyperbola method (see, e.g.,
[1, Theorem 3.17]) which states that for arithmetic functions f, g : N → C and with
F(x) := ∑

n≤x f (n) and G(x) := ∑
n≤x g(n) for 1 ≤ y ≤ x we have

∑
n≤x

f ∗ g(n) =
∑
n≤y

g(n)F
( x

n

)
+

∑
m≤x/y

f (m)G
( x

m

)
− F

(
x

y

)
G(y). (5)
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Therefore and with y = √
x we obtain

∑
n≤x

f ∗ 1(n) =
∑

n≤√
x

∑
m≤x/n

f (m) +
∑

m≤√
x

f (m)
⌊ x

m

⌋
−

⎛
⎝ ∑

n≤√
x

f (n)

⎞
⎠

⎛
⎝ ∑

n≤√
x

1

⎞
⎠

=
∑

n≤√
x

∑
m≤x/n

m≡b (mod a)

1 +
∑

m≤√
x

m≡b (mod a)

⌊ x

m

⌋
− 	√x


∑
n≤√

x
n≡b (mod a)

1

=
∑

n≤√
x

( x

an
+ O(1)

)
+

∑
m≤√

x
m≡b (mod a)

x

m
+ O(

√
x)

− (
√

x + O(1))

(√
x

a
+ O(1)

)

= x

a

(
log

√
x + γ

) + x

(
1

a
log

(√
x

a

)
+ tb + C(b/a)

a

)
− x

a
+ O(

√
x).

Inserting this result and (4) into (3) yields∑
d≤x

d≡b (mod a)

{ x

d

}
= x

a
(1 − γ ) + O(

√
x),

as desired.

The same method can be applied to give a proof of Theorem 1.

Proof of Theorem 1. Using Lemma 1 with f (d) = 1 if d = ka for some k ∈ N and 0
otherwise we obtain ∑

k≤ a√x

{ x

ka

}
= x

∑
d≤ a√x

1

da
−

∑
n≤x

f ∗ 1(n). (6)

Then for 1 ≤ y ≤ x , Dirichlet’s hyperbola method (5), the fact that 	a
 = a + O(1),
and Lemma 2(a) (in this order) give

∑
n≤x

f ∗ 1(n) =
∑
n≤y

⌊
a

√
x

n

⌋
+

∑
m≤ a√x/y

⌊ x

ma

⌋
−

⌊
a

√
x

y

⌋
	y


=
∑
n≤y

a

√
x

n
+

∑
m≤ a√x/y

x

ma
− y a

√
x

y
+ O

(
max

{
y, a

√
x

y

})

= a
√

x

(
y1−1/a

1 − 1/a
+ ζ

(
1

a

)
+ O

(
1

a
√

y

))

+ x

⎛
⎜⎝

(
a

√
y
x

)1−a

1 − a
+ ζ(a) + O

( y

x

)⎞⎟⎠ − y a

√
x

y
+ O

(
max

{
y, a

√
x

y

})

= a
√

xζ

(
1

a

)
+ xζ(a) + O

(
max

{
y, a

√
x

y

})
.
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Choosing y = x1/(a+1) we therefore obtain∑
n≤x

f ∗ 1(n) = a
√

xζ

(
1

a

)
+ xζ(a) + O

(
x1/(a+1)

)
. (7)

Furthermore, by Lemma 2(a) we have

x
∑

d≤ a√x

1

da
=

a
√

x

1 − a
+ xζ(a) + O(1). (8)

Inserting (7) and (8) into (6) yields∑
k≤ a√x

{ x

ka

}
= a

√
x

(
1

1 − a
− ζ

(
1

a

))
+ O

(
x1/(a+1)

)
.

Finally we use

1

1 − a
− ζ

(
1

a

)
= 1

1 − a
− lim

x→∞

(∑
n≤x

1

n1/a
−

∫ x

1

dt

t1/a

)
+ 1

1 − 1/a
= 1 − γ1/a

to obtain the desired result.

3. CONCLUDING REMARKS. In this note we have presented a short proof of a
century-old result due to de la Vallée Poussin. The technique used allows us to prove
further similar results such as Theorem 1. Motivated by the presented relations one
may state the following open question:

For which functions f is it true that
∑

d≤x f (d) {x/d} ∼ c f
∑

d≤x f (d) with some
proportionality constant c f ? Here g(x) ∼ h(x) means that limx→∞ g(x)/h(x) = 1.

For example, with our approach it can be easily shown that for reals α > 0 we have∑
d≤x dα {x/d} ∼ xα+1(1 − γα+1)/(α + 1).

Furthermore, we remark that (1) remains true if we sum over all divisors that are
prime powers instead of primes. More precisely, we have

∑
pν≤x

{
x

pν

}
∼ x

log x
(1 − γ ), (9)

where the sum is over all (p, ν) ∈ P × N such that pν ≤ x .
This can be seen as follows: splitting the sum over all prime powers pν ≤ x into a

sum over all primes p ≤ x and a sum over all prime powers pν ≤ x with ν ≥ 2 we
obtain

∑
pν≤x

{
x

pν

}
=

∑
p≤x

{
x

p

}
+

∑
pν≤x
ν≥2

{
x

pν

}
= x

log x
(1 − γ ) + o

(
x

log x

)
+ O

⎛
⎜⎝ ∑

pν≤x
ν≥2

1

⎞
⎟⎠ ,

where for the second equality we used (1) and the fact that 0 ≤ {x} ≤ 1. Now we have

∑
pν≤x
ν≥2

1 ≤
∑
pν≤x
ν≥2

log p

log 2
=

∑
pν≤x

log p

log 2
−

∑
p≤x

log p

log 2
= O(x1/2(log x)2) = o

(
x

log x

)

by [1, Theorem 4.1] and the result (9) follows.
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A Simple Proof that Γ′(1) = −γ

Richard Bagby

1. INTRODUCTION. In the course of solving a problem in a recent issue of this
MONTHLY, I found that I needed the formula∫ ∞

0
e−t ln t dt = −γ, (1)

where γ is the Euler constant limn→∞
(∑n

k=1 1/k − ln n
)
. I was able to find this for-

mula in a table of integrals, but I was curious about its justification.
Equation (1) looks like it ought to be important. Indeed, for α > 0 we have

�′(α) = d

dα

∫ ∞

0
tα−1e−t dt =

∫ ∞

0
tα−1e−t ln t dt (2)

so (1) says that �′(1) = −γ . This is usually proved by ignoring the integral and com-
puting �′(1) from alternative representations of �(α) that explicitly involve the con-
stant γ ; it is done this way both in Whittaker and Watson [2] and in Havil [1], for
example.

2. ARGUMENTS. I found a simple derivation of (1) that requires nothing about the
gamma function beyond equation (2) and the functional equation �(α + 1) = α�(α).
Differentiating this relationship shows that

�′(α) = 1

α

(
�′(α + 1) − �(α)

)
,

doi:10.4169/000298910X475023
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so a simple induction argument proves that∫ ∞

0
e−t ln t dt = �′(1) = �′(n + 1)

�(n + 1)
−

n∑
k=1

1

k
(3)

for each positive integer n.
Since �′(n + 1)/�(n + 1) is the weighted average of ln t over (0, ∞) with re-

spect to the weight function tne−t and this weight is maximized at t = n, one might
well guess this weighted average to be somewhere near ln n. In fact, it turns out to
be between ln n and ln(n + 1). To prove this, we first observe that �′(α)/�(a) is the
derivative of ln �(α). Thus by the mean value theorem we have

ln n = ln �(n + 1) − ln �(n)

(n + 1) − n
= �′(α)

�(α)
with n < α < n + 1.

We then prove that �′/� is increasing on (0, ∞), so that

ln n < �′(n + 1)/�(n + 1) < ln(n + 1).

Combining this with equation (3) yields

ln n −
n∑

k=1

1

k
< �′(1) < ln(n + 1) −

n∑
k=1

1

k
= 1

n + 1
+ ln(n + 1) −

n+1∑
k=1

1

k
.

Then letting n → ∞ shows that �′(1) = −γ .
In advanced treatments of the gamma function, �′/� is sometimes identified as

the digamma function, and its monotonicity is referred to as logarithmic convexity
of the gamma function. There are many ways to establish this important property;
here we offer one that is both elementary and informative, based on our identification
of �′(α)/�(α) as the weighted average of ln t with respect to the weight tα−1e−t on
(0, ∞). In general, different weighted averages of a single monotonic function are
easily compared when the ratio of the weight functions is also monotonic. The idea
is that assigning greater weight to points where a function is larger will increase its
weighted average.

To make this argument formally, observe that for 0 < x < ∞ we have∫ x
0 tα−1e−t ln t dt∫ x

0 tα−1e−t dt
<

∫ ∞
x tα−1e−t ln t dt∫ ∞

x tα−1e−t dt

since ln x is strictly between these ratios. But �′(α) is the sum of the two numerators
and �(α) is the sum of the two denominators, so �′(α)/�(α) is also between these
two ratios. Using only the upper bound, we have

�′(α)

∫ ∞

x
tα−1e−t dt < �(α)

∫ ∞

x
tα−1e−t ln t dt for 0 < x < ∞,

and this inequality is preserved under positive linear combinations with different val-
ues of x . In particular, for 0 < α < β we multiply the inequality by (β − α)xβ−α−1dx
and integrate over (0, ∞). Reversing the order of integration yields

�′(α)�(β) < �(α)�′(β),

and dividing by �(α)�(β) completes the argument.
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Liouville via Rouché

Rouché’s theorem can be used to prove the fundamental theorem of algebra, the
open mapping theorem, and the maximum principle. Here we use it to prove
Liouville’s theorem. We begin with a statement of the theorem:

Rouché’s theorem. Let C be a smooth simple closed curve bounding a domain
D. Let f and g be two analytic functions on D ∪ C. If |g(z)| < | f (z)| for every
z ∈ C then f and f + g have the same number of zeros (counting multiplicities)
in D.

Recall that a complex function is said to be entire if it is analytic in the whole
plane.

Liouville’s theorem. An entire bounded function is constant.

Proof. Suppose that f is entire and bounded but not constant. Then there is
a point z = a such that f ′(a) �= 0. Define g(z) = ( f (z) − f (a))/(z − a) for
z �= a and g(a) = f ′(a). It is easy to verify that g is entire (since we removed its
singularity at z = a). Moreover since f is bounded, we have limz→∞ g(z) = 0.

Let Dr be the open disc |z − a| < r and Cr its boundary. Let h(z) = − f ′(a).
If r is big enough then |h(z)| > |g(z)| for every z ∈ Cr . Thus we can deduce
from Rouché’s theorem that h and h + g have the same number of zeros in Dr .
But this is absurd since h does not vanish in the plane while (h + g)(a) = 0.

—Submitted by Eli Leher, Tel-Aviv University, Tel-Aviv 69978, Israel
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PROBLEMS AND SOLUTIONS

Edited by Gerald A. Edgar, Doug Hensley, Douglas B. West
with the collaboration of Itshak Borosh, Paul Bracken, Ezra A. Brown, Randall
Dougherty, Tamás Erdélyi, Zachary Franco, Christian Friesen, Ira M. Gessel, László
Lipták, Frederick W. Luttmann, Vania Mascioni, Frank B. Miles, Bogdan Petrenko,
Richard Pfiefer, Cecil C. Rousseau, Leonard Smiley, Kenneth Stolarsky, Richard
Stong, Walter Stromquist, Daniel Ullman, Charles Vanden Eynden, Sam Vandervelde,
and Fuzhen Zhang.

Proposed problems and solutions should be sent in duplicate to the MONTHLY

problems address on the inside front cover. Submitted solutions should arrive at
that address before May 31, 2010. Additional information, such as generaliza-
tions and references, is welcome. The problem number and the solver’s name
and address should appear on each solution. An asterisk (*) after the number of
a problem or a part of a problem indicates that no solution is currently available.

PROBLEMS

11474. Proposed by Cezar Lupu, student, University of Bucharest, Bucharest, Roma-
nia, and Valentin Vornicu, Aops-MathLinks forum, San Diego, CA. Show that when x ,
y, and z are greater than 1,

�(x)x2+2yz�(y)y2+2zx + �(z)z2+2xy ≥ (�(x)�(y)�(z))xy+yz+zx .

11475. Proposed by Ömer Eğecioğlu, University of California Santa Barbara, Santa
Barbara, CA. Let hk = ∑k

j=1
1
j , and let Dn be the determinant of the (n + 1) × (n + 1)

Hankel matrix with (i, j) entry hi+ j+1 for 0 ≤ i, j ≤ n. (Thus, D1 = −5/12 and D2 =
1/216.) Show that for n ≥ 1,

Dn =
∏n

i=1 i !4∏2n+1
i=1 i ! ·

n∑
j=0

(−1) j (n + j + 1)!(n + 1)h j+1

j !( j + 1)!(n − j)! .

11476. Proposed by Panagiote Ligouras, “Leonardo da Vinci” High School, Noci,
Italy. Let a, b, and c be the side-lengths of a triangle, and let r be its inradius. Show

a2bc

(b + c)(b + c − a)
+ b2ca

(c + a)(c + a − b)
+ c2ab

(a + b)(a + b − c)
≥ 18r 2.

11477. Proposed by Antonio González, Universidad de Sevilla, Seville, Spain, and José
Heber Nieto, Universidad del Zulia, Maracaibo, Venezuela. Several boxes sit in a row,
numbered from 0 on the left to n on the right. A frog hops from box to box, starting
at time 0 in box 0. If at time t , the frog is in box k, it hops one box to the left with
probability k/n and one box to the right with probability 1 − k/n. Let pt (k) be the
probability that the frog launches its (t + 1)th hop from box k. Find limi→∞ p2i (k)

and limi→∞ p2i+1(k).

doi:10.4169/000298910X475032
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11478. Proposed by Marius Cavachi, “Ovidius” University of Constanta, Constanta,
Romania. Let K be a field of characteristic zero, and let f and g be relatively prime
polynomials in K [x] with deg(g) < deg( f ). Suppose that for infinitely many λ in
K there is a sublist of the roots of f + λg (counting multiplicity) that sums to 0.
Show that deg(g) < deg( f ) − 1 and that the sum of all the roots of f (again counting
multiplicity) is 0.

11479. Proposed by Vitaly Stakhovsky, National Center for Biotechnological Informa-
tion, Bethesda, MD. Two circles are given. The larger circle C has center O and radius
R. The smaller circle c is contained in the interior of C , and has center o and radius r .
Given an initial point P on C , we construct a sequence 〈Pk〉 (the Poncelet trajectory
for C and c starting at P) of points on C : Put P0 = P , and for j ≥ 1, let Pj be the
point on C to the right of o as seen from Pj−1 on a line through Pj−1 and tangent to c.
For j ≥ 1, let ω j be the radian measure of the angle counterclockwise along C from
Pj−1 to Pj . Let

�(C, c, P) = lim
k→∞

1

2πk

k∑
j=1

ω j .

(a) Show that �(C, c, P) exists for all allowed choices of C , c, and P , and that it is
independent of P .
(b) Find a formula for �(C, c, P) in terms of r , R, and the distance d between O
and o.

11480. Proposed by Omran Kouba, Higher Institute for Applied Sciences and Technol-
ogy, Damascus, Syria. Let a, b, and c be the lengths of the sides opposite vertices A,
B, and C , respectively, in a nonobtuse triangle. Let ha , hb, and hc be the corresponding
lengths of the altitudes. Show that(

ha

a

)2

+
(

hb

b

)2

+
(

hc

c

)2

≥ 9

4
,

and determine the cases of equality.

SOLUTIONS

Powerful Polynomials

11348 [2008, 262]. Proposed by Richard P. Stanley, Massachusetts Institute of Tech-
nology, Cambridge, MA. A polynomial f over a field K is powerful if every irreducible
factor of f has multiplicity at least 2. When q is a prime or a power of a prime, let
Pq(n) denote the number of monic powerful polynomials of degree n over the finite
field Fq . Show that for n ≥ 2,

Pq(n) = q	n/2
 + q	n/2
−1 − q	(n−1)/3
.

Solution by Richard Stong, Center for Communications Research, San Diego, CA. Let
Aq(n) and Sq(n) be the numbers of monic and monic square-free polynomials of de-
gree n over Fq , respectively. Introduce the ordinary generating functions:

Aq(x) =
∞∑

n=0

Aq(n)xn, Pq(x) =
∞∑

n=0

Pq(n)xn, Sq(x) =
∞∑

n=0

Sq(n)xn.
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A monic polynomial g of degree 2n over Fq is a square if and only if g = f 2, where
f is a monic polynomial over Fq of degree n. Thus the ordinary generating func-
tion for monic polynomials that are squares is Aq(x2). Since any polynomial can be
written uniquely as a square times a square-free polynomial, Aq(x) = Aq(x2)Sq(x).
Hence Sq(x) = Aq (x)

Aq (x2)
. A straightforward counting argument shows that Aq(n) = qn ,

so Aq(x) = ∑∞
n=0 qn xn = 1

1−qx , and it follows that Sq(x) = 1−qx2

1−qx .
Any powerful polynomial can be written uniquely as a square times the cube of a

square-free polynomial. As before, the number of cubes of square-free polynomials
having degree 3n equals the number of square-free polynomials of degree n. Thus

Pq(x) = Aq(x2)Sq(x3) = 1

1 − qx2

1 − qx6

1 − qx3
= 1 + x + x2 + x3

1 − qx2
− x + x2 + x3

1 − qx3
.

Expanding,

Pq(x) =
∞∑

m=0

qm(x2m + x2m+1 + x2m+2 + x2m+3 − x3m+1 − x3m+2 − x3m+3),

and the coefficient of xn is as claimed.

Also solved by R. Chapman (U. K), P. Corn, O. P. Lossers (Netherlands), J. H. Smith, A. Stadler (Switzerland),
B. Ward (Canada), BSI Problems Group (Germany), GCHQ Problems Group (U. K), Microsoft Research
Problems Group, and the proposer.

Popoviciu’s Inequality Again

11349 [2008, 262]. Proposed by Cezar Lupu (student), University of Bucharest,
Bucharest, Romania. In triangle ABC , let ha denote the altitude to the side BC and let
ra be the exradius relative to side BC , which is the radius of the circle that is tangent
to BC and to the extensions of AB beyond B and AC beyond C . Define hb, hc, rb,
and rc similarly. Let p, r , R, and S be the semiperimeter, inradius, circumradius, and
area of ABC . Let ν be a positive number. Show that

2(hν
ar ν

a + hν
br ν

b + hν
cr ν

c ) ≤ r ν
a r ν

b + r ν
b r ν

c + r ν
c r ν

a + 3Sν

(
3p

4R + r

)ν

.

Solution by Elton Bojaxhiu, Albania, and Enkel Hysnelaj, Australia. Let a, b, and
c be the side lengths of triangle ABC . Recall that ha = 2S/a, ra = S/(p − a), and
symmetrically for b and c, while S = pr = abc/(4R) = √

p(p − a)(p − b)(p − c).
Putting everything in terms of a, b, and c and simplifying verifies that

(p − a)(p − b) + (p − b)(p − c) + (p − c)(p − a) = S(4R + r)

p
.

Writing x = 1/(p − a), y = 1/(p − b), and z = 1/(p − c), we obtain

3p

4R + r
= 3Sxyz

x + y + z
, hara = 2S2xyz

y + z
, rarb = S2xy.

Letting f (x) = 1/xν and plugging these in, the desired inequality is equivalent to

2

[
f

(
x + y

2

)
+ f

(
y + z

2

)
+ f

(
z + x

2

)]

≤ f (x) + f (y) + f (z) + 3 f

(
x + y + z

3

)
.
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Since f (x) is convex for x > 0, this is an instance of Popoviciu’s inequality (S.
Savchev and T. Andreescu, Mathematical Miniatures, Mathematical Association of
America, 2003, pp. 19–20).

Editorial comment. Pál Péter Dályay and GCHQ Problem Solving Group provided
(quite different) proofs of Popoviciu’s inequality. Michel Bataille noted the paper: V.
Cirtoaje, “Two generalizations of Popoviciu’s Inequality,” Crux Mathematicorum with
Mathematical Mayhem, vol. 31 no. 5 (2005) 313–318.

Also solved by M. Bataille (France), R. Chapman (U. K.), P. P. Dályay (Hungary), R. Stong, M. Tetiva (Ro-
mania), L. Zhou, GCHQ Problem Solving Group (U. K.), and the proposer.

A Partially Random Permutation

11350 [2008, 262]. Proposed by Bhavana Deshpande, Poona College of Arts, Science
& Commerce Camp, Pune, India, and M. N. Deshpande, Nagpur, India. Given a pos-
itive integer n and an integer k with 0 ≤ k ≤ n, form a permutation (a1, . . . , an) of
(1, . . . , n) by choosing the first k positions at random and filling the remaining n − k
positions in ascending order. Let En,k be the expected number of left-to-right maxima.
(For example, E3,1 = 2, E3,2 = 11/6, and E4,2 = 13/6.) Show that En+1,k − En,k =
1/(k + 1).

Solution by Richard Stong, Center for Communications Research, San Diego, CA.
Consider the following way of generating permutations: Choose a random permuta-
tion (b1, . . . , bn). Set ai = bi for 1 ≤ i ≤ k, and sort the elements bk+1, . . . , bn to
produce ak+1, . . . , an . This is equivalent to the algorithm given in the statement, since
(b1, . . . , bk) is a random choice of the first k positions. For j ≤ k, the probability that
b j is a left-to-right maximum is the probability that b j is the largest of {b1, . . . , b j },
which is 1/j . For j > k, the probability that b j becomes a left-to-right maximum of a
is the probability that b j is the largest of {b1, . . . , bk, b j }, which is 1/(k + 1). Hence

En,k =
(

k∑
j=1

1

j

)
+ n − k

k + 1
,

from which the claim follows immediately.

Editorial comment. Christopher Carl Heckman noted that the formula for En,k yields

En,k+1 − En,k = k + 1 − n

(k + 1)(k + 2)
,

and Stephen Herschkorn obtained the following recurrence (free of n) for the variance
Vn,k of the number of left-to-right maxima:

Vn+2,k − 2Vn+1,k + Vn,k = 2k

(k + 1)2(k + 2)
.

Also solved by M. Andreoli, D. Beckwith, B. Bradie, R. Chapman (U. K.), P. Corn, C. Curtis, K. David &
P. Fricano, J. Ferdinands, J. Freeman, J. Guerreiro & J. Matias (Portugal), C. C. Heckman, S. J. Herschkorn,
G. Keselman, J. H. Lindsey II, O. P. Lossers (Netherlands), K. McInturff, R. Mosier, D. Nacin, J. H. Nieto
(Venezuela), D. Poore & B. Rice, R. Pratt, B. Schmuland (Canada), A. Stadler (Switzerland), M. Tetiva (Ro-
mania), L. Wenstrom, BSI Problems Group (Germany), CMC 328, GCHQ Problem Solving Group (U. K.),
and the proposers.
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Forcing Three Integers with Zero Sum

11351 [2008, 262]. Proposed by Marian Tetiva, National College “Gheorghe Roşca
Codreanu,” Bı̂rlad, Romania. Given positive integers p and q, find the least positive
integer m such that among any m distinct integers in [−p, q] there are three that sum
to zero.

Solution by Brian Rice (student), Harvey Mudd College, Claremont, CA, and Daniel
Poore (student), Pomona College, Claremont, CA. The answer is max{p, q} + c,
where c = 3 if p and q are even and equal, and c = 2 otherwise.

We may assume that p ≤ q, since the problem is symmetric with respect to nega-
tion. For the lower bound, note that [−p, q] contains q + 1 nonnegative integers,
and no three of them sum to 0. When p = q = 2k, we need a larger set: choose
{−2k, . . . , −k, k, . . . , 2k}, which consists of the 2k + 2 numbers with largest abso-
lute value. The magnitudes of any two of these numbers with the same sign sum to
more than the magnitude of any other, so no three sum to 0.

For the upper bound, first note that since there are q distinct nonzero absolute
values, the pigeonhole principle implies that any set containing 0 and at least q + 1
other elements has three elements that sum to zero. Thus we need only show that if
X ⊆ [−p, q] − {0} such that no three integers in X sum to 0, then |X | ≤ q + 1 + δ,
where δ = 1 if q is even and p = q, and δ = 0 otherwise. We consider three cases.

Case 1: p and q are equal and odd. We prove by induction that |X | ≤ q + 1. For
q = 1 this is immediate. For q > 1, let Y = X ∩ {−q, −(q − 1), q − 1, q}. If |Y | ≤ 2,
then |X | ≤ q + 1 by the induction hypothesis, so we may assume that |Y | ≥ 3. Now Y
has two elements with the same sign; we may assume that it has two negative numbers,
so −q ∈ X . For 1 ≤ i ≤ (q − 1)/2, it follows that only one element from {i, q − i}
lies in X . Hence at most (q + 1)/2 positive integers are in X , with equality only if
q ∈ X .

If q ∈ X , then by symmetry X contains at most (q + 1)/2 negative integers, so
|X | ≤ q + 1, as desired. Otherwise, q − 1 ∈ X , since |Y | ≥ 3. Now X cannot con-
tain −i and −q + 1 + i , for 1 ≤ i ≤ (q − 3)/2. Altogether X contains both −q and
−q + 1, at most (q − 1)/2 positive integers, at most one from each of (q − 3)/2
pairs of distinct negative integers summing to −(q − 1), and possibly the integer
−(q − 1)/2. Hence again |X | ≤ q + 1.

Case 2: p and q are equal and even. By Case 1, |X ∩ [−q + 1, q − 1]| ≤ q, and X
has at most two other elements. Hence |X | ≤ q + 2, as desired.

Case 3: p ≤ q − 1. If q is even, then X − {q} ⊆ [−(q − 1), q − 1], so by Case
1, |X − {q}| ≤ (q − 1) + 1 = q. If q is odd, then X ⊆ [−q, q] and Case 1 yields
|X | ≤ q + 1.

Also solved by D. Beckwith, C. Curtis, P. P. Dályay (Hungary), J. Ferdinands, J. H. Lindsey II, J. H. Nieto
(Venezuela), T. Rucker, B. Schmuland (Canada), J. Simpson (Australia), M. Tiwari, BSI Problems Group
(Germany), GCHQ Problem Solving Group (U. K.), Microsoft Research Problems Group, and the proposer.

Taylor Remainder Limit

11352 [2008, 263]. Proposed by Daniel Reem, The Technion-Israel Institute of Tech-
nology, Haifa, Israel. Let I be an open interval containing the origin, and let f be
a twice-differentiable function from I into R with continuous second derivative. Let
T2 be the Taylor polynomial of order 2 for f at 0, and let R2 be the corresponding
remainder. Show that

lim
(u,v)→(0,0)

u �=v

R2(u) − R2(v)

(u − v)
√

u2 + v2
= 0.
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Solution by the BSI Problems Group, Bonn, Germany. Let g(t) = R′
2(t)/t =

( f ′(t) − f ′(0))/t − f ′′(0) for t ∈ I \ {0}, and g(0) = 0. Note that g is continuous on
I and

R2(u) − R2(v) =
∫ u

v

R′
2(t) dt =

∫ u

v

tg(t) dt.

Without loss of generality, suppose u > v. By the Cauchy–Schwarz inequality,

(
R2(u) − R2(v)

)2 ≤
(∫ u

v

t2 dt

)(∫ u

v

g2(t) dt

)

=
(

(u − v)
u2 + v2 + uv

3

)(∫ u

v

g2(t) dt

)
.

Since uv ≤ (u2 + v2)/2,(
R2(u) − R2(v)

)2

(u − v)2(u2 + v2)
≤ 1

2(u − v)

∫ u

v

g2(t) dt ≤ 1

2
max

{
g2(t) : t ∈ [v, u]}.

This tends to 0 as (u, v) → (0, 0) since g is continuous at 0 and g(0) = 0.

Editorial comment. The GCHQ Problem Solving Group provided a generalization. If
f is k times differentiable with continuous kth derivative, and Rk is the remainder term
in the Taylor approximation to f of order k at 0, then

lim
(u,v)→(0,0)

u �=v

Rk(u) − Rk(v)

(u − v)(u2 + v2)(k−1)/2
= 0.

Also solved by R. Bagby, R. Chapman (U. K.), P. P. Dályay (Hungary), P. J. Fitzsimmons, J.-P. Grivaux
(France), J. Guerreiro & J. Matias (Portugal), E. A. Herman, G. Keselman, J. H. Lindsey II, O. P. Lossers
(Netherlands), K. Schilling, B. Schmuland (Canada), A. Stadler (Switzerland), R. Stong, M. Tetiva (Romania),
GCHQ Problem Solving Group (U. K.), Microsoft Research Problems Group, and the proposer.

An Integral Inequality

11353 [2008, 263]. Proposed by Ernst Schulte-Geers, BSI, Bonn, Germany. For s > 0,
let f (s) = ∫ ∞

0 (1 + x/s)s e−x dx and g(s) = f (s) − √
sπ/2. Show that g maps R

+
onto (2/3, 1) and is strictly decreasing on its domain.

Solution by Richard Stong, Center for Communications Research, San Diego, CA. De-
fine k(t) = t − log(1 + t) for t ≥ 0. Note that k is increasing, differentiable, and
unbounded on [0, ∞). Let h be the function on [0, ∞) given by h(u) = k−1(u2/2).
From the limiting properties of k, it follows that limu→∞ h(u) = ∞. Note also that
u2/2 = h(u) − log(1 + h(u)), so that h′(u) = u/h(u) + u, and thus h′ is positive
on [0, ∞). Moreover, h is analytic in a neighborhood of 0, as it is the inverse of
the function p given by p(t) = √

2k(t), which is analytic in a disk about 0. From
the Lagrange inversion theorem, h has a Taylor’s series expansion, and we compute
h(u) = u + (1/3)u2 + O(u3), from which it follows that h(0) = 0, h′(0) = 1, and
h′′(0) = 2/3. We claim that for u > 0, h(u)3 > u3(1 + h(u)). Indeed, from the defini-
tion of h this is equivalent to

log(1 + h) − h + h2

2(1 + h)2/3
> 0.
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Equality holds at h = 0, so it suffices to show that the left side is a strictly increasing
function of h, that is,

1

1 + h
− 1 + h

(1 + h)2/3
− h2

3(1 + h)5/3
> 0

or (multiplying out and canceling a factor of h)

1 + 2

3
h > (1 + h)2/3,

which follows from Bernoulli’s inequality. This proves the claim.
Now substituting x = sh(t/

√
s ) yields

f (s) =
∫ ∞

0
e−x+s log(1+x/s) dx = √

s
∫ ∞

0
e−t2/2h′

(
t√
s

)
dt.

Since
∫ ∞

0 e−t2/2 dt = √
π/2 we have

g(s) =
∫ ∞

0
e−t2/2 √

s

(
h′

(
t√
s

)
− 1

)
dt.

We compute

d

ds

(√
s

(
h′

(
t√
s

)
− 1

))
= d

ds

(
t

h(t/
√

s )
+ t − √

s

)
= t3(1 + h) − h3s3/2

2h3s2
,

and this last is negative. Here we have written h for h(t/
√

s ) and have used h3 >

t3(1 + h)/s3/2 from the claim proved above. It follows that g is a decreasing function
of s and in fact that the integrand is decreasing. Hence the monotone convergence
theorem yields

lim
s→∞ g(s) =

∫ ∞

0
e−t2/2th′′(0) dt = h′′(0) = 2

3
.

From the original definition and monotone convergence, we conclude that

lim
s→0+ g(s) = lim

s→0+ f (s) =
∫ ∞

0
e−x lim

s→0+(1 + x/s)s dx = 1.

Thus g decreases from 1 to 2/3 as claimed.

Also solved by R. Bagby, P. Bracken, J. Grivaux (France), F. Holland (Ireland), P. Perfetti (Italy), B. Schmuland
(Canada), A. Stadler (Switzerland), B. Ward(Canada), Y. Yu, and the proposer.

An Absolute Value Sum

11354 [2008, 263]. Proposed by Matthias Beck, San Francisco State University, San
Francisco, CA, and Alexander Berkovich, University of Florida, Gainesville, FL. Find
a polynomial f in two variables such that for all pairs (s, t) of relatively prime integers,

s−1∑
m=1

t−1∑
n=1

|mt − ns| = f (s, t).

Solution I by Byron Schmuland, University of Alberta, Edmonton, Alberta, Canada.
Let A denote the expression to be evaluated. From −(mt − ns) = (s − m)t − (t − n)s,
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we see that each nonzero contribution |mt − ns| occurs once with mt − ns > 0 and
once with mt − ns < 0, using symmetric indices. Therefore, it suffices to double the
positive contributions: A = 2

∑s−1
m=1

∑	mt/s

n=1 (mt − ns). The inner sum, call it Am , eval-

uates to mt	mt/s
 − 1
2 s	mt/s
(	mt/s
 + 1).

Now let mt = sqm + rm , where 0 ≤ rm ≤ s − 1, so 	mt/s
 = (mt − rm)/s. Thus

A = 2
s−1∑
m=1

Am = 1

6
t (s − 1)(2ts − 3s − t) + 1

s

s−1∑
m=1

rm(s − rm).

When s and t are relatively prime, the remainders rm for 1 ≤ m ≤ s − 1 are distinct
and take on all nonzero values, so

s−1∑
m=1

rm(s − rm) =
s−1∑
m=1

m(s − m) = 1

6
(s − 1)s(s + 1).

Summing the contributions and simplifying yields

s−1∑
m=1

t−1∑
n=1

|mt − ns| = 1

6
(s − 1)(t − 1)(2st − s − t − 1).

Solution II by Allen Stenger, Alamogordo, NM. Let s and t be relatively prime positive
integers. A nonnegative integer is called representable if it can expressed as a linear
combination of s and t with nonnegative integer coefficients; otherwise it is nonrepre-
sentable. T. C. Brown and P. J.-S. Shiue (A remark related to the Frobenius problem,
Fibonacci Quarterly 31 (1993) 32–36) showed that the sum of all nonrepresentable
positive integers is

1

12
(s − 1)(t − 1)(2st − s − t − 1). (1)

This was recently reproved by A. Tripathi (On sums of positive integers that are not of
the form ax + by, this MONTHLY 115 (2008) 363–364).

We show that the positive values of mt − ns in our sum are the nonrepresentable
positive integers. As in solution I, the negative values of mt − ns are the negatives of
the positive values, so the desired sum is twice (1).

Fix a positive integer a. By the Chinese remainder theorem, the integer solutions
(m, n) to mt − ns = a are {(m0 + ks, n0 + kt) : k ∈ Z} for a fixed solution (m0, n0).
The nonrepresentable a are those for which no solution has m ≥ 0 and n ≤ 0. There
is one solution with 0 ≤ m ≤ s − 1. If the corresponding n is nonpositive, then a is
representable. If it is positive, then a is nonrepresentable, since increasing m requires
increasing n.

Hence the positive values of mt − ns with 0 ≤ m ≤ s − 1 and n > 0 are the
nonrepresentable numbers. If m = 0, then mt − ns is negative, and if n ≥ t then
mt − ns ≤ (s − 1)t − st < 0. Thus the nonrepresentable numbers indeed are exactly
the positive values of mt − ns in our sum.

Also solved by R. Chapman (U. K.), P. Corn, P. P. Dályay (Hungary), A. Fok, J. R. Gorman, J. Guerreiro
and J. Matias (Portugal), S. J. Herschkorn, O. Kouba (Syria), J. H. Lindsey II, O. P. Lossers (Netherlands),
K. Schilling, R. A. Simón (Chile), J. Simpson (Australia), A. Stadler (Switzerland), R. Stong, R. Tauraso
(Italy), M. Tetiva (Romania), B. Ward (Canada), H. Widmer (Switzerland), J. B. Zacharias, GCHQ Problem
Solving Group (U. K.), Microsoft Research Problems Group, NSA Problems Group, and the proposer.
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REVIEWS
Edited by Jeffrey Nunemacher

Mathematics and Computer Science, Ohio Wesleyan University, Delaware, OH 43015

The Shape of Content: Creative Writing in Mathematics and Science. Edited by Chandler
Davis, Marjorie Wikler Senechal, and Jan Zwicky. A K Peters, Wellesley, MA, 2008, xvii +
194 pp., ISBN 978-1-56881-444-5, $39.

Reviewed by Amir Alexander

In his visions, Évariste Galois inhabits a mathematical universe. It is a surreal world,
but fully physical: “It has lands and landscapes, boulders and crevasses, infinite
stretches of ugly trees. . . and isolated phosphorescent flowers imploring wanderers to
care for them forever” (pp. 4–5). Évariste moves within it with all his senses finely
attuned—observing, listening, and feeling. It is the landscape of his mathematics and
he, alone among his peers, is privileged to enter it.

So it is in Marco Abate’s comic-book novel of Galois, as described in the first
segment of The Shape of Content. In this piece Abate captures both the promise and
the challenge of this collection of mathematically-inspired literary work. Abate’s sur-
real depictions of an alien world communicate the seductive strangeness and beauty
of mathematics, known to practicing mathematicians who spend a good deal of their
lives within its realm. But Abate’s tale also captures the crushing loneliness of the ge-
nius who surrenders himself to the bewitchments of mathematics. For young Évariste,
granted entrance to a magical alternative reality, is ill-prepared to handle the more
mundane tasks of life. A misfit on the streets of 19th century Paris, he blunders along
from disaster to disaster, eventually losing his life in a duel at age 20.

Can the chasm that destroyed Galois, the great divide between the pure mathemat-
ical and the mundanely human world, be bridged? That is the challenge at the heart
of The Shape of Content. In short stories, poems, biographies, and other creative for-
mats, the various authors take on this question, exploring the deep interconnections
that bind these two worlds together. No one reading this book can fail to be impressed
by the depth of interpenetration between the mathematical and the worldly, and how
permeable the boundaries between them can be.

The Shape of Content came out of a series of workshops held at the Banff Inter-
national Research Station for Mathematical Innovation (BIRS) in Canada between
2003 and 2006. The meetings brought together professional mathematicians (and other
mathematical scientists) with authors, poets, artists, playwrights, and film-makers to
work together on mathematically-inspired literary works. The Shape of Content is a
selection from the works that originated and evolved at the BIRS workshops through
this cross-disciplinary cooperation.

With 37 different pieces by 21 authors, The Shape of Content is a testament to the
dazzling diversity of artistic possibilities around the common theme of mathematics.
At the same time this very diversity precludes a conventional review of the collection
that would do justice to its numerous and various components. In its place I offer
only a personal commentary on a small selection of the pieces that I personally found

doi:10.4169/000298910X475041
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particularly appealing and/or insightful. All the while I am fully aware that another
reader would come up with a very different—and equally worthy—list.

Chandler Davis’s poems, with deceptive simplicity and economy, take direct aim
at some of the core beliefs of mathematics. “[I]s our discourse timeless?” he wonders
in a poem entitled “Our Study” (p. 50). The question goes to the heart of the mystery
of mathematics, a field that from the time of Euclid onwards has viewed its results as
eternal and fixed. But Davis is skeptical:

Some of what was real to me once has now become
not error, quite, but less real.

And similarly, what is true now might not necessarily have been as true centuries ago.
Mathematical truth, it appears, has its own history.

In “Presence” (p. 51) Davis explores the delicate relationship between a mathe-
matician and that ghostly and unnamed but irreducibly real “presence”—mathematics.
Does mathematics accommodate itself to the wishes of its practitioner? Clearly it does
not. Does the mathematician, then, simply follow a predetermined and inevitable math-
ematical trail laid before him? That, Davis suggests, is not right either. For him math-
ematics is like a “most trusted horse” or a mountain slope:

Surely though I command my horse
her power and step are beyond my directing

and surely though I will find my trail on the mountain
the mountain meets her own schedule

The work of a mathematician is a delicate and continuous give-and-take with this
“presence.” It may not mould itself to the shape of his or her desires, but it is not a
hard and unchangeable monolith either.

Davis uses a literary form to focus on mathematical themes, but he does more than
that. His poems delicately examine some enduring assumptions that have contributed
to the chasm that has opened between the “mathematical” and the “human.” Is mathe-
matics timeless? Does it change throughout human history, and if so how, and to what
extent? Is it shaped by human desires, or is it given to us, hard and unyielding? None
of these questions has a simple answer in Davis’s poems.

If Davis’s sparse poetry is a finely honed tool crafted to examine the core mysteries
of mathematics, Emily Grosholz’s poems blur the boundaries between the human, the
physical, and the mathematical. “Trying to Describe the Reals in Cambridge” (p. 96)
moves seamlessly between the waning light on the northern Cambridge landscape and
the unceasing flood of real numbers. They are not, she writes, like the numbers used
for counting things, but are “number flooded. . . a sourceless unplumbed river”

like moonplate cumulant in tiers above
the river of waning sunlight.

Ultimately the mathematical reals dissolve not only into natural light, but also into the
humanly real, for in their infinitude of possibilities, “they are the shape and cardinal of
freedom.”

Marjorie Senechal’s “The Last Second Wrangler” (p. 141) is a true tale intertwining
love and marriage, war and politics, brilliant scientific insights and fatal errors, with a
steady mathematical current running through it all. It is the story of the English math-
ematician Eric Neville and his love for the brilliant but controversial Dorothy Wrinch.
Their affair, in Senechal’s telling, lasted through four decades, three marriages (never
to each other), academic exile (for both), and physical exile (for Wrinch). When, from
the 1930s onwards, Wrinch became embroiled in a fierce and long-lasting controversy
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over the structure of proteins, Neville stood by her and was the most stalwart of her
shrinking band of defenders.

Wrinch proposed a novel algorithm for deciphering the molecular structure of pro-
teins from Patterson diagrams of their x-rays. In Wrinch’s method, a “star” diagram is
systematically replaced by a set of “pinwheel” diagrams that disclose the true position
of the molecules. The problem, as Wrinch well knew, is that

in complicated cases, different pinwheels can match the same star. Then the al-
gorithm forks, each branch leading to a different picture. And all of the pictures
are true. (p. 155)

And so it was for Neville and Wrinch, countless possibilities, roads taken and untaken,
in life, in love, in career. Mathematics, in Senechal’s telling, is both life-force for its
adherents, and metaphor.

“The Tolman Trick” by Manil Suri is a poignant short story about Roland Tolman,
an expert in water turbulence, who begins to realize that there is a fundamental flaw
in the mathematical breakthrough that had made his career. As his life’s work unrav-
els at a meeting in pastoral Oberwolfach, the seemingly placid surface of academic
respectability is disrupted by fierce professional rivalries and underhanded dealings.
Tolman seeks refuge in the perfect water flows of nature, but the results are mixed. Is
nature the embodiment of perfect mathematical solutions, as Tolman’s imposing the-
sis advisor had confidently claimed? Or is it, as he begins to suspect, the sum-total of
ceaseless turbulence, which mathematical order can never quite grasp?

Suri’s story flows seamlessly through numerous levels, beautifully capturing the
social dynamics of academic meetings, the psychological strain of mathematical work,
and the deep interpenetration of the mathematical with the natural and human worlds.
In the end Tolman is offered an alternative way out of his predicament, through a
fleeting human connection with the beautiful non-mathematician wife of a colleague.

There is, of course, much much more in The Shape of Content: poems by Mad-
hur Anand, S. Isabel Burgess, Robin Chapman, Adam Dickinson, Susan Elmslie, and
Philip Holmes; short stories by Sandy Bonny, Lauren Gunderson, and Alex Kasman; a
historical account by Florin Diacu; a personal recollection by Randall Wedin; extracts
from plays by Ellen Maddow and Paul Zimmet; essays on mathematically inspired art
by Claire Ferguson; a humor essay by Colin Adams; and a “prose poem” by Wendy
Brandts. It is my hope that the small sample of works discussed here will prove an
alluring foretaste, drawing readers to engage with the other works of this remarkable
collection.

Galois, in Abate’s telling, was the ultimate victim of the chasm between the math-
ematical and the human worlds. But there is also a heroine in Abate’s tale, who was
more fortunate: Hélöise, a troubled young woman living in present-day Paris, also im-
merses herself in the world of Galois’ visions. In this strangely beautiful landscape,
the two strike a deep human connection and Hélöise, at least, is saved. Inspired by her
mathematical affair she reconnects with her true self, leaves her unhappy marriage,
and makes a fresh start in her life.

Does engagement in mathematics tragically separate us from the world of living
men and women, as it did for Galois? Does it lure us away to a wondrous but enclosed
world, which only the very few will ever enter? Or can it serve as a unique and reveal-
ing conduit towards the human world, as it was for Hélöise? The authors of The Shape
of Content, in their myriad different ways, believe that it can.

UCLA, Los Angeles, CA 90095-1473
amiralex@ucla.edu
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Mathematical Association of America

Mathematical Association of America 
Presents:

Visual Group Theory

Order your copy today!
1.800.331.1622          www.maa.org

by Nathan Carter
Group Theory is the branch of mathematics 
that studies symmetry, found in crystals, 
art, architecture, music and many other 
contexts.  Its beauty is often lost on students 
because it is typically taught in a technical 
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A Dynamical System Using the
Voronoı̈ Tessellation

Natalie Priebe Frank and Sean M. Hart

1. INTRODUCTION. Suppose you know the locations of post offices or cell phone
satellites, and you want to know what regions they serve. Or maybe you know the
locations of atoms in a crystal, and you want to know what a fundamental region looks
like. There are lots of reasons you might want to make a tiling around a given discrete
set of points. A natural way to do it is with “Voronoı̈ tessellations”—so natural, in fact,
that it has been rediscovered numerous times over the years.

On the other hand, if you have a tiling, you might want to decorate each tile with a
few points to create or destroy symmetry. Or you might look at all the vertices of the
tiling—points where three or more tiles meet—to extract combinatorial information.
If you have a tiling, there are many ways to obtain a point set from it.

So, you can get tilings from point sets and point sets from tilings: doesn’t this give
you a way to associate point sets to point sets or tilings to tilings? Once you have a
map from a class of objects back to itself, you can take a dynamical systems viewpoint
to analyze the situation. In this paper we are going to do exactly that, with a new
dynamical system based on the vertices of Voronoı̈ tessellations.

For those uninitiated with the Voronoı̈ tessellation, we begin with its definition and
then give the definition of our dynamical system. From there, the remainder of §1 is
spent exploring the evolution of simple point sets, using these simplified examples to
develop both the intuition and vocabulary needed for more interesting cases. In §2 we
give a new proof of a theorem, first proved in [4], quantifying the growth in size of
point sets over repeated iteration. Following that we will point out some interesting
corollaries and give some estimates on the growth rate. We devote §3 to discussing
what questions interest us most from the dynamical systems viewpoint.

For now, let’s turn to the definitions.

1.1. Our Dynamical System. We start with a finite point set P ⊂ R
2, which we call

the generating set, the members of which we refer to as the generators. (We relax
the assumption that P be finite and/or planar in §3.) The Voronoı̈ polygon of a point
p ∈ P , denoted V (p), is given by

V (p) = {
x ∈ R

2 | ||p − x || ≤ ||p′ − x || for all p′ ∈ P
}
.

Simply put, the Voronoı̈ polygon of p contains every point in the plane that is closer to
p than to any other member of P , or is equidistant between p and a nearby generator
point. The Voronoı̈ tessellation of P is given by

ϒ(P) = {V (p) | p ∈ P} .

A point set and its Voronoı̈ tessellation are given in Figure 1.
Given distinct p, p′ ∈ P , the sets V (p) and V (p′) are not necessarily disjoint; in

fact, the boundary of each Voronoı̈ polygon is shared with other Voronoı̈ polygons. If

doi:10.4169/000298910X476022
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(a) (b)

Figure 1. A point set P , its Voronoı̈ tessellation, and ν(P).

V (p) ∩ V (p′) is a line, ray, or line segment, we call it a Voronoı̈ edge and denote it
ep,p′ . If the intersection of three or more Voronoı̈ tiles is a point, we call that point a
Voronoı̈ vertex. The sets of all Voronoı̈ edges and vertices are denoted by E(ϒ(P))

and V(ϒ(P)), respectively.
It is useful to notice that ep,p′ always lies on the perpendicular bisector of the line

between p and p′. This gives a method for constructing Voronoı̈ diagrams: for p ∈ P ,
sketch each perpendicular bisector between p and another member of P . Then the
Voronoı̈ polygon V (p) is the intersection of all half-planes created by the perpendic-
ular bisectors. It is also useful to notice that a Voronoı̈ vertex is equidistant from the
generator points of the tiles it is in. For proofs of these properties and a wealth of other
information about Voronoı̈ tessellations, [7] is an excellent source.

Now, the set V(ϒ(P)) constitutes a point set in its own right, and so one might
naturally wonder what its Voronoı̈ tessellation looks like. And we need not stop there—
the Voronoı̈ tessellation of V(ϒ(P)) will have a vertex set, too, so how does its Voronoı̈
tessellation behave? We have the makings of a dynamical system on the set P(R2) of
all finite point sets in the plane.

Definition 1.1. Let P ∈ P(R2). We define the Voronoı̈ iteration1 of P to be

ν(P) = V(ϒ(P)).

For n = 2, 3, . . . we define the nth Voronoı̈ iteration of P recursively:

νn(P) = V
(
ϒ

(
νn−1(P)

)) = ν
(
νn−1(P)

)
.

Figure 1(b) depicts the Voronoı̈ tessellation of the six points depicted in 1(a), and so the
lighter seven points—the vertices of the tessellation—constitute the Voronoı̈ iteration
of the original set. Let’s begin looking at the simplest cases this dynamical system has
to offer.

1.2. The Really Trivial Cases. We follow the convention of using |P| to denote the
cardinality of P . If |P| = 1, then the single Voronoı̈ polygon is all of R

2. Since R
2 is

just one big tile, it has no vertices, and so νn(P) = ∅ for all n ≥ 1. Next, we up the

1This is not to be confused with Lloyd’s algorithm from computer graphics (see [3] and references therein),
which is sometimes also called “Voronoı̈ iteration.”
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ante: suppose P = {p1, p2}. The Voronoı̈ tessellation then fractures the plane into two
half-planes, split along the perpendicular bisector of p1 p2, the line segment joining p1

to p2. The vertex set, however, is still empty, and so νn(P) = ∅ for all n ≥ 1.
There are two possibilities when P has three points: either all three are collinear,

or they lie on a circle. The former yields νn(P) = ∅ for all n ≥ 1 and in the latter,
ν(P) is a single point. No matter how large P is, the special cases of collinearity and
cocircularity always work out like this:

Proposition 1.2. All the points in P are collinear if and only if νn(P) = ∅ for all
n ≥ 1. All the points in P are cocircular if and only if |ν(P)| = 1 and νn(P) = ∅ for
n > 1.

The first fact follows naturally from the observation that if p, q ∈ P are such that
ep,q ∈ E (ϒ(P)), then ep,q lies on the perpendicular bisector of the line segment pq.
When all the points are collinear, the perpendicular bisectors are all parallel and thus
do not intersect to produce new vertices. Conversely, if ν(P) = ∅ then no Voronoı̈
edges intersect, which implies all Voronoı̈ edges are parallel, and hence P must be
collinear.

To prove the cocircularity result, we introduce the concept of an empty circle. This
is a circle whose interior does not contain any generator points and whose boundary
passes through three or more generator points. Such a circle gets its name since it
is “empty” of generator points. Proposition 1.2 follows immediately from the next
Proposition.

Proposition 1.3. A point q ∈ R
2 is a Voronoı̈ vertex in V (ϒ(P)) if and only if it is

the center of an empty circle.2

In addition to proving Proposition 1.2, this proposition also lets us quickly find the
vertex set of ϒ(P). To do so, pick a noncollinear triple p, q, r ∈ P , and look at the
unique circle passing through them. If this circle is empty, then place a vertex at its
center. Once you have checked every triple, every vertex will be accounted for—and
you never had to sketch an edge!

So, we know what happens when the point set is really small, or collinear, or cocir-
cular. Let’s move on to . . .

1.3. A Slightly Less Trivial Case. Suppose |P| = 4. To discriminate between config-
urations that aren’t collinear or cocircular, we require a more sophisticated vocabulary.
We say that a subset A ⊂ R

2 is convex if, given any distinct x , y ∈ A, the line segment
xy is contained in A. (For practice, try proving that Voronoı̈ polygons are convex!) The
convex hull of a set P is defined to be the smallest convex set containing P . We write
C H(P) to mean the convex hull of P , and write ∂C H(P) for its boundary.

Definition 1.4. For p ∈ P, we say p is on the boundary of P and write p ∈ Bd(P) if
p ∈ P ∩ ∂C H(P). Otherwise, we say p is in the interior of P and write p ∈ Int(P).

In general it is clear that

|Int(P)| + |Bd(P)| = |P|. (1.5)

2See [7, p. 61].
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We say that two distinct points p, p′ ∈ Bd(P) are neighbors on the boundary of
P if pp′ ⊂ ∂C H(P) and no p′′ ∈ P − {p, p′} lies on pp′. For noncollinear finite point
sets, any point on the boundary has two distinct neighbors.

It is not surprising that the Voronoı̈ tiles of boundary points would have infinite
edges. We denote by EF(ϒ(P)) and EI (ϒ(P)) the sets of finite and infinite edges of
ϒ(P), respectively.

Proposition 1.6. Assume not all p ∈ P are collinear, and let ep,p′ ∈ E (ϒ(P)). Then
ep,p′ ∈ EI (ϒ(P)) if and only if p and p′ are neighbors on the boundary of P. More-
over, ep,p′ ∈ EF (ϒ(P)) if and only if p and p′ are not neighbors on the boundary of
P.3

This then implies

|EI (ϒ(P))| = |Bd(P)|. (1.7)

Returning to the case of |P| = 4, let us assume that the points in P are neither
collinear nor cocircular. We may have |Bd(P)| = 3 or 4, and we are going to prove
that Figure 2 represents the only possible types of Voronoı̈ iterations.

(a) (b)

Figure 2. Configurations satisfying (a) |Bd(P)| = 3 and (b) |Bd(P)| = 4.

First let’s assume |Bd(P)| = 3. Since |Int(P)| + |Bd(P)| = |P| = 4, say Int(P) =
{p}. Proposition 1.6 tells us that each of the edges of its Voronoı̈ polygon V (p) must
be finite. As |P − {p}| = 3, there can be at most three edges; since V (p) must be
bounded, there must be exactly three edges. So V (p) is a triangle, and the three infinite
edges promised by Proposition 1.6 extend from its vertices. Since |ν(P)| = 3, we
conclude that |ν2(P)| = 1 and νn(P) = ∅ for all n ≥ 3.

Now let’s assume that |Bd(P)| = 4 and that P is neither collinear nor cocircular.
We will prove that |ν(P)| = 2. By Proposition 1.3 we know that |ν(P)| > 1. To prove
that |ν(P)| ≤ 2, we use a trick that will come in handy again, during the proof of our
main theorem.

For q ∈ ν(P), let ρ(q) be the degree of the vertex q: the number of edges touching
q. Then we have ρ(q) ≥ 3 for each q ∈ ν(P). The sum of the degrees of all the
vertices therefore is greater than or equal to 3 · |ν(P)|. Counting edges instead we see

3Follows from [7, p. 59].
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that each infinite edge touches exactly one vertex but each finite edge touches exactly
two vertices. Thus

3 · |ν(P)| ≤
∑

q∈ν(P)

ρ(q) = |EI (ϒ(P))| + 2 · |EF (ϒ(P))| .

Since there are only two pairs of points in P that are not neighbors, Proposition 1.6
implies |EF (ϒ(P))| ≤ 2. Thus

3 · |ν(P)| ≤ 4 + 2 · 2 = 8,

and so |ν(P)| ≤ 2, proving that in this case, |ν(P)| = 2. Moreover we can conclude
that νn(P) = ∅ for all n > 1.

1.4. The Rest of the Cases Are All Hard. The case |P| = 4 turns out to be the last
case for which νn(P) is guaranteed to equal the null set for large enough n. Indeed, the
case |P| = 5 has resisted our attempts to understand it! Figure 3 depicts configurations
of larger cardinality where the point set does not iterate to a simpler configuration,
which in turn enriches (and complicates) matters. We must suspend our case-by-case
analysis at this point.

(a) (b)

Figure 3. Configurations for which |ν(P)| is (a) equal to or (b) greater than |P|.

2. HOW BIG IS ν(P)? Having played with the dynamical system for a while, we,
along with our colleagues Allison Edgren and Olivia Gillham, decided to explore the
question of what happens to the size of νn(P) as n goes to infinity. We had some
success: a formula [4] (unpublished) that tells us exactly how many points will be in
ν(P)! We are going to share this result with you as soon as we describe one more
essential piece of geometric information.

2.1. Relating Degeneracy and Cocircularity. Compare the configuration given in
Figure 3(a) with those sketched in Figure 4. Each is a configuration of five points, yet
each has a distinctly different iteration. We already have the vocabulary necessary to
distinguish the configuration sketched in Figure 4(a) from the others: they differ with
respect to the number of points on the boundary. The difference between the other two,
however, is more subtle.

A meticulous reader might notice that all of the vertices in Figure 3(a) are of degree
three while there is a vertex in 4(b) with degree four. A Voronoı̈ diagram with a vertex
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(a) (b)

Figure 4. Two configurations of 5 points.

of degree greater than three is called degenerate; if all the vertices of the Voronoı̈
diagram are degree three we call it nondegenerate. We can quantify this concept of
degeneracy with the number Ic(P):

Definition 2.1. Let {C1, . . . , Ck} be the set of all empty circles of a point set P. The
number of instances of cocircularity of P is given by

Ic(P) =
k∑

i=1

(|Ci ∩ P| − 3
)
.

In a nondegenerate point set, every vertex will be of degree three, and so every empty
circle will intersect exactly three points in P . In such a case, we compute Ic(P) = 0.
When a vertex q is of degree k > 3, this implies that |Cq ∩ P| = k. In this case, we
say that q contributes (k − 3) instances of cocircularity. This argument proves the
following:

Proposition 2.2. Let ρ(q) denote the degree of a vertex q ∈ ν(P). Then

Ic(P) =
∑

q∈ν(P)

(ρ(q) − 3) .

As an aside, we note that another way to think about instances of cocircularity in-
volves Delaunay (pre)-triangulations. These tilings arise by connecting the genera-
tors whose Voronoı̈ polygons share an edge. If the generator set is nondegenerate, then
the resulting graph is a triangulation called the Delaunay triangulation; when the gen-
erator set is degenerate, however, there exist Delaunay tiles that are not triangles. The
graph is then called the Delaunay pre-triangulation, and the number of edges we need
to add to obtain a triangulation is precisely the number of instances of cocircularity.

When given a degenerate configuration, one can obtain a nondegenerate point set
by simply shifting any cocircular points by an arbitrarily small amount; further, when
given a nondegenerate configuration, it remains nondegenerate under sufficiently small
perturbations. Hence, when studying or applying Voronoı̈ tessellations it is customary
to ignore degenerate configurations: the modified nondegenerate configuration is usu-
ally “close enough” to the original, and if the points are collected from real-world
instruments we can never assume that our measurements are exact anyway.
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If only we could make such an assumption! In our system, computing Ic(P) is
usually only possible if you already know where the vertices are, and, as we shall
see, incorporating degeneracy makes determining the long-term behavior much more
difficult. But we cannot simply throw out these configurations; there exist situations,
like that which is depicted in Figure 5, that ruin things for us. A nondegenerate point
set may iterate to a degenerate one, and so assuming P is nondegenerate does not
guarantee ν(P) is as well.

(a) (b)

Figure 5. Ic(P) = 0 while Ic(ν(P)) = 1.

2.2. The Theorem on Counting Vertices. We are ready to state and prove the theo-
rem discovered by the second author and his colleagues in [4] (unpublished). The proof
we present here, due only to the second author, is much simpler than the original.

Theorem 2.3. If not all p ∈ P are collinear, then

|ν(P)| = 2 · |P| − |Bd(P)| − Ic(P) − 2.

Proof. We can use the trick from §1.3, summing the degrees of the vertices in ν(P).
Since P is noncollinear, every infinite edge intersects exactly one vertex and ev-
ery finite edge intersects exactly two. Hence, recalling from §1.3 that |EI (ϒ(P))| =
|Bd(P)|, we get

∑

q∈ν(P)

ρ(q) = |EI (ϒ(P))| + 2 · |EF (ϒ(P))| = |Bd(P)| + 2 · |EF(ϒ(P))|.

Euler’s formula for finite planar graphs4 tells us that V − E + F = 1. We can ap-
ply Euler’s formula to ϒ(P) by ignoring the infinite edges and infinite Voronoı̈ poly-
gons. Doing this yields |ν(P)| − |EF (ϒ(P))| + |Int(P)| = 1, and so |EF (ϒ(P))| =
|ν(P)| + |Int(P)| − 1. Thus

∑

q∈ν(P)

ρ(q) = |Bd(P)| + 2 · (|ν(P)| + |Int(P)| − 1) .

Recalling from §1.3 that |P| = |Bd(P)| + |Int(P)|, we have
∑

q∈ν(P)

ρ(q) = 2 · |ν(P)| + 2 · |P| − |Bd(P)| − 2.

4See [5, p. 5].
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On the other hand, by Proposition 2.2,
∑

q∈ν(P)

ρ(q) = 3 · |ν(P)| + Ic(P).

Thus

2 · |ν(P)| + 2 · |P| − |Bd(P)| − 2 = 3 · |ν(P)| + Ic(P),

and so, solving for |ν(P)|, we find

|ν(P)| = 2 · |P| − |Bd(P)| − Ic(P) − 2,

as desired.

From this and our preliminary analysis in §1, several interesting observations may be
made:

Corollary 2.4.

(i) If |P| < 5 then νn(P) = ∅ for some n ∈ N.
(ii) If |P| = 5 then either νn(P) = ∅ for some n ∈ N or |νn(P)| = 5 for all n ∈ N.

(iii) If |ν(P)| > |P| then |P| > 5.
(iv) If |Int(P)| = 2 and Ic(P) = 0, then |ν(P)| = |P|.
Part (ii) of this corollary suggests that the case when |P| = 5 may be of special

interest, not only because it marks a transition in the behavior of the system, but be-
cause it forms a natural subset of phase space that is closed under Voronoı̈ iteration.
We discuss this further in §3.

Theorem 2.3 alone is not enough to predict the long-term behavior of our sys-
tem, since computing |νn(P)| requires that we can also compute |Bd(νn−1(P))| and
Ic(ν

n−1(P)). We have been able to find bounds on the size of νn(P), and we present
one of interest next.

2.3. Bounds on the Size of νn(P). With no assumptions on the geometry of νn(P)

we can give an upper bound on the size of νn(P), which we conjecture to be sharp.

Proposition 2.5. For all n > 0, we have |νn(P)| ≤ 2n (|P| − 5) + 5.

Proof. By induction on n. For n = 1, plugging the inequalities |Bd(P)| ≥ 3 and
Ic(P) ≥ 0 into Theorem 2.3 immediately gives us what we want. Proceeding induc-
tively, we get

|νn(P)| = 2 · |νn−1(P)| − |Bd(νn−1(P))| − Ic(ν
n−1(P)) − 2 ≤ 2 · |νn−1(P)| − 5

≤ 2 · (2n−1 · (|P| − 5) + 5
) − 5 = 2n · (|P| − 5) + 5,

which completes the proof.

We have also been able to find an upper bound on the size of the boundary of ν(P).

Theorem 2.6. The number of points on the boundary of ν(P) does not exceed
|Bd(P)|.
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We shall need the following lemma:

Lemma 2.7. The interior angle for any vertex in a Voronoı̈ polygon is strictly less
than π .

Proof. Let p ∈ P generate the Voronoı̈ polygon V (p) ∈ ϒ(P). Any vertex of V (p)

lies at the intersection of two Voronoı̈ edges ep,p′ and ep,p′′ , generated by distinct p′,
p′′ ∈ P . From the argument given in §1.3, we deduce that V (p) is convex, and hence
immediately have that the interior angle made by these edges must be less than or equal
to π . Seeking a contradiction, assume that this angle is equal to π . By the perpendicular
bisector property from §1.2, we may obtain p′ by reflecting p across ep,p′ and p′′ by
reflecting p across ep,p′′ . But then p′ = p′′, contradicting the assumption that p′ and
p′′ are distinct.

Proof of Theorem 2.6. We have two cases: when all q ∈ ν(P) are collinear and when
they are not. For the former, since any Voronoı̈ tessellation is connected we must have
each vertex joined to its neighbor(s). Since each vertex must at least be of degree three,
there must be at least |ν(P)| + 2 infinite edges, implying that |Bd(ν(P))| = |ν(P)| <

|ν(P)| + 2 ≤ |EI (ϒ(P))| = |Bd(P)|, as needed.
To prove the result for noncollinear vertex sets, we seek to show |Bd (ν(P))| ≤

|EI (ϒ(P))| by proving that every q ∈ Bd (ν(P)) intersects at least one infinite
Voronoı̈ edge. This, with the equality |EI (ϒ(P)) | = |Bd(P)| from Proposition
1.6, gives us what we want. Since q ∈ Bd (ν(P)), we may find neighbors q ′, q ′′ ∈
Bd(ν(P)) of q on the boundary of the convex hull of ν(P). Define H(q, q ′) to be the
closed half-plane containing ν(P) that is bounded by the line through q and q ′, and
similarly define H(q, q ′′); these half-planes exist by the properties of the convex hull.
Thus ν(P) is contained in the intersection H(q, q ′) ∩ H(q, q ′′), which we denote H .

Find a point p ∈ P such that q ∈ V (p) and V (p) has a nontrivial intersection with
the complement of H , and let e ∈ E (ϒ(P)) be an edge of V (p) that touches q. If e
is infinite, then we are done. If e terminates in a vertex, then by the convexity of H
we have that e is contained in H . Let e′ ∈ E (ϒ(P)) be the other edge of V (p) that
touches q. By Lemma 2.7, the interior angle made at q must be strictly less than π .
Since V (p) must have a nontrivial intersection with the complement of H , we find that
e′ cannot be contained in H since the convexity of H would force the interior angle
made at q to be greater than or equal to π . Thus it cannot terminate in a vertex, and
instead is infinite, as desired.

Note that the size of the boundary does not steadily decrease to three in all cases.
There seem to be configurations with boundaries whose sizes stay stable over many
iterations.

Theorems 2.3 and 2.6 combine to give a lower bound on the size of νn(P) in the
generic situation where there are no instances of cocircularity.

Theorem 2.8. Let P ∈ P(R2) and N ∈ N. Suppose that for all n = 0, 1, 2, . . . ,

N − 1, Ic(ν
n(P)) = 0. Then |νN (P)| ≥ 2N |P| − (2N − 1) (|Bd(P)| + 2).

A point set P with |Int(P)| > 2 and with Voronoı̈ iterations that never contain in-
stances of cocircularity will have exponential growth on the order of 2n . (If |Int(P)| ≤
2 then the size does not increase). Since having instances of cocircularity is a rare
occurrence, we conjecture that such a point set exists. We show a typical situation in
Figure 6: a few iterates of a randomly-selected point set of size 9. As Theorem 2.3
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predicts, we see the size going to 13, then 21 points; if there continues not to be any
cocircularity then the growth will escalate rapidly: the next four iterations contain 37,
69, 133, and then 261 points, respectively.
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Figure 6. A few iterations of a point set with no instances of cocircularity.

3. SO WHAT’S NEXT? QUESTIONS FROM THE DYNAMICAL SYSTEMS
VIEWPOINT. In dynamical systems terminology, P(R2) is called the phase space
of the system, and elements of P(R2) are states of the system that evolve over time
according to the map ν. The orbit or trajectory of a state P is defined to be the
sequence {P, ν(P), ν2(P), . . . } ([1] and [6] are good references). So far we have only
talked about one property of an orbit: the growth rate of |νn(P)| over time. But there
are many other interesting questions we can ask about this dynamical system.

3.1. What Is the Right Topology? In order to use the machinery of modern dy-
namics, we ought to have a topology on P(R2) making Voronoı̈ iteration continuous,
at least some of the time. We need this to study major dynamical features such as
recurrence—how orbits return to open sets over time—or topological entropy—a mea-
sure of the tendency of the system to become disordered. Finding the right topology is
of great importance, but it has proved to be an interesting problem in its own right. We
will mention some of the subtlety here.

To begin, notice that the scale of the diagrams in Figure 6 increases with each
iteration. We want our topology to care about the shape of the Voronoı̈ polygons rather
than their size. Similar triangles produce similar Voronoı̈ diagrams, so the topology
ought to respect that. Let us be more precise.

Definition 3.1. A similarity transformation t ∈ Sim(2) is a map of the form

t (x) = kUx + x0,
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where x, x0 ∈ R
2, U is a 2 × 2 orthogonal matrix, and k ∈ R

+. For P, Q ⊆ P(R2), we
say P is similar to Q, written P 
 Q, if there exists t ∈ Sim(2) such that t (P) = Q.

A similarity transformation is a composition of translations, rotations, reflections, or
dilatations of Euclidean space. One can show that Sim(2) forms a group under the
composition of functions and that the relation 
 is an equivalence relation. Similarity
transformations play nice with our dynamical system:

Theorem 3.2. For t ∈ Sim(2), we have t (ν(P)) = ν(t (P)).

Proof. Let q ∈ ν(P). By Proposition 1.3, there is a unique empty circle Cq centered
at q. Since similarity transformations preserve circles, t maps Cq to an empty circle
centered at t (q). Thus t (q) ∈ ν (t (P)), and so t (ν(P)) ⊂ ν (t (P)). By similar logic,
since t (P) is a point set and t−1 is a similarity transformation, we have

t−1 (ν (t (P))) ⊂ ν
(
t−1 (t (P))

) = ν(P).

Thus ν (t (P)) ⊂ t (ν(P)), and so we have equality.

The right topology should identify similar point sets, so we aren’t really looking at
P(R2) but rather the quotient of P(R2) under similarity.

On the other hand, forgetting the question of similarity, we do have an intuitive idea
of what it means for point sets P and Q in P(R2) to be “close.” In fact there are already
metrics, for instance the Hausdorff metric, for this. The problem is that we need our
metric to respect Voronoı̈ iteration.

Suppose we draw little ε-balls around all the points of P , and discover that each ball
contains exactly one point of Q. If so, it is very likely that ν(P) and ν(Q) are close
as well. (The obvious exception is with point sets that have nontrivial cocircularity—
jiggling the points a little bit destroys the cocircularity and thus produces extra vertices
in the Voronoı̈ iteration.) This idea for a metric is promising but has a serious flaw: it
can’t compare sets that aren’t the same cardinality. Since there are sets of the same
cardinality that iterate to sets of different cardinalities, it would be nice to have the
ability to consider whether those iterates are close.

Unfortunately, trying to measure distances between sets of different cardinalities
opens Pandora’s box. If several points of Q are inside the ε-ball around a point of P ,
we can create all sorts of bizarre patterns in ν(Q) that may be quite dissimilar to ν(P).
We find ourselves unsure how to resolve these issues.

3.2. Are There Periodic Points? For k ∈ N, we say P is a period-k point if P 

νk(P). As a special case, if k = 1 then P 
 ν(P) and we call P a fixed point. The
orbit of a periodic point repeats itself over and over again, and can be thought of
as finite (modulo similarity). Periodic orbits are of substantial interest in dynamical
systems theory: if periodic orbits are dense in phase space it is an indication of chaos.

Despite our attempts so far, we have not been able to find any finite periodic point
set P . Curiously, it’s not difficult to find an infinite set P of period 1 or 2! In Figure
7(a), the square lattice iterates to a shifted copy of itself and so has period 1; in Figure
7(b), points evenly spaced on the diagonals y = ±x iterate to points on the x- and
y-axes, which then iterate back for a period of 2. In both examples one sees a high
degree of cocircularity and we assume that this may be a key component in finding
examples with other periods as well.

Once a fixed (or periodic) point has been located, we may ask whether it is at-
tracting, repelling, or hyperbolic. We look at “nearby” points (again the need for a
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(a) (b)

Figure 7. Infinite configurations which are (a) period-1 and (b) period-2.

well-defined notion of distance!) and look at what their orbits do. If all nearby points
come closer and closer to P , it is attracting; if they all get pushed away we call it
repelling. If there is a mixture it may be hyperbolic. There’s some indication that the
grid in Figure 7(a) may be hyperbolic: we know it repels grids with “defects” like the
one in Figure 8. However, if we shift an entire row of points up by a fixed amount, the
orbit will be pulled back towards the orbit in 7(a).

Figure 8. Introducing a defect into the square lattice of 7(a).

3.3. Sensitive Dependence on Initial Conditions. This is the so-called “butterfly
effect,” where a small change in an initial state can produce a large change in its orbit.
Even though we lack a metric on our phase space P(R2), there is evidence of sensitive
dependence on initial conditions. For instance, if we shift a point on the grid in Figure
7(a), it introduces a defect in the Voronoı̈ iteration, which we see in Figure 8. As the
system evolves, that defect will grow to include ever larger regions of the plane until
the original grid is no longer recognizable.

One can see this effect in finite configurations as well. Consider the set depicted
in Figure 4(b). Since |ν(P)| = 4 we know it is doomed to iterate to the empty set.
However, if we were to move any one of the four cocircular points even the slightest
amount, we would see the single vertex of degree four become two vertices of degree
three. This five-point configuration has a chance of iterating to five-point sets indefi-
nitely.
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3.4. Can We Go Backwards? A sensible question to ask is, what happens when we
try to invert the system? Most discrete point sets in the plane are not the vertex set of
a Voronoı̈ diagram. So we must ask first when a preimage of a point set exists, i.e.,
given a set Q, does there exist a set P such that ν(P) = Q? If there is a preimage,
when is it unique? When it is not unique, how many preimages are possible, and is
there a “best” one?

Some literature exists about inverting Voronoı̈ tessellations (see, e.g., [2, 8]), and
we know relatively straightforward conditions that must be satisfied for a preimage
to exist. What is more subtle in our situation is that we don’t have the whole Voronoı̈
diagram—we just have its vertices. Without the edge adjacencies the problem becomes
richer. For example, in Figure 9 we depict two preimages of the lighter colored set of
six points, with distinctly different Voronoı̈ diagrams.

(a) (b)

Figure 9. A configuration of six points with two nontrivially different preimages.

It would be nice if there was a subset of P(R2) that was invariant under Voronoı̈
iteration both forward and backwards in time. We conjecture that there is a subset
S ⊂ P(R2) of five-point configurations with 2 in the interior and 3 on the boundary
for which (1) the set is invariant under forward Voronoı̈ iteration, and (2) there exist
preimages of all orders within the set. If we could identify criteria for membership in
S , then we could begin to examine the orbits of S for evidence of chaos.

3.5. Generalizations. In §3.2 we mentioned generalizing the Voronoı̈ iteration to in-
finite point sets. However, this allows for a host of strange phenomena and so we must
restrict our point sets somewhat. For example, we might require that the derived set—
the set of all accumulation points—of P be empty. Or we might assume that P is a
Delone set; i.e., both relatively dense and uniformly discrete. Of course for a property
to have any use to us, it must be preserved under iteration. One can prove that the de-
rived set of ν(P) is empty whenever the derived set of P is empty, while the property
of being Delone is actually not preserved under iteration. We conclude that a natural
phase space consists of all generator sets with empty derived sets.

And what if we were to no longer work on the plane? The sphere with the great
circle metric immediately comes to mind. All Voronoı̈ polygons are bounded, and
so infinite edges are no longer an issue; this gives rise to a more elegant version of
Theorem 2.3. Finite periodic point sets are suddenly easy to find: each Platonic solid
iterates to its dual. Further, one can prove that a set of noncoplanar points will never
iterate to the empty set. And this is all besides the fact that we humans live on a sphere,
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so maybe the system has relevance to real-world problems such as the distribution of
cell-phone satellites or the spread of diseases.

The fact that one can define the Voronoı̈ tessellation for a set of points in any metric
space means that vast generalizations are possible, whether it be to infinite sets, a
higher dimension, a new metric, or a less geometric setting. Part of the appeal of this
dynamical system is its intuitive definition—a definition that depends little on the size
of the point sets or the space they are in. We urge interested readers to think about how
the ideas in this paper play out in their favorite metric spaces!

3.6. Conclusion. We admit that we don’t know much about the behavior of this dy-
namical system yet. We know exactly what happens for small point sets, but as soon as
there are five or more points we encounter difficulties. We have a theorem [4] that mea-
sures how the point sets grow or shrink in size, but it requires geometric information
that isn’t always readily available. We have evidence that many point sets grow with-
out bound, but have been unable to determine which conditions guarantee this. We’ve
noticed evidence of sensitive dependence on initial conditions, but we don’t have the
machinery to measure the phenomenon. In the course of our study we’ve developed
tools to help us with our insight on this finicky dynamical system, and we’ve shared
some of that here. There is one thing we know for certain: plenty of problems remain.
Some are simple enough to be studied by budding mathematicians, and some may be
subtle enough to interest their advisors as well.
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Variations on Kuratowski’s 14-Set Theorem
David Sherman

1. INTRODUCTION. The following result, from Kuratowski’s 1920 dissertation, is
known as the 14-set theorem.

Theorem 1.1. [8] Let E ⊆ X be a subset of a topological space. The number of dis-
tinct sets which can be obtained from E by successively taking closures and comple-
ments (in any order) is at most 14. Moreover, there are subsets of the Euclidean line
for which 14 is attained.

In this article we will see what happens when “closure” and “complement” are
replaced or supplemented with other basic topological operations.

Question 1.2. Let I be a subcollection of

{closure, interior, complement, intersection, union}.
What is the maximum number of distinct sets which can be generated from a single
subset of a topological space by successive applications of members of I?

Apparently Question 1.2 will require us to solve 25 = 32 different problems . . .

well, not really. Many of these are redundant, either because different choices of I
allow us to perform the same operations, or because different choices of I raise alge-
braically isomorphic questions. (This is explained in Section 4.) Theorem 1.1 answers
at least one case, and certainly many others are trivial. Finally, an example of Kura-
towski shows that if we allow all five operations, we may obtain infinitely many sets.
After a full reckoning, only two questions remain.

Question 1.3.

(1) What is the maximum number of distinct sets that can be generated from a
fixed set in a topological space by successively taking closures, interiors, and
intersections (in any order)?

(2) Same question, but with closures, interiors, intersections, and unions.

Question 1.3(1) was posed by Smith in a 1974 MONTHLY as Problem 5996, with
published solution given later by Yu [12]. The numerical answer to Question 1.3(2)
was stated by Langford in an abstract in the 1975 Notices of the AMS [9], but it seems
that no proof had appeared before the first version of the present article was circulated.
Recently Gardner and Jackson published a nice article [3] which also solves Ques-
tion 1.3(2) and gives a thorough discussion of many other aspects of Kuratowski-type
problems.

With a little additional work, we will finally solve a generalization which has not
appeared elsewhere.

doi:10.4169/000298910X476031
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Question 1.4. Same as Question 1.2, with n ≥ 2 sets initially given.

Our approach to this topic, like Kuratowski’s, is almost entirely algebraic. The ba-
sic language is the “topological calculus” which was developed by the Polish school
during the first half of the twentieth century. Prominent figures such as Birkhoff, Stone,
Halmos, and Tarski kept this program dynamic, intertwining topology with the related
fields of set theory, logic, and lattice theory. (And the incorporation of Hilbert spaces
opened up new realms of noncommutative analysis, with von Neumann at the center.)
In the present article, the relevant topological calculus is known as a “closure algebra,”
and the questions above reduce to the calculation of certain algebras generated by a
specific partially ordered set. So while our subject is apparently point-set topology,
membership of points in sets plays a very minor role!

Theorem 1.1 is actually easy to prove, almost certainly having acquired some ca-
chet from the unusual presence of the number 14. Readers who have never seen it be-
fore may enjoy experimenting at Mark Bowron’s website, currently hosted at http:
//mathdl.maa.org/mathDL/60/?pa=content&sa=viewDocument&nodeId=3343, which al-
lows a visitor to construct an initial set, then counts the number of sets generated
by taking closures and complements. (A score of 14 “wins.”) Within the substantial
literature surrounding this theorem, the idea of considering different collections of
topological operations goes back at least to 1927 [13]. Other authors have abstracted
the algebraic content, or isolated the specific conditions under which a topological
space and subset generate 14 sets. Some of these variations are described in the last
section.

This article is intended for the nonspecialist in universal algebra—indeed, it was
written by one. Thus we define even basic terms, and do not always give the most
general formulations. It is hoped that many readers will find the methods at least as
interesting as the answers.

2. MONOIDS, POSETS, AND THE PROOF OF THEOREM 1.1. We start with
the basics. Let X be an arbitrary set, and let P(X) be the set of subsets of X . To endow
X with a topology means to choose a distinguished subset of P(X), called the open
sets, which is closed under arbitrary unions and finite intersections, and contains both
X and the empty set. The complement of an open set is a closed set. The (topological)
closure of E ∈ P(X) is the smallest closed set containing E ; the interior of E is the
largest open set contained in E . Therefore the three functions “closure of,” “interior
of,” and “complement of” can naturally be viewed as operations on P(X). We will
denote them by k, i , and c, respectively, and write them to the left of the set, as is usual
for operators (or English sentences). We also denote the collection of maps P(X) →
P(X) as End(P(X)) (for “endomorphisms”—but these maps need not preserve any
of the algebraic structure we later attach to P(X)). Thus ki E should be read as “the
closure of the interior of E .” The reader should be aware that some authors place
topological operations to the right of the set, with an opposite rule for composition,
and the letters k and c are sometimes switched. With regard to the latter, our choice
was made with Kuratowski closure operators in mind.

Definition 2.1. [8] A Kuratowski closure operator on a set X is a map k ∈
End(P(X)) which satisfies, for any E, F ∈ P(X),

(1) k∅ = ∅;
(2) kk E = k E ;
(3) k E ⊇ E ;
(4) k E ∪ k F = k(E ∪ F).
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Any Kuratowski closure operator k ∈ End(P(X)) is exactly the topological closure
operator for the topology on X whose open sets are {ck E | E ⊆ X} [8]. So the choice
of k is equivalent to the choice of topology on X , while c is independent of topology.
We write I ∈ End(P(X)) for the identity map and record the following (redundant)
consequences of our definitions:

k2 = k, c2 = I, i = ckc, i2 = i, ic = ck, kc = ci. (2.1)

Next we recall some definitions from algebra. A partial order on a set is a reflexive
antisymmetic transitive relation. A standard example is ≤ on R, but it is not necessary
that any two elements be comparable: P(X) is a partially ordered set—a poset—with
partial order given by inclusion. One notices that k and i preserve the ordering, while
c reverses it. (This means, for example, that E ⊇ F ⇒ k E ⊇ k F—use Definition
2.1(4).) Now the collection of functions from any set into a poset can also be made
into a poset, where one function dominates another if and only if this is true pointwise.
This induces a partial order on End(P(X)): for ϕ, ψ ∈ End(P(X)),

ϕ ≥ ψ ⇐⇒ ϕ(E) ⊇ ψ(E), ∀E ∈ P(X).

Then item (3) of Definition 2.1 can be rewritten as k ≥ I , and evidently i ≤ I .
The poset End(P(X)) is also a monoid: a set with an associative binary operation

(in this case composition) and a unit. (So a monoid is a “group without inverses.”)
Note that order is preserved by an arbitrary right-composition:

ϕ ≥ ψ ⇒ ϕσ ≥ ψσ, ϕ, ψ, σ ∈ End(P(X)).

Order is also preserved by left-composition with k or i , but reversed by left-composition
with c.

“Ordered monoid” sounds frighteningly abstract, but we will only be concerned
here with subsets of End(P(X)). The advantage in the situation at hand is that we
may invoke a familiar friend from group theory (or universal algebra, to those in the
know): presentations. This just means that we will describe sets of operations in terms
of generators and relations, as demonstrated in the following lemma.

Lemma 2.2.

(1) Let k, i ∈ End(P(X)) be the closure and interior operators of a topological
space. Then the cardinality of the monoid generated by k and i is at most 7.

(2) For a subset of a topological space, the number of distinct sets which can be
obtained by successively taking closures and interiors (in any order) is at most
7.

Proof. Composing k ≥ I on the left and right with i gives iki ≥ i . Composing i ≤ I
on the left and right with k gives kik ≤ k. We use both of these to calculate

(i)k ≤ (iki)k = i(kik) ≤ i(k) ⇒ ik = ikik;
k(i) ≤ k(iki) = (kik)i ≤ (k)i ⇒ ki = kiki.

Since k2 = k and i2 = i , the monoid generated by k and i contains exactly

{I, i, ik, iki, k, ki, kik}
(which may not all be distinct). This proves the first part, and the second part is a direct
consequence.
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Using parentheses for “the monoid generated by,” the second sentence of Lemma
2.2(1) can be rewritten as |(k, i)| ≤ 7.

Proof of Theorem 1.1. It follows from (2.1) that any word in k, i, c can be reduced to
a form in which c appears either as the leftmost element only, or not at all. So by the
previous lemma

(k, c) = (k, i, c) = {I, i, ik, iki, k, ki, kik, c, ci, cik, ciki, ck, cki, ckik}. (2.2)

Thus 14 is an upper bound. To conclude the proof, it suffices to exhibit a so-called
(Kuratowski) 14-set: a subset of a topological space for which all of these operations
produce distinct sets. One example is S = {0} ∪ (1, 2) ∪ (2, 3) ∪ [Q ∩ (4, 5)] ⊂ R.

We now investigate the order structures of (k, i) and (k, i, c) a little further. Via our
basic rules for order we find that

i ≤ I ≤ k; i ≤ iki ≤ [either of ki, ik] ≤ kik ≤ k.

By considering the set S we see that these (and the consequences from transitivity)
are the only order relations in (k, i), at least when X contains a copy of R. The order
structure of (k, i) is depicted in Figure 1, which is called the Hasse diagram of the
poset. Here a segment from ϕ up to ψ means that ϕ < ψ and there is no σ satisfying
ϕ < σ < ψ . (We write ϕ < ψ for ϕ ≤ ψ and ϕ �= ψ .)

k
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CC
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kik

��
�� CC

CC

I

��
��

��
��

��
��

ki

CC
CC

ik

��
��

iki

��
��
�

i

Figure 1. The Hasse diagram of (k, i) for topological spaces containing a copy of R.

Again using S, we obtain that there are no necessary relations between the first
seven and last seven elements of (2.2). Since left composition with c reverses order,
the Hasse diagram of (k, i, c) (Figure 2) consists of two disjoint copies of Figure 1,
one of which has been left-composed with c and vertically inverted. It was first drawn
by Kuratowski [8]; in essence all of the arguments in this section go back to his dis-
sertation.

3. BOOLEAN LATTICES AND THE ANSWER TO QUESTION 1.3. We have
already mentioned that P(X) is a poset. Now we want to take advantage of its richer
structure as a Boolean lattice.

Recall that a lattice is a poset in which any two elements have a least upper bound
and a greatest lower bound. We write these binary operations as ∨ and ∧, respectively,
and refer to them as join and meet. A lattice is distributive if it satisfies the equality

x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z), ∀ x, y, z
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Figure 2. The Hasse diagram of (k, i, c) for topological spaces containing a copy of R.

(or equivalently, the same equation with ∨ and ∧ everywhere interchanged). Finally, a
distributive lattice is Boolean if

(i) it contains a least element 0 and a greatest element 1, and

(ii) for every element a there is an element b, called a complement of a, such that
a ∨ b = 1 and a ∧ b = 0.

Complements in Boolean lattices are unique [5, Lemma I.6.1], so that we may view
complementation as a third (unary) operation. (Strictly speaking our use of operations
means that we have turned our Boolean lattice into a Boolean algebra, but we will
ignore the distinction.)

The poset P(X) is a Boolean lattice in which the three operations are nothing but
union, intersection, and set complementation. As the collection of all functions from
P(X) into the Boolean lattice P(X), the poset End(P(X)) also acquires structure as
a Boolean lattice, with pointwise operations. For ϕ, ψ ∈ End(P(X)), E ∈ P(X), we
have

(ϕ ∨ ψ)E = (ϕE) ∪ (ψ E), (ϕ ∧ ψ)E = (ϕE) ∩ (ψ E).

The complement (in the Boolean sense) of ϕ is the composition cϕ.
We approach Question 1.3 in the same way as Theorem 1.1, by enumerating

(k, i, ∧) (respectively (k, i, ∧, ∨)), the algebra of operations in End(P(X)) which can
be expressed in terms of {I, k, i, ∧} (respectively {I, k, i, ∧, ∨}). Then we identify a
single set which distinguishes all the operations under consideration.

Closures, Interiors, Intersections. Assuming X contains a copy of R, the order
structure of (k, i) is as shown in Figure 1. A first step is to add all irredundant meets to
this diagram; we start with ki ∧ ik and then notice that the meet of any two elements,
both different from I , is already in our poset. It suffices to add the meet of each ele-
ment with I , and since k ∧ I = I and i ∧ I = i , this gives five more elements. The
resulting structure is the meet semi-lattice generated by the poset (k, i), since it has ∧
but not ∨.

A diagram of this 13-element poset is given in Figure 3. By construction it is closed
under ∧, and since i distributes across ∧ it is closed under i . Perhaps surprisingly, it is
also closed under k. To prove this, we need to show that for each element ϕ in Figure
3, kϕ already appears in Figure 3.

February 2010] VARIATIONS ON KURATOWSKI’S 14-SET THEOREM 117



k

iii
iii

iii
iii

iii
ii

XXXX
XXXX

XXXX
XXXX

XXXX
XXXX

I

UUU
UUU

UUU
UUU

UU kik

ffff
ffff

ffff
ffff

ffff
ff

ww
ww
w

GG
GG

G

I ∧ kik

ppp
ppp NNN

NNN
ki

GG
GG

G

eeeee
eeeee

eeeee
eeeee

eeeee
e ik

gggg
gggg

gggg
gggg

gggg

ww
ww
w

I ∧ ki

NNN
NNN

I ∧ ik

ppp
ppp

ki ∧ ik

ffff
ffff

ffff
ffff

fff

I ∧ ki ∧ ik iki

ffff
ffff

ffff
ffff

ffff
ff

I ∧ iki

i

Figure 3. The meet semi-lattice generated by the poset (k, i) (also the Hasse diagram of (k, i, ∧)) for topo-
logical spaces containing a copy of R.

This is clear for the seven elements from Figure 1. For the remaining elements, we
start with an easy observation. Since k preserves order, for any E, F ∈ P(X) we have

k(E ∩ F) ⊆ k E, k(E ∩ F) ⊆ k F ⇒ k(E ∩ F) ⊆ k E ∩ k F.

This means that

k(ϕ ∧ ψ) ≤ kϕ ∧ kψ, ϕ, ψ ∈ End(P(X)). (3.1)

Now let σ be any of ki ∧ ik, I ∧ iki, I ∧ ki ∧ ik, and I ∧ ki . Applying (3.1) to σ and
reducing gives kσ ≤ ki . But σ ≥ i , so kσ ≥ ki . We conclude that kσ = ki .

It is left to consider the two elements k(I ∧ ik) and k(I ∧ kik). Applying (3.1)
shows that each is ≤ kik. We claim that k(I ∧ ik) = kik, whence the larger element
k(I ∧ kik) is kik as well. We calculate as follows:

ik = ik ∧ k(I )

= ik ∧ k[(I ∧ ik) ∨ (I ∧ cik)]
= ik ∧ [k(I ∧ ik) ∨ k(I ∧ cik)]
= [ik ∧ k(I ∧ ik)] ∨ [ik ∧ k(I ∧ cik)].

Inspecting the last term,

ik ∧ k(I ∧ cik) ≤ ik ∧ k(cik) = ik ∧ cik = 0.

Here 0 ∈ End(P(X)) is the map which sends every set to the empty set. We may
therefore omit this term from the previous equation, which gives

ik = ik ∧ k(I ∧ ik) ⇒ ik ≤ k(I ∧ ik) ⇒ kik ≤ k(I ∧ ik).

Since the opposite inequality was already established, the claim is proved.
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It follows that (k, i, ∧) has at most thirteen elements, and it can be checked that
each of the operations in Figure 3 produces a distinct set when applied to the set

T =
[{

1

n
: n ∈ N

}]
∪

[
[2, 4] −

{
3 + 1

n
: n ∈ N

}]
(3.2)

∪
[
(5, 7] ∩

(
Q ∪

∞⋃

n=1

(
6 + 1

2nπ
, 6 + 1

(2n − 1)π

])]
.

So the answer to Question 1.3(1) is thirteen. (We remind the reader that this result first
appeared as the solution to a MONTHLY problem in 1978 [12].)

Closures, Interiors, Intersections, Unions. Still assuming that R embeds in X to
guarantee that (k, i, ∧) is as large as possible, our first task here is to add all irredundant
joins of operations from Figure 3. Since End(P(X)) is distributive, the resulting set
will be closed under joins and meets: it is in fact the distributive lattice generated by
Figure 1.

Let us add in the two elements ki ∨ ik and (I ∧ ki) ∨ (I ∧ ik), and partition our
poset into four classes:

(1) i, k;
(2) I ;
(3) iki, ki ∧ ik, ik, ki, ki ∨ ik, kik;
(4) I ∧ iki, I ∧ ki ∧ ik, I ∧ ik, I ∧ ki, (I ∧ ki) ∨ (I ∧ ik), I ∧ kik.

It may help to notice that the third class is the right-hand five of Figure 3, plus ki ∨ ik,
while the fourth class is the middle five of Figure 3, plus (I ∧ ki) ∨ (I ∧ ik).

Each class above is already a sublattice of End(P(X)), so an irredundant join x1 ∨
x2 ∨ · · · ∨ xn can contain at most one x j from each class. Elements in the first class
occur in no irredundant joins. The identity I cannot be involved in an irredundant join
except with elements of the third class, which produces six more elements. It is left to
consider joins of the third and fourth classes. Using the distributive law, this turns up
14 more elements:

(I ∧ kik) ∨ ki ∨ ik, (I ∧ kik) ∨ ki, (I ∧ kik) ∨ ik,

(I ∧ kik) ∨ (ki ∧ ik), (I ∧ kik) ∨ iki,

(I ∧ ki) ∨ (I ∧ ik) ∨ (ki ∧ ik), (I ∧ ki) ∨ (I ∧ ik) ∨ iki,

(I ∧ ki) ∨ ik, (I ∧ ki) ∨ (ki ∧ ik), (I ∧ ki) ∨ iki,

(I ∧ ik) ∨ ki, (I ∧ ik) ∨ (ki ∧ ik), (I ∧ ik) ∨ iki,

(I ∧ ki ∧ ik) ∨ iki.

We conclude that the distributive lattice generated by the poset (k, i) has at most 35
elements, each of which is a join of elements from Figure 3. Since k distributes across
joins, this set is closed under left composition with k. The roles of k and i are dual—
see the next section for explanation—in the self-dual distributive lattice generated by
(k, i), so it is also closed under left composition with i . Finally, fans of drudgery can
check that the 35 operations are distinguished by the set T from (3.2). (Skeptics may
also consult the more sophisticated example given in [3].) Therefore the answer to
Question 1.3(2) is thirty-five.
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4. ANSWERS TO QUESTION 1.2. A complete answer to Question 1.2 is given
in Table 1. All of the numbers ≤ 4 in Table 1 are trivial to verify, and some of the
repetition is due to the fact that in the presence of c, the inclusion of k or i (respectively
∧ or ∨) is equivalent to the inclusion of k and i (respectively ∧ and ∨). Other repetition
is due to duality, which we now describe.

Table 1. Solution to Question 1.2. Each entry is the maximum cardinality of
the algebras generated by the topological operations in its row and column,
and also the maximum number of operations in these algebras which can be
distinguished by a single subset.

Operations {I } {∧} {∨} {∧,∨}
{I } 1 1 1 1

{i} 2 2 2 2

{k} 2 2 2 2

{c} 2 4 4 4

{i, k} 7 13 13 35

{i, c} = {k, c} = {i, k, c} 14 ∞ ∞ ∞

The dual of a poset is the same underlying set, with the ordering reversed. (So its
diagram is turned upside-down.) The Boolean lattice P(X) is isomorphic with its own
dual, via the complementation map c. This means that any operation ϕ on P(X) has a
dual operation, ϕ̄ = cϕcn, where by cn we mean the application of c to each of the n
arguments of ϕ. The action of ϕ̄ is vertically opposite to ϕ; k and i are dual, as are ∧
and ∨.

We note that the duality map distributes over composition. For suppose that ϕ has
n arguments, and the j th argument is filled by a function of k j arguments, with k
total arguments in the composition. (It is not necessary that k = ∑

k j , because the n
functions may have some arguments in common.) Then

ϕ(ψ1, ψ2, . . . , ψn) = cϕ(ψ1, ψ2, . . . , ψn)ck = cϕ(ψ1ck1, ψ2ck2, . . . , ψnckn )

= cϕcn(cψ1ck1, cψ2ck2, . . . , cψnckn ) = ϕ̄(ψ̄1, ψ̄2, . . . , ψ̄n).

Thus the restriction of the duality map to operations built out of {I, i, k, c, ∧, ∨}
amounts exactly to the interchanges i ↔ k and ∧ ↔ ∨. This explains, for example,
why |(k, i, ∧)| = |(k, i, ∨)|. As for the assertion at the end of the previous section, just
observe that for any operation ϕ in the distributive lattice generated by (k, i), iϕ = kϕ̄,

which belongs to the lattice since it is self-dual and closed under left-composition
with k.

Finally we give a simplified version of Kuratowski’s example [8] showing that
(k, c, ∧) = (i, k, c, ∧, ∨) can be infinite. Define a closure operator k on P(N) by

k(A) =
{

∅, A = ∅;
[min A, ∞) = {min A, 1 + min A, . . . }, otherwise;

(4.1)

for any A ∈ P(N). Since k satisfies Definition 2.1, it determines a topology on N, the
so-called “left order topology.” Let ϕ = I ∧ [k(k ∧ c)], and let E ⊂ N be the even
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natural numbers. The reader can easily check that ϕ j (E) = E ∩ [2 j + 2, ∞), so the
subset E distinguishes infinitely many operations of (i, k, c, ∧, ∨) for this topological
space. Unlike our other examples, E does not distinguish all the different operations:
for instance i(E) = ik(E) while i({1}) �= ik({1}). The existence of a set which does
distinguish all the different operations is addressed in the next section.

5. CLOSURE ALGEBRAS. We pause here for a digression which affords us a more
convenient language and sharpens some of the preceding results in surprising ways.
These ideas are taken from a beautiful 1944 article of McKinsey and Tarski [10].

A closure algebra is a Boolean lattice which is equipped with a closure operator k
satisfying the lattice version of Definition 2.1, i.e., with ∅, ∪, and ⊇ replaced with 0,
∨, and ≥. We naturally define i as the dual operation of k. A closure algebra is singly-
generated if every element can be obtained from a certain fixed generator by some
unary operation built out of {I, i, k, c, ∧, ∨}. Of particular interest is the unique (up to
isomorphism) free singly-generated closure algebra [10, Theorem 5.1], which we refer
to here as F . Freeness means that the set of relations is minimal. In other words, if two
unary operations agree on the generator of F , they agree on every element of every
closure algebra. This has the convenient consequence that inside F , we can identify
elements with unary operations; F is the algebra of unary operations expressible in
{I, i, k, c, ∧, ∨}.

The key observation is that any closure algebra can be identified with a Boolean
sublattice of some P(X), where X is a topological space and k becomes the associated
closure operator [10, Theorem 2.4]. Thus Question 1.3 asks about the cardinalities of
subalgebras of F in which only some of {I, i, k, c, ∧, ∨} can be used.

Here are some other striking facts about F and the theory of closure algebras [10,
Theorem 5.10, Theorem 5.17, Appendix IV].

• F is isomorphic to a sub-closure algebra of the closure algebra of the Euclidean line,
so that a certain subset of the line distinguishes all unequal unary closure algebraic
operations.

• The problem of deciding whether two expressions define the same operation in all
closure algebras is “effectively solvable”: there is a decision procedure whose run
time is bounded by a function of the complexity of the expressions.

• Whenever two expressions define the same operation in all closure algebras, there is
a formal proof—an analogue for closure algebras of Gödel’s completeness theorem.

Logicians also know closure algebras (sometimes called “interior algebras”) as meta-
mathematical objects, since they can be used as frameworks for modal and intuitionis-
tic logic [11, Chapter III].

6. ANSWERS TO QUESTION 1.4. Now we alter our hypotheses by supposing that
n ≥ 2 sets are initially given. The theorems of McKinsey and Tarski apply to this case
as well, so that we may consider the free closure algebra generated by n elements. We
will denote it as Fn , with generators {Fn

j }1≤ j≤n. Remarkably, Fn also embeds in the
closure algebra of the Euclidean line.

At first glance Question 1.4 may seem intractable or at least extremely tedious. In
the presence of ∧ or ∨ the cardinalities grow at least exponentially: for example, the
two sets T × R, R × T ⊂ R

2 obviously generate at least 132 distinct subsets under
k, i, and ∧. It turns out, however, that all of the hard work is done, and the situation
stabilizes nicely for n ≥ 2. A complete solution to Question 1.4 is given in Table 2;
below we explain the key points.
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Table 2. Solution to Question 1.4. Each number is the cardinality of the sub-
algebra of Fn generated by the operations in its row and column.

Operations {I } {∧} {∨} {∧,∨}
{I } n 2n − 1 2n − 1 Dn

{i} 2n 3n − 1 ∞ ∞
{k} 2n ∞ 3n − 1 ∞
{c} 2n 22n

22n
22n

{i, k} 7n ∞ ∞ ∞
{i, c} = {k, c} = {i, k, c} 14n ∞ ∞ ∞

Using a subscript to denote the ambient algebra, we first claim that |(k, ∧)F2 | = ∞,
proved in almost the same way as |F | = ∞. Let k be the closure operator of (4.1), and
let E = E0 and O be the even and odd natural numbers, respectively. For j ≥ 1, define
inductively elements of the closure algebra generated by E and O by

E j = E j−1 ∩ k(k E j−1 ∩ O).

Then the E j = E ∩ [2 j + 2, ∞) are all distinct, establishing the claim. By duality and
inclusions, this justifies every occurrence of ∞ in Table 2.

The first column of Table 2 consists of algebras with unary operations only, so the
results of Table 1 can be applied to one generator at a time. For the last three entries in
the fourth row of Table 2, the algebra under consideration is the free Boolean algebra
with n generators, which is well known to have 22n

elements [5, Theorem II.2.2(iii)].
The elements of (∧)Fn have the form Fn

j1
∧ Fn

j2
∧ · · · ∧ Fn

jk
, where 1 ≤ k ≤ n and

the jk ∈ {1, 2, . . . n} are distinct. Apparently they are in one-to-one correspondence
with the 2n − 1 nonempty subsets of the n generators. The situation for (i, ∧)Fn is
similar; now any element is a meet in which for each Fn

j , one of three possibilities
holds: Fn

j is present, i Fn
j is present, or both are absent. (Recall that i distributes across

∧.) Since we do not admit the empty meet, this allows 3n − 1 possibilities. The other
occurrences of 2n − 1 and 3n − 1 in Table 2 follow from duality.

Finally, (∧, ∨)Fn is the free distributive lattice on n generators; determining its
cardinality Dn is sometimes called Dedekind’s problem. No explicit formula for Dn is
known, but asymptotically log2 Dn ∼ C(n, � n

2 �), where C(n, k) denotes the binomial
coefficient and �x� the greatest integer ≤ x [7].

Each of the finite formulas of Table 2 extends to the case n = 1.

7. OTHER VARIATIONS. It has not been our goal to survey the wealth of literature
concerning extensions of the 14-set theorem. The interested reader may consult the ar-
ticle [3], which takes a sophisticated algebraic approach and contains many references.
Here we simply indicate some of the other directions in which the theorem has been
generalized.

A natural idea is to study subalgebras of F in which the generating operations in-
clude other topological operations built out of {k, ∧, c}. This need not be too abstract—
for example, the operation “boundary of” (considered in Kuratowski-type theorems
by many authors) is k ∧ kc. And of course many basic topological constructions are
not closure algebraic. Kuratowski himself [8] noted that the operation “accumulation
points of,” which sends E ∈ P(X) to its derived set DE , is not expressible in terms of
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k, ∧, and c. (Let E = {0} ∪ {1/n : n ∈ N} ⊂ R.) See [10, Appendix I] for remarks on
“derivative algebra.”

One may also generalize Definition 2.1 by relaxing the postulates and/or replacing
P(X) with non-Boolean lattices. Among the sizable research in this direction, we point
out [6], which deals specifically with the 14-set theorem.

The present article is about the algebraic content of the 14-set theorem, but there are
also investigations into its topological content. We have seen that a topological space X
contains 14-sets when it is sufficiently rich, in particular when it contains a copy of the
Euclidean line. One can ask for characterizations of topological spaces in which certain
limitations occur, and a classification along these lines was given by Aull [1]. Several
authors have given necessary and sufficient conditions for a specific subset E ⊆ X to
be a 14-set; Chapman [2] gave an exhaustive description of all possible degeneracies
of the poset in Figure 1. Once again the reader is referred to [3] for precise statements
of these and other results.
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The Trouble with von Koch Curves
Built from n-gons

Tamás Keleti and Elliot Paquette

1. INTRODUCTION. The classical von Koch curve is an oft-cited fractal (see Fig-
ure 1). It is an everywhere continuous, nowhere differentiable curve (a recent proof of
which was given in the MONTHLY by Š. Ungar [10]) with a straightforward construc-
tion, and it was specifically designed with simplicity of construction in mind. After
Weierstrass had exhibited such a curve analytically, Helge von Koch sought a geomet-
rically constructed curve that, beyond being another example of a nowhere differen-
tiable curve, would intuitively exhibit this property.1 Von Koch’s curve is constructed
by a recursive process that begins with a line segment. The first step is to delete the
interior middle third of this line segment and replace it by two faces of an equilateral
triangle. The same operation is then performed on each segment of the resulting curve,
with the equilateral triangles pointing “outwards.” This process is repeated, and a limit
is taken to finalize the curve.

Figure 1. The classical von Koch curve.

The von Koch curve has a history of generalizations as old as the curve itself.
In the very paper in which he introduced the curve, von Koch provided a family of
curves generalizing his original construction. He allowed that the deleted section might
vary in size and position at every stage of the process, so long as the curve remained
bounded. This is a greatly flexible definition that allows the final curve to have many
different properties; here we will focus on a more restrictive and more symmetric gen-
eralization. In this vein, we vary the length of the middle segment that is removed.
When the length of the removed segment is less than a third, this generalization has
been cited as the “modified” von Koch curve [4]. More significantly, we replace the
equilateral triangle that is glued to the middle third by a regular n-gon. This gives a
family of curves with two parameters: a scalar c with 0 < c < 1 that defines the length
of the removed subinterval, and an integer n ≥ 3 that defines which n-gon will be used
in the construction.

The construction of the (n, c)-von Koch curve then goes as follows (see Figure 2).
Start with a closed line segment, which will be called the curve’s base, of length L ,

doi:10.4169/000298910X476040
1“La courbe . . . est définie par une construction géométrique, suffisamant simple, je crois, pour que tout le

monde puisse pressentir, déjà par «l’intuition naı̈ve», l’impossibilité d’une tangente déterminée.” [8]
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glue a regular n-gon with side length cL to the center of this line segment, and delete
the interior of the length cL middle subinterval of the line segment. This procedure
took one input line segment and produced n + 1 output line segments. Thus it may be
applied recursively, always gluing the regular n-gons outwards.

Figure 2. The (7, 0.15)-von Koch curve.

This process creates a sequence of curves that converges uniformly to a limiting
curve, which is called the (n, c)-von Koch curve. In this paper, we are concerned pri-
marily with the self-intersection of the von Koch curve. If the curve is a simple curve,
then it is said to be self-avoiding or non-self-intersecting.

Regardless of whether or not the curve self-intersects, the image of the (n, c)-von
Koch curve is a self-similar set: there are finitely many contractive similarities (affine
transformations of the plane that shrink distances by a constant factor) so that the union
of the images of the set under these similarities equals the set. These similarity maps
are best understood through the construction of the curve. Namely, they are the n + 1
similarities that map the initial line segment to one of the n + 1 resultant line segments
and preserve the outward orientation of the curve. Because of this self-similarity, the
von Koch curve is the union of smaller von Koch curves, and so a von Koch curve
contains an entire hierarchy of smaller, geometrically similar curves. Some additional
terminology is helpful for discussing these relations. An (n, c)-von Koch curve is said
to have n + 1 children. Two lie on either off-center (1 − c)/2 segment and have bases
that are collinear with that of their parent. The other n − 1 primary children have bases
that are faces of a regular n-gon, the primary n-gon of the curve.

There are two fractals related to the (n, c)-von Koch curve which are worth men-
tioning at this juncture because they share many of the same properties as the curve.
First, if instead of starting from a lone line segment, the construction begins with
the boundary of a regular n-gon, then the limiting closed curve is called the (n, c)-
von Koch snowflake, which is self-avoiding exactly when the von Koch curve is
self-avoiding. Second, instead of constructing a curve, it is possible to construct a
von Koch-type planar domain. In a method analogous to how the snowflake was
constructed, begin with a solid regular n-gon and glue solid regular n-gons on to
the boundary. The closure of the union of all these finite approximations is called
the closed (n, c)-von Koch domain. It is straightforward to prove that the von Koch
snowflake is the boundary of the von Koch domain when the snowflake is self-
avoiding, and that the closed von Koch domain overlaps itself exactly when the von
Koch curve is self-intersecting.

When the (n, c)-von Koch curve is self-avoiding, it is straightforward to calculate
its dimension. Because the n + 1 children of the curve do not overlap (more precisely,
the union of the open solid regular n-gons used in the construction satisfies the open
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Figure 3. The (6, 1
8 )-von Koch snowflake.

set condition), all the dimensions (Hausdorff, packing, and box-counting) agree with
the similarity dimension (see [4]), which is the unique positive s for which

(n − 1)cs + 2

(
1 − c

2

)s

= 1.

When the curve is self-intersecting, the children of the curve overlap. In such situa-
tions, it is usually very hard to calculate the dimension, although results about over-
lapping self-similar sets suggest that we can expect that the dimension is the s defined
above for almost every c so long as s < 2.

The von Koch domains have been the setting for study of the heat equation, with
the classical (3, 1

3)-von Koch domain being considered by Fleckinger et al. [5] and the
(4, c)-von Koch domain being studied by van den Berg [1]. Other studies of the heat
equation have led to the consideration of a simplified (n, c)-von Koch domain that
restricts the construction to the primary n-gons [2].

M. van den Berg noticed in his work on the (4, c)-snowflake that the curve is self-
avoiding if and only if c < 1

3 and asked for an analogous result for the (3, c)-snowflake.
In [6] it was proved that the (3, c)-snowflake curve is non-self-intersecting if and only
if c < 1

2 . In a communication to the first author, M. van den Berg asked what the
critical c is for other n.

The main goal of the present paper is to show that there is no such critical c in
general: for some n there exist c1 < c2 such that the (n, c1)-snowflake curve is self-
intersecting but the (n, c2)-snowflake curve is not (Theorem 4.5). It is worth remarking
that other families of generalizations of the von Koch curve do exhibit this critical c
effect [3]. Figure 4 shows how the critical c phenomenon can fail, and Table 1 shows
a list of triplets (n, c1, c2) with the aforementioned property.

The critical c phenomenon is a peculiarity of the low-order cases, where a cer-
tain symmetry effects a self-intersection. A shorter proof of the result that the (3, c)-
snowflake curve self-intersects for c ≥ 1

2 is presented in Section 2 to illustrate this
symmetry.

To be able to talk precisely about the von Koch curve, we will name some of the
points of an (n, c)-von Koch curve that are useful in describing its geometry (see

126 c© THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 117



n = 14, c = 0.025 n = 14, c = 0.028

n = 14, c = 0.032 n = 14, c = 0.037

Figure 4. These figures demonstrate the meshing phenomenon.

Table 1. These are some values of n up to 50 where the result given here may
be demonstrated using precisely the same methodology. At c1 the curve can be
shown to self-intersect, and at c2 the curve can be shown to be self-avoiding.

n c1 c2

14 0.032 0.037
19 0.014670 0.018424
20 0.014571 0.018028
26 0.0074988 0.0090564
27 0.0074905 0.0089699
28 0.0074653 0.0089045
29 0.0074555 0.0088275
30 0.0074584 0.0087413

n c1 c2

37 0.0038070 0.0043831
38 0.0037970 0.0043604
39 0.0037992 0.0043343
40 0.0037966 0.0043054
41 0.0038046 0.0042890
42 0.0037935 0.0042692
43 0.0037928 0.0042601

Figure 5). A (n, c)-von Koch curve with base AC (or just curve AC for short) is built
upon the closed horizontal line segment from A on the left to C on the right, having
length 1. Let M denote the vertex of the primary n-gon touching the right non-primary
child. Let S denote the vertex of the primary n-gon adjacent to M on the right, and
lastly let T denote the vertex adjacent to S on the right.

T

CM

S

Figure 5. The wedge-shaped region between segments M S and MC is singularly important in the search for
self-intersection.
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2. LOW-ORDER SYMMETRY. In [6] Theorem 2.1 and its converse were proved.
The proof of Theorem 2.1 presented here is substantially simpler than the proof in [6].
The converse of Theorem 2.1 is also a consequence of Theorem 3.1.

Theorem 2.1. The (3, c)-snowflake curve self-intersects if c ≥ 1
2 .

Proof. The proof requires a few definitions to be clear. Let DF be the inward-facing
primary child of curve MC . Let E M be the lower non-primary child of SM . Figure 6
illustrates these.

S

E

M D C

F

Figure 6. The value of c is 1
2 . The line segment is contained in the closure of the von Koch domain. This is

sufficiently long to effect self-intersection.

The key realization is that DF and E M are the same size for any c:

|DF | = |E M| = c(1 − c)

2
.

Because of this, the region E M DF is an isoceles trapezoid in which the curve is fixed
by the reflection that interchanges E with F and M with D. Therefore, if curve E M
crosses the line of symmetry of this reflection, then curve F D crosses the line at the
same point, and so the von Koch curve is self-intersecting.

To this end define a line segment that begins on the midpoint of segment E M and
extends horizontally to the right until it exits the closed von Koch domain (see Fig-
ure 6). This curve goes through the midpoint of the base of the right primary child of
E M , and it goes through the midpoint of the base of the left primary child thereof.
The base segment of this grandchild is parallel to the base of E M , and the line seg-
ment goes through both of their midpoints. Thus by self-similarity, this horizontal line
segment contains the midpoints of the bases of a countably infinite family of curves.
These curves may be enumerated by letting the first be E M , by letting each even-
indexed curve be the right primary child of the curve that came before, and by letting
each odd-indexed curve be the left primary child of the curve that came before. Again,
by self-similarity the line segment contains the midpoints of the bases of all of these
curves, and so a lower bound for the length of the horizontal line segment is

c2(1 − c)

4
(1 + c + c2 + c3 + · · · ) = c2

4
.
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The horizontal distance separating the midpoints of the bases of E M and DF is

(
1 − c

2

)2

+ 2
c(1 − c)

8
= 1

4
− c

4
.

Thus curve E M crosses the line of symmetry if

c2

2
+ c

4
≥ 1

4
.

This inequality is satisfied so long as c ≥ 1
2 , establishing that the horizontal line seg-

ments overlap, and the curve self-intersects.

An analogous tight bound on self-intersecting c can be formulated for the (4, c)-von
Koch curve using the same sequences. In larger n-gons, these sequences can still be
used to provide a value of c above which the curve self-intersects. However, the curves
self-intersect long before the line segments overlap.

3. TO AN EXTENT, ANY n WORKS. There will always be an interval of values
of c for which the (n, c)-von Koch curve is self-avoiding. This interval of c values,
bounded below by 0, can be computed explicitly using only geometry. Better still, we
will give an interval of c values which is maximal in the sense that any larger interval
of c values would have to take the meshing phenomenon into account.

Theorem 3.1. The (n, c)-von Koch curve is self-avoiding if c satisfies

c <
sin2(π/n)

cos2(π/n) + 1

when n is even or if c satisfies

c < 1 − cos(π/n)

when n is odd.

Note that when n = 3, this inequality becomes c < 1
2 , which gives the converse of

Theorem 2.1.

Proof. Our method of proof is a generalization of the method used by the first author
in [6]. In what follows, θ is the internal angle of an n-gon, given in terms of n by the
formula

θ = (n − 2)π

n
.

The key is to approximate an (n, c)-von Koch curve by a polygon so that three prop-
erties hold. First, the polygon encloses the base and primary n-gon of the curve. Sec-
ond, the approximation of each of the curve’s children fits entirely within the curve’s
approximation. Third, all of the approximations of the curve’s children are pairwise
disjoint (except for adjacent children, whose approximations are disjoint save for the
shared vertex). By self-similarity, these three properties ensure that the curve is self-
avoiding.
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A

S

M C

π – θ

φ

Figure 7. The even-n (n, c)-von Koch curve is best approximated by triangles.

To get optimal bounds on the intervals, some care is required in choosing the ap-
proximating polygons. It turns out that the (n, c)-von Koch curves differ in this regard
depending upon whether n is even or odd.

If n is even, then approximate the curve AC by an isoceles triangle having base
AC and going through the endpoints of the uppermost primary child of the curve (see
Figure 7). Call the base angle of this approximating triangle φ. The three required
properties needed to show that the curve is self-avoiding are satisified exactly when

π − θ > 2φ.

After some computation, this inequality is shown to be equivalent to

c <
1

2 tan2(θ/2) + 1
.

If n is odd, then approximate the curve AC by an isoceles trapezoid with base AC .
In order to define the top side of the trapezoid, consider the line that is parallel to
the top left segment of the primary n-gon and goes through the top left vertex of the
primary n-gon thereof (see Figure 8). Let D be the point where this line intersects line
AC , and let E be the point where this line intersects the horizontal line through the
apex of AC’s primary n-gon. The point E is the top left corner of the trapezoid. The
top right corner is defined by the same process reflected across AC’s vertical axis of
symmetry.

A D

S

M C

π – θ
φ

E
w

h

φ 2

π – θ

Figure 8. The odd-n (n, c)-von Koch curve is best approximated by trapezoids.

Let w be the length of the top segment, let h be the height of the trapezoid, and
let φ be the acute angle of the trapezoid. Again the three self-avoidance properties are
satisfied exactly when π − θ > 2φ. To express this as a constraint on c, it is helpful
to note that this constraint is equivalent to point D being on line segment AC , as the
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angle EDC is π−θ

2 . Point D is on line segment AC so long as

1 − w

2
> h tan

(
θ

2

)
.

Note that h = c
2

(
tan

(
θ

2

) + sec
(

θ

2

))
and that w = 2ch sec

(
θ

2

)
. After some calculation,

the previous inequality is shown to be equivalent to

c < 1 − sin

(
θ

2

)
.

4. THE DIFFICULTY WITH LARGER n. We will show here that the set of c for
which the (n, c)-von Koch curve self-intersects is not always an interval.

The difficulty with showing this is that there are so many places, with seemingly
so little order, to check for self-intersection. However, the self-similarity of the curve
greatly reduces the amount of work that needs to be done. First of all, it is superfluous
to search for intersections between every pair of points on the curve. Instead, one only
needs to check a wedge-shaped region between segments M S and MC (see Lemma
4.1). This region is illustrated in Figures 5 and 9.

 M

 

 C

 S

Figure 9. n = 14, c = 0.037, with circular approximations. The grayed circles do not need to be checked by
self-similarity.

Furthermore, within the wedge shaped region between segments M S and MC ,
there is a considerable amount of repetition. In order to simplify the search for self-
intersection, this repetition needs to be eliminated, and so we introduce the rescaling
map that fixes the point M and shrinks all distances by a factor of (1 − c)/2. It sends
curve M S into itself, and it sends curve MC into itself (and so it is a similarity of both
M S and MC).

Lemma 4.1. Curve AC self-intersects if and only if there is an intersection between
curve M S and curve MC.

Proof. Note that because of self-similarity, AC self-intersects if and only if there is a
self-intersection between two distinct children of AC .

Suppose the curve MC is not strictly below ray M S. This implies that curve MC
must intersect ray M S at some point besides M . Iterated applications of the rescaling
map bring this point arbitrarily close to M . Hence there is a curve descended from
curve MC having endpoint M whose other endpoint is arbitrarily close to M , and so
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it can be ensured that part of curve MC crosses line segment M S. As a result, there
must be an intersection between curves M S and MC .

Suppose the curve MC is strictly below ray M S (except of course at M). Recall
that curve ST is the primary child of AC adjacent to M S. By similarity, curve ST is
strictly above ray M S, and thus curve ST is separated from MC . All other children of
curve AC are strictly separated from curve MC by line M S. Furthermore, all primary
children of curve AC are pairwise disjoint, and thus if an intersection occurs, it must be
between curve M S and curve MC (or between the left counterparts of curve M S and
MC , but by the natural left-right symmetry of curve AC , it is unnecessary to search
both the left and right sides for intersection).

Using the rescaling map, Lemma 4.1 can be bettered. Instead of checking the whole
wedge, our focus can be restricted to a properly chosen trapezoid. In essence, this is
because iterated applications of the rescaling map cover the whole wedge. Before this
trapezoid can be introduced, however, some more machinery for approximating the
curve is needed.

In order to isolate parts of the snowflake domain from others, we circumscribe a
circle around the n − 1 primary children of each curve. Only some of the circles are
relevant to showing self-avoidance, and these are introduced here (see Figure 9).

• The circle ζ is associated to curve M S.
• The circle α is the largest between ζ and S; it is associated to the outer non-primary

child of M S.
• The circle α̃ is the rescaled image of α.
• The family of circles {ξn} is recursively defined by letting ξ1 be the circle associated

to curve MC and letting ξn+1 be the rescaled image of ξn.
• The family of circles {βn} is defined by letting βn be the largest circle between ξn

and ξn+1.

From the two infinite families of circles, only a few that are close to ζ will be
needed. So formally, let k be the natural number such that the horizontal coordinate
of the center of ζ is between the horizontal coordinates of the centers ξk and ξk+1.
Roughly speaking, the region around ζ is the critical region that needs to be checked
for intersection. To nail down the definition of this region we will cut up the wedge
using a family of lines. Let {lm}, with m ≥ k, be a family of lines recursively defined
by letting lm+1 be the rescaled image of lm and letting lk be chosen so that lk+1 separates
ζ and βk on the right from ξk+1 and α̃ on the left. This family of lines will not always
exist, so before using them for a particular value of c, it must be shown that they exist.

We are now able to define the critical trapezoid in which intersections need to be
checked. The trapezoid is the region of the plane bounded by line segments M S and
MC and lines lk and lk+1. This trapezoid was defined to contain the four circles ζ ,
ξk , α, and βk . To be able to demonstrate that M S and MC are disjoint, we will need
approximations that cover all of either curve in the trapezoid. However, these circles
alone do not cover all the portions of M S and MC inside the critical trapezoid. In
order to account for all parts of M S and MC , we define two strips, an upper one and a
lower one. Let the upper strip be the minimum constant-radius tubular neighborhood
of segment M S so that the union of the strip, α, and ζ contains the intersection of
curve M S with the critical trapezoid. Likewise, let the lower strip be the minimum
constant-radius tubular neighborhood of segment MC so that the union of the strip, ξk ,
and βk contains the intersection of curve MC with the critical trapezoid. Let μ be the
radius of the upper strip, and let λ be the radius of the lower strip.
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Lemma 4.2 collects the importance of the preceding definitions.

Lemma 4.2. If for a given c, the lines {lm} exist, and the upper objects are disjoint
from the lower, (i.e., α, ζ , and the upper strip are disjoint from ξk , βk , the lower strip)

then curve AC does not self-intersect.

Proof. Because the lines lk and lk+1 exist, the critical trapezoid, denoted T , exists.
Since the rescaling map takes lm to lm+1 for any m ≥ k, the iterated rescaled images
of T cover the entire wedge between M and lk . If the curves MC and M S intersect,
then the image of any intersection point under the rescaling map is also an intersection
point, and by iterating the rescaling map we get a sequence of intersection points that
converges to M . Thus, if the curves intersect then there is an intersection point in
the wedge between M and lk . Therefore, to determine whether or not MC and M S
intersect it suffices to check T for intersections, and by the definition of the upper and
lower strips, curve M S is disjoint from curve MC inside T . So by Lemma 4.1, the
curve AC does not self-intersect.

Thus, once the existence of lk has been shown, there are just a few distances that
need to be computed to show that the curve is self-avoiding. One method to demon-
strate the existence of lk is to explicitly look for lines having a particular direction. To
that end, choose M as origin of a cartesian coordinate system for the plane, and define
v to be the unit vector pointing along segment M S. This choice is arbitrary, and any
vector pointing between M S and MC would work.

Lemma 4.3. Define a function v∗ by x �→ x · v, using the standard inner product. The
line lk exists if

sup
x∈α̃

v∗(x) ≤ sup
x∈ξk+1

v∗(x) < inf
x∈ζ

v∗(x) ≤ inf
x∈βk

v∗(x).

Proof. Choose some y between supx∈ξk+1
v∗(x) and infx∈ζ v ∗ (x), and let lk+1 be de-

fined as the preimage of y under v∗.

All of these lemmas together give a method for checking that the curve is self-
avoiding. However, we also need a method for checking that the curve is self-
intersecting. The base segments of the primary children of a curve form all but one
side of a regular n-gon, and so inside this n-gon, we inscribe a circle. Note that this
inscribed circle is concentric with the outer approximation constructed earlier.

Lemma 4.4. If the inscribed circles associated to two curves overlap, then the von
Koch curve self-intersects.

Proof. If the inscribed circles overlap, then the domains that the two curves bound
overlap. Thus, the snowflake domain overlaps, which is equivalent to the von Koch
curve self-intersecting.

We now have the machinery to prove the main result.

Theorem 4.5. The set of c for which the (n, c)-von Koch curve is self-avoiding is not
in general an interval.
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Proof. We present numerical proof that when n is 14, the set of self-avoiding c is not
an interval. Formulae to compute these numerical results are provided in the appendix.
We will reason explicitly that when c = 0.037, the curve is self-avoiding, but when
c = 0.032, the curve self-intersects (see Figure 4). Thus, there is a self-avoiding value
of c that is disconnected from the interval of self-avoiding c near 0 (see Theorem 3.1).

Table 2. These values establish the existence of the {lm} for the
(14, 0.037)-von Koch curve.

supx∈α̃ v∗(x) supx∈ξk+1
v∗(x) infx∈ζ v∗(x) infx∈βk v∗(x)

0.014275 0.014828 0.015270 0.017055

For both of these values of c, the value of k is 4. Using this value of k, the distances
in Table 2 were computed for c = 0.037. They show that the criteria of Lemma 4.3 are
satisfied, and hence the critical trapezoid exists. Table 3 shows the minimal distances
between the upper objects and the lower objects. Note that the minimal distance be-
tween the upper strip and lower strip is along the line lk+1. For the value in Table 3, the
line lk+1 is chosen so that it bisects the v∗-distance between ξk+1 and ζ . These values
show that the upper objects are disjoint from the lower objects, and so by Lemma 4.2
the curve is self-avoiding when c = 0.037.

Table 3. Here, μ refers to the upper strip, and λ

refers to the lower strip.

β4 ξ4 λ

α 0.009066 0.000352 0.008323
ζ 0.000314 0.001038 0.001085
μ 0.005084 0.001600 0.004682

To show that the curve self-intersects when c = 0.032, we follow Lemma 4.4 and
compute the distance between the centers of ζ and ξ5 minus the sum of inscribed radii
of ζ and ξ5 as approximately −0.0003895. As the inscribed circles overlap, the von
Koch curve self-intersects when c = 0.032.

The methodology used here may also be used to show that the set of self-avoiding
c is not an interval for larger n. In Table 1, some values of n, c1, and c2 with c1 < c2

are given such that the (n, c)-von Koch curve can be shown to self-intersect when
c = c1 and can be shown to be self-avoiding at c = c2 using the machinery developed
here. While the set of self-avoiding c is not necessarily an interval, it is unknown how
complex the set might be. For example, a challenging open question is whether or not
the set of self-avoiding c can be written as a finite union of intervals.

The aid of computer tools has been indispensable in studying the von Koch curve.
Java software for exploring the fractal and generating figures (such as Figures 1 and 2)
is available on the MAA website [7].

APPENDIX. All the formulae for the computations are presented here. In what fol-
lows, the variable θ is the interior angle of a regular n-gon, which is given explicitly
by Formula (1) of Table 4.
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Table 4. These are all the formulae, besides the circle formulae in Table 5, required to employ Theorem 4.5.

The interior angle
of an n-gon

θ = (n − 2)π

n
(1)

The radius of a
circumscribed circle

R(c) = c

2

1 + c

1 − c
tan

(
θ

2

)
(2)

The height of the center
of a circle above its base

h(c) = c

2
tan

(
θ

2

)
(3)

The index of the ξ immediately
to the right of ζ

k =
⌊

ln [c (− cos θ + c tan(θ/2) sin θ)]

ln[(1 − c)(1/2)]
⌋

(4)

The thickness of
the upper strip

μ = c

(
1 − c

2

)
h(c) (5)

The thickness of
the lower strip

λ =
(

1 − c

2

)k+2

h(c) (6)

The radius R(c) of the circumscribed circle of a unit-base-length curve’s primary
children is given by Formula (2) of Table 4. This formula may be derived by analyzing
the relation between the radius of the minimal circle enclosing a von Koch curve’s
primary child and the minimal circle enclosing a primary child of a von Koch curve’s
primary child. The grandchild’s circle is tangent to and contained in the child’s circle.
Thus, by writing the radius of the circle enclosing the grandchild in two ways, the
following relation is derived:

cR(c) = R(c) − c

2
tan

(
θ

2

)
(1 + c).

This immediately yields the presented formula.
The distance h(c) from the center of the minimal circle to the base segment of a

unit-base-length curve is given by Formula (3) of Table 4. To derive this, note that this
minimal circle is concentric with the polygon formed by this curve’s primary children.

Furthermore, the inscibed circle of the bases of a curve’s primary children is also
concentric with these, and so the inscribed circle’s radius r(c) is the same of the height
of the center,

r(c) = h(c).

Recall that μ and λ are defined to be the radii of the upper and lower strips. They are
given as Formulae (5) and (6) of Table 4, and they can be computed presupposing the
existence of the critical trapezoid by making the following observations. It is straight-
forward to verifty that 1−c

2 (h(c) + R(c)) = h(c), from which relation it follows that
the circle associated to a non-primary child rises exactly as high as the center of its
parent’s primary n-gon. On curve M S, the next largest circle inside the critical trape-
zoid after α is a non-primary child of the curve that α approximates. On curve MC ,
the next largest circle inside the critical trapezoid after βk is a non-primary child of the
curve that βk approximates.

Recall that k is defined as the natural number such that the horizontal coordinate
of the center of ζ is between the horizontal coordinates of the centers ξk and ξk+1.
This definition translates into the following inequality, which can be derived from the
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Table 5. These are the relevant formulae for the circles shown to be disjoint. The origin for these formulae is
taken to be M .

Horizontal Coordinate Vertical Coordinate Radius

ξk

(
1 − c

2

)k 1

2

(
1 − c

2

)k

h(c)

(
1 − c

2

)k

R(c)

βk

(
1 − c

2

)k+1 (
3 + c

4

) (
1 − c

2

)k+2

h(c)

(
1 − c

2

)k+2

R(c)

ζ − c

2
cos(θ) + c sin(θ)h(c)

c

2
sin(θ) + c cos(θ)h(c) cR(c)

α
−c

4
(3 + c) cos(θ)

+ c

2
(1 − c) sin(θ)h(c)

c

4
(3 + c) sin(θ)

+ c

2
(1 − c) cos(θ)h(c)

c
1 − c

2
R(c)

formulae in Tables 5 and 4:

(
1 − c

2

)k+1

≤ c

(
− cos θ + c tan

(
θ

2

)
sin θ

)
≤

(
1 − c

2

)k

.

Solving this equation for k yields Formula (4).
The circle formulae in Table 5 can be deduced directly from their definitions. The

coordinates for the centers of α and ζ are easiest to deduce if they are first computed in
the rotated coordinate system where segment M S is rotated to be the negative direction
on the horizontal axis.
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Mathematics Is . . .

“Mathematics is much like the Mississippi. There are side-shoots and dead ends
and minor tributaries; but the mainstream is there, and you can find it where
the current—the mathematical power—is strongest. Its delta is research mathe-
matics: it is growing, it is going somewhere (but it may not always be apparent
where), and what today looks like a major channel may tomorrow clog up with
silt and be abandoned. Meanwhile a minor trickle may suddenly open out into
a roaring torrent. The best mathematics always enriches the mainstream, some-
times by diverting it in an entirely new direction.”

Ian Stewart, From Here to Infinity,
Oxford University Press, Oxford, 1996, p. 11.

—Submitted by Carl C. Gaither, Killeen, TX
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Nemirovski’s Inequalities Revisited

Lutz Dümbgen, Sara A. van de Geer, Mark C. Veraar,
and Jon A. Wellner

1. INTRODUCTION. Our starting point is the following well-known theorem from
probability: Let X1, . . . , Xn be independent random variables with finite second mo-
ments, and let Sn = ∑n

i=1 Xi . Then

Var(Sn) =
n∑

i=1

Var(Xi ). (1)

If we suppose that each Xi has mean zero, EXi = 0, then (1) becomes

ES2
n =

n∑

i=1

EX 2
i . (2)

This equality generalizes easily to vectors in a Hilbert space H with inner product
〈·, ·〉: If the Xi ’s are independent with values in H such that EXi = 0 and E‖Xi‖2 <

∞, then ‖Sn‖2 = 〈Sn, Sn〉 = ∑n
i, j=1〈Xi , X j 〉, and since E〈Xi , X j 〉 = 0 for i �= j by

independence,

E‖Sn‖2 =
n∑

i, j=1

E〈Xi , X j 〉 =
n∑

i=1

E‖Xi‖2. (3)

What happens if the Xi ’s take values in a (real) Banach space (B, ‖ · ‖)? In such
cases, in particular when the square of the norm ‖ · ‖ is not given by an inner product,
we are aiming at inequalities of the following type: Let X1, X2, . . . , Xn be indepen-
dent random vectors with values in (B, ‖ · ‖) with EXi = 0 and E‖Xi‖2 < ∞. With
Sn := ∑n

i=1 Xi we want to show that

E‖Sn‖2 ≤ K
n∑

i=1

E‖Xi‖2 (4)

for some constant K depending only on (B, ‖ · ‖).
For statistical applications, the case (B, ‖ · ‖) = �d

r := (Rd, ‖ · ‖r ) for some r ∈
[1, ∞] is of particular interest. Here the r -norm of a vector x ∈ R

d is defined as

‖x‖r :=

⎧
⎪⎪⎨
⎪⎪⎩

( d∑

j=1

|x j |r
)1/r

if 1 ≤ r < ∞,

max
1≤ j≤d

|x j | if r = ∞.

(5)

An obvious question is how the exponent r and the dimension d enter an inequality of
type (4). The influence of the dimension d is crucial, since current statistical research

doi:10.4169/000298910X476059
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often involves small or moderate “sample size” n (the number of independent units),
say on the order of 102 or 104, while the number d of items measured for each inde-
pendent unit is large, say on the order of 106 or 107. The following two examples for
the random vectors Xi provide lower bounds for the constant K in (4):

Example 1.1 (A lower bound in �d
r ). Let b1, b2, . . . , bd denote the standard basis of

R
d , and let ε1, ε2, . . . , εd be independent Rademacher variables, i.e., random variables

taking the values +1 and −1 each with probability 1/2. Define Xi := εi bi for 1 ≤ i ≤
n := d. Then EXi = 0, ‖Xi‖2

r = 1, and ‖Sn‖2
r = d2/r = d2/r−1

∑n
i=1 ‖Xi‖2

r . Thus any
candidate for K in (4) has to satisfy K ≥ d2/r−1.

Example 1.2 (A lower bound in �d
∞). Let X1, X2, X3, . . . be independent random

vectors, each uniformly distributed on {−1, 1}d . Then EXi = 0 and ‖Xi‖∞ = 1. On
the other hand, according to the Central Limit Theorem, n−1/2Sn converges in distribu-
tion as n → ∞ to a random vector Z = (Z j )

d
j=1 with independent, standard Gaussian

components, Z j ∼ N (0, 1). Hence

sup
n≥1

E‖Sn‖2
∞∑n

i=1 E‖Xi‖2∞
= sup

n≥1
E‖n−1/2Sn‖2

∞ ≥ E‖Z‖2
∞ = E max

1≤ j≤d
Z2

j .

But it is well known that max1≤ j≤d |Z j | −
√

2 log d →p 0 as d → ∞. Thus candidates
K (d) for the constant in (4) have to satisfy

lim inf
d→∞

K (d)

2 log d
≥ 1.

At least three different methods have been developed to prove inequalities of the
form given by (4). The three approaches known to us are:

(a) deterministic inequalities for norms;
(b) probabilistic methods for Banach spaces;
(c) empirical process methods.

Approach (a) was used by Nemirovski [14] to show that in the space �d
r with d ≥ 2,

inequality (4) holds with K = C min(r, log(d)) for some universal (but unspecified)
constant C . In view of Example 1.2, this constant has the correct order of magnitude if
r = ∞. For statistical applications see Greenshtein and Ritov [7]. Approach (b) uses
special moment inequalities from probability theory on Banach spaces which involve
nonrandom vectors in B and Rademacher variables as introduced in Example 1.1.
Empirical process theory (approach (c)) in general deals with sums of independent
random elements in infinite-dimensional Banach spaces. By means of chaining ar-
guments, metric entropies, and approximation arguments, “maximal inequalities” for
such random sums are built from basic inequalities for sums of independent random
variables or finite-dimensional random vectors, in particular, “exponential inequali-
ties”; see, e.g., Dudley [4], van der Vaart and Wellner [26], Pollard [21], de la Pena
and Giné [3], or van de Geer [25].

Our main goal in this paper is to compare the inequalities resulting from these dif-
ferent approaches and to refine or improve the constants K obtainable by each method.
The remainder of this paper is organized as follows: In Section 2 we review several de-
terministic inequalities for norms and, in particular, key arguments of Nemirovski [14].
Our exposition includes explicit and improved constants. While finishing the present
paper we became aware of yet unpublished work of Nemirovski [15] and Juditsky and
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Nemirovski [12] who also improved some inequalities of [14]. Rio [22] uses similar
methods in a different context. In Section 3 we present inequalities of type (4) which
follow from type and cotype inequalities developed in probability theory on Banach
spaces. In addition, we provide and utilize a new type inequality for the normed space
�d

∞. To do so we utilize, among other tools, exponential inequalities of Hoeffding [9]
and Pinelis [17]. In Section 4 we follow approach (c) and treat �d

∞ by means of a
truncation argument and Bernstein’s exponential inequality. Finally, in Section 5 we
compare the inequalities resulting from these three approaches. In that section we re-
lax the assumption that EXi = 0 for a more thorough understanding of the differences
between the three approaches. Most proofs are deferred to Section 6.

2. NEMIROVSKI’S APPROACH: DETERMINISTIC INEQUALITIES FOR
NORMS. In this section we review and refine inequalities of type (4) based on deter-
ministic inequalities for norms. The considerations for (B, ‖ · ‖) = �d

r follow closely
the arguments of [14].

2.1. Some Inequalities for R
d and the Norms ‖ · ‖r. Throughout this subsection let

B = R
d , equipped with one of the norms ‖ · ‖r defined in (5). For x ∈ R

d we think of
x as a column vector and write x for the corresponding row vector. Thus xx is a
d × d matrix with entries xi x j for i, j ∈ {1, . . . , d}.

A first solution. Recall that for any x ∈ R
d ,

‖x‖r ≤ ‖x‖q ≤ d1/q−1/r‖x‖r for 1 ≤ q < r ≤ ∞. (6)

Moreover, as mentioned before,

E‖Sn‖2
2 =

n∑

i=1

E‖Xi‖2
2.

Thus for 1 ≤ q < 2,

E‖Sn‖2
q ≤ (d1/q−1/2)2

E‖Sn‖2
2 = d2/q−1

n∑

i=1

E‖Xi‖2
2 ≤ d2/q−1

n∑

i=1

E‖Xi‖2
q ,

whereas for 2 < r ≤ ∞,

E‖Sn‖2
r ≤ E‖Sn‖2

2 =
n∑

i=1

E‖Xi‖2
2 ≤ d1−2/r

n∑

i=1

E‖Xi‖2
r .

Thus we may conclude that (4) holds with

K = K̃ (d, r) :=
{

d2/r−1 if 1 ≤ r ≤ 2,

d1−2/r if 2 ≤ r ≤ ∞.

Example 1.1 shows that this constant K̃ (d, r) is indeed optimal for 1 ≤ r ≤ 2.

A refinement for r > 2. In what follows we shall replace K̃ (d, r) = d1−2/r with
substantially smaller constants. The main ingredient is the following result:
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Lemma 2.1. For arbitrary fixed r ∈ [2, ∞) and x ∈ R
d \ {0} let

h(x) := 2‖x‖2−r
r

(|xi |r−2xi

)d

i=1

while h(0) := 0. Then for arbitrary x, y ∈ R
d ,

‖x‖2
r + h(x)y ≤ ‖x + y‖2

r ≤ ‖x‖2
r + h(x)y + (r − 1)‖y‖2

r .

[16] and [14] stated Lemma 2.1 with the factor r − 1 on the right side replaced with
Cr for some (absolute) constant C > 1. Lemma 2.1, which is a special case of the
more general Lemma 2.4 in the next subsection, may be applied to the partial sums
S0 := 0 and Sk := ∑k

i=1 Xi , 1 ≤ k ≤ n, to show that for 2 ≤ r < ∞,

E‖Sk‖2
r ≤ E

(‖Sk−1‖2
r + h(Sk−1)

 Xk + (r − 1)‖Xk‖2
r

)

= E‖Sk−1‖2
r + Eh(Sk−1)


EXk + (r − 1)E‖Xk‖2

r

= E‖Sk−1‖2
r + (r − 1)E‖Xk‖2

r ,

and inductively we obtain a second candidate for K in (4):

E‖Sn‖2
r ≤ (r − 1)

n∑

i=1

E‖Xi‖2
r for 2 ≤ r < ∞.

Finally, we apply (6) again: For 2 ≤ q ≤ r ≤ ∞ with q < ∞,

E‖Sn‖2
r ≤ E‖Sn‖2

q ≤ (q − 1)

n∑

i=1

E‖Xi‖2
q ≤ (q − 1)d2/q−2/r

n∑

i=1

E‖Xi‖2
r .

This inequality entails our first (q = 2) and second (q = r < ∞) preliminary result,
and we arrive at the following refinement:

Theorem 2.2. For arbitrary r ∈ [2, ∞],

E‖Sn‖2
r ≤ KNem(d, r)

n∑

i=1

E‖Xi‖2
r

with

KNem(d, r) := inf
q∈[2,r ]∩R

(q − 1)d2/q−2/r .

This constant KNem(d, r) satisfies the (in)equalities

KNem(d, r)

⎧
⎨
⎩

= d1−2/r if d ≤ 7
≤ r − 1
≤ 2e log d − e if d ≥ 3,

and

KNem(d, ∞) ≥ 2e log d − 3e.
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Corollary 2.3. In the case (B, ‖ · ‖) = �d
∞ with d ≥ 3, inequality (4) holds with con-

stant K = 2e log d − e. If the Xi ’s are also identically distributed, then

E‖n−1/2Sn‖2
∞ ≤ (2e log d − e)E‖X1‖2

∞.

Note that

lim
d→∞

KNem(d, ∞)

2 log d
= lim

d→∞
2e log d − e

2 log d
= e.

Thus Example 1.2 entails that for large dimension d, the constants KNem(d, ∞) and
2e log d − e are optimal up to a factor close to e

.= 2.7183.

2.2. Arbitrary Lr-spaces. Lemma 2.1 is a special case of a more general inequality:
Let (T , �, μ) be a σ -finite measure space, and for 1 ≤ r < ∞ let Lr (μ) be the set of
all measurable functions f : T → R with finite norm

‖ f ‖r :=
(∫

| f |r dμ
)1/r

,

where two such functions are viewed as equivalent if they coincide almost everywhere
with respect to μ. In what follows we investigate the functional

f �→ V ( f ) := ‖ f ‖2
r

on Lr (μ). Note that (Rd, ‖ · ‖r ) corresponds to (Lr (μ), ‖ · ‖r ) if we take T =
{1, 2, . . . , d} equipped with counting measure μ.

Note that V (·) is convex; thus for fixed f, g ∈ Lr (μ), the function

v(t) := V ( f + tg) = ‖ f + tg‖2
r , t ∈ R

is convex with derivative

v′(t) = v1−r/2(t)
∫

2| f + tg|r−2( f + tg)g dμ.

By convexity of v, the directional derivative DV ( f, g) := v′(0) satisfies

DV ( f, g) ≤ v(1) − v(0) = V ( f + g) − V ( f ).

This proves the lower bound in the following lemma. We will prove the upper bound
in Section 6 by computation of v′′ and application of Hölder’s inequality.

Lemma 2.4. Let r ≥ 2. Then for arbitrary f, g ∈ Lr (μ),

DV ( f, g) =
∫

h( f )g dμ with h( f ) := 2‖ f ‖2−r
r | f |r−2 f ∈ Lq(μ),

where q := r/(r − 1). Moreover,

V ( f ) + DV ( f, g) ≤ V ( f + g) ≤ V ( f ) + DV ( f, g) + (r − 1)V (g).
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Remark 2.5. The upper bound for V ( f + g) is sharp in the following sense: Suppose
that μ(T ) < ∞, and let f, go : T → R be measurable such that | f | ≡ |go| ≡ 1 and∫

f go dμ = 0. Then our proof of Lemma 2.4 reveals that

V ( f + tgo) − V ( f ) − DV ( f, tgo)

V (tgo)
→ r − 1 as t → 0.

Remark 2.6. If r = 2, Lemma 2.4 is well known and easily verified. Here the upper
bound for V ( f + g) is even an equality, i.e.,

V ( f + g) = V ( f ) + DV ( f, g) + V (g).

Remark 2.7. Lemma 2.4 improves on an inequality of [16]. After writing this paper
we realized Lemma 2.4 is also proved by Pinelis [18]; see his (2.2) and Proposition
2.1, page 1680.

Lemma 2.4 leads directly to the following result:

Corollary 2.8. In the case B = Lr (μ) for r ≥ 2, inequality (4) is satisfied with K =
r − 1.

2.3. A Connection to Geometrical Functional Analysis. For any Banach space
(B, ‖ · ‖) and Hilbert space (H, 〈·, ·〉, ‖ · ‖), their Banach-Mazur distance D(B, H) is
defined to be the infimum of

‖T ‖ · ‖T −1‖
over all linear isomorphisms T : B → H, where ‖T ‖ and ‖T −1‖ denote the usual
operator norms

‖T ‖ := sup
{‖T x‖ : x ∈ B, ‖x‖ ≤ 1

}
,

‖T −1‖ := sup
{‖T −1 y‖ : y ∈ H, ‖y‖ ≤ 1

}
.

(If no such bijection exists, one defines D(B, H) := ∞.) Given such a bijection T ,

E‖Sn‖2 ≤ ‖T −1‖2
E‖T Sn‖2

= ‖T −1‖2
n∑

i=1

E‖T Xi‖2

≤ ‖T −1‖2‖T ‖2
n∑

i=1

E‖Xi‖2.

This leads to the following observation:

Corollary 2.9. For any Banach space (B, ‖ · ‖) and any Hilbert space (H, 〈, ·, ·, 〉,
‖ · ‖) with finite Banach-Mazur distance D(B, H), inequality (4) is satisfied with K =
D(B, H)2.

A famous result from geometrical functional analysis is John’s theorem (see [24],
[11]) for finite-dimensional normed spaces. It entails that D(B, �

dim(B)

2 ) ≤ √
dim(B).

This entails the following fact:
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Corollary 2.10. For any normed space (B, ‖ · ‖) with finite dimension, inequality (4)

is satisfied with K = dim(B).

Note that Example 1.1 with r = 1 provides an example where the constant K =
dim(B) is optimal.

3. THE PROBABILISTIC APPROACH: TYPE AND
COTYPE INEQUALITIES.

3.1. Rademacher Type and Cotype Inequalities. Let {εi } denote a sequence of in-
dependent Rademacher random variables. Let 1 ≤ p < ∞. A Banach space B with
norm ‖ · ‖ is said to be of (Rademacher) type p if there is a constant Tp such that for
all finite sequences {xi } in B,

E

∥∥∥∥
n∑

i=1

εi xi

∥∥∥∥
p

≤ T p
p

n∑

i=1

‖xi‖p.

Similarly, for 1 ≤ q < ∞, B is of (Rademacher) cotype q if there is a constant Cq such
that for all finite sequences {xi } in B,

E

∥∥∥∥
n∑

i=1

εi xi

∥∥∥∥
q

≥ C−q
q

n∑

i=1

‖xi‖q .

Ledoux and Talagrand [13, p. 247] note that type and cotype properties appear as dual
notions: if a Banach space B is of type p, its dual space B

′ is of cotype q = p/(p − 1).
One of the basic results concerning Banach spaces with type p and cotype q is the

following proposition:

Proposition 3.1. [13, Proposition 9.11, p. 248]. If B is of type p ≥ 1 with constant
Tp, then

E‖Sn‖p ≤ (2Tp)
p

n∑

i=1

E‖Xi‖p.

If B is of cotype q ≥ 1 with constant Cq , then

E‖Sn‖q ≥ (2Cq)
−q

n∑

i=1

E‖Xi‖q .

As shown in [13, p. 27], the Banach space Lr (μ) with 1 ≤ r < ∞ (cf. Section 2.2)
is of type min(r, 2). Similarly, Lr (μ) is cotype max(r, 2). If r ≥ 2 = p, explicit values
for the constant Tp in Proposition 3.1 can be obtained from the optimal constants in
Khintchine’s inequalities due to Haagerup [8].

Lemma 3.2. For 2 ≤ r < ∞, the space Lr (μ) is of type 2 with constant T2 = Br ,
where

Br := 21/2

(
�((r + 1)/2)√

π

)1/r

.
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Corollary 3.3. For B = Lr (μ), 2 ≤ r < ∞, inequality (4) is satisfied with K = 4B2
r .

Note that B2 = 1 and

Br√
r

→ 1√
e

as r → ∞.

Thus for large values of r , the conclusion of Corollary 3.3 is weaker than that of
Corollary 2.8.

3.2. The Space �d
∞. The preceding results apply only to r < ∞, so the special space

�d
∞ requires different arguments. First we deduce a new type inequality based on

Hoeffding’s [9] exponential inequality: if ε1, ε2, . . . , εn are independent Rademacher
random variables, a1, a2, . . . , an are real numbers, and v2 := ∑n

i=1 a2
i , then the tail

probabilities of the random variable
∣∣∑n

i=1 aiεi

∣∣ may be bounded as follows:

P

(∣∣∣∣
n∑

i=1

aiεi

∣∣∣∣ ≥ z

)
≤ 2 exp

(
− z2

2v2

)
, z ≥ 0. (7)

At the heart of these tail bounds is the following exponential moment bound:

E exp

(
t

n∑

i=1

aiεi

)
≤ exp(t2v2/2), t ∈ R. (8)

From the latter bound we shall deduce the following type inequality in Section 6:

Lemma 3.4. The space �d
∞ is of type 2 with constant

√
2 log(2d).

Using this upper bound together with Proposition 3.1 yields another Nemirovski-
type inequality:

Corollary 3.5. For (B, ‖ · ‖) = �d
∞, inequality (4) is satisfied with K = KType2(d, ∞)

= 8 log(2d).

Refinements. Let T2(�
d
∞) be the optimal type-2 constant for the space �d

∞. So far we
know that T2(�

d
∞) ≤ √

2 log(2d). Moreover, by a modification of Example 1.2 one can
show that

T2(�
d
∞) ≥ cd :=

√
E max

1≤ j≤d
Z2

j . (9)

The constants cd can be expressed or bounded in terms of the distribution function �

of N (0, 1), i.e., �(z) = ∫ z
−∞ φ(x) dx with φ(x) = exp(−x2/2)/

√
2π . Namely, with

W := max1≤ j≤d |Z j |,

c2
d = E(W 2) = E

∫ ∞

0
2t1[t≤W ] dt =

∫ ∞

0
2tP(W ≥ t) dt,

and for any t > 0,

P(W ≥ t)

{
= 1 − P(W < t) = 1 − P(|Z1| < t)d = 1 − (2�(t) − 1)d ,

≤ dP(|Z1| ≥ t) = 2d(1 − �(t)).
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These considerations and various bounds for � will allow us to derive explicit bounds
for cd .

On the other hand, Hoeffding’s inequality (7) has been refined by Pinelis [17, 20]
as follows:

P

(∣∣∣∣
n∑

i=1

aiεi

∣∣∣∣ ≥ z

)
≤ 2K (1 − �(z/v)), z > 0, (10)

where K satisfies 3.18 ≤ K ≤ 3.22. This will be the main ingredient for refined upper
bounds for T2(�

d
∞). The next lemma summarizes our findings:

Lemma 3.6. The constants cd and T2(�
d
∞) satisfy the following inequalities:

√
2 log d + h1(d) ≤ cd ≤

⎧
⎪⎪⎨
⎪⎪⎩

T2(�
d
∞) ≤ √

2 log d + h2(d), d ≥ 1
√

2 log d, d ≥ 3
√

2 log d + h3(d), d ≥ 1

(11)

where h2(d) ≤ 3, h2(d) becomes negative for d > 4.13795 × 1010, h3(d) becomes
negative for d ≥ 14, and h j (d) ∼ − log log d as d → ∞ for j = 1, 2, 3.

In particular, one could replace KType2(d, ∞) in Corollary 3.5 with 8 log d +
4h2(d).

4. THE EMPIRICAL PROCESS APPROACH: TRUNCATION AND BERN-
STEIN’S INEQUALITY. An alternative to Hoeffding’s exponential tail inequality
(7) is a classical exponential bound due to Bernstein (see, e.g., [2]): Let Y1, Y2, . . . , Yn

be independent random variables with mean zero such that |Yi | ≤ κ . Then for
v2 = ∑n

i=1 Var(Yi ),

P

(∣∣∣
n∑

i=1

Yi

∣∣∣ ≥ x

)
≤ 2 exp

(
− x2

2(v2 + κx/3)

)
, x > 0. (12)

We will not use this inequality itself but rather an exponential moment inequality un-
derlying its proof:

Lemma 4.1. For L > 0 define

e(L) := exp(1/L) − 1 − 1/L .

Let Y be a random variable with mean zero and variance σ 2 such that |Y | ≤ κ . Then
for any L > 0,

E exp
( Y

κL

)
≤ 1 + σ 2e(L)

κ2
≤ exp

(σ 2e(L)

κ2

)
.

With the latter exponential moment bound we can prove a moment inequality for
random vectors in R

d with bounded components:
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Lemma 4.2. Suppose that Xi = (Xi, j)
d
j=1 satisfies ‖Xi‖∞ ≤ κ , and let � be an upper

bound for max1≤ j≤d
∑n

i=1 Var(Xi, j ). Then for any L > 0,

√
E‖Sn‖2∞ ≤ κL log(2d) + �L e(L)

κ
.

Now we return to our general random vectors Xi ∈ R
d with mean zero and

E‖Xi‖2
∞ < ∞. They are split into two random vectors via truncation: Xi = X (a)

i +
X (b)

i with

X (a)

i := 1[‖Xi ‖∞≤κo] Xi and X (b)

i := 1[‖Xi ‖∞>κo] Xi

for some constant κo > 0 to be specified later. Then we write Sn = An + Bn with the
centered random sums

An :=
n∑

i=1

(
X (a)

i − EX (a)

i

)
and Bn :=

n∑

i=1

(
X (b)

i − EX (b)

i

)
.

The sum An involves centered random vectors in [−2κo, 2κo]d and will be treated by
means of Lemma 4.2, while Bn will be bounded with elementary methods. Choosing
the threshold κ and the parameter L carefully yields the following theorem.

Theorem 4.3. In the case (B, ‖ · ‖) = �d
∞ for some d ≥ 1, inequality (4) holds with

K = KTrBern(d, ∞) := (
1 + 3.46

√
log(2d)

)2
.

If each of the random vectors Xi is symmetrically distributed around 0, one may even
set

K = K (symm)

TrBern (d, ∞) = (
1 + 2.9

√
log(2d)

)2
.

5. COMPARISONS. In this section we compare the three approaches just described
for the space �d

∞. As to the random vectors Xi , we broaden our point of view and
consider three different cases:

General case: The random vectors Xi are independent with E‖Xi‖2
∞ < ∞ for all i .

Centered case: In addition, EXi = 0 for all i .
Symmetric case: In addition, Xi is symmetrically distributed around 0 for all i .

In view of the general case, we reformulate inequality (4) as follows:

E‖Sn − ESn‖2
∞ ≤ K

n∑

i=1

E‖Xi‖2
∞. (13)

One reason for this extension is that in some applications, particularly in connection
with empirical processes, it is easier and more natural to work with uncentered sum-
mands Xi . Let us discuss briefly the consequences of this extension in the three frame-
works:
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Nemirovski’s approach. Between the centered and symmetric cases there is no dif-
ference. If (4) holds in the centered case for some K , then in the general case

E‖Sn − ESn‖2
∞ ≤ K

n∑

i=1

E‖Xi − EXi‖2
∞ ≤ 4K

n∑

i=1

E‖Xi‖2
∞.

The latter inequality follows from the general fact that

E‖Y − EY‖2 ≤ E
(
(‖Y‖ + ‖EY‖)2

) ≤ 2E‖Y‖2 + 2‖EY‖2 ≤ 4E‖Y‖2.

This looks rather crude at first glance, but in the case of the maximum norm and high
dimension d, the factor 4 cannot be reduced. For let Y ∈ R

d have independent compo-
nents Y1, . . . , Yd ∈ {−1, 1} with P(Y j = 1) = 1 − P(Y j = −1) = p ∈ [1/2, 1). Then
‖Y‖∞ ≡ 1, while EY = (2p − 1)d

j=1 and

‖Y − EY‖∞ =
{

2(1 − p) if Y1 = · · · = Yd = 1,

2p otherwise.

Hence

E‖Y − EY‖2
∞

E‖Y‖2∞
= 4

(
(1 − p)2 pd + p2(1 − pd)

)
.

If we set p = 1 − d−1/2 for d ≥ 4, then this ratio converges to 4 as d → ∞.

The approach via Rademacher type-2 inequalities. The first part of Proposition 3.1,
involving the Rademacher type constant Tp, remains valid if we drop the assumption
that EXi = 0 and replace Sn with Sn − ESn . Thus there is no difference between the
general and centered cases. In the symmetric case, however, the factor 2p in Propo-
sition 3.1 becomes superfluous. Thus, if (4) holds with a certain constant K in the
general and centered cases, we may replace K with K/4 in the symmetric case.

The approach via truncation and Bernstein’s inequality. Our proof for the cen-
tered case does not utilize that EXi = 0, so again there is no difference between the
centered and general cases. However, in the symmetric case, the truncated random
vectors 1{‖Xi‖∞ ≤ κ}Xi and 1{‖Xi‖∞ > κ}Xi are centered, too, which leads to the
substantially smaller constant K in Theorem 4.3.

Summaries and comparisons. Table 1 summarizes the constants K = K (d, ∞) we
have found so far by the three different methods and for the three different cases.
Table 2 contains the corresponding limits

K ∗ := lim
d→∞

K (d, ∞)

log d
.

Interestingly, there is no global winner among the three methods. But for the centered
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Table 1. The different constants K (d,∞).

General case Centered case Symmetric case

Nemirovski 8e log d − 4e 2e log d − e 2e log d − e

Type-2 inequalities 8 log(2d) 8 log(2d) 2 log(2d)

8 log d + 4h2(d) 8 log d + 4h2(d) 2 log d + h2(d)

Truncation/Bernstein
(
1 + 3.46

√
log(2d)

)2 (
1 + 3.46

√
log(2d)

)2 (
1 + 2.9

√
log(2d)

)2

Table 2. The different limits K ∗.

General case Centered case Symmetric case

Nemirovski 8e
.= 21.7463 2e

.= 5.4366 2e
.= 5.4366

Type-2 inequalities 8.0 8.0 2.0

Truncation/Bernstein 3.462 = 11.9716 3.462 = 11.9716 2.92 = 8.41

case, Nemirovski’s approach yields asymptotically the smallest constants. In particu-
lar,

lim
d→∞

KTrBern(d, ∞)

KNem(d, ∞)
= 3.462

2e
.= 2.20205,

lim
d→∞

KType2(d, ∞)

KNem(d, ∞)
= 4

e
.= 1.47152,

lim
d→∞

KTrBern(d, ∞)

KType2(d, ∞)
= 3.462

8
.= 1.49645.

The conclusion at this point seems to be that Nemirovski’s approach and the type 2
inequalities yield better constants than Bernstein’s inequality and truncation. Figure 1
shows the constants K (d, ∞) for the centered case over a certain range of dimen-
sions d.

0 200 400 600 800 1000

20

40

60

80

100

120

Figure 1. Comparison of K (d,∞) obtained via the three proof methods: Medium dashing (bottom) = Ne-
mirovski; Small and tiny dashing (middle) = type 2 inequalities; Large dashing (top) = truncation and Bern-
stein inequality.
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6. PROOFS.

6.1. Proofs for Section 2.

Proof of (6). In the case r = ∞, the asserted inequalities read

‖x‖∞ ≤ ‖x‖q ≤ d1/q‖x‖∞ for 1 ≤ q < ∞
and are rather obvious. For 1 ≤ q < r < ∞, (6) is an easy consequence of Hölder’s
inequality.

Proof of Lemma 2.4. In the case r = 2, V ( f + g) is equal to V ( f ) + DV ( f, g) +
V (g). If r ≥ 2 and ‖ f ‖r = 0, both DV ( f, g) and

∫
h( f )g dμ are equal to zero, and

the asserted inequalities reduce to the trivial statement that V (g) ≤ (r − 1)V (g). Thus
let us restrict our attention to the case r > 2 and ‖ f ‖r > 0.

Note first that the mapping

R � t �→ ht := | f + tg|r

is pointwise twice continuously differentiable with derivatives

ḣt = r | f + tg|r−1sign( f + tg)g = r | f + tg|r−2( f + tg)g,

ḧt = r(r − 1)| f + tg|r−2g2.

By means of the inequality |x + y|b ≤ 2b−1
(|x |b + |y|b) for real numbers x , y and b ≥

1, a consequence of Jensen’s inequality, we can conclude that for any bound to > 0,

max
|t |≤to

|ḣt | ≤ r2r−2
(| f |r−1|g| + tr−1

o |g|r),

max
|t |≤to

|ḧt | ≤ r(r − 1)2r−3
(| f |r−2|g|2 + tr−2

o |g|r).

The latter two envelope functions belong to L1(μ). This follows from Hölder’s in-
equality which we rephrase for our purposes in the form

∫
| f |(1−λ)r |g|λr dμ ≤ ‖ f ‖(1−λ)r

r ‖g‖λr
r for 0 ≤ λ ≤ 1. (14)

Hence we may conclude via dominated convergence that

t �→ ṽ(t) := ‖ f + tg‖r
r

is twice continuously differentiable with derivatives

ṽ′(t) = r
∫

| f + tg|r−2( f + tg)g dμ,

ṽ′′(t) = r(r − 1)

∫
| f + tg|r−2g2 dμ.

This entails that

t �→ v(t) := V ( f + tg) = ṽ(t)2/r
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is continuously differentiable with derivative

v′(t) = (2/r)ṽ(t)2/r−1ṽ′(t) = ṽ2/r−1(t)
∫

h( f + tg)g dμ.

For t = 0 this entails the asserted expression for DV ( f, g). Moreover, v(t) is twice
continuously differentiable on the set {t ∈ R : ‖ f + tg‖r > 0} which equals either R

or R \ {to} for some to �= 0. On this set the second derivative equals

v′′(t) = (2/r)ṽ(t)2/r−1ṽ′′(t) + (2/r)(2/r − 1)ṽ(t)2/r−2ṽ′(t)2

= 2(r − 1)

∫ | f + tg|r−2

‖ f + tg‖r−2
r

g2 dμ − 2(r − 2)

(∫ | f + tg|r−2( f + tg)

‖ f + tg‖r−1
r

g dμ

)2

≤ 2(r − 1)

∫ ∣∣∣∣
f + tg

‖ f + tg‖r

∣∣∣∣
r−2

|g|2 dμ

≤ 2(r − 1)‖g‖2
r = 2(r − 1)V (g)

by virtue of Hölder’s inequality (14) with λ = 2/r . Consequently, by using

v′(t) − v′(0) =
∫ t

0
v′′(s) ds ≤ 2(r − 1)V (g)t,

we find that

V ( f + g) − V ( f ) − DV ( f, g)

= v(1) − v(0) − v′(0) =
∫ 1

0
(v′(t) − v′(0)) dt

≤ 2(r − 1)V (g)

∫ 1

0
t dt = (r − 1)V (g).

Proof of Theorem 2.2. The first part is an immediate consequence of the considera-
tions preceding the theorem. It remains to prove the (in)equalities and expansion for
KNem(d, r). Note that KNem(d, r) is the infimum of h(q)d−2/r over all real q ∈ [2, r ],
where h(q) := (q − 1)d2/q satisfies the equation

h′(q) = d2/q

q2

(
(q − log d)2 − (log d − 2) log d

)
.

Since 7 < e2 < 8, this shows that h is strictly increasing on [2, ∞) if d ≤ 7. Hence

KNem(d, r) = h(2)d−2/r = d1−2/r if d ≤ 7.

For d ≥ 8, one can easily show that log d −√
(log d − 2) log d < 2, so that h is strictly

decreasing on [2, rd] and strictly increasing on [rd , ∞), where

rd := log d +√
(log d − 2) log d

{
< 2 log d,

> 2 log d − 2.
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Thus for d ≥ 8,

KNem(d, r) =
{

h(r)d−2/r = r − 1 < 2 log d − 1 if r ≤ rd ,

h(rd)d−2/r ≤ h(2 log d) = 2e log d − e if r ≥ rd .

Moreover, one can verify numerically that KNem(d, r) ≤ d ≤ 2e log d − e for 3 ≤
d ≤ 7.

Finally, for d ≥ 8, the inequalities r ′
d := 2 log d − 2 < rd < r ′′

d := 2 log d yield

KNem(d, ∞) = h(rd) ≥ (r ′
d − 1)d2/r ′′

d = 2e log d − 3e,

and for 1 ≤ d ≤ 7, the inequality d = KNem(d, ∞) ≥ 2e log(d) − 3e is easily verified.

6.2. Proofs for Section 3.

Proof of Lemma 3.2. The following proof is standard; see, e.g., [1, p. 160], [13, p.
247]. Let x1, . . . , xn be fixed functions in Lr (μ). Then by [8], for any t ∈ T ,

{
E

∣∣∣∣
n∑

i=1

εi xi (t)

∣∣∣∣
r}1/r

≤ Br

( n∑

i=1

|xi (t)|2
)1/2

. (15)

To use inequality (15) for finding an upper bound for the type constant for Lr , rewrite
it as

E

∣∣∣∣
n∑

i=1

εi xi (t)

∣∣∣∣
r

≤ Br
r

( n∑

i=1

|xi (t)|2
)r/2

.

It follows from Fubini’s theorem and the previous inequality that

E

∥∥∥∥
n∑

i=1

εi xi

∥∥∥∥
r

r

= E

∫ ∣∣∣∣
n∑

i=1

εi xi (t)

∣∣∣∣
r

dμ(t)

=
∫

E

∣∣∣∣
n∑

i=1

εi xi (t)

∣∣∣∣
r

dμ(t)

≤ Br
r

∫ ( n∑

i=1

|xi (t)|2
)r/2

dμ(t).

Using the triangle inequality (or Minkowski’s inequality), we obtain

{
E

∥∥∥∥
n∑

i=1

εi xi

∥∥∥∥
r

r

}2/r

≤ B2
r

{∫ ( n∑

i=1

|xi (t)|2
)r/2

dμ(t)

}2/r

≤ B2
r

n∑

i=1

(∫
|xi (t)|r dμ(t)

)2/r

= B2
r

n∑

i=1

‖xi‖2
r .
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Furthermore, since g(v) = v2/r is a concave function of v ≥ 0, the last display implies
that

E

∥∥∥∥
n∑

i=1

εi xi

∥∥∥∥
2

r

≤
{

E

∥∥∥∥
n∑

i=1

εi xi

∥∥∥∥
r

r

}2/r

≤ B2
r

n∑

i=1

‖xi‖2
r .

Proof of Lemma 3.4. For 1 ≤ i ≤ n let xi = (xim)d
m=1 be an arbitrary fixed vector in

R
d , and set S := ∑n

i=1 εi xi . Further let Sm be the mth component of S with variance
v2

m := ∑n
i=1 x2

im , and define v2 := max1≤m≤d v2
m , which is not greater than

∑n
i=1 ‖xi‖2

∞.
It suffices to show that

E‖S‖2
∞ ≤ 2 log(2d)v2.

To this end note first that h : [0, ∞) → [1, ∞) with

h(t) := cosh(t1/2) =
∞∑

k=0

t k

(2k)!

is bijective, increasing, and convex. Hence its inverse function h−1 : [1, ∞) → [0, ∞)

is increasing and concave, and one easily verifies that

h−1(s) = (
log(s + (s2 − 1)1/2)

)2 ≤ (log(2s))2.

Thus it follows from Jensen’s inequality that for arbitrary t > 0,

E‖S‖2
∞ = t−2

Eh−1
(
cosh(‖t S‖∞)

) ≤ t−2h−1
(
E cosh(‖t S‖∞)

)

≤ t−2
(
log
(
2E cosh(‖t S‖∞)

))2
.

Moreover,

E cosh(‖t S‖∞) = E max
1≤m≤d

cosh(t Sm) ≤
d∑

m=1

E cosh(t Sm) ≤ d exp(t2v2/2),

according to (8), whence

E‖S‖2
∞ ≤ t−2 log

(
2d exp(t2v2/2)

)2 = (
log(2d)/t + tv2/2

)2
.

Now the assertion follows if we set t = √
2 log(2d)/v2.

Proof of (9). We may replace the random sequence {Xi } in Example 1.2 with the ran-
dom sequence {εi Xi }, where {εi } is a Rademacher sequence independent of {Xi }.
Thereafter we condition on {Xi }, i.e., we view it as a deterministic sequence such
that n−1

∑n
i=1 Xi X

i converges to the identity matrix Id as n → ∞, by the strong law
of large numbers. Now Lindeberg’s version of the multivariate Central Limit Theorem
shows that

sup
n≥1

E
∥∥∑n

i=1 εi Xi

∥∥2

∞∑n
i=1 ‖Xi‖2∞

≥ sup
n≥1

E

∥∥∥∥n−1/2
n∑

i=1

εi Xi

∥∥∥∥
2

∞
≥ c2

d .
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Inequalities for Φ. The subsequent results will rely on (10) and several inequalities
for 1 − �(z). The first of these is:

1 − �(z) ≤ z−1φ(z), z > 0, (16)

which is known as Mills’ ratio; see [6] and [19] for related results. The proof of this
upper bound is easy: since φ′(z) = −zφ(z) it follows that

1 − �(z) =
∫ ∞

z
φ(t) dt ≤

∫ ∞

z

t

z
φ(t) dt = −1

z

∫ ∞

z
φ′(t) dt = φ(z)

z
. (17)

A very useful pair of upper and lower bounds for 1 − �(z) is as follows:

2

z + √
z2 + 4

φ(z) ≤ 1 − �(z) ≤ 4

3z + √
z2 + 8

φ(z), z > −1; (18)

the inequality on the left is due to Komatsu (see, e.g., [10, p. 17]), while the inequality
on the right is an improvement of an earlier result of Komatsu due to Szarek and
Werner [23].

Proof of Lemma 3.6. To prove the upper bound for T2(�
d
∞), let (εi )i≥1 be a Rade-

macher sequence. With S and Sm as in the proof of Lemma 3.4, for any δ > 0 we
may write

E‖S‖2
∞ =

∫ ∞

0
2tP

(
sup

1≤m≤d
|Sm | > t

)
dt

≤ δ2 +
∫ ∞

δ

2tP

(
sup

1≤m≤d
|Sm| > t

)
dt

≤ δ2 +
d∑

m=1

∫ ∞

δ

2tP
(|Sm | > t

)
dt.

Now by (10) with v2 and v2
m as in the proof of Lemma 3.4, followed by Mills’ ratio

(16),
∫ ∞

δ

2tP(|Sm | > t) dt ≤
∫ ∞

δ

4Kvm√
2π t

te−t2/(2v2
m ) dt

= 4Kvm√
2π

∫ ∞

δ

e−t2/(2v2
m ) dt = 4Kv2

m

∫ ∞

δ

e−t2/(2v2
m )

√
2πvm

dt

= 4Kv2
m(1 − �(δ/vm)) ≤ 4Kv2(1 − �(δ/v)). (19)

Now instead of the Mills’ ratio bound (16) for the tail of the normal distribution, we
use the upper bound part of (18). This yields

∫ ∞

δ

2tP(|Sm| > t) dt ≤ 4Kv2(1 − �(δ/v)) ≤ 4cv2

3δ/v +√
δ2/v2 + 8

e−δ2/(2v2),

where we have defined c := 4K/
√

2π = 12.88/
√

2π , and hence

E‖S‖2 ≤ δ2 + 4cdv2

3δ/v +√
δ2/v2 + 8

e−δ2/(2v2).
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Taking

δ2 = v22 log

(
cd/2√

2 log(cd/2)

)

gives

E‖S‖2 ≤ v2

⎧
⎨
⎩2 log d + 2 log(c/2) − log(2 log(dc/2))

+ 8
√

2 log(cd/2)

3
√

2 log
(

cd

2
√

2 log(cd/2)

)
+
√

2 log
(

cd

2
√

2 log(cd/2)

)
+ 8

⎫
⎬
⎭

=: v2
{
2 log d + h2(d)

}

where it is easily checked that h2(d) ≤ 3 for all d ≥ 1. Moreover h2(d) is negative for
d > 4.13795 × 1010. This completes the proof of the upper bound in (11).

To prove the lower bound for cd in (11), we use the lower bound of [13, Lemma
6.9, p. 157] (which is, in this form, due to Giné and Zinn [5]). This yields

c2
d ≥ λ

1 + λ
t2
o + 1

1 + λ
d
∫ ∞

to

4t (1 − �(t)) dt (20)

for any to > 0, where λ = 2d(1 − �(to)). By using Komatsu’s lower bound (18), we
find that

∫ ∞

to

t (1 − �(t)) dt ≥
∫ ∞

to

2t

t + √
t2 + 4

φ(t) dt

≥ 2to

to +√
t2
o + 4

∫ ∞

to

φ(t) dt

= 2

1 +√
1 + 4/t2

o

(1 − �(to)).

Using this lower bound in (20) yields

c2
d ≥ λ

1 + λ
t2
o + 1

1 + λ
d

8

1 +√
1 + 4/t2

o

(1 − �(to))

= 2d(1 − �(to))

1 + 2d(1 − �(to))

{
t2
o + 4

1 +√
1 + 4/t2

o

}

≥
4d

to+
√

t2
o +4

φ(to)

1 + 4d

to+
√

t2
o +4

φ(to)

{
t2
o + 4

1 +√
1 + 4/t2

o

}
. (21)

Now we let c ≡ √
2/π and δ > 0 and choose

t2
o = 2 log

(
cd

(2 log(cd))(1+δ)/2

)
.
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For this choice we see that to → ∞ as d → ∞,

4dφ(to) = 2d√
2π

· (2 log(cd))(1+δ)/2

cd
= 2(2 log(cd))(1+δ)/2,

and

4dφ(to)

to
= 2(2 log(cd))(1+δ)/2

{2 log(cd/(2 log(cd))(1+δ)/2)}1/2
→ ∞

as d → ∞, so the first term on the right-hand side of (21) converges to 1 as d → ∞,
and it can be rewritten as

Ad

{
t2
o + 4

1 +√
1 + 4/t2

o

}

= Ad

{
2 log

(
cd

(2 log(cd))(1+δ)/2

)
+ 4

1 +√
1 + 4/t2

o

}

∼ 1 · {2 log d + 2 log c − (1 + δ) log(2 log(cd)) + 2
}
.

To prove the upper bounds for cd , we will use the upper bound of [13, Lemma 6.9,
p. 157] (which is, in this form, due to Giné and Zinn [5]). For every to > 0

c2
d ≡ E max

1≤ j≤d
|Z j |2 ≤ t2

o + d
∫ ∞

to

2t P(|Z1| > t) dt

= t2
o + 4d

∫ ∞

to

t (1 − �(t)) dt

≤ t2
o + 4d

∫ ∞

to

φ(t) dt (by Mills’ ratio)

= t2
o + 4d(1 − �(to)).

Evaluating this bound at to =
√

2 log(d/
√

2π) and then using Mills’ ratio again yields

c2
d ≤ 2 log

(
d/

√
2π
)+ 4d

(
1 − �

(√
2 log

(
d/

√
2π
)))

≤ 2 log d − 2
1

2
log(2π) + 4d

φ

(√
2 log

(
d/

√
2π
))

√
2 log

(
d/

√
2π
)

= 2 log d − log(2π) + 2
√

2√
log
(
d/

√
2π
) (22)

≤ 2 log d,

where the last inequality holds if

2
√

2√
log
(
d/

√
2π
) ≤ log(2π),
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or equivalently if

log d ≥ 8

(log(2π))2
+ log(2π)

2
= 3.28735 . . . ,

and hence if d ≥ 27 > e3.28735... .= 26.77. The claimed inequality is easily verified
numerically for d = 3, . . . , 26. (It fails for d = 2.) As can be seen from (22), 2 log d −
log(2π) gives a reasonable approximation to E max1≤ j≤d Z2

j for large d. Using the
upper bound in (18) instead of the second application of Mills’ ratio and choosing
t2
o = 2 log(cd/

√
2 log(cd)) with c := √

2/π yields the third bound for cd in (11) with

h3(d) = − log(π) − log(log(cd))

+ 8

3
√

1 − log(2 log(cd))

2 log(cd)
+
√

1 − log(2 log(cd))

2 log(cd)
+ 4

log(cd)

.

6.3. Proofs for Section 4.

Proof of Lemma 4.1. It follows from EY = 0, the Taylor expansion of the exponential
function, and the inequality E|Y |m ≤ σ 2κm−2 for m ≥ 2 that

E exp

(
Y

κL

)
= 1 + E

{
exp

(
Y

κL

)
− 1 − Y

κL

}

≤ 1 +
∞∑

m=2

1

m!
E|Y |m
(κL)m

≤ 1 + σ 2

κ2

∞∑

m=2

1

m!
1

Lm
= 1 + σ 2e(L)

κ2
.

Proof of Lemma 4.2. Applying Lemma 4.1 to the j th components Xi, j of Xi and Sn, j

of Sn yields for all L > 0,

E exp

(±Sn, j

κL

)
=

n∏

i=1

E exp

(±Xi, j

κL

)
≤

n∏

i=1

exp

(
Var(Xi, j)e(L)

κ2

)
≤ exp

(
�e(L)

κ2

)
.

Hence

E cosh

(‖Sn‖∞
κL

)
= E max

1≤ j≤d
cosh

(
Sn, j

κL

)
≤

d∑

j=1

E cosh

(
Sn, j

κL

)
≤ d exp

(
�e(L)

κ2

)
.

As in the proof of Lemma 3.4 we conclude that

E‖Sn‖2
∞ ≤ (κL)2

(
log

(
2E cosh

(‖Sn‖∞
κL

)))2

≤ (κL)2

(
log(2d) + �e(L)

κ2

)2

=
(

κL log(2d) + �L e(L)

κ

)2

,

which is equivalent to the inequality stated in the lemma.
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Proof of Theorem 4.3. For fixed κo > 0 we split Sn into An + Bn as described before.
Let us bound the sum Bn first: For this term we have

‖Bn‖∞ ≤
n∑

i=1

{
1[‖Xi ‖∞>κo]‖Xi‖∞ + E(1[‖Xi ‖∞>κo]‖Xi‖∞)

}

=
n∑

i=1

{
1[‖Xi ‖∞>κo]‖Xi‖∞ − E(1[‖Xi ‖∞>κo]‖Xi‖∞)

}

+ 2
n∑

i=1

E(1[‖Xi ‖∞>κo]‖Xi‖∞)

=: Bn1 + Bn2.

Therefore, since EBn1 = 0,

E‖Bn‖2
∞ ≤ E(Bn1 + Bn2)

2 = EB2
n1 + B2

n2

=
n∑

i=1

Var
(
1[‖Xi ‖∞>κo]‖Xi‖∞

)+ 4

( n∑

i=1

E(‖Xi‖∞1[‖Xi ‖∞>κo])
)2

≤
n∑

i=1

E‖Xi‖2
∞ + 4

( n∑

i=1

E‖Xi‖2
∞

κo

)2

= � + 4
�2

κ2
o

,

where we define � := ∑n
i=1 E‖Xi‖2

∞.
The first sum, An , may be bounded by means of Lemma 4.2 with κ = 2κo, utilizing

the bound

Var(X (a)

i, j ) = Var
(
1[‖Xi ‖∞≤κo] Xi, j

) ≤ E
(
1[‖Xi ‖∞≤κo] X 2

i, j

) ≤ E‖Xi‖2
∞.

Thus

E‖An‖2
∞ ≤

(
2κo L log(2d) + �L e(L)

2κo

)2

.

Combining the bounds we find that
√

E‖Sn‖2∞ ≤
√

E‖An‖2∞ +
√

E‖Bn‖2∞

≤ 2κo L log(2d) + �Le(L)

2κo
+ √

� + 2
�

κo

= ακo + β

κo
+ √

�,

where α := 2L log(2d) and β := �(L e(L) + 4)/2. This bound is minimized if κo =√
β/α with minimum value

2
√

αβ + √
� = (

1 + 2
√

L2e(L) + 4L
√

log(2d)
)√

�,

and for L = 0.407 the latter bound is not greater than
(
1 + 3.46

√
log(2d)

)√
�.
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In the special case of symmetrically distributed random vectors Xi , our treatment of
the sum Bn does not change, but in the bound for E‖An‖2

∞ one may replace 2κo with
κo, because EX (a)

i = 0. Thus

√
E‖Sn‖2∞ ≤ κo L log(2d) + �Le(L)

κo
+ √

� + 2
�

κo

= α′κo + β ′

κo
+ √

�
(
with α′ := L log(2d), β ′ := �(L e(L) + 2)

)

=
(

1 + 2
√

L2e(L) + 2L
√

log(2d)
)√

�
(
if κo = √

β ′/α′).

For L = 0.5 the latter bound is not greater than
(

1 + 2.9
√

log(2d)
)√

�.
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NOTES
Edited by Ed Scheinerman

An Ancient Elliptic Locus

John E. Wetzel

The elliptic locus discussed in this article is of ancient origin, but it seems not as well
known as it ought to be. We follow Dörrie [4, pp. 214–216] and attribute it to the Dutch
mathematician Frans van Schooten the younger (1615–1660).

Theorem (Schooten [9]). If the vertices P and Q of a triangular tile PQR move
respectively on two intersecting lines p and q, the locus of the third vertex R is a
(possibly degenerate) ellipse whose center is at the point in which the lines p and q
meet (Figure 1).

P

Q

p

T
R

q

Figure 1. Schooten’s locus.

This locus was apparently well known in the 18th and 19th century. It can be found
in 19th century textbooks on analytic geometry, commonly as an exercise. See, for
example, Baltzer [1, pp. 109–110], Salmon [7, Ex. 1, p. 188 and Ex. 16, p. 190].

After sketching the classical proof of Schooten’s theorem, we present an apparently
new, short, coordinate proof based on motions from an unpublished 1996 article by
Sullivan [10].

TRAMMELS. The special case of the theorem in which the lines p and q are perpen-
dicular and the three points P , Q, and R are collinear is the familiar elliptic compass or
trammel of Archimedes (Figure 2a), also sometimes called the ellipsograph, although
the latter term is also used for any mechanism that generates an elliptic locus. The
configuration in which the lines p and q are not required to be perpendicular is called
the oblique trammel (see Figure 2b). The point R may be taken anywhere on the line
PQ. The history of trammels is obscure, but their use as mechanisms to draw ellipses is
ancient, the trammel of Archimedes dating back at least to Proclus (410–485 CE) and
possibly even to Archimedes (c. 287–212 BCE), and the oblique trammel at least to

doi:10.4169/000298910X476068
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1579 (del Monte [3]) and probably much earlier. Taimina [11] remarks without citing
historical sources that they were known to Leonardo da Vinci (1452–1519). In any
case, the trammel was a familiar mechanism for drawing ellipses in the 16th and 17th
centuries.

p

q

PQ RS
l

l

P

Q

R

S
p

q

P

Q

PQR

R

S

S

l

l

a. Trammel of Archimedes. b. Oblique trammel.

Figure 2. Trammels.

A Proof of the Trammel Locus. A trigonometric proof of the trammel locus is not
difficult. Take the line p to be the x-axis, with the origin O at the point in which p and
q meet (Figure 3). Let �p, q = ϕ (with 0 < ϕ < 180◦), and suppose c > 0 is given.
Take P on p and Q on q with PQ = c, and assume that neither P nor Q is at the origin
O . Let R be a point on the line PQ. Then

sin ϑ

OQ
= sin ϕ

PQ

in triangle OPQ, where ϑ = ∠OPQ. Writing a = PR, b = QR, and h = c cot ϕ, we
find the cartesian coordinates (x, y) of R:

x = OQ cos ϕ − b cos ϑ = h sin ϑ − b cos ϑ

y = a sin ϑ.
(1)

x = p

q

O P

Q

R

y

ϕ ϑ

Figure 3. Proof of the trammel locus.
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Note that a and b cannot both equal 0. If both are different from 0, then, from (1),

sin ϑ = y

a

cos ϑ = hy − ax

ab
,

and eliminating the parameter ϑ gives the second-order equation

a2x2 − 2ahxy + (b2 + h2)y2 = a2b2. (2)

The discriminant (−2ah)2 − 4a2(b2 + h2) = −4a2b2 of this quadratic is negative, the
quadratic is not a square, and the locus is a nondegenerate ellipse, as claimed. (It is
easy to confirm directly that the coordinates of R satisfy (2) in the excluded cases
P = O and Q = O .)

When a = 0 and b �= 0 it is clear from (1) that the locus is a line segment along p.
And similarly when a �= 0 and b = 0, the locus is a line segment along q.

We have proved the following result.

Theorem 1. Suppose points P and Q fixed on a rigid rod move respectively on two
intersecting lines p and q. Then the locus of a point R on the rod different from P and
from Q is an ellipse whose center is at the point in which the lines p and q meet. If R
is P or Q, then (and only then) the ellipse collapses to a line segment.

SCHOOTEN’S LOCUS. The theorem of Schooten has historically been deduced
from the trammel—a somewhat surprising instance of Pólya’s observation that “the
equivalence of the particular and the general . . . is . . . quite usual in mathematics.”

Schooten [9] based his proof of the theorem on his study of the properties of a
particular “mechanism,” a configuration of four points A, B, C , and D with AB =
BC = BD (Figure 4). He takes A to be a fixed point and regards isosceles triangle
BCD as linked to A by the segment AB, and he investigates the loci that are traced
by points on the sidelines of triangle BCD as it moves subject to various additional
constraints.

A

B

D

C

Figure 4. Schooten’s mechanism.

Dörrie [4, #47, pp. 214–216] gave a deduction of Schooten’s theorem from the
trammel of Archimedes, an argument that he attributed to Schooten. This argument is
repeated in Honsberger [5, pp. 173–177]. John Casey [2, p. 175] gave a somewhat sim-
ilar deduction of the theorem from the oblique trammel, an argument he too attributed
to Schooten [9]. More recently Dan Pedoe [6] has given a deduction of Schooten’s
theorem from the so-called “Tusi-couple” (i.e., the two-cusped hypocycloid), a result
well known to engineers working with planetary gears that has been traced to Nasir
al-Din al-Tusi (1201–1274) (see Taimina [11, pp. 92–93]). Pedoe goes so far as to at-
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tribute the general Schooten theorem to Leonardo da Vinci (1452–1519), although he
cites no historical sources.

We are aware of only two proofs of Schooten’s theorem in the literature in which
the argument does not depend on a previous study of the trammel. One is a quite
straightforward trigonometric proof given in 1882 by Richard Baltzer [1, pp. 109–
110]. And Chris Sangwin [8] has very recently given a direct coordinate proof, using
Gröbner bases to deal with the involved algebraic manipulations involved; this is the
only direct coordinate proof of the theorem in the literature of which we are aware.

It is worth pointing out that we take the generating triangle T = PQR to be an
oriented triangle. In particular, we take �P as positive if triangle PQR is positively
oriented (i.e., if the cyclic order P → Q → R → P is counterclockwise) and negative
otherwise.

We turn next to a version of Casey’s elegant argument.

Casey’s Argument. Suppose the generating triangle T = PQR is positively oriented,
and for the sake of formulating the argument suppose the points and lines are arranged
as pictured (Figure 5). (Minor modifications deal similarly with other configurations
and with the case in which T is negatively oriented.) Suppose the given lines p and
q meet at a point O , and ∠p, q = ϕ (measured counterclockwise from p to q) with
0 < ϕ < 180◦. The line through P and R meets the circle C through O , P , and Q at
P and hence at a second point S; let s be the line through O and S (Figure 5). Then
∠PSQ = ϕ, and ∠QOS = ∠P , so that ∠POS = ϕ + ∠P , and it follows that the line s
is completely determined by the given angle ϕ and the angles of the given triangle PQR
(but independent of the positions of P on p and Q on q). Furthermore, the distances
PR, RS, and PS are determined by ϕ and triangle PQR. It follows that the locus of R
as T moves with P on p and Q on q is the locus of the point R on the line PS as P
moves on p and S moves on s, which by Theorem 1 is an ellipse.

p

q

P

Q

R

S

O

s

T

C

Figure 5. Casey’s argument.

Sullivan’s Proof. The underlying idea of this proof is straightforward. Place the given
triangle T with the vertex P at the intersection I of the two given lines and the vertex
Q on its line q, then rotate it about I through a parametric angle θ to obtain triangle Tθ

(Figure 6b). Translate Tθ , keeping Pθ on the line p, until Qθ lies on q, giving triangle
Tθ = P̄θ Q̄θ R̄θ . The curve sought is then traced by the point R̄θ as the parametric angle
θ varies through one complete revolution. Since the rotation and translation are readily
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a. Triangle T. b. The construction.

Figure 6. Sullivan’s idea.

described in coordinate terms, parametric equations for the locus of R̄θ can easily be
found. It is worth pointing out that this construction provides an easy way to automate
this construction using a geometry program such as Geometer’s SketchPad.

We begin by restating the theorem to include the condition for degeneracy.

Theorem 2. If the vertices P and Q of a triangular tile PQR move respectively on two
intersecting lines p and q, the locus of the third vertex R is a (possibly degenerate)
ellipse whose center is at the point I in which the lines p and q meet. The ellipse
degenerates to a line segment if and only if triangle PQR has circumradius equal to
1
2 PQ csc ∠p, q.

Proof. Introduce rectangular coordinates with the origin at I and the x-axis along the
given line p. Let ϕ, 0◦ < ϕ < 180◦, be the angle from p to q, let d = PQ, and observe
that ∠P̄θ Q̄θ I = θ . Then the law of sines applied to triangle IP̄θ Q̄θ gives

sin θ

IP̄θ

= sin ϕ

d
,

so that the appropriate translation I −→ P̄θ is through the distance

IP̄θ = k sin θ,

where k = d csc ϕ. If R0 has coordinates (x0, y0), then R̄θ is the point (x, y), where

(
x
y

)
=

(
cos θ − sin θ

sin θ cos θ

) (
x0

y0

)
+

(
k sin θ

0

)
,

and the parametric equations for the locus are

x = (k − y0) sin θ + x0 cos θ

y = x0 sin θ + y0 cos θ,
(3)

0 ≤ θ ≤ 360◦. Suppose that

∣∣∣∣
k − y0 x0

x0 y0

∣∣∣∣ = ky0 − (x2
0 + y2

0) �= 0. (4)
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Then solving this system gives

sin θ = xy0 − x0 y

ky0 − (x2
0 + y2

0)

cos θ = ky − (x0x + y0 y)

ky0 − (x2
0 + y2

0)
.

To eliminate the parameter we square and add, obtaining after a little algebra the equa-
tion

(x2
0 + y2

0)x2 − 2kx0xy + (
x2

0 + (k − y0)
2
)
y2 = (

ky0 − (x2
0 + y2

0)
)2

. (5)

Since the locus is surely bounded, this central conic must be an ellipse (or degenerate),
as claimed. One could also employ the standard test from analytic geometry. A little
algebra shows that the discriminant � of the quadratic (5) is

� = − 1

(x2
0 + y2

0 − ky0)2
< 0.

Further, since the left side of (5) is not a square (because � �= 0), the locus does not
degenerate to a line segment.

If ky0 − (x2
0 + y2

0) = 0, then it follows at once from (3) that

y0x − x0 y = 0,

so the locus is a line segment through R0 = (x0, y0). The equation ky − (x2 + y2) = 0,
i.e.,

x2 +
(

y − k

2

)2

=
(

k

2

)2

,

is the equation of the circumcircle of triangle P0 Q0 R0 (it is satisfied by the coordi-
nates of the vertices), so the circumradius of triangle PQR is 1

2 k. Conversely, if the
circumradius of PQR is 1

2 k, then ky0 − (x2
0 + y2

0) = 0. Thus the ellipse collapses to a
line segment if and only if ky0 − (x2

0 + y2
0) = 0, i.e., if and only if triangle PQR has

circumradius 1
2 k, as asserted.

It is worth stressing again that the generating triangle T = PQR must be an ori-
ented triangle. Writing �P for the oriented angle ∠QPR (taken positive in the coun-
terclockwise direction and negative in the clockwise direction), we see that R0 has
polar coordinates

R0 = 〈PR, ϕ − �P〉
so that

(x0, y0) = (
PR cos(ϕ − �P), PR sin(ϕ − �P)

)
.

In this way everything can be expressed explicitly in terms of the given oriented tri-
angle PQR. The resulting formulas are nasty.
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Counting Interesting Elections

Lara K. Pudwell and Eric S. Rowland

Suppose that on election day a TV news network of questionable morality wants to
increase their viewership as polling results come in. While the reporters cannot control
the outcome of the election, they can control the order in which votes are reported to
the public. If one candidate is ahead in the tally throughout the entire day, viewership
will wane since it is clear that she will win the election. On the other hand, a more
riveting broadcast occurs when one candidate is ahead at certain times and the other
candidate is ahead at others. In fact, the network employs a group of psychologists and
market analysts who have worked out certain margins they would like to achieve at
certain points in the tally. The director of programming needs to know the number of
ways this can be done.

1. THE BALLOT PROBLEM. We will work up to the general question by first
examining the special (low ratings) case when one candidate has at least as many
votes as the other throughout the tally. This is the classical “ballot problem,” in which
candidate E and candidate N are competing for a public office. Candidate E wins the
election with n votes. How many ways are there to report the votes so that at all times
during the tally N is not ahead of E?
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We may represent the state of the tally at any moment by the pair (x, y), where the
coordinates x and y count the votes received by E and N respectively. Then a tally
consists of a sequence of points on the integer lattice in the plane made in steps of
E = 〈1, 0〉 and N = 〈0, 1〉. Such a sequence is called a northeast lattice path.

We say that the lattice path q is restricted by the lattice path p if no part of q lies
directly above p. For example, Figure 1 shows two northeast lattice paths from (0, 0)

to (n, n) that are restricted by the “staircase” p = E N E N · · · E N , or, equivalently,
that do not go above the line y = x . The ballot problem asks for the number Cn of
these paths. (Note that if the tally ends at (n, m), we may uniquely continue it to a
northeast lattice path ending at (n, n).)

Figure 1. Two northeast lattice paths from (0, 0) to (7, 7) restricted by (E N)7.

The ballot problem can be solved by constructing a simple recurrence. Let q be a
northeast lattice path restricted by the staircase p. Consider the point on q where it first
revisits the line y = x , and let i be the x-coordinate of this point. (This point exists
since q ends at (n, n).) For the upper path in Figure 1, i = 3; for the lower path, i = 7.

Notice that since q does not go above y = x and begins at (0, 0) its first step is
E ; further, its last step before reaching the point (i, i) is N . Therefore we may delete
these steps to obtain a northeast lattice path from (1, 0) to (i, i − 1) that does not go
above the line y = x − 1. There are Ci−1 ways to form such a path, and there are Cn−i

ways to continue this path from (i, i) to (n, n), so we have that Cn = �n
i=1Ci−1Cn−i .

This we recognize as the familiar recurrence satisfied by the Catalan numbers Cn =(2n
n

)
/(n + 1) [8, Exercise 6.19(h)], so we simply check that the initial condition C0 = 1

agrees.

2. NOTATION AND THEOREM. We now consider a generalization of the ballot
problem. Let LP(p) be the number of northeast lattice paths restricted by an arbitrary
northeast lattice path p from (0, 0) to (n, m). The path p represents the network’s
predetermined restrictions on the tally. It was known by MacMahon [5, p. 242] that
the sum of LP(p) over all such paths is

∑

p

LP(p) = (m + n)! (m + n + 1)!
m! n! (m + 1)! (n + 1)! .

However, we are interested in computing LP(p) for specific p.
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First we develop notation for lattice paths.
It is possible to represent a northeast lattice path as a word on {E, N }, such as

q = E E N E N N E E N E N N E N

for the upper path in Figure 1. However, this representation is redundant, because the
location of each E step determines the path uniquely.

Therefore, we may represent a northeast lattice path by the sequence of heights qi of
the path along each interval from x = i − 1 to x = i . For example, for the upper path in
Figure 1 we have q = (0, 0, 1, 3, 3, 4, 6). This representation is always a nondecreas-
ing tuple of integers, and it is our primary representation of lattice paths in this note. A
lattice path q = (q1, q2, . . . , qn) is restricted by the lattice path p = (p1, p2, . . . , pn)

precisely when q ≤ p componentwise, i.e., qi ≤ pi whenever 1 ≤ i ≤ n.
To write the main result, however, it turns out to be more natural to use still another

representation of a northeast lattice path p—its difference sequence

�p = (p1, p2 − p1, . . . , pn − pn−1).

Let (v1, v2, . . . , vn) = v = �p. Since p is a northeast lattice path, the entries of v

are nonnegative integers. The entry vi is the number of N steps taken along the line
x = i − 1, so we can think of this representation as determining a path by the location
of each N step. The operator � has an inverse �, which produces the sequence of
partial sums:

p = �v = (v1, v1 + v2, . . . , v1 + v2 + · · · + vn).

The relationship between p and v = �p can be interpreted in another way. If v =
(v1, v2, . . . , vn) is a tuple of nonnegative integers, the Pitman–Stanley polytope [7]
defined by v is

�n(v) := {
x ∈ R

n
≥0 : �x ≤ �v componentwise

}
.

Thus a tuple x = (x1, x2, . . . , xn) of nonnegative integers is a lattice point inside
�n(v) precisely when the northeast lattice path �x is restricted by �v. In other words,
� provides a bijection from the northeast lattice paths restricted by p to the lattice
points in �n(�p).

We now return to the question at hand: How many northeast lattice paths are re-
stricted by the path p = (p1, p2, . . . , pn−1, pn)? Equivalently, how many lattice points
lie inside �n(�p)? One answer to this question is the following determinant enumer-
ation. Let A = (ai j ) be the n × n matrix with entries ai j = ( pi +1

j−i+1

)
. Then the number

of northeast lattice paths restricted by p is LP(p) = det A, as given by Kreweras [3]
and Mohanty [6, Theorem 2.1]. This fact can be obtained from the triangular system
of equations

j+1∑

i=1

(−1) j−i+1

(
pi + 1

j − i + 1

)
LP((p1, p2, . . . , pi−1)) =

{
1 if j = 0
0 if j ≥ 1

for 0 ≤ j ≤ n (where LP(()) = 1), which comes from an inclusion–exclusion argu-
ment; solve for LP((p1, p2, . . . , pn)) using Cramer’s rule, and in the numerator ex-
pand by minors along the last column.
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The following theorem presents a formula for LP(p) in which the lattice points in
�n((1, 1, . . . , 1, 1)) play a central role. This gives a non-determinantal formula for the
number of northeast lattice paths restricted by p. A generalization of the formula has
been independently discovered by Gessel and by Pitman and Stanley [7, Equation (33)]
in more advanced contexts. Our proof uses elementary combinatorial methods.

Theorem. Let p be a northeast lattice path from (0, 0) to (n, m), and let v = �p. The
number of northeast lattice paths restricted by p is

LP(p) =
∑

x

n∏

i=1

(
vn+1−i + xi − 1

xi

)
, (1)

where the sum is over all Cn+1 lattice points x in �n((1, 1, . . . , 1, 1)).

We immediately obtain two well-known results as special cases. For p = (m, m,

. . . , m, m) we see that v = �p = (m, 0, . . . , 0, 0), which gives

LP((m, m, . . . , m, m)) =
∑

x

(
m + xn − 1

xn

) n−1∏

i=1

(
xi − 1

xi

)
.

Since

(
xi − 1

xi

)
=

{
1 if xi = 0
0 if xi ≥ 1

(from the generalization of the binomial theorem (a + b)m = ∑∞
j=0

(m
j

)
a j bm− j to

m = −1), the only nonzero terms in the sum come from lattice points of the form
(0, 0, . . . , 0, xn), and therefore

LP((m, m, . . . , m, m)) =
n∑

xn=0

(
m + xn − 1

xn

)
=

(
m + n

n

)

as expected.
For p = (1, 2, . . . , n − 1, n) we recover the ballot problem. Namely, v = �p =

(1, 1, . . . , 1, 1), so

LP((1, 2, . . . , n − 1, n)) =
∑

x

n∏

i=1

(
xi

xi

)
=

∑

x

1 = Cn+1.

Equation (1) allows one to compute LP(p) not only for explicit integer paths but for
symbolic paths, and the resulting expressions have the pleasant property that they are
written in the basis of rising factorials a(m) = a(a + 1) · · · (a + m − 1). For example,
LP((v1)) = v

(0)

1 + v
(1)

1 = 1 + v1. For a general path of length 2, we have

LP((v1, v1 + v2)) = v
(0)

2 v
(0)

1 + v
(0)

2 v
(1)

1 + 1

2
v

(0)

2 v
(2)

1 + v
(1)

2 v
(0)

1 + v
(1)

2 v
(1)

1

= 1 + v1 + 1

2
v1(v1 + 1) + v2 + v2v1,
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and LP((v1, v1 + v2, v1 + v2 + v3)) is

v
(0)

3 v
(0)

2 v
(0)

1 + v
(0)

3 v
(0)

2 v
(1)

1

+ 1

2
v

(0)

3 v
(0)

2 v
(2)

1 + 1

6
v

(0)

3 v
(0)

2 v
(3)

1 + v
(0)

3 v
(1)

2 v
(0)

1 + v
(0)

3 v
(1)

2 v
(1)

1 + 1

2
v

(0)

3 v
(1)

2 v
(2)

1

+ 1

2
v

(0)

3 v
(2)

2 v
(0)

1 + 1

2
v

(0)

3 v
(2)

2 v
(1)

1 + v
(1)

3 v
(0)

2 v
(0)

1 + v
(1)

3 v
(0)

2 v
(1)

1 + 1

2
v

(1)

3 v
(0)

2 v
(2)

1

+ v
(1)

3 v
(1)

2 v
(0)

1 + v
(1)

3 v
(1)

2 v
(1)

1 .

Putting equation (1) together with the determinantal formula for LP(p), we obtain
a formula for a certain symbolic determinant in the same basis:

det

(
pi + 1

j − i + 1

)

n×n

=
∑

x

n∏

i=1

1

xi !v
(xi )

n+1−i ,

where again v = �p.
We note that Amdeberhan and Stanley [1, Corollary 4.7] show that LP(p) also gives

the number of monomials in the expanded form of the multivariate polynomial

n∏

i=1

pi +1∑

j=1

a j

in the variables a j . Moreover, LP(p) is the number of noncrossing matchings of a
certain type [1, Corollary 4.9].

3. PROOF OF THE THEOREM. Let lp(v) be the number of lattice points in
�n(v), where v = (v1, v2, . . . , vn−1, vn). That is, lp(v) = LP(�v). The following
recurrence will be used.

Proposition. We have

lp(v) =
{

1 if n = 0∑v1
j=0 lp((v1 + v2 − j, v3, . . . , vn−1, vn)) if n ≥ 1.

Proof. The only lattice point in �0(()) is (); hence lp(()) = 1.
For n ≥ 1, we partition the lattice points w in �n(v) according to the first entry j =

w1. Since w is a lattice point in �n(v), then w1 + w2 ≤ v1 + v2, so w2 ≤ v1 + v2 −
j . Therefore, lattice points w = ( j, w2, . . . , wn−1, wn) in �n(v) are in bijection (by
deleting the first entry j) with lattice points in �n−1((v1 + v2 − j, v3, . . . , vn−1, vn)).
Thus lp((v1 + v2 − j, v3, . . . , vn−1, vn)) is the number of lattice points in �n(v) with
first entry j , giving the recurrence.

To prove the theorem, then, it suffices to show that equation (1) satisfies this recur-
rence. The base case n = 0 is easily checked, since the product is empty; we have

∑

x

n∏

i=1

(
vn+1−i + xi − 1

xi

)
=

∑

x

1 = 1

since again �0(()) has only one lattice point.
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The remainder of this note is devoted to showing that for n ≥ 1

∑

x

n∏

i=1

(
vn+1−i + xi − 1

xi

)

=
v1∑

j=0

∑

y

(
v1 + v2 − j + yn−1 − 1

yn−1

) n−2∏

i=1

(
vn+1−i + yi − 1

yi

)
, (2)

where the left sum is over all Cn+1 lattice points x in �n((1, 1, . . . , 1, 1)) and the right
sum is over all Cn lattice points y in �n−1((1, 1, . . . , 1)). We proceed by simplifying
this equation until it becomes a statement about sums of binomial coefficients, given
in the lemma below.

First interchange the two summations on the right side of equation (2). Next, fix
y = (y1, y2, . . . , yn−1) on the right side, and break up the sum on the left according to
the choice of y in the following way. The children of y = (y1, y2, . . . , yn−1) are the
elements of the set

{ (y1, y2, . . . , yn−2, yn−1, 0) } ∪ {(y1, y2, . . . , yn−2, yn−1 − i, i + 1) : 0 ≤ i ≤ yn−1}.

For example, the children of the lattice point (0, 3, 2) are (0, 3, 2, 0), (0, 3, 2, 1),
(0, 3, 1, 2), and (0, 3, 0, 3). It is immediate that each lattice point x has a unique parent
y.

This definition is central to the proof. The reason for defining children in this
way is that x is a lattice point in �n((1, 1, . . . , 1, 1)) if and only if x’s parent is
a lattice point in �n−1((1, 1, . . . , 1)). This property provides a many-to-one corre-
spondence between the n-dimensional lattice points in �n((1, 1, . . . , 1, 1)) and the
(n − 1)-dimensional lattice points in �n−1((1, 1, . . . , 1)). Using this correspondence
to break up equation (2), we obtain

∑

x

n∏

i=1

(
vn+1−i + xi − 1

xi

)

=
v1∑

j=0

(
v1 + v2 − j + yn−1 − 1

yn−1

) n−2∏

i=1

(
vn+1−i + yi − 1

yi

)
(3)

for each y, where the left sum is over all children x = (x1, x2, . . . , xn−1, xn) of y. It
now suffices to prove equation (3) for a fixed y, since summing both sides of equa-
tion (3) over all Cn lattice points y in �n−1((1, 1, . . . , 1)) produces equation (2).

Note that if x is a child of y then xi = yi for 1 ≤ i ≤ n − 2, so we may divide both
sides of equation (3) by the product

n−2∏

i=1

(
vn+1−i + yi − 1

yi

)

to obtain

∑

x

(
v2 + xn−1 − 1

xn−1

)(
v1 + xn − 1

xn

)
=

v1∑

j=0

(
v1 + v2 − j + yn−1 − 1

yn−1

)
. (4)
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We know what the children of y look like, so the sum on the left side can be written
as
(

v2 + yn−1 − 1

yn−1

)(
v1 + 0 − 1

0

)
+

yn−1∑

i=0

(
v2 + (yn−1 − i) − 1

yn−1 − i

)(
v1 + (i + 1) − 1

i + 1

)
.

The first term in this expression, which corresponds to the child (y1, y2, . . . , yn−1, 0)

of y, is equal to the j = v1 term on the right side of equation (4). Removing this term
from both sides leaves

yn−1∑

i=0

(
v2 + yn−1 − i − 1

yn−1 − i

)(
v1 + i

i + 1

)
=

v1−1∑

j=0

(
v1 + v2 − j + yn−1 − 1

yn−1

)
,

which is proved in the following lemma under the substitution a = v1, b = v2, and
c = yn−1.

Lemma. Let a, b, and c be nonnegative integers. Then

c∑

i=0

(
b + c − i − 1

c − i

)(
a + i

i + 1

)
=

a−1∑

j=0

(
a + b + c − j − 1

c

)
.

Proof. We show that both sides of the equation are equal to
(

a + b + c

c + 1

)
−

(
b + c

c + 1

)
.

The right side is a telescoping sum:

a−1∑

j=0

(
a + b + c − j − 1

c

)
=

a−1∑

j=0

((
a + b + c − j

c + 1

)
−

(
a + b + c − j − 1

c + 1

))

=
(

a + b + c

c + 1

)
−

(
b + c

c + 1

)
.

The result for the left side follows from a generalization of the Vandermonde iden-
tity, namely

f∑

k=0

(
d + k

k

)(
e − k

f − k

)
=

(
d + e + 1

f

)

[4, Problem 1.42(i)]. The summand on the left side of this equation counts the (d + e +
1 − f )-element subsets of {1, 2, . . . , d + e + 1} whose (d + 1)st element is d + k + 1
by choosing k of the first d + k elements to be not in the set and f − k of the last e − k
elements to be not in the set. The right side counts all (d + e + 1 − f )-element subsets
of {1, 2, . . . , d + e + 1} by selecting the elements not in the set.

Subtract
(e

f

)
from both sides of this equation and substitute d = a − 1, e = b + c,

f = c + 1, and k = i + 1 to obtain

c∑

i=0

(
b + c − i − 1

c − i

)(
a + i

i + 1

)
=

(
a + b + c

c + 1

)
−

(
b + c

c + 1

)
.
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Thus the director of programming may, for example, determine the likelihood that
a random tally of votes will satisfy the network’s needs.
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A Proof of Darboux’s Theorem
Sam B. Nadler, Jr.

Darboux [2] proved the following theorem:

Darboux’s Theorem. Let I be an interval in R
1, and let f be a differentiable real-

valued function on I . Then the derivative f ′ has the intermediate value property on I
(i.e., every number between two values of f ′ is a value of f ′).

Various proofs of Darboux’s Theorem are in our references. We offer a simple,
transparent proof of Darboux’s Theorem that we feel shows systematically and con-
ceptually why the theorem is true.

Proof of Darboux’s Theorem. We let D denote the set of all values of the derivative of
f , and we let C denote the set of all slopes of chords joining (distinct) points of the
graph of f . We prove that D is an interval.

The Mean Value Theorem says that C ⊂ D, and the definition of the derivative
gives that D ⊂ C (the closure of C). Thus, it suffices to prove that C is an interval.
Hence, it suffices to prove that any two points of C can be connected by an interval
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in C . To prove this, fix p, q ∈ C , p = f (a)− f (b)

a−b and q = f (c)− f (d)

c−d , where a < b and
c < d in I . We define a continuous function g : [0, 1] → C ; g gives the slopes of
the chords one obtains by sliding the points (a, f (a)) and (b, f (b)) “linearly” with
respect to the x-axis along the graph of f to the points (c, f (c)) and (d, f (d)):

g(t) = f ((1 − t)a + tc) − f ((1 − t)b + td)

((1 − t)a + tc) − ((1 − t)b + td)
.

By the Intermediate Value Theorem, g([0, 1]) is an interval (obviously in C); also,
p = g(0) and q = g(1).
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On the Behavior at Infinity of an
Integrable Function

Emmanuel Lesigne

We denote by x a real variable and by n a positive integer variable. The reference
measure on the real line R is the Lebesgue measure. In this note we will use only basic
properties of the Lebesgue measure and integral on R.

It is well known that the fact that a function tends to zero at infinity is a condition
neither necessary nor sufficient for this function to be integrable. However, we have
the following result.

Theorem 1. Let f be an integrable function on the real line R. For almost all x ∈ R,
we have

lim
n→∞ f (nx) = 0. (1)
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Remark 1. It is too much to hope in Theorem 1 for a result for all x because we
consider an integrable function f , which can take arbitrary values on a set of zero
measure. Even if we consider only continuous functions, the result does not hold for
all x . Indeed a classical result, using a Baire category argument, tells us that if f
is a continuous function on R such that for all nonzero x , limn→∞ f (nx) = 0, then
limx→±∞ f (x) = 0. Thus for a continuous integrable function f which does not tend
to zero at infinity, property (1) is true for almost all x and not for all x .

Remark 2. Let f be an integrable and nonnegative function on R. We have
∫

f (nx) dx = 1

n

∫
f (x) dx .

Hence for any nonnegative real sequence (εn) such that
∑

n εn/n < +∞, we have

∑

n

∫
εn f (nx) dx < +∞,

and the monotone convergence theorem (or Fubini’s theorem) ensures that the func-
tion x �→ ∑

n εn f (nx) is integrable, hence almost everywhere finite. In particular, for
almost all x , we have limn→∞ εn f (nx) = 0. This argument is not sufficient to prove
Theorem 1.

Now we will state that, in a sense, Theorem 1 gives an optimal result. The strength
of the following theorem lies in the fact that the sequence (an) can tend to infinity
arbitrarily slowly.

Theorem 2. Let (an) be a real sequence which tends to +∞. There exists a continuous
and integrable function f on R such that, for almost all x,

lim sup
n→∞

an f (nx) = +∞.

Moreover, there exists an integrable function f on R such that, for all x,

lim sup
n→∞

an f (nx) = +∞.

Question. Under the hypothesis of Theorem 2, does there exist a continuous and in-
tegrable f such that, for all x, lim supn→∞ an f (nx) = +∞?

We do not know the answer to this question, and we propose it to the reader. How-
ever, the next remark shows that the answer is positive under a slightly more demand-
ing hypothesis.

Remark 3. If the sequence (an) is nondecreasing and satisfies
∑

n
1

nan
< +∞,

then there exists a continuous and integrable function f on R such that for all x ,
lim supn→∞ an f (nx) = +∞.

Remark 4. In Theorem 2 we cannot replace the hypothesis limn an = +∞ by
lim supn an = +∞. Indeed, by a simple change of variable we can deduce from
Theorem 1 the following result: for all integrable functions f on R,

lim
n→∞ n f (n2x) = 0 for almost all x .
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(Apply Theorem 1 to the function x �→ x f (x2).) Thus the conclusion of Theorem 2 is
false for the sequence (an) defined by

an =
{√

n if n is a square of integer,
0 if not.

In the remainder of this note, we give proofs of the two theorems and of Remark 3.

Proof of Theorem 1. The function f is integrable on R. Let us fix ε > 0 and denote
by E the set of points x > 0 such that | f (x)| ≥ ε. We know that E has finite measure.
We are going to show that, for almost all x ∈ [0, 1], we have nx ∈ E for only finitely
many n’s. (If A is a measurable subset of R, we denote by |A| its Lebesgue measure.)

For each integer m ≥ 1, let Em := E ∩ (m − 1, m]. Let us fix a ∈ (0, 1). For each
integer n ≥ 1, we consider the set

Fn :=
(

1

n
E

)
∩ [a, 1) =

(
1

n

⋃

m≥1

Em

)
∩ [a, 1) = 1

n

⋃

m≥1

(Em ∩ [na, n)) .

We have

+∞∑

n=1

|Fn| =
+∞∑

n=1

+∞∑

m=1

1

n
|Em ∩ [na, n)| .

In this doubly indexed sum of positive numbers, we can invert the order of summation.
Moreover, noticing that Em ∩ [na, n) = ∅ if n > m/a or n ≤ m − 1, we obtain

+∞∑

n=1

|Fn| =
+∞∑

m=1

[m/a]∑

n=m

1

n
|Em ∩ [na, n)| ≤

+∞∑

m=1

|Em|
[m/a]∑

n=m

1

n
.

By comparison of the discrete sum with an integral, we see that, for all m ≥ 1,∑[m/a]
n=m

1
n ≤ (1 − ln a). Thus we have

+∞∑

n=1

|Fn| ≤ (1 − ln a)

+∞∑

m=1

|Em| = (1 − ln a)|E | < +∞.

This implies that almost every x belongs to only finitely many sets Fn. (This state-
ment is the Borel-Cantelli lemma, which has a one-line proof:

∑
�Fn < +∞ almost

everywhere since
∫ ∑

�Fn (x) dx =
∑ ∫

�Fn (x) < +∞.)

Returning to the definition of Fn, we conclude that, for almost all x ∈ [a, 1], for all
large enough n , x /∈ Fn , i.e., nx /∈ E . Since a is arbitrary, we have in fact: for almost
all x ∈ [0, 1], for all large enough n, nx /∈ E .

We have proved that, for all ε > 0, for almost all x ∈ [0, 1], for all large enough
n, | f (nx)| ≤ ε. Since we have to consider only countably many ε’s, we can invert for
all ε > 0 and for almost all x ∈ [0, 1]. We conclude that, for almost all x ∈ [0, 1],
limn→∞ f (nx) = 0. It is immediate, by a linear change of variable (for example), that
this result extends to almost all x ∈ R.
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Proof of Theorem 2. We will utilize the following theorem, a fundamental result in the
metric theory of Diophantine approximation [1, Theorem 32].

Kinchin’s Theorem. Let (bn) be a sequence of positive real numbers such that the
sequence (nbn) is nonincreasing and the series

∑
n bn diverges. For almost all real

numbers x, there are infinitely many integers n such that dist(nx, Z) < bn.

(In the preceding statement, dist(nx, Z) denotes min{|nx − k| | k ∈ Z}.) We will
also make use of the following lemma, which will be proved in the sequel.

Lemma 1. Let (cn) be a sequence of nonnegative real numbers going to zero. There
exists a sequence of positive real numbers (bn) such that the sequence (nbn) is nonin-
creasing,

∑
n bn = +∞, and

∑
n bncn < +∞.

Let us prove Theorem 2.
Replacing if necessary an by infk≥n ak , we can suppose that the sequence (an) is

nondecreasing. Applying the preceding lemma to the the sequence cn = 1/
√

an , we
obtain a sequence (bn) such that the sequence (nbn) is nonincreasing,

∑
n bn = +∞,

and
∑

n bn/
√

an < +∞. The sequence (bn) tends to zero, and we can impose the
additional requirement that bn < 1/2 for all n.

We consider the function f1 defined on R by

f1(x) =
{

1/
√

an if |x − n| ≤ bn for an integer n ≥ 1,
0 if not.

This function is integrable, due to the last condition imposed on (bn).
By Khinchin’s theorem, for almost all x > 0, there exist pairs of positive integers

(n, k(n)), with arbitrarily large n, such that

|nx − k(n)| ≤ bn.

Let us consider one fixed such x in the interval (0, 1). We have limn→∞ k(n) = +∞
and, since limn→+∞ bn = 0, we have k(n) ≤ n for all large enough n. For such an n,
we have

|nx − k(n)| ≤ bk(n) and hence f1(nx) = 1√
ak(n)

.

(We used here the fact that the sequence (bn) is nonincreasing.) Thus, for arbitrarily
large n, we have

an f1(nx) = an√
ak(n)

≥ √
ak(n).

(We used here the fact that the sequence (an) is nondecreasing.) This proves that
lim supn→∞ an f1(nx) = +∞. This argument applies to almost all x between 0 and 1.

For each integer m ≥ 1, let us denote by fm the function fm(x) = f1(x/m). This
function fm is nonnegative and integrable on R. It is locally a step function. For almost
all x between 0 and m, we have

lim sup
n→∞

an fm(nx) = +∞.
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From this, it is not difficult to construct a continuous and integrable function f
on R such that, for all m > 0, there exists Am > 0 with f ≥ fm on [Am, +∞). (For
example, we can choose an increasing sequence of numbers (Am) such that

∫ +∞

Am

f1(x) + f2(x) + · · · + fm(x) dx ≤ 1

m2
;

then we define g = f1 + f2 + · · · + fm on the interval [Am, Am+1). Since

∑

m

∫ Am+1

Am

f1(x) + f2(x) + · · · + fm(x) dx < ∞,

this function g is integrable. Then we just have to find a continuous and integrable
function f which dominates g; this can be achieved since the function g is locally a
step function: choose f to be zero on (−∞, 0] and continuous on R such that g ≤
f and, for all m > 0,

∫ m
m−1 f (x) − g(x) dx ≤ 1/m2, so that

∫ +∞
0 f (x) − g(x) dx <

+∞.)
For almost all x ≥ 0, we have lim supn→∞ an f (nx) = +∞. A symmetrization pro-

cedure extends this property to almost all real numbers.
The first part of Theorem 2 is proved. The second part is a direct consequence. We

consider the function f constructed above, and we denote by F the set of x such that
the sequence (an f (nx)) is bounded. The set {nx | x ∈ F, n ∈ N} has zero measure.
We modify the function f on this set, choosing for example the value 1. The new
function is integrable and satisfies, for all x , lim supn→∞ an f (nx) = +∞.

Proof of Lemma 1. The sequence (cn) is given, and it goes to zero. We will construct
by induction an increasing sequence of integers (nk) and a nonincreasing sequence of
positive numbers (dk), and we will define bn = dk/n for nk−1 ≤ n < nk . The numbers
dk will be chosen so that

∑nk−1
i=nk−1

bi = 1 ; thus we require that

dk :=
(

nk−1∑

i=nk−1

1

i

)−1

.

We start from n0 = 1, and then we choose n1 > n0 such that, for all n ≥ n1, |cn| ≤ 1/2.
In the next step, we choose n2 > n1 such that d2 ≤ d1 and, for all n ≥ n2, |cn| ≤ 1/4.
More generally, if n1, n2, . . . , nk−1 have been constructed, we choose nk > nk−1 such
that dk ≤ dk−1 and, for all n ≥ nk , |cn| ≤ 2−k . (Of course, this is possible because

limn→+∞
(∑n

i=nk−1

1
i

)−1 = 0.)

This defines the sequence (bn) by blocks. The sequence (nbn) is nonincreasing and,
for all k ≥ 1, we have

nk−1∑

i=nk−1

bi = 1 and
nk−1∑

i=nk−1

bi ci ≤ 21−k .

This guarantees that
∑

n bn = +∞ and
∑

n bncn < +∞. The lemma is proved.

About Remark 3. Dirichlet’s lemma in Diophantine approximation (based on the
pigeon-hole principle) concerns the particular case bn = 1/n in Khinchin’s theorem
and it gives a result for all x .
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Lemma 2 (Dirichlet’s Lemma). For all real numbers x, there exist infinitely many
integers n such that dist(nx, Z) ≤ 1

n .

Now, we justify Remark 3. We consider a nondecreasing sequence of positive real
numbers (an) such that

∑

n

1

nan
< +∞.

We claim that there exists a sequence of positive real numbers (bn) such that

bnan → +∞ and
∑ bn

n
< +∞.

Here is a proof of this claim: for each k ≥ 1, there exists n(k) such that

∑

n≥n(k)

1

nan
≤ 1

k2
.

We have

∑

n

card{k | n(k) ≤ n} 1

nan
=

∑

k≥1

∑

n≥n(k)

1

nan
< +∞,

and we can define bn := card{k | n(k) ≤ n}/an .
Given this sequence (bn), we consider the function f defined on R by

f (x) =
{

bk if |x − k| ≤ 1/k, k an integer, k ≥ 2,

0 if not.

This function is integrable.
Using Dirichlet’s lemma, we have the following: for each fixed x in (0, 1), there ex-

ist pairs of positive integers (n, k(n)), with n arbitrarily large, such that |nx − k(n)| ≤
1/n. We have limn→∞ k(n) = +∞ and, for all large enough n, k(n) ≤ n. Hence there
exist infinitely many n’s such that

|nx − k(n)| ≤ 1

k(n)
and so f (nx) = bk(n).

For such an n, we have

an f (nx) = anbk(n) ≥ ak(n)bk(n).

(We used here the fact that the sequence (an) is nondecreasing.) This proves that
lim supn→∞ an f (nx) = +∞. This result obtained for all numbers x between 0 and
1 extends to all real numbers by the same argument as the one used in the proof of
Theorem 2. We can also replace the local step function by a continuous one as we did
before.

Theorem 1 answers a question asked by Aris Danilidis.
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Another Proof of the Infinitude of the Prime Numbers

Theorem. There are infinitely many prime numbers.

Proof. Assume the contrary. Let k be any positive integer. Then k! = ∏
p p f (p,k),

where the product is taken over all primes p and

f (p, k) =
⌊

k

p

⌋
+

⌊
k

p2

⌋
+ · · · <

k

p
+ k

p2
+ · · · = k

p − 1
≤ k.

Therefore k! < (
∏

p p)k . But limk→∞(
∏

p p)k/k! = 0, so this is impossible.
The formula for the prime factorization of k! is sometimes referred to as

de Polignac’s formula, but it is actually due to Legendre [2, p. 8]; see [1, p. 263].

—Submitted by Junho Peter Whang, student, Queen’s University
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with the collaboration of Itshak Borosh, Paul Bracken, Ezra A. Brown, Randall
Dougherty, Tamás Erdélyi, Zachary Franco, Christian Friesen, Ira M. Gessel, László
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Richard Pfiefer, Cecil C. Rousseau, Leonard Smiley, Kenneth Stolarsky, Richard
Stong, Walter Stromquist, Daniel Ullman, Charles Vanden Eynden, Sam Vandervelde,
and Fuzhen Zhang.

Proposed problems and solutions should be sent in duplicate to the MONTHLY

problems address on the inside front cover. Submitted solutions should arrive at
that address before June 30, 2010. Additional information, such as generaliza-
tions and references, is welcome. The problem number and the solver’s name
and address should appear on each solution. An asterisk (*) after the number of
a problem or a part of a problem indicates that no solution is currently available.

PROBLEMS

11481. Proposed by Ron Rietz, Gustavus Adolphus College, St. Peter, MN. Let X be a
countable dense subset of a separable metric space M with no isolated points. Show
that there exists a countable partition (X1, X2, . . . ) of X such that each Xn is dense in
M .

11482. Proposed by Marius Cavachi, “Ovidius” University of Constanta, Con-
stanta, Romania. Let n be a positive integer, and let (a1, . . . , an), (b1, . . . , bn), and
(c1, . . . , cn) be n-tuples of points in R

2 with noncollinear centroids. For u ∈ R
2, let

‖u‖ be the usual euclidean norm of u. Show that there is a point p ∈ R
2 such that

n∑

k=1

‖p − ak‖ =
n∑

k=1

‖p − bk‖ =
n∑

k=1

‖p − ck‖.

11483. Proposed by Éric Pité, Paris, France. Let A and B be real n × n symmetric
matrices such that tr((A + B)k) = tr(Ak) + tr(Bk) for every nonzero integer k. Show
that AB = 0.

11484. Proposed by Giedrius Alkauskas, Vilnius University, Vilnius, Lithuania. An
uphill lattice path is the union of a (doubly infinite) sequence of directed line segments
in R

2, each connecting an integer pair (a, b) to an adjacent pair, either (a, b + 1) or
(a + 1, b). A downhill lattice path is defined similarly, but with b − 1 in place of b + 1,
and a monotone lattice path is an uphill or downhill lattice path. Given a finite set P
of points in Z

2, a friendly path is a monotone lattice path for which there are as many
points in P on one side of the path as on the other. (Points that lie on the path do not
count.)
(a) Show that if N = a2 + b2 + a + b for some positive integer pair (a, b) satisfying
a ≤ b ≤ a + √

2a, then for some set of N points there is no friendly path.
(b)∗ Is it true that for every odd-sized set of points there is a friendly path?

doi:10.4169/000298910X476103
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11485. Proposed by Neetu Badhoniya, K. S. Bhanu, and M. N. Deshpande, Institute
of Science, Nagpur, India. An urn contains a white balls and b black balls, and a ≥
2b + 3. Balls are drawn at random from the urn and placed in a row as they are drawn.
Drawing halts when three white balls are drawn in succession. Let X be the number
of paired white balls in the lineup produced during play, and let Y be the number of
isolated white balls. Show that

E[X ] = b

a + 1
, E[Y ] = b(a + b + 1)

(a + 1)(a + 2)
.

11486. Proposed by Cezar Lupu, student, University of Bucharest, Bucharest, Roma-
nia. Show that in an acute triangle with sides of lengths a1, a2, a3 and opposite angles
of radian measure A1, A2, A3,

3∏

k=1

(1 − cos Ak)

cos Ak
≥ 8

9

∑3
k=1 a2

k

(
∑3

k=1 ak)2

(
∑3

k=1 tan Ak)
3

∏3
k=1(tan Ak + tan Ak+1)

.

11487. Proposed by Stephen Gagola Jr., Kent State University, Kent, OH. Let A be a
0,1-matrix of order n with the property that tr(Ak) = 0 for every positive integer k.
Prove or disprove: A is similar by way of a permutation matrix to a strictly upper-
triangular 0,1-matrix.

SOLUTIONS

A Combinatorial Identity from Arcsin

11356 [2008, 365]. Proposed by Michael Poghosyan, Yerevan State University, Yere-
van, Armenia. Prove that for any positive integer n,

n∑

k=0

(n
k

)2

(2k + 1)
(2n

2k

) = 24n(n!)4

(2n)!(2n + 1)! .

Solution by Omran Kouba, Higher Institute for Applied Sciences and Technology,
Damascus, Syria. Recall that

1√
1 − x2

=
∞∑

n=0

(−1/2

n

)
(−x2)n =

∞∑

n=0

(2n
n

)

22n
x2n

for |x | < 1. Integrating yields

arcsin(x) =
∞∑

n=0

(2n
n

)

(2n + 1)22n
x2n+1.

Define f on (−1, 1) by f (x) = arcsin(x)/
√

1 − x2, and let
∑∞

n=0 An x2n+1 be the
power series expansion of f . Now

An =
n∑

k=0

(2k
k

)

(2k + 1)22k

(2n−2k
n−k

)

22n−2k
= 1

22n

n∑

k=0

(2k
k

)(2n−2k
n−k

)

(2k + 1)
= (2n)!

22n(n!)2

n∑

k=0

(n
k

)2

(2k + 1)
(2n

2k

) .
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On (−1, 1), we have
√

1 − x2
(√

1 − x2 f (x)
)′ = 1, which reduces to

(1 − x2) f ′(x) − x f (x) = 1.

Hence

1 =
∞∑

n=0

(2n + 1)An x2n −
∞∑

n=1

(2n − 1)An−1x2n −
∞∑

n=1

An−1x2n

= A0 +
∞∑

n=1

(
(2n + 1)An − 2n An−1

)
x2n.

It follows that A0 = 1 and An = (
2n/(2n + 1)

)
An−1 for all n ≥ 1, and so

An = 2 · 4 · 6 · · · (2n)

3 · 5 · 7 · · · (2n + 1)
= 22n(n!)2

(2n + 1)! ,

for all n. Comparing this to our first expression for An yields the desired identity.

Editorial comment. Both Maple and Mathematica can evaluate the sum in terms of
gamma functions, from which the result follows by simple manipulations. The Gosper-
Zeilberger algorithm can produce a human-readable proof of the identity automati-
cally. Several solvers noted that the result appears in thin disguise as Problem 10(a)
on page 121 of J. Riordan, Combinatorial Identities, Wiley, 1968, or as result 3.95
of H. W. Gould, Combinatorial Identities, 1972. Several others derived the result from
Saalschütz’s theorem on hypergeometric functions, quoting a variety of sources includ-
ing equation 5.36 in R. L. Graham, D. E. Knuth, and O. Patashnik, Concrete Mathe-
matics, Addison-Wesley, 1998.

Also solved by R. Bagby, M. Bataille (France), D. Beckwith, D. Borwein (Canada), S. Casey (Ireland),
R. Chapman (U. K.), C. Curtis, M. L. Glasser, J. Grivaux (France), C. Krattenthaler (Austria), M. E. Larsen
(Denmark), O. P. Lossers (Netherlands), K. McInturff, T. Nakata (Japan), J. H. Nieto (Venezuela), Á. Plaza
& S. Falcón (Spain), C. R. Pranesachar (India), R. Pratt, O. G. Ruehr, N. C. Singer, A. Stadler (Switzerland),
R. Stong, R. Tauraso (Italy), M. Tetiva (Romania), M. Vowe (Switzerland), S. Wagon, B. Ward, P. Xi & Y. Yi
(China), Y. Yu, BSI Problems Group (U. K.), CMC 328, GCHQ Problem Solving Group, Microsoft Research
Problems Group, NSA Problems Group, UIUC Hypergeometric Functions Class, and the proposer.

An Inradius-Exradius Equation

11357 [2008, 365]. Proposed by Mehmet Şahin, Ankara, Turkey. Let Ia, Ib, Ic and ra,
rb, rc be respectively the excenters and exradii of the triangle ABC . If ρa , ρb, ρc are
the inradii of triangles Ia BC , IbC A, and Ic AB, show that

ρa

ra
+ ρb

rb
+ ρc

rc
= 1.

Solution by Robin Chapman, University of Exeter, Exeter, U. K. Let α, β, and γ denote
the angles of triangle ABC . Let α′ = 1

2 (π − α), β ′ = 1
2 (π − β), and γ ′ = 1

2(π − γ ).
Now α′ + β ′ + γ ′ = π , and thus there is a triangle A′ B ′C ′ with angles α′, β ′, and
γ ′. Let J denote the incenter of triangle A′ B ′C ′, and let Ja be the incenter of triangle
Ia BC .

In that triangle, the angle B is half the exterior angle of triangle ABC at B; that is,
(π − β)/2 = β ′. Similarly, the angle of triangle Ia BC at C is γ ′. Therefore triangle
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Ia BC is similar to triangle A′ B ′C ′. Letting F(XY Z) denote the area of a triangle with
given vertices X , Y , Z , we have the following identities:

ρa

ra
= F(Ja BC)

F(Ia BC)
= F(J B ′C ′)

F(A′ B ′C ′)
,

ρb

rb
= F(JC ′ A′)

F(A′ B ′C ′)
, and

ρc

rc
= F(J A′ B ′)

F(A′ B ′C ′)
.

Now F(A′ B ′C ′) = F(J B ′C ′) + F(JC ′ A′) + F(J A′B ′), so

ρa

ra
+ ρb

rb
+ ρc

rc
= 1.

Also solved by M. Bataille (France), G. L. Bello-Burguet (Spain), H. Caerois (Chile), S. Casey (Ireland),
C. Curtis, P. De (India), V. V. Garcı́a (Spain), M. Goldenberg & M. Kaplan, D. Gove, K. Greeson & J. Zacharias,
J. Grivaux (France), J. G. Heuver (Canada), E. J. Ionascu, I. M. Isaacs, D. Karagulyan (Armenia), N. Khacha-
tryan (Armenia), O. Kouba (Syria), J. H. Lindsey II, O. P. Lossers (Netherlands), J. Minkus, A. Munaro (Italy),
J. H. Nieto (Venezuela), C. R. Pranesachar (India), J. Rooin & M. Bayat (Iran), M. Sahin, A. Stadler (Switzer-
land), R. Stong, M. Tetiva (Romania), D. Vacaru (Romania), V. Verdiyan (Armenia), Z. Vörös (Hungary),
M. Vowe (Switzerland), B. Ward (Canada), L. Zhou, GCHQ Problem Solving Group (U. K.), Microsoft Re-
search Problems Group, and the proposer.

Bernstein’s Envelope

11359 [2008, 365]. Proposed by J. Monterde, University of Valencia, Valencia, Spain.
Find an explicit parametric formula for the geometric envelope on the interval (0, 1)

of the family of Bernstein polynomials Bn
s (t), defined by Bn

s (t) = (n
s

)
t s(1 − t)n−s for

s ∈ [0, n], where
(n

s

) = n!
�(s+1)�(n−s+1)

.

Solution by Max Stampfli, University of Applied Sciences, Bern, Switzerland. The
envelope is given by solving simultaneously

Bn
s (t) =

(
n

s

)
t s(1 − t)n−s and

∂

∂s
Bn

s (t) = 0.

Logarithmic differentiation yields

∂ Bn
s (t)

∂s
= Bn

s (t) [ψ(n − s + 1) − ψ(s + 1) + ln(t/(1 − t))] ,

where ψ is the digamma function given by ψ(x) = �′(x)/�(x). Because Bn
s (t) > 0

for all t ∈ (0, 1), the equation ∂

∂s Bn
s (t) = 0 simplifies to

ψ(n − s + 1) − ψ(s + 1) + ln(t/(1 − t)) = 0.

Although exact methods of solving this for s do not exist, by solving for t = xn(s) we
obtain the envelope as a parameterized curve (xn(s), yn(s)):

xn(s) = eψ(s+1)

eψ(s+1) + eψ(n−s+1)
,

yn(s) = Bn
s (xn(s)) =

(
n

s

)
esψ(s+1) e(n−s)ψ(n−s+1)

(eψ(s+1) + eψ(n−s+1))n
.

Also solved by R. Mabry, N. C. Singer, A. Stadler (Switzerland), R. Stong, M. Vowe (Switzerland), GCHQ
Problem Solving Group (U. K.), and the proposer.
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An Ellipse of Lemoine Points

11361 [2008, 366]. Proposed by Finbarr Holland, University College Cork, Cork, Ire-
land. The Lemoine point of a triangle is the unique point L inside the triangle such that
the distances from L to the sides are proportional to the corresponding side lengths.

Given a circle G and distinct fixed points B and C on G, let K be the locus of the
Lemoine point of ABC as A traverses the circle. Show that K is an ellipse.

Solution by Omran Kouba, H.I.A.S.T., Damascus, Syria. As usual, write a, b, c for the
lengths of the sides opposite vertices A, B, C , respectively.

Lemma. The Lemoine point L of �ABC is the barycenter of the weighted points
(A, a2), (B, b2), (C, c2); that is,

a2−→L A + b2−→L B + c2−→LC = 0. (1)

Proof. Write F(XY Z) for the area of �XY Z . Let la, lb, lc be the distances from
the Lemoine point to the sides BC , C A, AB, respectively. By definition there is a
positive constant κ such that la = 2κa, lb = 2κb, and lc = 2κc. Thus F(L BC) =
κa2, F(LC A) = κb2, and F(L AB) = κc2. Now L is inside �ABC , so there ex-
ist positive λ, μ, ν with λ + μ + ν = 1 such that L is the weighted barycenter of
(A, λ), (B, μ), (C, ν). To determine λ, μ, ν, note that λ

−→
L A + μ

−→
L B + ν

−→
LC = 0 im-

plies

λ det
(−→

L A,
−→
L B

)
+ ν det

(−→
LC,

−→
L B

)
= 0 = λ det

(−→
L A,

−→
LC

)
+ μ det

(−→
L B,

−→
LC

)
.

Consequently λF(L AB) = νF(L BC) and λF(LC A) = μF(L BC), so

λ : μ : ν = F(L BC) : F(LC A) : F(L AB) = a2 : b2 : c2.

Without loss of generality, the points B and C and the center � of G have Cartesian
coordinates (−1, 0), (1, 0), and (0, t), respectively. The coordinates (α, β) of any point
A on G must satisfy α2 + (β − t)2 = �A2 = 1 + t2, or

α2 + β2 − 2tβ − 1 = 0. (2)

Now a2 = BC2 = 4, b2 = AC2 = (α − 1)2 + β2 = 2 − 2α + 2tβ, and c2 = AB2 =
(α + 1)2 + β2 = 2 + 2α + 2tβ, so a2 + b2 + c2 = 8 + 4tβ. Hence

−→
O L = c2 − b2

a2 + b2 + c2

−→
OC + a2

a2 + b2 + c2

−→
O A = α

2 + tβ
−→
OC + 1

2 + tβ
−→
O A.

Therefore, the coordinates (x, y) of L satisfy x = 2α/(2 + tβ) and y = β/(2 + tβ),
so α = x/(1 − t y) and β = 2y/(1 − t y). Therefore, by (2), L ∈ K if and only if

(
x

1 − t y

)2

+
(

2y

1 − t y

)2

− 4t y

1 − t y
− 1 = 0,

which is equivalent to x2 + (4 + 3t2)y2 − 2t y − 1 = 0 or

x2 + (4 + 3t2)

(
y − t

4 + 3t2

)2

= 4 + 4t2

4 + 3t2
.

As required, this is the equation of an ellipse.

Also solved by M. Bataille (France), M. Brozinsky, M. Goldenberg & M. Kaplan, J.-P. Grivaux (France), L. R.
King, J. H. Lindsey II, J. Minkus, C. R. Pranesachar (India), A. Stadler (Switzerland), R. Stong, H. L. Stubbs,
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R. S. Tiberio, Z. Vörös (Hungary), M. Vowe (Switzerland), H. Widmer (Germany), J. B. Zacharias, GCHQ
Problem Solving Group (U. K.), Microsoft Research Problems Group, and the proposer.

Counting Good Bit String Arc Diagrams

11362 [2008, 461]. Proposed by David Callan, University of Wisconsin, Madison, WI.
A bit string arc diagram is an undirected graph in which the vertices are the positions
in a single string of bits and the edges are called arcs due to the visual representation in
which they are drawn joining positions in the string. To be a good diagram, arcs must
occur only between unequal bits, and each bit may be the left endpoint of at most one
arc. Thus the first diagram is good but, for two reasons, the second is not.

1 1 0 0 1 1 0 1 1 0 0 1 1 0

There are six good diagrams on two bits, four with no arc and two with a single arc.
How many good diagrams are there on n bits?

Solution by Jody Lockhart, U. S. Naval Academy, Annapolis, MD. The answer is
(n + 1)!. We use induction on n. Letting g(n) be the number of good diagrams on n
bits, it is immediate that g(1) = 2. Given that g(n − 1) = n!, consider a good diagram
on n bits. Removing the leftmost bit and any arc emanating from it leaves a good
diagram on n − 1 bits. Each good diagram on n − 1 bits arises in this way n + 1 times,
since when one vertex is added to the left of the others, the diagram is completed either
by adding an arc from it to another vertex (there are n − 1 choices, and each determines
the label of the new vertex) or by adding no new arcs and labeling the new vertex with
0 or 1 (two more choices). Thus g(n) = (n + 1)g(n − 1) = (n + 1)!.
Editorial comment. Robin Chapman observed that the answer and the proof remain
unchanged if the words “only between unequal bits” in the problem statement are
changed to “only between equal bits”.

Also solved by S. Abbott (U. K.), M. Andreoli, D. Beckwith, J. C. Binz (Switzerland), D. R. Bridges, R. Chap-
man (U. K.), M. T. Clay, P. Corn, C. Curtis, D. Degiorgi (Switzerland), J. Freeman, J. Gately, J. Guerreiro
& J. Matias (Portugal), E. Guliyev & M. Sterin, T. Hopp, I. M. Isaacs, R. Johnsonbaugh, J. H. Lindsey II,
S. C. Locke, O. P. Lossers (Netherlands), S. Metcalf, D. Nacin, J. H. Nieto (Venezuela), M. A. Prasad (India),
R. Pratt, E. Raduns, M. Renault, J. B. Robertson, T. Rucker, P. Spanoudakis (U. K.), R. Stong, P. D. Straffin,
J. Swenson, R. Tauraso (Italy), P. Weiner, BSI Problems Group (Germany), GCHQ Problem Solving Group
(U. K.), and the proposer.

Nested Radicals

11367 [2008, 461]. Proposed by Andrew Cusumano, Great Neck, NY. Let x1 =√
1 + 2, x2 =

√
1 + 2

√
1 + 3, and in general, let xn+1 be the number obtained by

replacing the innermost expression (1 + (n + 1)) in the nested square root formula for
xn with 1 + (n + 1)

√
1 + (n + 2). Show that

lim
n→∞

xn − xn−1

xn+1 − xn
= 2.

Solution by John H. Lindsey II, Cambridge, MA. We introduce two auxiliary, doubly
indexed, sequences 〈an,i 〉 and 〈bn,i〉, defined for 0 ≤ i ≤ n. We put an,n = 1, and for
0 ≤ i ≤ n − 1, set an,i = √

1 + (i + 2)an,i+1, so that an,0 = xn . We put bn,i = (i + 3 −
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an,i )/(i + 2), noting that bn,n = 1, and we put m = �2 log n�. A computation shows
that for 0 ≤ i ≤ n − 1,

bn,i

bn,i+1
= 1

2 − i+2
i+3 bn,i

, (*)

from which it follows that 1 = bn,n > bn,n−1 > · · · > bn,0 > 0. Next, we note that

1 − bn,i+1 = (1 − bn,i )
2 − b2

n,i/(i + 3) < (1 − bn,i )
2. (**)

We shall need some less immediate properties of these sequences. We claim

1 <
an,i

an−1,i−1
<

i + 2

i + 1
for 1 ≤ i ≤ n − 1 (1)

bn,n−m ≤ 1

n
for n ≥ 1000 (2)

2−i bn,n−m < bn,n−m−i ≤ 1

n

(
2

3

)i

for n ≥ 1000, 1 ≤ i ≤ n − m (3)

i + 1

i + 2
<

bn,i/bn,i+1

bn−1,i−1/bn−1,i
<

i + 3

i + 2
(4)

2−(n−m) <
bn,0

bn,n−m
< 2−(n−m)e2/(2n−1) for n ≥ 1000 (5)

n − m + 1

n + m
<

bn,n−m

bn−1,n−m+1
<

n + 2

n − m + 2
. (6)

Postponing the proof of the claims, we now compute

lim
n→∞

bn,0

bn−1,0
= lim

n→∞
bn,n−m

bn−1,n−m−1
·

bn,0
bn,n−m

bn−1,0
bn−1,n−m−1

= 1 · 1

2

so that

lim
n→∞

xn − xn−1

xn+1 − xn
= lim

n→∞
an,0 − an−1,0

an+1,0 − an,0
= lim

n→∞
bn−1,0 − bn,0

bn,0 − bn+1,0

= lim
n→∞

bn−1,0/bn,0 − 1

1 − bn+1,0/bn,0
= 2 − 1

1 − 1/2
= 2.

Claim (1) follows from backwards induction on i , starting with i = n − 1 where we
have an,n−1/an−1,n−2 = √

(n + 2)/(n + 1) and then using the definition of an,i together
with

√
(i + 2)/ i < (i + 1)/ i . For (2), suppose instead that bn,n−m > 1/n. Then (1 −

bn,n−m) < (1 − 1/n). Using (**) m − 1 times now yields 1 − bn,n−1 < (1 − 1/n)2m−1
.

Thus

(1 − bn,n−1)
2 < (1 − 1/n)2m

< exp (−2m/n) < exp
(−n2 log 2−1

)
.

On the other hand, bn,n−1 = (n + 2)/(n + 3) from (*), so (n + 3)2 > exp
(
n2 log 2−1

)
.

For n sufficiently large, this fails, and some mundane calculation confirms that n =
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1000 is sufficiently large. For (3), when n > 1000, (*) gives bn,n−m−1 < bn,n−m , then

1

2
<

bn,n−m−1

bn,n−m
<

1

2 − (
n−m+1
n−m+2

)
bn,n−m−1

<
1

2 − bn,n−m
<

1

2 − 1/n
<

2

3
,

and eventually
(

1

2

)i

<
bn,n−m−i

bn,n−m
<

(
2

3

)i

.

For (4), the definition of bn,i , (*), and (1) give

bn,i/bn,i+1

bn−1,i−1/bn−1,i
= 1 + an−1,i−1

i+2

1 + an,i
i+3

which has the form X = (1 + θa/(i + 2))/(1 + a/(i + 3)) with a > 1 and (i +
1)/(i + 2) < θ < 1. For any such X , (i + 1)/(i + 2) < X < (i + 3)/(i + 2).

The lower bound in (5) is immediate from (3). For the upper bound, from (*) and
(3) we have

log bn,0 = log(bn,n−m) +
n−m−1∑

i=0

log

(
bn,i

bn,i+1

)

< log(bn,n−m) −
∑

i = 0n−m−1 log

[
2 − i + 2

i + 3
· 1

n

(
2

3

)n−m−i
]

< log(bn,n−m) − (n − m) log(2) −
n−m∑

i=1

log

(
1 − 1

2n

(
2

3

)i
)

< log(bn,n−m) − (n − m) log(2) + 2

2n − 1
.

The two ends of this chain of inequalities are equivalent to the required upper bound.
Finally, for (6), using both estimates of (4) gives

n − m + 1

n + m
=

n−1∏

i=n−m

i + 1

i + 2
<

n−1∏

i=n−m

bn,i/bn,i+1

bn−1,i−1/bn−1,i

= bn,n−m

bn−1,n−m−1
<

∏

i=n−m

n − 1
i + 3

i + 2
= n + 2

n − m + 2
.

Also solved by F. Alayont, K. Andersen (Canada), R. Bagby, D. & J. Borwein (Canada), P. Bourdon, P.
Bracken, R. Chapman (U. K.), H. Chen, K. Dale (Norway), P. P. Dályay (Hungary), K. Endo, G. C. Greubel,
J. Grivaux (France), J. A. Grzesik, S. J. Herschkorn, M. Hildebrand, F. Holland (Ireland), A. Incognito & T.
Mengesha, V. K. Jenner (Switzerland), O. Kouba (Syria), K.-W Lau (China), W. R. Livingston, O. P. Lossers
(Netherlands), K. McInturff, K. Nagasaki (Japan), T. Nakata (Japan), O. Padé (Israel), P. Perfetti (Italy), Á.
Plaza & J. M. Pacheco (Spain), D. S. Ross, V. Rutherfoord, B. Schmuland (Canada), A. Stadler (Switzer-
land), R. Stong, R. Tauraso (Italy), M. Tetiva (Romania), M. Thaler (Australia), J. Vinuesa (Spain), Z. Vörös
(Hungary), T. Wilkerson, Y. Yu, BSI Problems Group (Germany), GCHQ Problem Solving Group (U. K.),
Microsoft Research Problems Group, and the proposer.
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REVIEWS
Edited by Jeffrey Nunemacher

Mathematics and Computer Science, Ohio Wesleyan University, Delaware, OH 43015

Tools of American Mathematics Teaching, 1800–2000. By Peggy Aldrich Kidwell, Amy
Ackerberg-Hastings, and David Lindsay Roberts, Johns Hopkins University Press, Baltimore,
2008, xviii+418 pp., ISBN 13-978-0-8018-8814-4, $70.

Reviewed by Daniel S. Silver

The chalk-covered overhead projector in the classroom corner has a story to tell. So
does the pitted blackboard. Even the abandoned scrap of graph paper has a tale. These
objects find their voice in Tools of American Mathematics Teaching. Other, less famil-
iar or forgotten devices such as cube-root blocks and Cuisenaire rods get the occasion
to speak as well.

Tools of American Mathematics Teaching is divided into four parts: Tools of Presen-
tation and General Pedagogy; Tools of Calculation; Tools of Measurement and Rep-
resentation; Electronic Technology and Mathematical Learning. The impatient reader
can dip in anywhere without fear of getting lost, since the chapters are independent.
Careful references and generous notes at the end make this book a valuable supplement
for a course in history of mathematics, especially one designed for education students.
Briefly, Tools of American Mathematics Teaching is a highly unusual, well-written
book that will entice those who have been on either side of the lectern.

“When do you suppose blackboards were introduced in the United States?” I eaves-
dropped as one of the authors, Peggy Kidwell, posed the question to a dinner table
full of mathematicians attending a conference. Her account of indignant Yale students
whose resistance to such an innovation led to the Conic Section Rebellion of 1830
(and their ultimate dismissal) now often intrudes on my subconscious when I drag an
eraser across a board.

Ostensibly, mathematical tools are the focus of the book. They are treated care-
fully, even lovingly. One chapter is titled “The Slide Rule,” another “The Protractor.”
More than 80 black and white photographs aid the reader’s imagination. However,
Tools of American Mathematics Teaching is in fact a catalog of enthusiasms. Each of
the chronicled devices embodies someone’s hopes. Consider, for example, this early
19th-century description of the abacus: “Suffice it to say, that it was one of the best
instruments that was ever introduced into an infant school.” Or this later assertion:
“The single most important catalyst for today’s mathematics education reform move-
ment is the continuing exponential growth in personal access to powerful computing
technology.”

The most common teaching tools of our day are textbooks. They were not always
common. Textbooks were rare and expensive in the early United States. When A New
and Complete System of Arithmetic was published in 1786 by a Newbury-Port school-
master, Nicholas Pike, the weight of the event was recognized by the former comman-
der of the Continental Army, George Washington. “I flatter myself,” he wrote, “that the
idea of its being an American production, and the first of its kind which has appeared,
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will induce every patriotic character to give it all the countenance in his power” [2,
pp. 181–182]. Those who traded in anchors of brandy, pipes of water, or butts of ale
were thankful for Pike’s book. So great was its need that it remained in general use for
more than 50 years.

Other authors followed Pike’s example. Both Jeremiah Day of Yale and John Farrar
of Harvard made handsome profits from their textbooks. Yet both continued to regard
themselves primarily as university professors rather than successful authors.

Charles Davies was different. A hasty product of the United States Military
Academy at West Point, he returned after the War of 1812 as an assistant profes-
sor of mathematics. Perhaps it was his depressing salary of ten dollars a month that
motivated Davies to begin writing mathematics textbooks. He would churn out fifty
books during the same number of years from 1826 to 1876. His dealings with vari-
ous publishers suggest that he was equally fond of business. Davies created a new,
lucrative career that would survive longer than his writing.

A sense of civic duty also propelled most mathematical authors and inventors. How-
ever, another, more alarming motive was gaining strength. As schools and students
multiplied, cries for uniform standards and assessment became loud. By the end of the
nineteenth century, testing had become an industry that would survive recessions and
even the Great Depression.

When knowledgeable enthusiasm for teaching gives way to other concerns, trou-
ble follows. Administrators and psychologists soon began a symbiotic relationship,
the former dreaming of more efficient classrooms, the latter of huge classroom-
laboratories. Together they began to transform teachers into data gatherers. Some of
the tests, such as those designed by Stuart Appleton Courtis which timed students’
arithmetic computations, were at best a waste of time. One series of “diagnostic tests,”
designed by Courtis for the schools of Cleveland and Grand Rapids, required nearly
six hours for completion. A colleague, Walter Scott Monroe, warned, “Any series of
classroom tests must not require a large amount of time if they are to be used by any
besides the most enthusiastic workers.” Schools today must be full of enthusiastic
workers.

The need for greater classroom efficiency also spurred the use of many of the de-
vices found in the pages of Tools of American Mathematics Teaching. Perhaps the
oddest instance involved the overhead projector.

As the Second World War began, the United States military discovered that it was
now in the business of teaching. Thousands of new recruits needed training in technical
matters, and many had little education. While movies and filmstrips were helpful, one
such device, the overhead projector, was drawing special attention and funding of the
U.S. government.

Before the war, overhead projectors were more likely to be bathed in beer than
chalk. The “Tel-E-Score,” manufactured in Chicago by the Brunswick-Balke-
Collender Company, projected written bowling scores on screens at the head of the
alley. After the war ended, aggressive marketing combined with government grants
promoted “bowling-alley projectors” to the classroom. Unlike blackboards, overhead
projectors permitted teachers to remain facing unruly students, thereby satisfying
needs of both pedagogy and protection. “Projectuals,” devices specifically designed
for the projectors, offered teachers the opportunity to present material in a dynamic
fashion. One such device that is still available for purchase used iron filings in a soft
bag of viscous fluid together with magnets to help students visualize magnetic fields.

While some teaching tools promoted more efficient teaching, others demanded pre-
cious time. Cube-root blocks (a visual aid for cube root extraction) and Cuisenaire
rods (colorful manipulatives for demonstrating basic arithmetic operations, reciprocal
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numbers, proportion, and other elementary concepts) are two examples. As early as the
mid 1800s we find educators contending that children should discover mathematical
principles for themselves. I do not know if the use of such tools initiated the teaching
debate between “traditionalists” and “reformers,” the former emphasizing manipula-
tion of symbols, the latter objects. Certainly, it accelerated this ongoing fight.

The slide rule was a different sort of device. It was invented by a seventeenth-
century Anglican minister and mathematician, William Oughtred. Specialized rules
for tradesmen quickly followed. One such “gauging rule” was used to determine excise
taxes on wine, ale, and spirits contained in barrels. When in the late nineteenth century
the slide rule was introduced to American college classrooms, it arrived as a tool only
for advanced calculations. Nevertheless, there was unease among some educators. The
authors of Tools of American Mathematics Teaching might have included the following
warning of Oughtred, reported in 1916 by mathematics historian Florian Cajori [1,
p. 93].

A boy may learn to use a slide rule mechanically and, because of his ability to
obtain practical results, feel justified in foregoing the mastery of underlying the-
ory; or he may consider the ability of manipulating a surveying instrument quite
sufficient, even though he be ignorant of geometry and trigonometry; or he may
learn how to operate a dynamo and an electric switchboard and be altogether
satisfied, though having no grasp of electrical science. Thus instruments draw a
youth aside from the path leading to real intellectual attainments and real effi-
ciency; they allure him into lanes which are often blind alleys. Such were the
views of Oughtred.

Many of the devices described in Tools of American Mathematics Teaching were
made possible by new or improved materials. The commercial success of the overhead
projector, for example, was dependent upon cellophane, invented in 1912 and later
used to make inexpensive transparencies. The popularity of graph paper depended on
production methods that could ensure large supplies at low cost.

However, one innovation had a greater impact on mathematical tools than all previ-
ous ones combined. With the introduction of miniaturized electronic circuits in 1959,
the shore of a previously unimagined, virtual world was glimpsed. As affordable hand-
held calculators arrived in the 1970s, traditional mathematics curricula and attitudes
about teaching began to change. Fifty years later we are still struggling in the ocean
currents, making our way to an uncertain shore.

It is fitting that the final quarter of Tools of American Mathematics Teaching is de-
voted to electronic technology. Computers have made possible new educational tools.
More significantly, they have changed the way we discover and, arguably, the way we
think. (Today it is easier to find a slide rule “app” for an iPod Touch than to purchase
the real thing.) The search during the past two centuries for new tools of teaching is
now carried to the jungles of our virtual world. I can’t wait to read the sequel to this
extraordinary book 200 years from now.
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Yueh-Gin Gung and Dr. Charles Y. Hu
Award for 2010 to Kenneth A. Ross for
Distinguished Service to Mathematics

Barbara Faires

Ken Ross has made many contributions to mathematics over a long career. From 1971
to 1980 he served the American Mathematical Society (AMS) as Associate Secretary
for the Western Section, and in 1983 he was elected Secretary of the Mathematical
Association of America (MAA). When the responsibilities of the MAA Secretary were
split in 1989, he became the MAA’s first Associate Secretary and continued to be
responsible for the MAA presence in the national joint AMS-MAA meetings. He had
long been involved with meetings; during his appointment at the AMS he was in charge
of AMS regional meetings as well as any national meetings held in a Western city. In
these assignments for the AMS and the MAA he traveled extensively to check out
possible meeting sites. At the time of the meetings Ken was everywhere at once to
ensure that everything was going smoothly. Of course, as MAA Secretary he was also
responsible for keeping track of all the committees, preparing materials for Executive
Committee and Board of Governors meetings, and generally keeping the business of
the Association on track. In these various roles he showed great talent for working well
with people, quietly making sure that everything got done. And, at least on the outside,
he always appeared calm and in control.

In 1993 Ken was elected MAA President and successfully led the MAA during a
particularly challenging time due to financial problems. Following his term as Presi-
dent, he went on to chair the Response Group on the NCTM Standards, a potentially
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difficult political assignment because of the so-called “Math Wars.” Ken handled it
with his usual aplomb and emerged unscathed after furnishing insightful reports to
NCTM that reflected a consensus of opinion among mathematicians. Ken is a superb
diplomat, with good ideas and a calming manner, and is skilled at bringing people
together to talk and iron out their differences.

When Paul and Virginia Halmos made their gift to the MAA to renovate the Car-
riage House at MAA headquarters in Washington for use as a conference center, Ken
co-chaired the Advisory Board, setting the agenda for that new facility which now
hosts a wide variety of mathematical activities. During his tenure as Editor of the
Carus Monograph Series for the MAA, a record three titles were published. Ken cur-
rently serves as a member of the Editorial Board of the MAA’s Spectrum Series, where
he is one of the most dependable, conscientious, and willing members of that board. In
his various roles he served on the Board of Governors for many years, as well as many
committees concerned with finance, publications, meetings, membership, awards, and
prizes. Ken serves currently as Associate Editor of Mathematics Magazine and on
committees: the Silver and Gold Banquet, Bylaws Revision, and the MAA Centennial
coming up in 2015. During his years as a national officer of the MAA, he gave invited
talks to 21 MAA sections, visiting some sections more than once.

Despite all of these distractions he remains active as a mathematician. In Mathe-
matical Reviews we find total publications 57 and total citations 759. The phenomenal
number of citations includes 366 for the classic Abstract Harmonic Analysis (with Ed-
win Hewitt), in two volumes, published by Springer. Other books include his widely
used Elementary Analysis: The Theory of Calculus (Springer); his Discrete Mathe-
matics (with Charles Wright, published by Prentice-Hall), which has gone into five
editions; Sidon Sets (with Jorge M. Lopez) in the Springer Lecture Notes Series; and
the most recent, A Mathematician at the Ball Park, with Pi Press (2004). The last of
these demonstrates Ken’s lifelong passion for baseball.

Ken supervised the doctoral dissertations of 15 students at the University of
Rochester and the University of Oregon, where he served on the faculty for 44 years,
the last 8 of these as emeritus professor. Ken received his undergraduate education
at the University of Utah and his doctorate from the University of Washington where
he worked with Ed Hewitt. As a dissertation advisor Ken has the reputation of be-
ing generous with his time, as he is in every other task he takes on. Early on he
became involved with Project NExT and the Young Mathematicians Network when
he worked with them in their poster sessions. Former students attest to the clarity
of his presentations and the low-key theatrics in his classes that were helped by the
fact that he is ambidextrous. It often took a while before his students noticed that
his handwriting shifted between boards as he moved the chalk from one hand to the
other.

Since his retirement from the University of Oregon in 1999 he has had time to
indulge in his commitment to baseball. In connection with the publication of the book
on mathematics and baseball, Ken was interviewed for the web site of the famous
bookstore, Powell’s, in Portland, Oregon. We see there a demonstration of his well-
known dry wit. When asked about his best and worst subjects in school, he answered
that his “best subject was mathematics, geometry and trigonometry. . . where hard work
paid off. . . [there] was opportunity to excel. . . My worst subject was social studies,
which meant local history where I went to school. This was in Utah, so those few of
us who didn’t already know a lot of Mormon history were at a big disadvantage. It
didn’t seem fair, and this was before I learned that ‘life isn’t fair’.” When asked what
he would like as a title for his biography, he answered “Born to Be a Facilitator: An
Over-Achiever Who Grew Up to Be a Workaholic.”
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This article was initially written by Jerry Alexanderson with editing contributed by
the Committee on the Gung and Hu Award: Dan Maki, Carl Pomerance, Jerry Porter,
Chris Stevens, and Ann Watkins.

About the Gung-Hu Award. The Yueh-Gin Gung and Dr. Charles Y. Hu Award for
Distinguished Service to Mathematics is intended to be the most prestigious award for
service made by the Association. This award (first given in 1990) is the successor to the
Award for Distinguished Service in Mathematics (first given in 1962). It has been made
possible by the late Dr. Hu and his wife, Yueh-Gin Gung. It is worth noting that Dr. Hu
and Yueh-Gin Gung were not mathematicians, but rather a professor of geography at
the University of Maryland and a librarian at the University of Chicago, respectively.
They contributed to the MAA because, as they wrote, “We always have high regard
and great respect for the intellectual agility and high quality of mind of mathematicians
and consider mathematics as the most vital field of study in the technological age we
are living in.”

From the Writings of Thomas Pynchon

“They could turn out to be only innocent mathematicians, I suppose,” muttered
Woevre’s section officer, de Decker.

“‘Only.’” Woevre was amused. “Someday you’ll explain to me how that’s
possible. Seeing that, on the face of it, all mathematics leads, doesn’t it, sooner
or later, to some kind of human suffering.”

Thomas Pynchon, Against the Day, Penguin Press,
New York, 2006, pp. 540–541

—Submitted by John L. Leonard, University of Arizona
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Old and New Results in the Foundations of
Elementary Plane Euclidean and

Non-Euclidean Geometries
Marvin Jay Greenberg

By “elementary” plane geometry I mean the geometry of lines and circles—straight-
edge and compass constructions—in both Euclidean and non-Euclidean planes. An
axiomatic description of it is in Sections 1.1, 1.2, and 1.6. This survey highlights some
foundational history and some interesting recent discoveries that deserve to be better
known, such as the hierarchies of axiom systems, Aristotle’s axiom as a “missing link,”
Bolyai’s discovery—proved and generalized by William Jagy—of the relationship of
“circle-squaring” in a hyperbolic plane to Fermat primes, the undecidability, incom-
pleteness, and consistency of elementary Euclidean geometry, and much more. A main
theme is what Hilbert called “the purity of methods of proof,” exemplified in his and
his early twentieth century successors’ works on foundations of geometry.

1. AXIOMATIC DEVELOPMENT

1.0. Viewpoint. Euclid’s Elements was the first axiomatic presentation of mathemat-
ics, based on his five postulates plus his “common notions.” It wasn’t until the end of
the nineteenth century that rigorous revisions of Euclid’s axiomatics were presented,
filling in the many gaps in his definitions and proofs. The revision with the great-
est influence was that by David Hilbert starting in 1899, which will be discussed
below. Hilbert not only made Euclid’s geometry rigorous, he investigated the min-
imal assumptions needed to prove Euclid’s results, he showed the independence of
some of his own axioms from the others, he presented unusual models to show certain
statements unprovable from others, and in subsequent editions he explored in his ap-
pendices many other interesting topics, including his foundation for plane hyperbolic
geometry without bringing in real numbers. Thus his work was mainly metamathemat-
ical, not geometry for its own sake.

The disengagement of elementary geometry from the system of real numbers was
an important accomplishment by Hilbert and the researchers who succeeded him [20,
Appendix B]. The view here is that elementary Euclidean geometry is a much more
ancient and simpler subject than the axiomatic theory of real numbers, that the discov-
ery of the independence of the continuum hypothesis and the different versions of real
numbers in the literature (e.g., Herman Weyl’s predicative version, Errett Bishop’s
constructive version) make real numbers somewhat controversial, so we should not
base foundations of elementary geometry on them. Also, it is unaesthetic in mathe-
matics to use tools in proofs that are not really needed. In his eloquent historical essay
[24], Robin Hartshorne explains how “the true essence of geometry can develop most
naturally and economically” without real numbers.1

Plane Euclidean geometry without bringing in real numbers is in the spirit of the
first four volumes of Euclid. Euclid’s Book V, attributed to Eudoxus, establishes a

doi:10.4169/000298910X480063
1Hartshorne’s essay [24] elaborates on our viewpoint and is particularly recommended to those who were

taught that real numbers precede elementary geometry, as in the ruler and protractor postulates of [32].
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theory of proportions that can handle any quantities, whether rational or irrational,
that may occur in Euclid’s geometry. Some authors assert that Eudoxus’ treatment
led to Dedekind’s definition of real numbers via cuts (see Moise [32, §20.7], who
claimed they should be called “Eudoxian cuts”). Eudoxus’ theory is applied by Euclid
in Book VI to develop his theory of similar triangles. However, Hilbert showed that
the theory of similar triangles can actually be fully developed in the plane without
introducing real numbers and without even introducing Archimedes’ axiom [28, §14–
16 and Supplement II]. His method was simplified by B. Levi and G. Vailati [10,
Artikel 7, §19, p. 240], cleverly using an elementary result about cyclic quadrilaterals
(quadrilaterals which have a circumscribed circle), thereby avoiding Hilbert’s long
excursion into the ramifications of the Pappus and Desargues theorems (of course that
excursion is of interest in its own right). See Hartshorne [23, Proposition 5.8 and §20]
for that elegant development.

Why did Hilbert bother to circumvent the use of real numbers? The answer can be
gleaned from the concluding sentences of his Grundlagen der Geometrie (Foundations
of Geometry, [28, p. 107]), where he emphasized the purity of methods of proof.2

He wrote that “the present geometric investigation seeks to uncover which axioms,
hypotheses or aids are necessary for the proof of a fact in elementary geometry . . . ”
In this survey, we further pursue that investigation of what is necessary in elementary
geometry.

We next review Hilbert-type axioms for elementary plane Euclidean geometry—
because they are of great interest in themselves, but also because we want to exhibit a
standard set of axioms for geometry that we can use as a reference point when inves-
tigating other axioms. Our succinct summaries of results are intended to whet readers’
interest in exploring the references provided.

1.1. Hilbert-type Axioms for Elementary Plane Geometry Without Real Num-
bers. The first edition of David Hilbert’s Grundlagen der Geometrie, published in
1899, is referred to as his Festschrift because it was written for a celebration in mem-
ory of C. F. Gauss and W. Weber. It had six more German editions during his lifetime
and seven more after his death (the fourteenth being the centenary in 1999), with many
changes, appendices, supplements, and footnotes added by him, Paul Bernays, and oth-
ers (see the Unger translation [28] of the tenth German edition for the best rendition
in English, and see [22] for the genesis of Hilbert’s work in foundations of geome-
try). Hilbert provided axioms for three-dimensional Euclidean geometry, repairing the
many gaps in Euclid, particularly the missing axioms for betweenness, which were
first presented in 1882 by Moritz Pasch. Appendix III in later editions was Hilbert’s
1903 axiomatization of plane hyperbolic (Bolyai-Lobachevskian) geometry. Hilbert’s
plane hyperbolic geometry will be discussed in Section 1.6.

Hilbert divided his axioms into five groups entitled Incidence, Betweenness (or Or-
der), Congruence, Continuity, and a Parallelism axiom. In the current formulation, for
the first three groups and only for the plane, there are three incidence axioms, four be-
tweenness axioms, and six congruence axioms—thirteen in all (see [20, pp. 597–601]
for the statements of all of them, slightly modified from Hilbert’s original).

The primitive (undefined) terms are point, line, incidence (point lying on a line),
betweenness (relation for three points), and congruence. From these, the other standard
geometric terms are then defined (such as circle, segment, triangle, angle, right angle,

2For an extended discussion of purity of methods of proof in the Grundlagen der Geometrie, as well as
elsewhere in mathematics, see [21] and [7]. For the history of the Grundlagen and its influence on subsequent
mathematics up to 1987, see [2].
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perpendicular lines, etc.). Most important is the definition of two lines being parallel:
by definition, l is parallel to m if no point lies on both of them (i.e., they do not
intersect).

We briefly describe the axioms in the first three groups:
The first incidence axiom states that two points lie on a unique line; this is Euclid’s

first postulate (Euclid said to draw the line). The other two incidence axioms assert
that every line has at least two points lying on it and that there exist three points that
do not all lie on one line (i.e., that are not collinear).

The first three betweenness axioms state obvious conditions we expect from this
relation, writing A ∗ B ∗ C to denote “B is between A and C”: if A ∗ B ∗ C , then
A, B, and C are distinct collinear points, and C ∗ B ∗ A. Conversely, if A, B, and
C are distinct and collinear, then exactly one of them is between the other two. For
any two points B and D on a line l, there exist three other points A, C , and E on l
such that A ∗ B ∗ D, B ∗ C ∗ D, and B ∗ D ∗ E . The fourth betweenness axiom—the
Plane Separation axiom—asserts that every line l bounds two disjoint half-planes (by
definition, the half-plane containing a point A not on l consists of A and all other
points B not on l such that segment AB does not intersect l). This axiom helps fill the
gap in Euclid’s proof of I.16, the Exterior Angle theorem [20, p. 165]. It is equivalent
to Pasch’s axiom that a line which intersects a side of a triangle between two of its
vertices and which is not incident with the third vertex must intersect exactly one of
the other two sides of the triangle.

There are two primitive relations of congruence—congruence of segments and con-
gruence of angles. Two axioms assert that they are equivalence relations. Two axioms
assert the possibility of laying off segments and angles uniquely. One axiom asserts the
additivity of segment congruence; the additivity of angle congruence can be proved
and need not be assumed as an axiom, once the next and last congruence axiom is
assumed.

Congruence axiom six is the side-angle-side (SAS) criterion for congruence of
triangles; it provides the connection between segment congruence and angle congru-
ence. Euclid pretended to prove SAS by “superposition.” Hilbert gave a model to show
that SAS cannot be proved from the first twelve axioms [28, §11]; see [20, Ch. 3, Exer-
cise 35 and Major Exercise 6] for other models. The other familiar triangle congruence
criteria (ASA, AAS, and SSS) are provable. If there is a correspondence between the
vertices of two triangles such that corresponding angles are congruent (AAA), those
triangles are by definition similar. (The usual definition—that corresponding sides are
proportional—becomes a theorem once proportionality has been defined and its theory
developed.)

A model of those thirteen axioms is now called a Hilbert plane ([23, p. 97] or [20,
p. 129]). For the purposes of this survey, we take elementary plane geometry to mean
the study of Hilbert planes.

The axioms for a Hilbert plane eliminate the possibility that there are no parallels
at all—they eliminate spherical and elliptic geometry. Namely, a parallel m to a line l
through a point P not on l is proved to exist by “the standard construction” of dropping
a perpendicular t from P to l and then erecting the perpendicular m to t through P [20,
Corollary 2 to the Alternate Interior Angle theorem]. The proof that this constructs a
parallel breaks down in an elliptic plane, because there a line does not bound two
disjoint half-planes [20, Note, p. 166].

The axioms for a Hilbert plane can be considered one version of what J. Bolyai
called absolute plane geometry—a geometry common to both Euclidean and hyper-
bolic plane geometries; we will modify this a bit in Section 1.6. (F. Bachmann’s ax-
ioms based on reflections furnish an axiomatic presentation of geometry “absolute”
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enough to also include elliptic geometry and more—see Ewald [12] for a presentation
in English.)

For the foundation of Euclidean plane geometry, Hilbert included the following
axiom of parallels (John Playfair’s axiom from 1795, usually misstated to include ex-
istence of the parallel and stated many centuries earlier by Proclus [39, p. 291]):

Hilbert’s Euclidean Axiom of Parallels. For every line l and every point P not on l,
there does not exist more than one line through P parallel to l.

It is easily proved that for Hilbert planes, this axiom, the fourteenth on our list,
is equivalent to Euclid’s fifth postulate [20, Theorem 4.4]. I propose to call models
of those fourteen axioms Pythagorean planes, for the following reasons: it has been
proved that those models are isomorphic to Cartesian planes F2 coordinatized by ar-
bitrary ordered Pythagorean fields—ordered fields F such that

√
a2 + b2 ∈ F for all

a, b ∈ F [23, Theorem 21.1]. In particular,
√

2 ∈ F , and by induction,
√

n ∈ F for
all positive integers n. The field F associated to a given model was constructed from
the geometry by Hilbert: it is the field of segment arithmetic ([23, §19] or [28, §15]).
Segment arithmetic was first discovered by Descartes, who used the theory of similar
triangles to define it; Hilbert worked in the opposite direction, first defining segment
arithmetic and then using it to develop the theory of similar triangles.

Another reason for the name “Pythagorean” is that the Pythagorean equation holds
for all right triangles in a Pythagorean plane; the proof of this equation is the usual
proof using similar triangles [23, Proposition 20.6], and the theory of similar triangles
does hold in such planes [23, §20]. The smallest ordered Pythagorean field is a count-
able field called the Hilbert field (he first introduced it in [28, §9]); it coordinatizes
a countable Pythagorean plane. The existence theorems in Pythagorean planes can
be considered constructions with a straightedge and a transporter of segments, called
Hilbert’s tools by Hartshorne [23, p. 102, Exercise 20.21 and p. 515].

These models are not called “Euclidean planes” because one more axiom is needed
in order to be able to prove all of Euclid’s plane geometry propositions.

1.2. Continuity Axioms. Most of the plane geometry in Euclid’s Elements can be
carried out rigorously for Pythagorean planes, but there remain several results in Euclid
which may fail in Pythagorean planes, such as Euclid I.22 (the Triangle Existence
theorem in [32, §16.5]), which asserts that given three segments such that the sum
of any two is greater than the third, a triangle can be constructed having its sides
congruent to those segments—[23, Exercise 16.11] gives an example of I.22 failure.
Hilbert recognized that I.22 could not be proved from his Festschrift axioms—see [22,
p. 202].

Consider this fifteenth axiom, which was not one of Hilbert’s:

Line-Circle Axiom. If a line passes through a point inside a circle, then it intersects
the circle (in two distinct points).

This is an example of an elementary continuity axiom—it only refers to lines and/or
circles. For a Pythagorean plane coordinatized by an ordered field F , this axiom holds
if and only if F is a Euclidean field—an ordered field in which every positive element
has a square root [23, Proposition 16.2]. Another elementary continuity axiom is:

Circle-Circle Axiom. If one circle passes through a point inside and a point outside
another circle, then the two circles intersect (in two distinct points).
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Euclid’s proof of his very first proposition, I.1—the construction of an equilateral
triangle on any base—tacitly uses circle-circle continuity in order to know that the
circles he draws do intersect [20, p. 130]. Hartshorne and Pambuccian have indepen-
dently shown [23, p. 493] that Euclid I.1 does not hold in all Hilbert planes. It does hold
in all Pythagorean planes, as can be shown by first constructing the altitude standing
on the midpoint of that base, using the fact that the field of segment arithmetic contains√

3.
For arbitrary Hilbert planes, the Circle-Circle axiom is equivalent to the Triangle

Existence theorem [20, Corollary, p. 173] and implies the Line-Circle axiom [20, Ma-
jor Exercise 1, p. 200]. Conversely, Strommer [43] proved that Line-Circle implies
Circle-Circle in all Hilbert planes, first proving the Three-Chord theorem (illustrated
on the cover of [23] and explained in Section 1.2.1 below), then introducing a third
circle and the radical axis it determines in order to invoke Line-Circle. Alternatively,
Moise [32, §16.5] gave a proof of this implication for Pythagorean planes, and by using
Pejas’ classification of Hilbert planes ([37] or [27]), I was able to reduce the general
case to that one.

Hartshorne [23, p. 112] calls a Euclidean plane any Pythagorean plane satisfy-
ing the Circle-Circle axiom. Euclidean planes are, up to isomorphism, just Cartesian
planes F2 coordinatized by arbitrary Euclidean fields F [23, Corollary 21.2]. The
diligent reader can check that every plane geometry proposition in Euclid’s Ele-
ments can be proved from those fifteen axioms. (For Euclid’s propositions about
“equal area,” see [23, Chapter 5], where Hartshorne carefully specifies which results
are valid in all Pythagorean planes.) Thus Euclid’s plane geometry has been made com-
pletely rigorous without bringing in real numbers and Hartshorne’s broader definition
is justified.

Consider the Euclidean plane E coordinatized by the constructible field K (called
the surd field by Moise in [32]); K is the closure (in R, say) of the rational numbers un-
der the field operations and the operation of taking square roots of positive numbers.
(The Hilbert field consists of all the totally real numbers in K—see [23, Exercises
16.10–16.14].) The countable model E is used to prove the impossibility of the three
classical construction problems (trisecting every angle, squaring every circle, and du-
plicating a cube) using straightedge and compass alone ([23, §28] or [32, Ch. 19]).
This application shows the importance of studying Euclidean planes other than R

2. In
the language of mathematical logic, it also shows that the theory of Euclidean planes
is incomplete, meaning that there are statements in the theory that can be neither
proved nor disproved. An example of such a statement is “every angle has a trisec-
tor”; this is true in R

2 but false in E . Moise said that the plane E is “all full of holes”
[32, p. 294].

Notes. Hartshorne studied constructions with marked ruler and compass, such as tri-
secting any angle and constructing a regular heptagon; Viète formulated a new axiom
to justify using a marked ruler [20, p. 33]. It is an open problem to determine the
models of the theory with Viète’s axiom added. Hartshorne in [23, §30–31] solved
this problem in the special case where the mark is only used between two lines (not
between a line and a circle). In an Archimedean Euclidean plane, the models are the
Cartesian planes coordinatized by those Euclidean subfields of R in which one can
find real roots of cubic and quartic equations—another lovely application of algebra to
geometry.

In [36] Victor Pambuccian surveys the many works in which geometric construc-
tions became part of the axiomatizations of various geometries (starting only in 1968).
Michael Beeson [1] has written about geometric constructions using intuitionist logic.
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1.2.1. Continuity Axioms in Hilbert’s Work and Elsewhere. The Line-Circle and
Circle-Circle axioms do not appear in Hilbert’s Grundlagen. The treatise [22] edited
by M. Hallett and U. Majer presents Hilbert’s notes in German for geometry courses
he taught from 1891 to 1902, as well as his 1899 Festschrift. They provide extensive
discussion and explication in English of those materials, in which Hilbert covers many
topics not included in his Grundlagen. One can see his ideas about the foundations
evolving over time and see him and others solving most problems that arose along the
way (such as problems related to the theorems of Desargues and Pappus).

In Hilbert’s lectures of 1898–1899 on Euclidean geometry, he discussed the Three
Chord theorem: if three circles whose centers are not collinear intersect each other
pairwise, then the three chord-lines determined by those pairs of intersection points
are concurrent. Hilbert gave a proof of this theorem which he noticed depends on the
Triangle Existence theorem mentioned above. He also noticed the related line-circle
and circle-circle properties and said that assuming those properties amounts to assum-
ing that a circle is “a closed figure,” which he did not define. Hilbert gave an example
of a Pythagorean plane in which those three properties do not hold—he constructed
a Pythagorean ordered field F which is not a Euclidean field and used the Cartesian
plane coordinatized by F . Hallett discusses this in detail on pp. 200–206 of [22] and
wonders why Hilbert did not add the circle-circle property as an axiom.

In his ingenious article [25], Robin Hartshorne proved the Three Chord theorem for
any Hilbert plane in which the line-circle property holds. His proof uses the classifica-
tion of Hilbert planes by W. Pejas ([37] or [27]).

So what continuity axioms did Hilbert assume? In his Festschrift, he only assumed
Archimedes’ axiom, which will be discussed in the next section; it is unclear what
that axiom has to do with continuity, except that it allows measurement of segments
and angles by real numbers. The models of his planar Festschrift axioms are all the
Cartesian planes coordinatized by Pythagorean subfields of the field R of real numbers.
In the second edition of his Grundlagen, Hilbert added a “completeness” axiom, as
his second continuity axiom, stating that it is impossible to enlarge the sets of points
and lines, and extend the relations of incidence, betweenness, and congruence to these
larger sets, in such a way that the Pythagorean axioms and Archimedes’ axiom are still
satisfied. This is obviously not a geometric statement and not a statement formalizable
in the language used previously, so what does it accomplish? The addition of those
two “continuity” axioms to the fourteen axioms for a Pythagorean plane allowed him
to prove that all models of those sixteen axioms are isomorphic to the Cartesian plane
coordinatized by the entire field R [28, p. 31]. It is essential to notice that Hilbert did
not use his completeness axiom for any ordinary geometric results in his development.
Hallett gives a very thorough explication of the purpose of that axiom on pp. 426–435
of [22].3

Alternatively, Szmielew and Borsuk in [3] assumed only one continuity axiom:

Dedekind’s Axiom. Suppose the set of points on a line l is the disjoint union of two
nonempty subsets such that no point of either subset is between two points of the other
subset (such a pair of subsets is called a Dedekind cut of the line). Then there exists a
unique point O on l such that one of the subsets is a ray of l emanating from vertex O
and the other subset is its complement on l.

They too prove that all models of their planar axioms are isomorphic to the Carte-
sian plane coordinatized by R (so their theory is also categorical). Unlike Hilbert’s

3Hilbert used the term “complete” here in a different sense than the usual meaning of a theory being
deductively complete. His “completeness” is a maximality condition.
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completeness axiom, Dedekind’s axiom implies Archimedes’ axiom [20, pp. 135–
136]. Hilbert refused to assume Dedekind’s axiom because he studied in depth the role
Archimedes’ axiom plays by itself.4 Dedekind’s axiom also implies the Line-Circle
axiom [20, p. 136] and the Circle-Circle axiom [11, vol. 1, p. 238]. It is in fact the
mother of all continuity properties in geometry.

1.3. Archimedes’ Axiom. Hilbert called Archimedes’ axiom the “the axiom of mea-
sure” [28, p. 26], because it allows measurement of segments and angles by real num-
bers [20, pp. 169–172]. It is not strictly speaking a geometric axiom, for it includes a
natural number variable n—not just geometric variables—in its statement.5

Archimedes’ Axiom. If CD is any segment, A any point, and r any ray with vertex
A, then for every point B �= A on r, there exists a natural number n such that when
CD is laid off n times on r starting at A, a point E is reached such that n · CD ∼= AE
and either B = E or B is between A and E.

If CD is taken as the unit segment, the length of AB is ≤ n; or, if AB is taken as
the unit segment, the length of CD is ≥ 1/n. Thus, Archimedes’ axiom states that no
segment is infinitely large or infinitesimal with respect to any other segment as unit.
Assuming this axiom, the analogous result can be proved for measurement of angles
[23, Lemma 35.1].

Although Euclid did not list it as one of his postulates, Archimedes’ axiom does
occur surreptitiously in Euclid’s Elements in his Definition V.4, where it is used to
develop the theory of proportions. It appears in an equivalent form for arbitrary “mag-
nitudes” in Proposition X.1. Archimedes assumed it, crediting it to Eudoxus, in his
treatise On the Sphere and Cylinder.

Note. Non-Archimedean geometries were first considered by Giuseppe Veronese in
his 1891 treatise Fondamenti di Geometria, a work that Hilbert called “profound” [28,
p. 41, footnote]; for Hilbert’s example of a non-Archimedean geometry, see [28, §12].
In 1907, H. Hahn discovered non-Archimedean completeness using his “Hahn field”
instead of R. Other eminent mathematicians (R. Baer, W. Krull, F. Bachmann, A. Pres-
tel, M. Ziegler) developed the subject. See [8] for the categoricity theorem generaliz-
ing Hilbert’s, plus other very interesting results. Ehrlich [9] is a fascinating history
of non-Archimedean mathematics (I was astonished to learn that Cantor, whose in-
finite cardinal and ordinal numbers initially generated so much controversy, rejected
infinitesimals). In [6], Branko Dragovich applied non-Archimedean geometry to theo-
retical physics.

1.4. Aristotle’s Axiom. Closely related to Archimedes’ axiom is the following axiom
due to Aristotle:

Aristotle’s Angle Unboundedness Axiom. Given any acute angle, any side of that
angle, and any challenge segment AB, there exists a point Y on the given side of the
angle such that if X is the foot of the perpendicular from Y to the other side of the
angle, then Y X > AB.

4E.g., in [28, §32] Hilbert proved that if an ordered division ring is Archimedean, then it is commutative, and
hence a field; that commutativity in turn implies Pappus’ theorem in the Desarguesian geometry coordinatized
by such a ring.

5It becomes a geometric statement if one enlarges the logic to infinitary logic, where the statement becomes
the infinite disjunction cd ≥ ab or 2cd ≥ ab or 3cd ≥ ab or . . . .
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In other words, the perpendicular segments from one side of an acute angle to the
other are unbounded—no segment AB can be a bound.

Aristotle made essentially this statement in Book I of his treatise De Caelo (“On the
heavens”). I will refer to it simply as “Aristotle’s axiom.” The mathematical importance
of his axiom was highlighted by Proclus in the fifth century C.E., when Proclus used it
in his attempted proof of Euclid’s fifth postulate ([39, p. 291] and [20, p. 210]), which
we will refer to from now on as “Euclid V.” It is easy to prove that Euclid V implies
Aristotle’s axiom [20, Corollary 2, p. 180].

As examples of geometries where Aristotle’s axiom does not hold, consider spheri-
cal geometry, where “lines” are interpreted as great circles, and plane elliptic geometry,
obtained by identifying antipodal points on a sphere. On a sphere, as you move away
from the angle vertex, the rays of an acute angle grow farther apart until they reach a
maximum width, and then they converge and meet at the antipodal point of the vertex.

In Section 1.6 it will be shown that Aristotle’s axiom is a consequence of Archi-
medes’ axiom for Hilbert planes, but not conversely—it is a weaker axiom. Moreover,
it is a purely geometric axiom, not referring to natural numbers. It is important as a
“missing link” when the Euclidean parallel postulate is replaced with the statement
that the angle sum of every triangle is 180◦. It is also important as a “missing link” in
the foundations of hyperbolic geometry, as will be discussed as well in Section 1.6.

1.5. Angle Sums of Triangles. The second part of Euclid’s Proposition I.32 states
that the angle sum of any triangle equals two right angles (we will say “is 180◦” though
no measurement is implied—there is no measurement in Euclid). The standard proof
(not the one in Euclid’s Elements) in most texts [20, proof of Proposition 4.11] was
called by Proclus “the Pythagorean proof” [39, p. 298] because it was known earlier to
the Pythagorean school. It uses the converse to the Alternate Interior Angle theorem,
which states that if parallel lines are cut by a transversal, then alternate interior angles
with respect to that transversal are congruent to each other. That converse is equivalent,
for Hilbert planes, to Hilbert’s Euclidean Axiom of Parallels [20, Proposition 4.8].
Thus the Pythagorean proof is valid in Pythagorean planes.

How about going in the opposite direction: given a Hilbert plane in which the angle
sum of any triangle is 180◦, can one prove Hilbert’s Euclidean Axiom of Parallels? Us-
ing only the Hilbert plane axioms, the answer is no. We know that from the following
counterexample displayed by Hilbert’s student Max Dehn in 1900:

Let F be a Pythagorean ordered field that is non-Archimedean in the sense that it
contains infinitesimal elements (nonzero elements x such that |x | < 1/n for all natural
numbers n). Such fields exist (see Exercise 18.9 or Proposition 18.2 of [23]). Within
the Cartesian plane F2, let � be the full subplane whose points are those points in F2

both of whose coordinates are infinitesimal, whose lines are the nonempty intersections
with that point-set of lines in F2, and whose betweenness and congruence relations are
induced from F2. Then � is a Hilbert plane in which the angle sum of every triangle
is 180◦. But given point P not on line l, there are infinitely many parallels to l through
P—the standard parallel plus all the lines through P whose extension in F2 meets the
extension of l in a point whose coordinates are not both infinitesimal, i.e., in a point
which is not part of our model �.

Definition. A Hilbert plane in which the angle sum of every triangle is 180◦ is called
semi-Euclidean.6

6Voltaire’s geometer said “Je vous conseille de douter de tout, excepté que les trios angles d’un triangle
sont égaux à deux droits.” (“I advise you to doubt everything, except that the three angles of a triangle are
equal to two right angles.” In Section 1.6 we will doubt even that.)
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Thus a Pythagorean plane must be semi-Euclidean, but a semi-Euclidean plane need
not be Pythagorean. You might think, from Dehn’s example, that the obstruction to
proving the Euclidean parallel postulate in a semi-Euclidean plane is the failure of
Archimedes’ axiom, and you would be semi-correct.

Proposition 1. If a semi-Euclidean plane is Archimedean, then it is Pythagorean, i.e.,
Hilbert’s Euclidean parallel postulate holds.

Observe also that while the proposition states that Archimedes’ axiom is sufficient,
it is certainly not necessary (thus “semi-correct”): the plane F2, when F is a non-
Archimedean Pythagorean ordered field, is Pythagorean and non-Archimedean. So an
interesting problem is to find a purely geometric axiom A to replace the axiom of
Archimedes such that A is sufficient and necessary for a semi-Euclidean plane to be
Pythagorean. Such an axiom A is what I call “a missing link.”

Historically, many attempts to prove Euclid V from his other postulates focused
on proving that the angle sum of every triangle equals 180◦—assuming Archimedes’
axiom in a proof was then considered acceptable. Saccheri, Legendre, and others took
that approach in some of their attempted proofs ([20, Chapter 5] or [40, Chapter 2]).

Proposition 1 can be proved by reductio ad absurdum. Assume on the contrary that
there is a line l and a point P not on l such that there is more than one parallel to l
through P . We always have one parallel m by the standard construction. Let n be a
second parallel to l through P , making an acute angle θ with m, let s be the ray of
n with vertex P on the same side of m as l, let Q be the foot of the perpendicular
from P to l, and let r be the ray of l with vertex Q on the same side of PQ as s.
Using Archimedes’ axiom, one can prove that there exists a point R on r such that
�PRQ < θ as follows (see Figure 1):

Start with a random point R on r . If �PRQ ≥ θ , lay off on r segment RR′ ∼= PR,
with R between Q and R′, so as to form isosceles triangle PRR′. First, by hypothesis,
every triangle has angle sum 180◦. So �PR′Q = 1

2�PRQ by the congruence of base
angles. Repeating this process of halving the angle at each step, one eventually obtains
an angle < θ (by the Archimedean property of angles).

Since ray s does not intersect ray r , ray PR is between ray PQ and ray s—otherwise
the Crossbar theorem [20, p. 116] would be violated. Then

�PRQ + �RPQ < θ + �RPQ < 90◦.

Hence right triangle PRQ has angle sum less than 180◦, contradicting our hypothesis
that the plane is semi-Euclidean.

P
θ

Q
l

m

n

s

r
R R ′

Figure 1. Proof of Proposition 1.
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The crucial geometric statement C used in this argument is the following:

C. Given any segment PQ, line l through Q perpendicular to PQ, and ray r of l with
vertex Q, if θ is any acute angle, then there exists a point R on r such that �PRQ < θ .

Note that if S is any point further out on l—i.e., such that R lies between Q and S—
then we also have �PSQ < �PRQ < θ , by the Exterior Angle theorem [20, Theorem
4.2]. So statement C says that as R recedes from Q along a ray of l with vertex Q,
�PRQ goes to zero. Note also that we have proved that if C holds in a Hilbert plane
which is non-Euclidean in the sense that the negation of Hilbert’s Euclidean axiom of
parallels holds, then that plane has a triangle whose angle sum is < 180◦.

Is statement C a missing link? Yes!

Theorem 1. A Hilbert plane is Pythagorean if and only if it is semi-Euclidean and
statement C holds.

Proof. It only remains to show that the Euclidean parallel postulate implies C. Assume
the negation of C. Then there exist P , Q, and l as above and an acute angle θ such that
�PRQ > θ for all R �= Q on a ray r of l emanating from Q. (We can write > and
not just ≥ because if we had equality for some R, then any point R′ with R between
Q and R′ would satisfy �PR′Q < θ by the Exterior Angle theorem.) Emanating from
vertex P there is a unique ray s making an angle θ with the standard line m through P
perpendicular to PQ and such that s is on the same side of m as l and of PQ as r . If s
does not meet r , then the line containing s is a second parallel to l through P . If s does
meet r in a point R, then the angle sum of right triangle PQR is greater than 180◦. In
either case we have a contradiction of the Euclidean parallel postulate.

Now statement C is a consequence of Aristotle’s axiom, which can be seen as
follows: Let PQ, l, r , and θ be given as in statement C. Apply Aristotle’s axiom with
challenge segment PQ and angle θ to produce Y on a side of angle θ and X the foot
of the perpendicular from Y to the other side of θ such that XY > QP. Say O is the
vertex of angle θ . Lay off segment XY on ray QP starting at Q and ending at some
point S, and lay off segment XO on ray r of l starting at Q and ending at some point
R. By the SAS axiom, �QRS is congruent to θ . Since XY > QP, P is between Q and
S, so ray RP is between rays RQ and RS. Hence �QRP < θ , which is the conclusion
of statement C.

Thus Aristotle’s axiom A is also a missing link:

Theorem of Proclus. A semi-Euclidean plane is Pythagorean if and only if it satisfies
Aristotle’s axiom.

For the easy proof that Euclid V implies A, see [20, Corollary 2, p. 180].
I have named this theorem after Proclus because he was the first to recognize the

importance of Aristotle’s axiom in the foundations of geometry when he used it in his
failed attempt to prove Euclid V ([39, p. 291] or [20, p. 210]). His method provides the
proof of sufficiency I found [20, p. 220], in which Aristotle’s axiom is used directly,
without the intervention of C. Also, the proof above that A implies C used the fact that
any two right angles are congruent, which was Euclid’s fourth postulate; that postulate
became a theorem in Hilbert’s axiom system, and Hilbert’s proof of it is based on the
idea Proclus proposed ([39, p. 147] and [20, Proposition 3.23]).
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Summary. We have studied in these sections the following strictly decreasing chain of
collections of models: Hilbert planes ⊃ semi-Euclidean planes ⊃ Pythagorean planes
⊃ Euclidean planes ⊃ Archimedean Euclidean planes ⊃ {real Euclidean plane}.

1.6. Aristotle’s Axiom in Non-Euclidean Geometry. Warning: Readers unfamiliar
with the axiomatic approach to hyperbolic geometry may find this section heavy going.
They could prepare by reading [23, Chapter 7] and/or [20, Chapters 4, 6, and 7].

Call a Hilbert plane non-Euclidean if the negation of Hilbert’s Euclidean parallel
postulate holds; it can be shown that this implies that for every line l and every point
P not on l, there exist infinitely many lines through P that do not intersect l.

A surprise is that without real number coordinatization (i.e., without Dedekind’s
axiom) there are many strange non-Euclidean models besides the classical hyperbolic
one (but all of them have been determined by W. Pejas—see [37], [27], or [20, Ap-
pendix B, Part II]).

In a general Hilbert plane, quadrilaterals with at least three right angles are convex
and are now called Lambert quadrilaterals (although Johann Lambert was not the
first person to study them—Girolamo Saccheri and medieval geometers such as Omar
Khayyam worked with them). Return for a moment to a semi-Euclidean plane. There,
the angle sum of any convex quadrilateral is 360◦, as can be seen by dissecting the
convex quadrilateral into two triangles via a diagonal. In particular, if a quadrilateral
in a semi-Euclidean plane has three right angles, then the fourth angle must also be
right, so that quadrilateral is by definition a rectangle.

Conversely, suppose every Lambert quadrilateral is a rectangle. To prove that the
angle sum of every triangle is 180◦, it suffices (by dropping an appropriate altitude in
a general triangle) to prove this for a right triangle ABC. Let the right angle be at C .
Erect a perpendicular t to CB at B, and drop a perpendicular from A to t , with D the
foot of that perpendicular. Since CBDA is a Lambert quadrilateral, its fourth angle at
A is right, by hypothesis. By [20, Corollary 3, p. 180], opposite sides of a rectangle are
congruent, so the two triangles obtained from a diagonal are congruent by SSS, and
hence each has angle sum 180◦. Thus the plane is semi-Euclidean.

This proves the equivalence in part (i) of the following fundamental theorem.

Uniformity Theorem. A Hilbert plane must be one of three distinct types:

(i) The angle sum of every triangle is 180◦ (equivalently, every Lambert quadri-
lateral is a rectangle).

(ii) The angle sum of every triangle is < 180◦ (equivalently, the fourth angle of
every Lambert quadrilateral is acute).

(iii) The angle sum of every triangle is > 180◦ (equivalently, the fourth angle of
every Lambert quadrilateral is obtuse).

Moreover, all three types of Hilbert plane exist.

For a proof of uniformity, see [20, Major Exercises 5–8, pp. 202–205]. The footnote
on p. 43 of [28] credits Max Dehn with having proved it, and states that later proofs
were produced by F. Schur and J. Hjelmslev. Actually, Saccheri had this result back
in 1733—except that his proof used continuity; Hartshorne [23, p. 491] states that
Lambert proved it without using continuity. In planes of types (ii) and (iii), similar
triangles must be congruent [20, proof of Proposition 6.2], so there is no similarity
theory. W. Pejas ([37] or [27]) showed that in a plane of obtuse type (iii), the excess by
which the angle sum of a triangle is > 180◦ is infinitesimal.
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Saccheri and Lambert did not know of the existence of planes of obtuse angle type
(iii). Again, it was Dehn who gave an example of a non-Archimedean Hilbert plane sat-
isfying obtuse angle hypothesis (iii) [20, p.189, footnote 8]. Another example is the in-
finitesimal neighborhood of a point on a sphere in F3, where F is a non-Archimedean
ordered Pythagorean field [23, Exercise 34.14]. These examples contradict the asser-
tion made in some books and articles that the hypothesis of the obtuse angle is incon-
sistent with the first four postulates of Euclid. In fact, it is consistent with the thirteen
axioms for Hilbert planes (which imply those four postulates).

These examples again suggest that Archimedes’ axiom would eliminate the obtuse
angle type (iii), and indeed that was proved by Saccheri and Legendre ([28, Theo-
rem 35] or [23, Theorem 35.2]). However, the weaker axiom of Aristotle suffices to
eliminate the obtuse angle type (iii). Namely, Aristotle’s axiom implies C, and we
showed in the proof of Theorem 1, Section 1.5, that in a non-Euclidean Hilbert plane,
C implies that there exists a triangle whose angle sum is < 180◦. For a direct proof not
using C but using the idea of Proclus, see [20, p. 185], the Non-Obtuse Angle theorem.

Turning now to elementary plane hyperbolic geometry, Hilbert axiomatized it with-
out bringing in real numbers by adding just his hyperbolic parallel axiom to the thirteen
axioms for a Hilbert plane. His axiom states that given any line l and any point P not
on l, there exists a limiting parallel ray s to l emanating from P making an acute angle
with the perpendicular ray PQ dropped from P to l, where Q again is the foot of the
perpendicular from P to l ([20, p. 259], [23, axiom L, p. 374], or [28, Appendix III]).
Ray s is by definition “limiting” in that s does not intersect l and every ray emanating
from P between s and perpendicular ray PQ does intersect l. The Crossbar theorem
[20, p. 116] tells us that for any ray s ′ emanating from P such that ray s lies between
s ′ and perpendicular ray PQ, s ′ does not intersect l. The acute angle between s and ray
PQ is called the angle of parallelism for segment PQ; its congruence class depends
only on the congruence class of segment PQ. Reflecting across line PQ, the other lim-
iting parallel ray from P to l is obtained. A hyperbolic plane is, by definition, a Hilbert
plane satisfying Hilbert’s hyperbolic parallel axiom just stated. Hilbert’s axiom made
explicit the limiting existence assumption tacitly made by Saccheri, Gauss, Bolyai, and
Lobachevsky.

Hilbert pointed out that his approach was a breakthrough over the earlier ones by
Felix Klein and Bolyai-Lobachevsky in that it did not resort to three dimensions to
prove its theorems for the plane; he also did not use Archimedes’ axiom.

Hilbert’s hyperbolic parallel axiom follows, in non-Euclidean planes, from Dede-
kind’s axiom [20, Theorem 6.2], but without Dedekind’s axiom, there exist many
non-Euclidean Hilbert planes which are not hyperbolic (e.g., Dehn’s semi-Euclidean
non-Euclidean one or the ones of types (ii) and (iii) described in [20, Appendix B,
Part II], including Pejas’ example of a type (ii) plane which is Archimedean and not
hyperbolic).

All hyperbolic planes are known (up to isomorphism): they are the isomorphic
Klein and Poincaré models [20, Chapter 7] coordinatized by arbitrary Euclidean fields.
Again, Hilbert cleverly showed how the field is extracted from the geometry: he con-
structed the coordinate field F as his field of ends ([20, Appendix B], [23, §41], or
[28, Appendix III]). The “ends” or “ideal points” are defined essentially as equiva-
lence classes of rays under the relationship of limiting parallelism [20, pp. 276–279];
they form a conic at infinity in the projective completion of the hyperbolic plane [20,
p. 286], and F excludes one end denoted ∞. From the way multiplication of ends is
defined, the reason every positive has a square root in F is that every segment has a
midpoint [20, p. 576]. That in turn guarantees that the Circle-Circle axiom holds [23,
Corollary 43.4], unlike the case of Pythagorean planes.
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Hyperbolic planes satisfy the acute angle hypothesis (ii) in the Uniformity theo-
rem [23, Corollary 40.3]. The acute angle hypothesis alone implies that each side
adjacent to the acute angle in a Lambert quadrilateral is greater than the opposite
side [20, Corollary 3 to Proposition 4.13]. That result is the key to Saccheri’s proof
that Archimedes’ axiom implies Aristotle’s axiom for planes of acute type (Prop.
21 of his Euclides Vindicatus or [23, Proposition 35.6])—namely, he showed that if
an arbitrarily chosen perpendicular segment from the given side of the acute angle
to the other side is not greater than challenge segment AB, then by repeatedly dou-
bling the distance from the vertex along the given side, eventually a perpendicular
segment > AB will be obtained. Planes of obtuse type (iii) are non-Archimedean
and non-Artistotelian, as was mentioned above. As for type (i), if a semi-Euclidean
plane is Archimedean, then by Proposition 1 in Section 1.5, Euclid V holds, and
Aristotle’s axiom follows from that. Thus Archimedes’ axiom implies Aristotle’s
axiom in all Hilbert planes. Since Aristotle’s axiom holds in all Pythagorean and
hyperbolic planes, including the non-Archimedean ones, the converse implication is
invalid.

János Bolyai gave a straightedge and compass construction of the limiting parallel
ray in a hyperbolic plane ([20, Figure 6.11, p. 259] or [23, Proposition 41.10]).

Bolyai’s construction can be carried out in any Hilbert plane satisfying the acute
angle hypothesis and the Line-Circle axiom, but the ray obtained need not be a limit-
ing parallel ray without a further hypothesis on the plane (see [18], where is shown the
special property of that ray that shocked Saccheri: the “common perpendicular at in-
finity”). Friedrich Schur gave a counterexample similar to Dehn’s: in the infinitesimal
neighborhood of the origin in the Klein model coordinatized by a non-Archimedean
Euclidean field, limiting parallel rays do not exist. This example suggests that taking
Archimedes’ axiom as a further hypothesis would make Bolyai’s construction work,
and indeed that is the case. Again Archimedes’ axiom is not necessary and Aristotle’s
axiom is a missing link.

Advanced Theorem. A Hilbert plane satisfying the acute angle hypothesis (ii) and
the Line-Circle axiom is hyperbolic if and only if it satisfies Aristotle’s axiom; in that
case, Bolyai’s construction provides the limiting parallel rays.

That Aristotle’s axiom holds in hyperbolic planes follows from the fact previously
mentioned that a side adjacent to the acute angle in a Lambert quadrilateral is greater
than the opposite side—see [20, Exercise 13, p. 275] or [23, Proposition 40.8]. That
Bolyai’s construction provides the limiting parallel ray in a hyperbolic plane is part of
Engel’s theorem [20, Theorem 10.9], which provides other important constructions as
well.

The sufficiency part of this theorem is much deeper than its Euclidean analogue—
Proclus’ theorem—because its only proof known so far depends on W. Pejas’ classi-
fication ([37] or [27]) of Hilbert planes (hence it is “advanced”). Pejas’ work implies
that the plane can be embedded as a “full” submodel of a Klein model; then Aristotle’s
axiom, via its corollary C, implies maximality of the submodel, so that it equals the
Klein model. See [19] for details of my proof and see [20, Appendix B, Part II] for a
description of Pejas’ great work (built upon earlier work by F. Bachmann, G. Hessen-
berg, and J. Hjelmslev).

A slightly stronger version of the Advanced theorem is that a non-Euclidean Hilbert
plane is hyperbolic if and only if it satisfies the Line-Circle axiom and Aristotle’s
axiom (that the type of the plane is (ii) is provable). Thus we now have an elegant
axiomatization of what Bolyai intended by his study of the common part of plane
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Euclidean and hyperbolic geometries (at least the elementary part): the 13 axioms for
a Hilbert plane plus the Line-Circle axiom plus Aristotle’s axiom.

Bolyai’s construction gives the angle of parallelism corresponding to a given seg-
ment PQ, which Lobachevsky denoted �(PQ). Conversely, given an acute angle θ ,
there is a very simple straightedge and compass construction of a segment PQ such
that θ = �(PQ)—see [20, George Martin’s theorem, p. 523].

Note. Hilbert gets the credit for the main ideas in the foundations of plane hyperbolic
geometry without real numbers, but he only sketched much of what needed to be done.
The details were worked out by others as described in the introduction to Pambuccian
[35]; the best exposition of those details is Hartshorne [23, Chapter 7], where a re-
markable new hyperbolic trigonometry without real numbers is presented. Using it, all
arguments in other treatises using classical hyperbolic trigonometry can be rephrased
so as to avoid their apparent dependence on real numbers [23, Exercise 42.15].

Summary. We have the following strictly decreasing chain of collections of planes:
Non-Euclidean Hilbert planes ⊃ Hilbert planes satisfying the acute angle hypothesis
⊃ hyperbolic planes ⊃ Archimedean hyperbolic planes ⊃ {real hyperbolic plane}.
2. BOLYAI’S CIRCLE-ANGLE CONSTRUCTION AND REGULAR POLY-
GONING A CIRCLE. Rectangles, in particular squares, do not exist in hyperbolic
planes. So the classical problem of “squaring” a circle must be reinterpreted there with
a regular 4-gon replacing the square. In the real hyperbolic plane, the area of a circle
can be defined as the limit of the areas of the regular polygons inscribed in it as the
number of sides goes to infinity (so here the real numbers definitely are necessary).
The answer is 4π sinh2(r/2) [20, Theorem 10.7], where r is the length of the radius
when lengths are normalized so that Schweikart’s segment, a segment whose angle
of parallelism is π/4, has length arcsinh 1. From this formula one sees that areas of
circles are unbounded.

János Bolyai found a remarkable construction (“construct” henceforth refers to
straightedge and compass) of an auxiliary acute angle θ associated to a circle, in
terms of which the formula for area of the circle takes the familiar form π R2, where
R = tan θ . So “par abus de langage” I will call R the Euclidean radius of the hyper-
bolic circle. Conversely, given acute angle θ , a segment of length r can be constructed
from it so that tan θ is the Euclidean radius of the circle of hyperbolic radius r . See
[20, Chapter 10, Figure 10.32 and Project 2] or [16, pp. 69–75]. The “radii” are related
by R = 2 sinh(r/2).

Some popular writers have claimed that Bolyai “squared the circle” in a hyperbolic
plane. That is not true if by “the” circle is meant an arbitrary circle. One trivial reason is
that normalized areas of regular 4-gons, equal to their defects [23, §36], are bounded
by 2π (using radian measure, the defect of a 4-gon is by definition 2π minus the
angle sum), whereas areas of circles are unbounded. But even if the circle has area
< 2π and has a constructible radius, the regular 4-gon with the same area may not
be constructible—see W. Jagy [30, Theorem B] for a counterexample due to N. M.
Nesterovich.

The question of determining exactly when a circle and a regular 4-gon having the
same area are both constructible in a hyperbolic plane has a surprising answer. As
J. Bolyai argued, using an argument that was completed by Will Jagy [30], the an-
swer is in terms of those integers n > 1 for which the angle 2π/n is constructible
in the smallest Euclidean plane. Gauss determined those numbers, so let’s call them
Gauss numbers: they are the numbers n > 1 such that the only odd primes—if any—
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occurring in the prime factorization of n occur to the first power and are Fermat primes
[23, Theorem 29.4]. The only Fermat primes known at this time are 3, 5, 17, 257, and
65,537. The prime 2 may occur with any exponent ≥ 0 in the factorization of a Gauss
number, so there are infinitely many Gauss numbers.7

This problem of constructing both figures comes down to constructing two angles—
the auxiliary angle θ for which the circle has area π tan2 θ and the acute corner angle
σ of the regular 4-gon. The equation for equal areas is then

π tan2 θ = 2π − 4σ. (∗)

Bolyai’s Construction Theorem (Jagy’s Theorem A). Suppose that a regular 4-gon
with acute angle σ and a circle in the hyperbolic plane have the same area ω < 2π .
Then both are constructible if and only if σ is an integer multiple of 2π/n, where n is
a Gauss number > 2. In that case, if R = tan θ is the Euclidean radius of the circle,
then R2 is a rational number, which, when expressed in lowest terms, has denominator
a divisor of n.

For example, when ω = π , n = 8: the hyperbolic circle of Euclidean radius 1 and
the regular 4-gon with acute angle π/4 are both constructible [20, p. 521].

The proof plays off the ambiguity in equation (∗), whereby the area of the 4-gon
can be considered either an angle—its defect—or a real number—the radian measure
of its defect. Jagy’s insight was to apply the Gelfond-Schneider theorem about tran-
scendental numbers to prove that R2 is rational if both the circle and the regular 4-gon
are constructible.

To dispense with the trivial reason mentioned above, I asked Jagy to consider reg-
ular m-gons having the same area as a circle, for arbitrary m ≥ 4. A regular m-gon in
the real hyperbolic plane can have any corner angle σ such that mσ < (m − 2)π . That
regular m-gon will be constructible if and only if σ is a constructible angle and π/m
is constructible: by joining the center of the m-gon to the midpoint and an endpoint of
one of its sides, a right triangle is formed with one acute angle σ/2 and the other π/m.
Constructing the regular m-gon comes down to constructing that right triangle, which
can be done if and only if the acute angles σ/2 and π/m are constructible [20, p. 506,
Right Triangle Construction theorem]. Thus, just as in the Euclidean case, m must be
a Gauss number. The equation of areas to consider then becomes

π tan2 θ = (m − 2)π − mσ.

When the circle of Euclidean radius R and the regular m-gon with corner angle σ

are both constructible, Jagy’s argument on p. 35 of [30] using the Gelfond-Schneider
theorem shows that R = tan θ is the square root of a rational number k/n in lowest
terms and n is a Gauss number or n = 1. Solving for σ gives

σ = (m − 2)

m
π − k

mn
π

so that when both are constructible, k
mn π must be constructible. For such n, mn is only

a Gauss number when gcd(m, n) is a power of 2 (including the 0th power). Thus when

7An angle is constructible in the Euclidean plane coordinatized by the field K of constructible numbers if
and only if it is constructible in the hyperbolic plane coordinatized by K [20, p. 587]. If a marked ruler instead
of a straightedge is used in constructions, then the prime 3 can occur to any power in the factorization of n,
and the other odd primes that may occur to the first power must be Pierpont primes—see [23, Corollary 31.9]
and [4].
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m is a power of 2, the result is the same as before. Jagy expresses the general result as
follows:

Jagy’s Theorem. Let a circle and a regular m-gon in the real hyperbolic plane with
equal normalized area ω be given. Then both are constructible if and only if the fol-
lowing four conditions hold:

1. ω < (m − 2)π ,

2. ω is a rational multiple of π , and if that rational multiple is k/n in lowest terms,
n is a Gauss number or n = 1,

3. m is a Gauss number, and

4. m and n have no odd prime factors in common.

For example, if m is any Gauss number ≥ 5 and we again consider the constructible
circle γ of area π , the regular m-gon with angle π(m − 3)/m is constructible and
also has area π . Thus γ can not only be “squared” in the real hyperbolic plane, it
can also be “regular pentagoned,” “regular hexagoned,” “regular octagoned,” etc. The
trebly asymptotic triangle also has area π , and, since it can be constructed via Hilbert’s
construction of lines of enclosure, γ can also be considered to be “regular triangled.”
In fact, Jagy prefers to write ω ≤ (m − 2)π in condition 1 so as to allow asymptotic
m-gons.

After presenting his result for m = 4 at the end of his immortal Appendix, Bolyai
referred admiringly to “the theory of polygons of the illustrious Gauss (remarkable
invention of our, nay of every age).” Tragically, Gauss did not return the compliment
by assisting the mathematical career of Bolyai in any way. Gauss feared “the howl
of the Boeotians” should he publicly endorse non-Euclidean geometry [20, p. 244].
Bolyai years later sharply criticized Gauss for his timidity [20, p. 242].

In addition to the results above due to Bolyai and Jagy, constructible numbers are
again key to solving problems about constructions with straightedge and compass in a
hyperbolic plane. Given two perpendicular axes and a choice of ends on them labeled
0 and ∞ on one axis and 1 and −1 on the other, I conjectured and Hartshorne proved
[20, p. 587] that a segment in a hyperbolic plane is constructible from that initial data
if and only if Hartshorne’s multiplicative length of that segment [23, Proposition 41.7]
is a constructible number in the field of ends based on that data. That multiplicative
length is a key discovery which Hartshorne and Van Luijk have applied to algebraic
geometry and number theory [26].

3. UNDECIDABILITY AND CONSISTENCY OF
ELEMENTARY GEOMETRY

3.0. Metamathematical Aspects. In this section we will sketch some important
metamathematical results about our axiom systems. Readers who are not trained in
mathematical logic may refer to any logic textbook or to wikipedia.org for good ex-
planations of concepts that may be unfamiliar, but those readers can still understand
the gist of this section.

3.1. Relative Consistency. It has been known since the Euclidean plane models of
Beltrami-Klein and Poincaré were exhibited in the late nineteenth century that if plane
Euclidean geometry is a consistent theory, then so is plane hyperbolic geometry [20,
Chapter 7]. Those isomorphic models ended the doubts about the validity of this alter-
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native geometry. The Poincaré models have become especially important for applica-
tions of hyperbolic geometry to other branches of mathematics and to Escher’s art [20,
pp. 382ff].

The converse result was shown in 1995 by A. Ramsey and R. D. Richtmyer; their
model is explained in [20, pp. 514–515] (see also [20, Project 1, p. 537]). Previously,
only a model of plane Euclidean geometry in hyperbolic three-space had been exhib-
ited: the horosphere, with its horocycles as the interpretation of “lines.”

In the Ramsey-Richtmyer model, an origin O is chosen in the hyperbolic plane and
then all the hyperbolic lines through O and all the equidistant curves for only those
lines are the interpretation of “Euclidean lines” (the equidistant curve through a point
P not on a line l consists of all points R on the same side of l as P such that P and R
are at the same perpendicular distance from l). “Euclidean points” are interpreted as
all the points of the hyperbolic plane. “Betweenness” is induced by the betweenness
relation in the hyperbolic plane. “Congruence” is more subtle and is explained in the
reference above. Curiously, this model shows that ancient geometers such as Clavius,
who thought that equidistant curves were Euclidean lines ([23, p. 299] and [20, pp.
213–214]), were partially correct, provided they were working in a hyperbolic plane!

Once he established the relative consistency of hyperbolic geometry via one of his
Euclidean models, Poincaré wrote [17, p. 190]:

“No one doubts that ordinary [Euclidean] geometry is exempt from contradiction. Whence is
the certainty derived, and how far is it justified? That is a question upon which I cannot enter
here, because it requires further work, but it is a very important question.”

The fact that Poincaré considered this question “very important” and said that it
“requires further work” indicates to me that he was asking a mathematical question (as
well as a philosophical question). Logicians have solved this consistency problem for
elementary Euclidean geometry. Section 3.5 has a brief discussion of their work.

3.2. Undecidability. Roughly speaking, a theory is called undecidable if there is no
algorithm for determining whether or not an arbitrary statement in the theory is prov-
able in that theory.

The elementary theory of Euclidean planes is undecidable. Victor Pambuccian
[34, p. 67] expressed this undecidability result by saying that in general “there is no
way to bulldoze one’s way through a proof via analytic geometry,” as was previously
believed generally possible in an article he cited there. Thus elementary Euclidean
geometry is genuinely creative, not mechanical.

Here is a rough indication of why that is so: Each Euclidean plane is isomorphic
to the Cartesian plane coordinatized by its field of segment arithmetic, which is a
Euclidean field F . As Descartes showed, every geometric statement about that plane
translates into an algebraic statement about F . Descartes hoped to be able to solve
every geometric problem by applying algebra to the translated problem. So the theory
of Euclidean planes is thereby included in the theory of Euclidean fields.

But M. Ziegler [46] has proved that the theory of Euclidean fields is undecidable.
In fact, Ziegler proved that any finitely axiomatized first-order theory of fields having
the real number field R as a model must be undecidable. This includes the theory of
fields itself, the theory of ordered fields, and the theories of Pythagorean ordered fields
and Euclidean fields.

The theory of Cartesian planes coordinatized by any of those types of fields is then
undecidable as well, because the field can be recovered from the geometry—see [41,
Section II.3, pp. 218–263].
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It is necessary to provide an equivalent8 first-order axiomatization E of our theory
of elementary Euclidean plane geometry in order to be able to apply Ziegler’s theo-
rem. First-order systems, first emphasized by Thoralf Skolem, are explained on the
first pages of Pambuccian [35]. In first-order logic, quantification (“for all” or “there
exists”) is only allowed over individuals, not over sets of or relations among individu-
als.

3.3. Tarski-elementary Euclidean Geometry. Alfred Tarski’s idea of what was “el-
ementary” in geometry differed from what we’ve been discussing in previous sections.
He regarded as “elementary” that part of Euclidean geometry which can be formulated
and established without the help of any set-theoretic devices, hence within first-order
logic.

Tarski’s various first-order axiom systems for plane Euclidean geometry were based
on the single primitive notion of “point” and on two undefined relations among points
first introduced by O. Veblen: betweenness for three points and equidistance (or con-
gruence) for two pairs of points (think of each pair as the endpoints of a segment). The
relation of collinearity of three points is defined in terms of betweenness (A, B, and C
are collinear if and only if one of them is between the other two), so he did not need
“line” or “incidence” as primitive notions.

But Euclid V or Hilbert’s Euclidean parallel postulate or the converse to the Alter-
nate Interior Angle theorem or other familiar equivalent statements all refer to lines,
so how did Tarski express an equivalent to a Euclidean parallel postulate in his sys-
tem? In one version he used the less-familiar equivalent statement that for any three
noncollinear points, there exists a fourth point equidistant from all three of them (that
point is the circumcenter of the triangle formed by the three points—see [20, Chapter
5, Exercise 5 and Chapter 6, Exercise 10]).

Tarski worked to develop a first-order replacement for real Euclidean geometry.
The axiom that makes Euclidean geometry “real” is Dedekind’s cut axiom; cuts are
infinite sets of points (so Dedekind’s axiom is “second-order”). In order to formulate
a first-order replacement for those sets, Tarski had to introduce a countably infinite
set of axioms, all of the same form, referred to as the continuity axiom schema. It is
explained in [15], along with his original twenty ordinary axioms (later reduced to
fewer than twenty). (See also [35] in which Pambuccian reviews some of the history
and presents first-order axiomatizations of “absolute” and hyperbolic geometries.)

Geometrically, Tarski-elementary plane geometry certainly seems mysterious, but
the representation theorem illuminates the analytic geometry underlying it: its models
are all Cartesian planes coordinatized by real-closed fields. A real-closed field can be
characterized in at least seven different ways; for our purpose, the simplest definition
is “a Euclidean field F in which every polynomial of odd degree in one indeterminate,
with coefficients in F , has a root.” Six other characterizations as well as much more
information can be found on wikipedia.org. Of course R is a real-closed field, but so is
its countable subfield of real algebraic numbers. Every Euclidean field has an algebraic
extension which is real-closed and is unique up to isomorphism. So we can insert a
different link into our strictly decreasing chain of collections of models concluding
Section 1.5. It now terminates with

Euclidean planes ⊃ Tarski-elementary Euclidean planes ⊃ {real Euclidean plane}.
8A first-order theory E is “equivalent” to ours if its models are the same as the models we earlier called

“Euclidean planes”—models of the 14 Pythagorean plane axioms plus the Circle-Circle axiom. To say the
models are “the same” requires providing translation instructions to correctly interpret each theory’s language
in the language of the other.
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The primary significance of Tarski-elementary geometry is its three metamathemat-
ical properties, the first two of which are opposite from the elementary theory we have
been discussing: it is deductively complete and decidable, meaning that every state-
ment in its language is either a theorem (i.e., provable) or its negation is a theorem,
and there is an algorithm to determine which is the case. See [15] and [5]. The third
property, which both theories share, is consistency, to be discussed in Section 3.5.

3.4. Very Brief Historical/Philosophical Introduction to Finitary Consistency
Proofs. Hilbert invented syntactic proofs of consistency—i.e., proofs that are not
based on set-theoretic models of the theory but on “proof theory.”

Such proofs are only as worthwhile epistemologically as the principles upon which
they are based. Hilbert was well aware of this limitation, so he proposed the doctrine
that the most convincing consistency proofs are the ones that are “finitary.” Although
it was not originally clear how Hilbert’s finitism was to be precisely formulated, math-
ematical logicians now generally agree that we can take it to mean proving within
primitive recursive arithmetic (PRA). Paul Cohen [5] gave a finitary proof, in this
sense, of the decidability9 of RCF, the first-order theory of real-closed fields.

It follows from the pioneering work of Kurt Gödel in the early 1930s that no such
finitary proof of the consistency of the full Peano Arithmetic (PA) is possible.

In 1936, Gerhard Gentzen published a nonfinitary consistency proof for PA using
transfinite induction along the countable ordinal ε0, the smallest solution to the ordinal
equation

ε = ωε

where ω is the ordinal of the natural numbers. Lest the reader get the impression that
Gentzen’s proof is heavily set-theoretic, according to Martin Davis (personal commu-
nication) it is just a matter of allowing induction with respect to a particular com-
putable well ordering of the natural numbers. Gentzen’s new ideas led to a flourishing
of proof theory.

For an excellent discussion of these matters, see the Stanford Encyclopedia of Phi-
losophy article [42].

The next section reports on recent successes in providing finitary proofs for the
consistency of elementary Euclidean geometry, in stark contrast to the impossibility
of such proofs for Peano Arithmetic. In that sense Euclid’s geometry is simpler than
number theory.

3.5. Consistency of Tarski-elementary Geometry and Our Elementary Geome-
try. One first-order version E of elementary Euclidean geometry is a finitely axiom-
atized subtheory of Tarski’s theory—namely, keep Tarski’s twenty ordinary axioms
and replace Tarski’s continuity axiom schema with the single Segment-Circle axiom
asserting that if point a lies inside a given circle and point b lies outside the circle
(with center c and radius cp), then the circle intersects segment ab. The circle is not
described as a set of points but only indirectly in terms of its center and a radius. The
explicit first-order version of this is

(∀ abcpqr)[B(cqp) ∧ B(cpr) ∧ ca ≡ cq ∧ cb ≡ cr ⇒ (∃ x)(cx ≡ cp ∧ B(axb))],

where ≡ denotes the congruence relation and B(axb) means x is between a and b.

9Comparing this decidability result with Ziegler’s theorem, we see that RCF cannot be finitely axiomatized.
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So E is consistent if Tarski’s theory is. The consistency of the latter follows from
the consistency of the theory RCF of real-closed fields. There are finitary proofs of the
consistency of RCF, such as the one Harvey Friedman posted on his website [14], using
only exponential function arithmetic, a sub-theory of PRA. Fernando Ferreira, using
work he coauthored with Antonio Fernandes [13], has another proof of the consistency
of RCF using the stronger Gentzen arithmetic, also a sub-theory of PRA.

Much earlier, Hilbert and Bernays [29, pp. 38–48] gave a proof that their geometric
system—essentially what I called Pythagorean geometry (no continuity axiom)—is
consistent, based on the model E coordinatized by the field K of constructible numbers.
In [45], F. Tomás gave a different proof for a slightly different theory.

Tarski himself proved the consistency of his theory, and his proof may be finitary
according to a private communication I received from Steven Givant, who refers to
footnote 15 in [44].

We remain with the psychological/philosophical puzzle of whether those finitary
proofs of consistency provide the certainty Poincaré questioned. Most of us take for
granted the consistency of elementary Euclidean geometry because of 2,400 years of
experience of not finding any contradictions plus all the successful practical applica-
tions of that theory. Some people add that their geometric visualizing ability gives them
certainty. It is nevertheless a remarkable technical accomplishment to have developed
finitary proofs of its consistency in mathematical logic.
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Pólya’s Theorem on Random Walks via
Pólya’s Urn

David A. Levin and Yuval Peres

1. INTRODUCTION. Suppose a particle performs a simple random walk on the ver-
tices of Z

d , at each step moving to one of the 2d neighbors of the current vertex, chosen
uniformly at random. The long-term behavior of the walk depends on the dimension
d, as first proven in 1921 by G. Pólya:

Theorem 1 (Pólya [17]). Consider the simple random walk on Z
d . If d ≤ 2, then with

probability 1, the walk returns to its starting position. If d ≥ 3, then with positive
probability, the walk never returns to its starting position.

This is Pólya’s theorem referred to in the title. Theorem 1 motivates the definition
of a transient graph. Let G be a graph with vertex set V and edge set E . We will often
write x ∼ y to mean that {x, y} ∈ E . The degree of a vertex v, denoted deg(v), is the
number of edges containing v. A graph is locally finite if all vertices have finite degree.
We assume throughout this paper that all graphs are connected and locally finite. The
simple random walk on G moves at each unit of time by selecting a vertex uniformly at
random among those adjacent to the walk’s current location. The graph G is transient
if there is a positive probability that the simple random walk on G never returns to its
starting position. The graph G is recurrent if it is not transient. (Since G is assumed
to be connected, transience and recurrence do not depend on the starting vertex.) For
more on transience and recurrence, see, for example, [14, 20, 9].

We will prove Theorem 1 by the method of flows, which we now describe. Let G
be a connected graph with vertex set V and edge set E . An oriented edge is an or-
dered pair (x, y) such that {x, y} ∈ E . We will sometimes write �xy to denote the ori-
ented edge (x, y). A function θ defined on oriented edges is antisymmetric if θ( �xy) =
−θ( �yx) for all oriented edges �xy. For a function θ defined on oriented edges, the
divergence of θ at v is defined as

(div θ)(v) :=
∑

w :w∼v

θ( �vw).

If G is infinite, a flow θ on G from vertex a ∈ V is a function defined on oriented edges
which is antisymmetric and satisfies Kirchoff’s node law,

(div θ)(v) = 0, (1.1)

at all v �= a. The above condition is that “flow in equals flow out” at v. The strength
of a flow θ is defined as ‖θ‖ := (div θ)(a), the amount flowing from a. A unit flow
has strength equal to 1. The energy E(θ) of a flow θ equals

∑
e∈E θ(e)2. (Note the

sum is over unoriented edges; although θ is defined for oriented edges, since θ is
antisymmetric, θ(e)2 is well-defined by taking either orientation of e.) Any flow with
positive strength and finite energy can be rescaled to yield a unit flow of finite energy.

The following theorem, due to T. Lyons, gives a sharp criterion for transience of a
graph in terms of flows:

doi:10.4169/000298910X480072
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Theorem 2 (T. Lyons [11]). A graph G is transient if and only if there exists a flow θ

on G (from some vertex a) with ‖θ‖ > 0 and E(θ) < ∞.

While Theorem 2 is very well known, the published proofs we are aware of require
either a rather lengthy introduction to electrical networks, as in [4], or familiarity with
infinite-dimensional Hilbert space, as in [11]; while these are valuable tools, we have
tried here to give a short and elementary route to Theorem 2 by presenting only the
relevant part of the electrical network theory.

One nice immediate consequence of Theorem 2 is Rayleigh’s principle: If G is
recurrent, the same is true for any subgraph of G (since any flow on the subgraph is
also a flow on G). In particular, to prove Theorem 1, it is enough to prove that Z

2 is
recurrent and Z

3 is transient.
Another contribution of Pólya to probability is the celebrated Pólya’s urn [5, 18].

An urn initially contains one black and one white ball. At each unit of time, a ball is
drawn at random, and replaced along with an additional ball of the same color. This is
a key example of a reinforced process; see the survey by Pemantle [15] for more on
such processes.

Pólya’s urn can be generalized to three colors, say red, white, and blue. Let Rt , Wt ,
and Bt be the number of red, white, and blue balls, respectively, in the urn at time
t . A key property of this process is that at time t , the random vector (Rt , Wt , Bt) is
uniformly distributed over the set

{(x, y, z) : x ≥ 1, y ≥ 1, z ≥ 1, x + y + z = t + 3}.

This is verified easily by induction, but we provide another argument in Section 2.
While it seems quite certain that the connection between Theorem 1 and the urn

process was unknown to Pólya, in fact Pólya’s urn can be used in the proof of Pólya’s
theorem on lattice random walks! The goal of this note is to give a self-contained proof
of Theorem 1, via the method of flows, making essential use of Pólya’s urn process.

We will write (X0, X1, X2, . . . ) for the sequence of vertices visited by a random
walk on a connected graph G. If X0 = a with probability 1, then we denote probabili-
ties and expectations by Pa and Ea , respectively. If A is an event, we write 1A for the
{0, 1}-valued random variable which equals 1 if and only if the event A occurs.

Let Na = ∑∞
n=0 1{Xn=a} be the number of visits to a of a random walk on a con-

nected graph, when started from vertex a. (Note that Na ≥ 1 since X0 = a.) It is easy
to show (see, e.g., [14]) that the following criteria are all equivalent, and do not depend
on the choice of a:

1. Pa{Na = 1} = 0,

2. Pa{Na = ∞} = 1, and

3. Ea Na = ∑∞
n=0 Pa{Xn = a} = ∞.

Our proof of Theorem 1 shows that (i) holds for the lattice walks in dimension 2 and
fails in dimension 3. The classical proof for random walks on Z

d establishes the esti-
mate cdn−d/2 ≤ P0{X2n = 0} ≤ Cdn−d/2, which implies that the sum in (iii) converges
if and only if d ≥ 3. The advantage of the proof given here is that it is robust against
small perturbation of the graph: if a few edges are removed or added to Z

d , then the
recurrence or transience property will not be altered.

The rest of the paper is organized as follows: we prove transience of Z
3 (Theorem

2.2), assuming Theorem 2, in Section 2. In Section 3, we prove recurrence of Z
2 (The-

orem 3.2), again assuming Theorem 2. These two results together yield Theorem 1.
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We prove Theorem 2 in Section 4. We conclude in Section 5 with a discussion of
transience of wedges.

2. THE PÓLYA FLOW AND TRANSIENCE IN Z
3. Consider the three-color ver-

sion of Pólya’s urn: Initially there are three balls, each a distinct color, say red, white,
and blue. Each time a ball is drawn, the selected ball and a new one of the same color
are placed back in the urn.

Lemma 2.1. Let (Rt , Wt , Bt) be the number of red, white, and blue balls, respectively,
in the urn after t draws. The vector (Rt , Wt , Bt ) is uniformly distributed over

Vt := {(x, y, z) : x ≥ 1, y ≥ 1, z ≥ 1, x + y + z = t + 3}. (2.1)

Proof. Let U−1,U0,U1, . . . ,Un be independent and identically distributed random
variables, each uniformly distributed over the interval [0, 1]. By symmetry, for t =
1, . . . , n, each of the (t + 2)! possible orderings of the variables U−1,U0, . . . ,Ut is
equally likely. Define V1 := min{U−1,U0}, V2 := max{U−1,U0}, and for t ≥ 1,

Xt := |{ j : 1 ≤ j ≤ t and 0 ≤ Uj ≤ V1}| + 1

Yt := |{ j : 1 ≤ j ≤ t and V1 < Uj ≤ V2}| + 1

Zt := |{ j : 1 ≤ j ≤ t and V2 < Uj ≤ 1}| + 1.

That is, the first two variables U−1 and U0 divide the interval [0, 1] into three subinter-
vals. The variable Xt equals one more than the number of the variables {U1, . . . ,Ut }
falling in the left-most subinterval, Yt is one more than the number falling in the middle
interval, and Zt is one more than the number falling in the right-most interval.

Set (X0, Y0, Z0) = (1, 1, 1). Observe that given the ordering of the variables
U−1,U0, . . . ,Ut , the value of the triple (Xt , Yt , Zt) is determined.

We claim that (Xt , Yt , Zt) has the same distribution as (Rt , Wt , Bt). Given the order
of (U−1,U0, . . . ,Ut), the rank of Ut+1 among these values is uniformly distributed
over all t + 3 possible positions. Thus the conditional probabilities that Ut+1 falls in the
intervals [0, V1], (V1, V2], and (V2, 1] are proportional to Xt , Yt , and Zt , respectively.
We conclude that the transition probabilities for the triple (Xt , Yt , Zt) are the same as
those for (Rt , Wt , Bt).

Using this equivalence, since the relative positions of (U−1,U0, . . . ,Ut ) form a ran-
dom permutation of {1, . . . , t + 2}, it follows that (Rt , Wt , Zt) is uniformly distributed
over all

(t+2
2

)
ordered triples of positive integers summing to t + 3.

Much more on urn processes can be found in [7], [16], and [12].

Theorem 2.2. The simple random walk on Z
3 is transient.

Proof. Define a flow θ on Z
3 from (1, 1, 1) by orienting each edge in the octant

[1, ∞)3 in a north-east-up direction, and letting

θ(�e) := P{the urn process passes through �e}.
For �e not in [1, ∞)3, set θ(�e) := 0.

Recall that Vt , defined in (2.1), is the set of vertices with positive coordinates t steps
from (1, 1, 1). There are

(t+2
2

)
such vertices, and by Lemma 2.1, the probability of the

222 c© THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 117



urn process visiting any one of them is
(t+2

2

)−1
. For v ∈ Vt , t ≥ 1, the urn process

visits v if and only if it traverses one of the oriented edges pointing to v, so we have

∑
u : u→v

θ( �uv)2 ≤
[ ∑

u : u→v

θ( �uv)

]2

= P{the urn process visits v}2 =
(

t + 2

2

)−2

.

(We have written u → v to indicate that there is an oriented edge pointing from u to
v.) Therefore,

∑
e

θ(�e)2 =
∞∑

t=1

∑
v∈Vt

∑
u : u→v

θ( �uv)2 ≤
∞∑

t=1

(
t + 2

2

)(
t + 2

2

)−2

. (2.2)

The right-most sum above equals

∞∑
t=1

2

(t + 2)(t + 1)
= 1.

The left-most sum in (2.2) is the energy of θ , so we have proven that E(θ) ≤ 1. Theo-
rem 2 completes the proof.

The flow described in the proof of Theorem 2.2 can be found in [4], although those
authors were not aware of the connection to Pólya’s urn (Peter Doyle, personal com-
munication).

3. RECURRENCE IN Z
2. Let G be an infinite graph. For a vertex a and a set of

edges �, let Va,� be the union of {a} and the set of all vertices v for which there exists
a path from a to v not using an edge of �. A set of edges � is an edge-cutset separating
a from ∞ if Va,� is finite.

A technique due to Nash-Williams gives a sufficient condition for a graph to be
recurrent.

Proposition 3.1 (Nash-Williams [13]). For a graph G, let {�k} be disjoint finite
edge-cutsets which separate the vertex a from infinity. If

∑
k

|�k|−1 = ∞, (3.1)

then the random walk on G is recurrent.

Let � be an edge-cutset. For any flow θ from a, we have (div θ)(a) = ‖θ‖ and
(div θ)(v) = 0 for v �= a, whence

‖θ‖ =
∑

v∈Va,π

(div θ)(v) =
∑

v∈Va,�

∑
w :w∼v

θ( �vw).

Since � is an edge-cutset, the sum above is finite. Since any edge with both endpoints
in Va,� contributes two terms to the right-most sum which cancel each other, we have

‖θ‖ =
∑
(v,w)

v∈Va,�,w �∈Va,�

θ( �vw). (3.2)
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Any edge {v, w} with v ∈ Va,� and w �∈ Va,� must be in �; therefore, the sum on the
right-hand side of (3.2) is bounded above by

∑
e∈� |θ(e)|, showing that

∑
e∈�

|θ(e)| ≥ ‖θ‖. (3.3)

We can now prove Proposition 3.1.

Proof of Proposition 3.1. Let θ be a unit flow from a. For any k, by the Cauchy-
Schwarz inequality

|�k|
∑
e∈�k

θ(e)2 ≥
(∑

e∈�k

|θ(e)|
)2

.

By (3.3), the right-hand side is bounded below by ‖θ‖2 = 1, because �k is a cutset
and ‖θ‖ = 1. Therefore

∑
e

θ(e)2 ≥
∑

k

∑
e∈�k

θ(e)2 ≥
∑

k

|�k|−1 = ∞.

By Theorem 2, we are done.

Theorem 3.2. The simple random walk on Z
2 is recurrent.

Proof. Let �k consist of those edges in Z
2 between vertices at graph distance k and

those at graph distance k + 1 from 0. There are 8k + 4 edges in �k , whence

∞∑
k=1

|�k|−1 ≥
∞∑

k=1

1

8k + 4
= ∞.

Proposition 3.1 finishes the proof.

4. FLOWS AND ESCAPE PROBABILITIES. In this section, we will prove The-
orem 2. For this, we will need to first develop a few tools.

Flows on Finite Graphs and the Current Flow. Let G = (V, E) be a finite graph.
For vertices a and z, a flow from a to z is an antisymmetric function θ , defined
on oriented edges, satisfying Kirchoff’s node law at all v �∈ {a, z}, and satisfying
(div θ)(a) ≥ 0.

We note that for any antisymmetric θ we have
∑
x∈V

(div θ)(x) =
∑
x∈V

∑
y∈V
y∼x

θ( �xy) =
∑

{x,y}∈E

[
θ( �xy) + θ( �yx)

] = 0. (4.1)

The above implies that (div θ)(a) = −(div θ)(z) for any flow θ .
The strength and energy of a flow θ from a to z are defined just as for flows on

infinite graphs, namely, as ‖θ‖ := (div θ)(a) and E(θ) := ∑
e∈E θ(�e)2, respectively. A

unit flow from a to z is a flow with strength equal to 1.
An oriented cycle is a sequence of oriented edges (�e1, . . . , �er ) such that �ei =

(xi−1, xi ) for vertices (x0, . . . , xr ) with xr = x0. A flow from a to z satisfies the cycle
law if

∑r
i=1 θ(�ei ) = 0 for any oriented cycle (�e1, . . . , �er ).
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The unit flow from a to z satisfying the cycle law is unique:

Lemma 4.1. There is at most one unit flow from a to z satisfying the cycle law.

Proof. Suppose that θ and ϕ are two such flows. The function f := θ − ϕ satisfies the
node law at all nodes and the cycle law. Suppose f ( �e1) > 0 for some oriented edge
�e1. By the node law, e1 must lead to some oriented edge �e2 with f ( �e2) > 0. Iterate this
process to obtain a sequence of oriented edges on which f is strictly positive. Since
the graph is finite, this sequence must eventually revisit a node. The resulting cycle
violates the cycle law.

We need to discuss the Green’s function of a random walk before we construct a
unit flow satisfying the cycle law.

For the simple random walk (Xt )
∞
t=0 on the graph with vertex set V and edge set E ,

define for B ⊆ V

τB := inf{t ≥ 0 : Xt ∈ B},
τ+

B := inf{t > 0 : Xt ∈ B}.

For a single site a, we write simply τa and τ+
a for τ{a} and τ+

{a}, respectively.
The Green’s function Gz(x, y) is the expected number of visits of the random walk

to y, when started at x , before hitting z:

Gz(x, y) = Ex

(
τz−1∑
n=0

1{Xn=y}

)
=

∞∑
n=0

Px{Xn = y, τz > n}.

Since on a finite connected graph, Exτz < ∞ for all x, z (see, e.g., [14]), we have
Gz(x, y) ≤ Exτz < ∞ for finite connected graphs. Note that Gz(x, z) = 0 for z �= x .

For any sequence of vertices x0, x1, . . . , xn−1, xn such that {xi , xi−1} ∈ E and x0 =
a, xn = x , it is easy to see that

1

deg(x)
Pa{X1 = x1, . . . , Xn−1 = xn−1, Xn = x}

= 1

deg(a)
Px{X1 = xn−1, X2 = xn−1, . . . , Xn = a}.

Summing the above identity over all such sequences with xi �= z for i = 1, . . . , n
shows that

deg(x)−1Pa{Xn = x, τz > n} = deg(a)−1Px{Xn = a, τz > n},

and summing over n ≥ 0 gives

Gz(a, x)

deg(x)
= Gz(x, a)

deg(a)
. (4.2)

We are now able to give an explicit construction of the unique unit flow satisfying
the cycle law, which we call the unit current flow from a to z and denote by I . Let
I (x, y) be the expected number of net traversals of the oriented edge (x, y) by the
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random walk started at a and stopped at z, where a traversal of the reversed edge
(y, x) is counted with a negative sign. That is,

I (x, y) := Ea

(
τz−1∑
n=0

[1{(Xn ,Xn+1)=(x,y)} − 1{(Xn ,Xn+1)=(y,x)}]
)

=
∞∑

n=0

Pa{Xn = x, Xn+1 = y, τz > n}

−
∞∑

n=0

Pa{Xn = y, Xn+1 = y, τz > n}.

(4.3)

Note that

Pa{Xn = x, Xn+1 = y, τz > n} = Pa{Xn = x, τz > n}Px{X1 = y}
= Pa{Xn = x, τz > n}

deg(x)
,

and therefore

I (x, y) = Gz(a, x)

deg(x)
− Gz(a, y)

deg(y)
= Gz(x, a) − Gz(y, a)

deg(a)
, (4.4)

where the last equality follows from (4.2).
It is easy to see from the above identity that I satisfies the cycle law. To see that I

is a flow (i.e., it satisfies the node law at all vertices x �∈ {a, z}), note that the number
of entrances to such a vertex x must equal the number of exits from x . Finally, since
the walk leaves a one more time than it enters a, we infer that I is a unit flow.

The Laplacian. For a function f : V → R, the Laplacian of f is the function � f
defined by

� f (x) = f (x) − 1

deg(x)

∑
y : y∼x

f (y).

We say that f is harmonic at x if � f (x) = 0. The value of a harmonic function at a
vertex is the average of its values at neighboring vertices.

We will need the following two lemmas.

Lemma 4.2. The function ga,z defined by ga,z(x) = Gz(x, a) is harmonic at all x �∈
{a, z} and has �ga,z(a) = 1.

Proof. Let Na be the (random) number of visits of a random walk to a (including at
time 0) strictly before the first visit to z. Note that ga,z(x) = Ex Na and that

Ex Na = 1

deg(x)

∑
y : y∼x

Ex(Na | X1 = y)

= 1

deg(x)

∑
y : y∼x

Ey Na + 1{x=a}.
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Lemma 4.3. For any two functions ϕ and ψ defined on V ,

1

2

∑
x,y
x∼y

[ϕ(y) − ϕ(x)][ψ(y) − ψ(x)] =
∑

x

ϕ(x) deg(x)�ψ(x).

Proof. We have

1

2

∑
x,y
x∼y

[ϕ(y) − ϕ(x)][ψ(y) − ψ(x)] = 1

2

∑
x,y
x∼y

ϕ(y)[ψ(y) − ψ(x)]

+ 1

2

∑
x,y
x∼y

ϕ(x)[ψ(x) − ψ(y)].

By symmetry, the two terms on the right-hand side are the same, so their sum equals
∑

x

ϕ(x)
∑

y : y∼x

[ψ(x) − ψ(y)] =
∑

x

ϕ(x) deg(x)�ψ(x).

Proof of Theorem 2. Before proving Theorem 2, which concerns infinite graphs, we
first prove a related result about finite graphs:

Theorem 4.4. For any finite connected graph,

deg(a)Pa{τz < τ+
a } = 1

inf{E(θ) : θ a unit flow from a to z} .

Proof. Step 1: We show that the flow I defined in (4.3) is the unique flow minimizing
E .

Since the set of unit-strength flows with energy less than or equal to the energy
of I is a closed and bounded subset of R

|E |, by compactness there exists a flow θ

minimizing E(θ) subject to ‖θ‖ = 1. By Lemma 4.1, to prove that the flow I is the
unique minimizer, it is enough to verify that any flow θ of minimal energy satisfies the
cycle law.

Let the edges �e1, . . . , �en form a cycle. Set γ ( �ei) = 1 for all 1 ≤ i ≤ n and set γ

equal to zero on all other edges. Note that γ satisfies the node law, so it is a flow, but∑
γ ( �ei) = n �= 0. For any ε ∈ R, we have by energy minimality that

0 ≤ E(θ + εγ ) − E(θ) =
n∑

i=1

[
(θ( �ei ) + ε)

2 − θ( �ei )
2
]

= 2ε

n∑
i=1

θ( �ei ) + nε2.

Dividing both sides by ε > 0 shows that

0 ≤ 2
n∑

i=1

θ( �ei ) + nε,

and letting ε ↓ 0 shows that 0 ≤ ∑n
i=1 θ( �ei ). Similarly, dividing by ε < 0 and then

letting ε ↑ 0 shows that 0 ≥ ∑n
i=1 θ( �ei ). Therefore,

∑n
i=1 θ( �ei ) = 0, verifying that θ

satisfies the cycle law.
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Step 2: We show that

E(I ) = 1

deg(a)Pa{τz < τ+
a } . (4.5)

From (4.4) and Lemma 4.3,

∑
e

I (e)2 = 1

deg(a)2

1

2

∑
x,y
x∼y

[Gz(x, a) − Gz(y, a)]2

= 1

deg(a)2

∑
x

Gz(x, a) deg(x)�ga,z(x).

From Lemma 4.2 and the fact that Gz(z, a) = 0, the right-hand side equals deg(a)−1 ×
Gz(a, a). Note the Gz(a, a) equals the expected number of visits to a, started from
a, before hitting z. This is a geometric random variable with success probability
Pa{τz < τ+

a }, whence Gz(a, a) = 1/Pa{τz < τ+
a } and (4.5) is proven.

Proof of Theorem 2. Let G = (V, E) be a transient connected graph. We will show
that there exists a flow of finite energy. Let d(v, w) be the graph distance between
vertices v and w, equal to the length of the shortest path connecting v and w. Fix
a ∈ V . Let Zn = {v : d(a, v) ≥ n}, and create a finite graph Gn by identifying all ver-
tices in Zn with a new vertex zn , and removing all edges with both vertices in Zn . Let In

be the unit current flow on Gn from a to zn . If Nn(x, y) is the net number of traversals
of the oriented edge (x, y) in Gn before hitting zn , then In(x, y) = Ea Nn(x, y). With
a minor abuse of notation, Nn(x, y) is also the net number of traversals of the ori-
ented edge (x, y) in G before hitting Zn; with this interpretation, Nn(x, y) ↑ N (x, y),
where N (x, y) is the net number of traversals of (x, y) for the random walk in G
started at a and run for infinite time. Since G is transient, Ea N (x, y) < ∞, and by
monotone convergence, Ea Nn(x, y) ↑ Ea N (x, y). That is, if I (x, y) := Ea N (x, y),
then In(x, y) → I (x, y) as n → ∞. The function I (x, y) is clearly a unit flow from a
on G.

From (4.5),

E(In) = 1

deg(a)Pa{τzn < τ+
a } .

Note that

Pa{τzn < τ+
a } = Pa{τZn < τ+

a },
where the probability on the left refers to the random walk on Gn , and the probability
on the right refers to the random walk on G. Since the events {τZn < τ+

a } are decreasing
with intersection {τ+

a = ∞}, and Pa{τ+
a = ∞} > 0 by transience of G, it follows that

E(In) ≤ B < ∞ for a finite constant B not depending on n.
For all m,

∑
x,y:x∼y

d(x,a)<m,d(y,a)<m

I (x, y)2 = lim
n→∞

∑
x,y:x∼y

d(x,a)<m, d(y,a)<m

In(x, y)2

≤ lim
n→∞ E(In) ≤ B < ∞.

Since this holds for all m, letting m → ∞ shows that E(I ) < ∞.
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For the converse, suppose that there exists a finite-energy unit flow θ from a in
G. Let θn be the restriction of θ to Gn . (Note that Gn may contain multiple edges, as
any edge (x, z) in G with x /∈ Zn and z ∈ Zn yields an edge e from x to zn with
θn(e) = θ(x, z).) Since E(θn) ↑ E(θ) < ∞, we have

Pa{τ+
a = ∞} = lim

n→∞ Pa{τzn < τ+
a } ≥ lim

n→∞
1

deg(a)E(θn)
> 0, (4.6)

so G is transient.

5. EXTENSIONS AND FURTHER READING. The connection between flows
and escape probabilities forms a small part of the theory relating electrical networks
to reversible Markov chains. See [4], [9], or [10] for much more on using electrical
networks for calculating probabilities.

Dimension 2 is truly the critical dimension for recurrence. One way to show this is
to consider a random walk in Z

3 that usually makes a two-dimensional step to one of
the four horizontal neighbors, but occasionally makes a three-dimensional step. If the
number of three-dimensional steps among the first n steps grows like (log log n)2+ε

then the resulting process is transient; see [2]. More approachable by the methods
discussed in this note are subgraphs of Z

3 called wedges. Let

W f := {(x, y, z) ∈ (Z+)3 : y ≤ x, z ≤ f (x)},
where f is an increasing function with f (1) ≥ 1. We have

T. Lyons [11]. The wedge W f is transient if and only if
∑

n

[n f (n)]−1 < ∞.

Proof. Let �n be the cutset {{(n, y, z), (n + 1, y, z)} : (n, y, z) ∈ W f }. We have
|�n| = n f (n) and Proposition 3.1 implies that if

∑
n 1/[n f (n)] = ∞, then W f is

recurrent.
Now for the other implication. Consider the random spatial curve γ (t) := (t,U1t,

U2 f (t)), were U1,U2 are independent uniform [0, 1] random variables, and let � be
the closest lattice path in W f to γ . Define the flow θ by θ(�e) := P{�e ∈ �}. It can be
shown that the energy of θ converges or diverges the same as the sum

∑
n 1/[n f (n)],

which proves that
∑

n 1/[n f (n)] < ∞ implies transience.

The method of random paths has been used extensively to prove transience of super-
critical percolation clusters in Z

d and in wedges; see [3], [6], and [1]. T. Lyons [11]
used another flow to show transience of Z

3.
Pólya described how he came to consider the problem of random walks:

At the hotel there lived also some students with whom I usually took my meals
and had friendly relations. On a certain day one of them expected the visit of his
fiancee, what I knew [sic], but I did not foresee that he and his fiancee would also
set out for a stroll in the woods, and then suddenly I met them there. And then I
met them the same morning repeatedly. I don’t remember how many times, but
certainly much too often and I felt embarrassed: It looked as if I was snooping
around which was, I assure you, not the case. [19]

Thus, in fact, Pólya’s motivation was to understand the number of collisions C of
two independent random walks. For random walks on a lattice, this is equivalent to
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considering returns to zero for a new random walk. On a more general graph, how-
ever, the three properties (i)–(iii) on page 221 are not equivalent if C replaces Na. It is
true that for recurrent graphs of bounded degree, EC = ∞; nevertheless, this does not
imply that P{C = ∞} = 1. Indeed, Krishnapur and Peres [8] show that for a certain
subgraph of Z

2 (which must be recurrent by Rayleigh’s principle), the simple ran-
dom walk satisfies P{C < ∞} = 1. The same authors also describe specific graphs for
which it is not known whether the number of collisions of two independent walks is
finite or infinite almost surely. It is an open problem to characterize graphs for which
P{C < ∞} = 1.
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∑ 1
p

Diverges

Everyone knows Euclid’s proof that there are infinitely many primes. Here we
give a variation of Euclid’s argument to prove the stronger result (due originally
to Euler) that

∑
1/p diverges, where the sum is over all primes p. To see this,

suppose that
∑

1/p converges. Then for some prime q,
∑

p≥q 1/p = S < 1. Let
t = ∏

p<q p. Then for all n ≥ 1, if p is a prime and p < q then p � (1 + nt). So
for n ≥ 1, 1 + nt is a product of primes ≥ q. Therefore

∑
n≥1

1

1 + nt
≤

∑
p≥q

1

p
+

∑
p1,p2≥q

1

p1 p2
+

∑
p1,p2,p3≥q

1

p1 p2 p3
+ · · ·

= S + S2 + S3 + · · · < ∞.

However,

∑
n≥1

1

1 + nt
≥

∑
n≥1

1

n + nt
= 1

1 + t

∑
n≥1

1

n
= ∞,

so we have reached a contradiction.

—Submitted by Jim Owings, University of Maryland
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A Congruence Problem for Polyhedra

Alexander Borisov, Mark Dickinson, and Stuart Hastings

1. INTRODUCTION. We discuss a class of problems about the congruence or sim-
ilarity of three-dimensional polyhedra. The basic format is the following:

Problem 1.1. Given two polyhedra in R3 which have the same combinatorial struc-
ture (e.g., both are hexahedra with four-sided faces), determine whether a given set of
measurements is sufficient to ensure that the polyhedra are congruent or similar.

We will make this more specific by specifying what sorts of measurements will
be allowed. For example, in much of the paper, allowed measurements will include
distances between pairs of vertices, angles between edges, angles between two inter-
secting face diagonals (possibly on different faces with a common vertex) or between
a face diagonal and an edge, and dihedral angles (that is, angles between two adjoin-
ing faces). One motivation for these choices is given below. Sometimes we are more
restrictive, for example, allowing only distance measurements.

In two dimensions this was a fundamental question answered by Euclidean ge-
ometers, as (we hope) every student who takes geometry in high school learns. If the
lengths of the corresponding sides of two triangles are equal, then the triangles are
congruent. The SAS, ASA, and AAS theorems are equally well known. The extension
to other shapes is not often discussed, but we will have some remarks about the pla-
nar problem as well. It is surprising to us that beyond the famous theorem of Cauchy
discussed below, we have been unable to find much discussion of the problems we con-
sider in the literature, though we think it is almost certain that they have been studied
in the past. We would be appreciative if any reader can point us to relevant results.

Our approach will usually be to look at the problem locally. If the two polyhedra
are almost congruent, and agree in a certain set of measurements, are they congruent?
At first glance this looks like a basic question in what is known as rigidity theory, but
a little thought shows that it is different. In rigidity theory, attention is paid to relative
positions of vertices, viewing these as connected by inextensible rods which are hinged
at their ends and so can rotate relative to each other, subject to constraints imposed by
the overall structure of rods. In our problem there is the additional constraint that in
any movement of the vertices, the combinatorial structure of the polyhedron cannot
change. In particular, any vertices that were coplanar before the movement must be
coplanar after the movement. This feature seems to us to produce an interesting area
of study.

Our original motivation for considering this problem came from a very practical
question encountered by one of us (SPH). If one attempts to make solid wooden models
of interesting polyhedra, using standard woodworking equipment, it is natural to want
to check how accurate these models are.1 As a mathematician one may be attracted
first to the Platonic solids, and of these, the simplest to make appears to be the cube.
(The regular tetrahedron looks harder, because non-right angles seem harder to cut
accurately.)

doi:10.4169/000298910X480081
1The usual method of constructing a polyhedron is by folding a paper shell.

232 c© THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 117



It is possible to purchase lengths of wood with a square cross section, called “turn-
ing squares” because they are mostly used in lathes. To make a cube, all one has to do
is use a saw to cut off the correct length piece from a turning square. Of course, one
has to do so in a plane perpendicular to the planes of sides of the turning square. It is
obvious that there are several degrees of freedom, meaning several ways to go wrong.
The piece cut off could be the wrong length, or you could cut at the wrong angle, or
perhaps the cross section wasn’t square to begin with. So, you start measuring to see
how well you have done.

In this measurement, though, it seems reasonable to make some assumptions. The
basic one of interest here is that the saw cuts off a planar slice. You also assume that
this was true at the sawmill where the turning square was made. So you assume that
you have a hexahedron—a polyhedron with six faces, all of which are quadrilaterals.
Do you have a cube? At this point you are not asking a question addressed by standard
rigidity theory.

One’s first impulse may be to measure all of the edges of the hexahedron, with the
thought that if these are equal, then it is indeed a cube. This is quickly seen to be false,
because the faces could be rhombi. Another intriguing possibility that we considered
early on is that measuring the twelve face diagonals might suffice. However, we found
some examples showing that this was not the case, and David Allwright [2] gave a
short and elegant quaternion-based classification of all hexahedra with equal face di-
agonals. See also an earlier discussion of this problem in [13].2 Clearly some other
configuration of measurements, perhaps including angles, is necessary. It did not take
long to come up with several sets of 12 measurements which did the job, but a proof
that this number was necessary eluded us.

In our experience most people, even most mathematicians, who are presented with
this problem do not see an answer immediately. Apparently the cube is harder than
it looks, and so one would like a simpler problem to get some clues. The tetrahedron
comes to mind, and so one asks how many measurements are required to establish that
a polyhedron with four triangular faces is a regular tetrahedron.

Now we turn to Cauchy’s theorem.

Theorem 1.2 (Cauchy, 1839). Two convex polyhedra with corresponding congruent
and similarly situated faces have equal corresponding dihedral angles.

If we measure the six edges of our triangular-faced object, and find them equal, then
we have established congruence of the faces of our object to those of a tetrahedron.
Cauchy’s theorem tells us that the dihedral angles are the same and this implies the
desired congruence.

For a tetrahedron this result is fairly obvious, but for the two other Platonic solids
with triangular faces, namely the octahedron and the icosahedron, it is less so. Hence
Cauchy’s theorem is of practical value to the (extremely finicky) woodworker, and
shows that for these objects, the number of edges is at least an upper bound on the
number of measurements necessary to prove congruence. From now on we will denote
the number of edges of our polyhedron by E , the number of vertices by V , and the
number of faces by F . We will only consider simply connected polyhedra, so that
Euler’s formula, V + F = E + 2, holds.

It is not hard to give an example showing the necessity of convexity in Cauchy’s
result, but it is one where the two polyhedra being compared are, in some sense, far

2The face diagonals of a hexahedron are equal when these diagonals form two congruent regular tetrahedra
whose edges intersect in pairs. As it turns out, this arrangement is not unique. We have included Allwright’s
analysis of the possibilities as Appendix A in the posting of this paper to www.arXiv.org.
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apart. It was not easy to determine if convexity was necessary for local congruence.
Can a nonconvex polyhedron with all faces triangular be perturbed smoothly through
a family of noncongruent polyhedra while keeping the lengths of all edges constant?
The answer is yes, as was proved in a famous and important paper by R. Connelly in
1979 [4].

Cauchy’s result also gives us an upper bound for the number of measurements nec-
essary to determine a unit cube: triangulate the cube by dividing each square face into
a pair of triangles. Then we have a triangular-faced object with eighteen edges, and by
Cauchy’s theorem those eighteen edge measurements suffice to determine the cube up
to congruence.

However, we can do better. Start by considering a square. We can approach this
algebraically by assuming that one vertex of the square is at (0, 0) in the plane. Without
loss of generality we can also take one edge along the x-axis, going from (0, 0) to
(x1, 0) for some x1 > 0. The remaining vertices are then (x2, x3) and (x4,x5) and this
leads to the conclusion that to determine five unknowns, we need five equations, and
so five measurements. For example, we could measure the four sides of the square and
one vertex angle, or we could measure a diagonal instead of the angle.

We then use this to study the cube. Five measurements show that one face is a square
of a specific size. Only four more are needed to specify an adjacent face, because of
the common edge, and the three more for one of the faces adjoining the first two. The
requirement that this is a hexahedron then implies that we have determined the cube
completely, with twelve measurements. This is a satisfying result because it shows that
E measurements suffice for a cube as well as for the triangular-faced Platonic solids.

However, as remarked earlier, at this stage we have not proved the necessity of
twelve measurements, only the sufficiency. One of the most surprising developments
for us in this work was that in fact, twelve are not necessary. It is possible to determine
a cube (including its size) with nine measurements of distances and face angles. The
reason, even more surprisingly, is that only four measurements are needed to determine
the congruence of a quadrilateral to a specific square, rather than five as seemed so
obvious in the argument above.

We will give the algorithm that determines a square in four measurements in the
final section of the paper, which contains a number of remarks about congruence of
polygons. For now, we proceed with developing a general method for polyhedra. This
method will also handle similarity problems, where the shape of the polyhedron is
specified up to a scale change. In determining similarity, only angle measurements are
involved. As the reader might expect, in general E − 1 measurements suffice, with one
additional length required to get congruence.

2. E MEASUREMENTS SUFFICE. In this section we prove that for a convex poly-
hedron P with E edges, there is a set of E measurements that, at least locally, suffices
to determine P up to congruence.

We restrict to convex polyhedra mostly for reasons of convenience: many of the
results below should be true in greater generality. (One problem with moving beyond
convex polyhedra is determining exactly what the term ‘polyhedron’ should mean: for
a recent attempt to give a general definition of the term ‘nonconvex polyhedron,’ see
the beautiful paper [9].) To avoid any ambiguity we begin with a precise definition of
convex polyhedron.

Definition 2.1. A closed half-space is a subset of R3 of the form { (x, y, z) ∈ R3 |
ax + by + cz + d ≥ 0 } with (a, b, c) �= (0, 0, 0). A convex polyhedron is a subset P
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of R3 which is bounded, does not lie in any plane, and can be expressed as an intersec-
tion of finitely many closed half-spaces.

The vertices, edges, and faces of a convex polyhedron P can be defined in terms
of intersections of P with suitable closed half-spaces. For example, a face of P is a
subset of P of the form P ∩ H , for some closed half-space H , such that P ∩ H lies
entirely within some plane but is not contained in any line. Edges and vertices can be
defined similarly.

The original problem refers to two polyhedra with the same ‘combinatorial struc-
ture,’ so we give a notion of abstract polyhedron which isolates the combinatorial
information embodied in a convex polyhedron.

Definition 2.2. The underlying abstract polyhedron of a convex polyhedron P is the
triple (VP,FP ,IP), where VP is the set of vertices of P , FP is the set of faces of P ,
and IP ⊂ VP × FP is the incidence relation between vertices and faces; that is, (v, f )

is in IP if and only if the vertex v lies on the face f .

Thus to say that two polyhedra P and Q have the same combinatorial structure is
to say that their underlying abstract polyhedra are isomorphic; that is, there are bi-
jections βV : VP → VQ and βF : FP → FQ that respect the incidence relation: (v, f )

is in IP if and only if (βV (v), βF( f )) is in IQ . Note that there is no need to record
information about the edges; we leave it to the reader to verify that the edge data and
incidence relations involving the edges can be recovered from the incidence struc-
ture (VP,FP ,IP). The cardinality of the set IP is twice the number of edges of P ,
since

|IP | =
∑
f ∈FP

(number of vertices on f ) =
∑
f ∈FP

(number of edges on f )

and the latter sum counts each edge of P exactly twice.
For the remainder of this section, we fix a convex polyhedron P and write V , E , and

F for the numbers of vertices, edges, and faces of P , respectively. Let � = (V,F ,I)

be the underlying abstract polyhedron. We are interested in determining which sets
of measurements are sufficient to determine P up to congruence. A natural place to
start is with a naive dimension count: how many degrees of freedom does one have in
specifying a polyhedron with the same combinatorial structure as P?

Definition 2.3. A realization of � = (V,F ,I) is a pair of functions (αV , αF ) where
αV : V → R3 gives a point for each v in V , αF : F → {planes in R3} gives a plane for
each f in F , and the point αV(v) lies on the plane αF ( f ) whenever (v, f ) is in I .

Given any convex polyhedron Q together with an isomorphism β : (VQ,FQ,IQ) ∼=
(V,F ,I) of incidence structures we obtain a realization of �, by mapping each vertex
of P to the position of the corresponding (under β) vertex of Q and mapping each face
of P to the plane containing the corresponding face of Q. In particular, P itself gives
a realization of �, and when convenient we’ll also use the letter P for this realiza-
tion. Conversely, while not every realization of � comes from a convex polyhedron in
this way, any realization of � that’s sufficiently close to P in the natural topology for
the space of realizations gives—for example, by taking the convex hull of the image
of αV —a convex polyhedron whose underlying abstract polyhedron can be identified
with �. So the number of degrees of freedom is the dimension of the space of realiza-
tions of � in a neighborhood of P .
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Now we can count degrees of freedom. There are 3V degrees of freedom in speci-
fying αV and 3F in specifying αF . So if the |I| = 2E ‘vertex-on-face’ conditions are
independent in a suitable sense then the space of all realizations of � should have di-
mension 3V + 3F − 2E or—using Euler’s formula—dimension E + 6. We must also
take the congruence group into account: we have three degrees of freedom available
for translations, and a further three for rotations. Thus if we form the quotient of the
space of realizations by the action of the congruence group, we expect this quotient to
have dimension E . This suggests that E measurements should suffice to pin down P
up to congruence.

In the remainder of this section we show how to make the above naive dimen-
sion count rigorous, and how to identify specific sets of E measurements that suf-
fice to determine congruence. The main ideas are: first, to use a combinatorial lemma
(Lemma 2.7) to show that the linearizations of the vertex-on-face conditions are lin-
early independent at P , allowing us to use the inverse function theorem to show that the
space of realizations really does have dimension E + 6 near P and to give an infinites-
imal criterion for a set of measurements to be sufficient (Theorem 2.10), and second,
to use an infinitesimal version of Cauchy’s rigidity theorem to identify sufficient sets
of measurements.

The various measurements that we’re interested in can be thought of as real-valued
functions on the space of realizations of � (defined at least on a neighborhood of P)
that are invariant under congruence. We single out one particular type of measure-
ment: given two vertices v and w of P that lie on a common face, the face distance
associated to v and w is the function that maps a realization Q = (αV , αF ) of � to the
distance from αV(v) to αV(w). In other words, it corresponds to the measurement of
the distance between the vertices of Q corresponding to v and w. The main result of
this section is the following theorem.

Theorem 2.4. Let P be a convex polyhedron with underlying abstract polyhe-
dron (V,F ,I). Then there is a set S of face distances of P such that (i) S has
cardinality E, and (ii) locally near P, the set S completely determines P up to con-
gruence in the following sense: there is a positive real number ε such that for any
convex polyhedron Q and isomorphism β : (V,F ,I) ∼= (VQ,FQ,IQ) of underlying
abstract polyhedra, if

1. each vertex v of P is within distance ε of the corresponding vertex βV(v) of Q,
and

2. m(Q) = m(P) for each measurement m in S,

then Q is congruent to P.

Rephrasing:

Corollary 2.5. Let P be a convex polyhedron with E edges. Then there is a set of E
measurements that is sufficient to determine P up to congruence amongst all nearby
convex polyhedra with the same combinatorial structure as P.

We’ll prove this theorem as a corollary of Theorem 2.10 below, which gives con-
ditions for a set of measurements to be sufficient. We first fix some notation. Choose
numberings v1, . . . , vV and f1, . . . , fF of the vertices and faces of �, and write
(xi (P), yi (P), zi (P)) for the coordinates of vertex vi of P . We translate P if nec-
essary to ensure that no plane that contains a face of P passes through the origin.
This allows us to give an equation for the plane containing f j in the form a j (P)x +
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b j (P)y + c j (P)z = 1 for some nonzero triple of real numbers (a j (P), b j (P), c j (P));
similarly, for any realization Q of � that’s close enough to P the i th vertex of Q is
a triple (xi (Q), yi (Q), zi (Q)) and the j th plane of Q can be described by an equa-
tion a j (Q)x + b j (Q)y + c j (Q)z = 1. Hence the coordinate functions (x1, y1, z1,

x2, y2, z2, . . . , a1, b1, c1, . . . ) give an embedding into R3V +3F of some neighborhood
of P in the space of realizations of �.

For every pair (vi , f j ) in I a realization Q should satisfy the ‘vertex-on-face’ con-
dition

a j (Q)xi (Q) + b j (Q)yi (Q) + c j (Q)zi (Q) = 1.

Let φi, j be the function from R3V +3F to R defined by

φi, j (x1, y1, z1, . . . , a1, b1, c1, . . . ) = a j xi + b j yi + c j zi − 1,

and let φ : R3V +3F → R2E be the vector-valued function whose components are the
φi, j as (vi , f j ) runs over all elements of I (in some fixed order). Then a vector in
R3V +3F gives a realization of � if and only if it maps to the zero vector under φ.

We next present a combinatorial lemma, Lemma 2.7, that appears as an essential
component of many proofs of Steinitz’s theorem characterizing edge graphs of poly-
hedra. (See Lemma 2.3 of [9], for example.) We give what we believe to be a new proof
of this lemma. First, we make an observation that is an easy consequence of Euler’s
theorem.

Lemma 2.6. Suppose that � is a planar bipartite graph of order r . Then there is an
ordering n1, n2, . . . , nr of the nodes of � such that each node ni is adjacent to at most
three preceding nodes.

Proof. We give a proof by induction on r . If r ≤ 3 then any ordering will do. If r >

3 then we can apply a standard consequence of Euler’s formula (see, for example,
Theorem 16 of [3]), which states that the number of edges in a bipartite planar graph
of order r ≥ 3 is at most 2r − 4. If every node of � had degree at least 4 then the
total number of edges would be at least 2r , contradicting this result. Hence every
nonempty planar bipartite graph has a node of degree at most 3; call this node nr .
Now remove this node (and all incident edges), leaving again a bipartite planar graph.
By the induction hypothesis, there is an ordering n1, . . . , nr−1 satisfying the conditions
of the theorem, and then n1, . . . , nr gives the required ordering.

Lemma 2.7. Let P be a convex polyhedron. Consider the set V ∪ F consisting of all
vertices and all faces of P. It is possible to order the elements of this set such that
every vertex or face in this set is incident with at most three earlier elements of V ∪ F .

Proof. We construct a graph � of order V + F as follows. � has one node for each
vertex of P and one node for each face of P . Whenever a vertex v of P lies on a face f
of P we introduce an edge of � connecting the nodes corresponding to v and f . Since
P is convex, the graph � is planar; indeed, by choosing a point on each face of P , one
can draw the graph � directly on the surface of P and then project onto the plane. (The
graph � is known as the Levi graph of the incidence structure � = (V,F ,I).) Now
apply the preceding lemma to this graph.

We now show that the functions φi, j are independent in a neighborhood of P . Write
Dφ(P) for the derivative of φ at P; as usual, we regard Dφ(P) as a 2E-by-(3V + 3F)

matrix with real entries.
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Lemma 2.8. The derivative Dφ(P) has rank 2E.

In more abstract terms, this lemma implies that the space of all realizations of � is,
in a neighborhood of P , a smooth manifold of dimension 3V + 3F − 2E = E + 6.

Proof. We prove that there are no nontrivial linear relations on the 2E rows of Dφ(P).
To illustrate the argument, suppose that the vertex v1 lies on the first three faces and no
others. Placing the rows corresponding to φ1,1, φ1,2, and φ1,3 first, and writing simply x1

for x1(P) and similarly for the other coordinates, the matrix Dφ(P) has the following
structure:

Dφ(P) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

a1 b1 c1 0 . . . 0 x1 y1 z1 0 0 0 0 0 0 0 . . . 0
a2 b2 c2 0 . . . 0 0 0 0 x2 y2 z2 0 0 0 0 . . . 0
a3 b3 c3 0 . . . 0 0 0 0 0 0 0 x3 y3 z3 0 . . . 0

0 0 0
...

...
... ∗ ∗ ∗

0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

Here the vertical double bar separates the derivatives for the vertex coordinates from
those for the face coordinates. Since the faces f1, f2, and f3 cannot contain a common
line, the 3-by-3 submatrix in the top left corner is nonsingular. Since v1 lies on no other
faces, all other entries in the first three columns are zero. Thus any nontrivial linear
relation of the rows cannot involve the first three rows. So Dφ(P) has full rank (that
is, rank equal to the number of rows) if and only if the matrix obtained from Dφ(P) by
deleting the first three rows has full rank—that is, rank 2E − 3. Extrapolating from the
above, given any vertex that lies on exactly three faces, the three rows corresponding to
that vertex may be removed from the matrix Dφ(P), and the new matrix has full rank if
and only if Dφ(P) does. The dual statement is also true: exchanging the roles of vertex
and face and using the fact that no three vertices of P are collinear we see that for any
triangular face f we may remove the three rows corresponding to f from Dφ(P),
and again the resulting matrix has full rank if and only if Dφ(P) does. Applying this
idea inductively, if every vertex of P lies on exactly three faces (as in for example the
regular tetrahedron, cube, or dodecahedron), or dually if every face of P is triangular
(as in for example the tetrahedron, octahedron, or icosahedron) then the lemma is
proved. For the general case, we choose an ordering of the faces and vertices as in
Lemma 2.7. Then, starting from the end of this ordering, we remove faces and vertices
from the list one-by-one, removing corresponding rows of Dφ(P) at the same time.
At each removal, the new matrix has full rank if and only if the old one does. But after
removing all faces and vertices we’re left with a 0-by-2E matrix, which certainly has
rank 0. So Dφ(P) has rank 2E .

We now prove a general criterion for a set of measurements to be sufficient. Given
the previous lemma, this criterion is essentially a direct consequence of the inverse
function theorem.

Definition 2.9. A measurement for P is a smooth function m defined on an open
neighborhood of P in the space of realizations of �, such that m is invariant under
rotations and translations.

Given any such measurement m, it follows from Lemma 2.8 that we can extend m
to a smooth function on a neighborhood of P in R3V +3F . Then the derivative Dm(P)
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is a row vector of length 3V + 3F , well-defined up to a linear combination of the rows
in Dφ(P).

Theorem 2.10. Let S be a finite set of measurements for � near P. Let ψ : R3V +3F →
R|S| be the vector-valued function obtained by combining the measurements in S, and
write Dψ(P) for its derivative at P, an |S|-by-(3V + 3F) matrix whose rows are the
derivatives Dm(P) for m in S. Then the matrix

D(φ, ψ)(P) =
(

Dφ(P)

Dψ(P)

)

has rank at most 3E, and if it has rank exactly 3E then the measurements in S are
sufficient to determine congruence: that is, for any realization Q of �, sufficiently
close to P, if m(Q) = m(P) for all m in S then Q is congruent to P.

Proof. Let Q(t) be any smooth one-dimensional family of realizations of � such
that Q(0) = P and Q(t) is congruent to P for all t . Since each Q(t) is a valid realiza-
tion, φ(Q(t)) = 0 for all t . Differentiating and applying the chain rule at t = 0 gives
the matrix equation Dφ(P)Q′(0) = 0 where Q′(0) is thought of as a column vector
of length 3V + 3F . The same argument applies to the map ψ : since Q(t) is congru-
ent to P for all t , ψ(Q(t)) = ψ(P) is constant and Dψ(P)Q′(0) = 0. We apply this
argument first to the three families where Q(t) is P translated t units along the x-axis,
y-axis, or z-axis respectively, and second when Q(t) is P rotated by t radians around
the x-axis, y-axis, or z-axis. This gives six column vectors that are annihilated by both
Dφ(P) and Dψ(P). Writing G for the (3V + 3F)-by-6 matrix obtained from these
column vectors, we have the matrix equation

(
Dφ(P)

Dψ(P)

)
G = 0.

It’s straightforward to compute G directly; we leave it to the reader to check that the
transpose of G is

⎛
⎜⎜⎜⎜⎜⎜⎝

1 0 0 1 0 0 . . . −a2
1 −a1b1 −a1c1 −a2

2 −a2b2 −a2c2 . . .

0 1 0 0 1 0 . . . −a1b1 −b2
1 −b1c1 −a2b2 −b2

2 −b2c2 . . .

0 0 1 0 0 1 . . . −a1c1 −b1c1 −c2
1 −a2c2 −b2c2 −c2

2 . . .

0 −z1 y1 0 −z2 y2 . . . 0 −c1 b1 0 −c2 b2 . . .

z1 0 −x1 z2 0 −x2 . . . c1 0 −a1 c2 0 −a2 . . .

−y1 x1 0 −y2 x2 0 . . . −b1 a1 0 −b2 a2 0 . . .

⎞
⎟⎟⎟⎟⎟⎟⎠

For the final part of this argument, we introduce a notion of normalization on the
space of realizations of �. We’ll say that a realization Q of � is normalized if
v1(Q) = v1(P), the vector from v1(Q) to v2(Q) is in the direction of the positive x-
axis, and v1(Q), v2(Q), and v3(Q) all lie in a plane parallel to the xy-plane, with
v3(Q) lying in the positive y-direction from v1(P) and v2(P). In terms of coordi-
nates we require that x1(P) = x1(Q) < x2(Q), y1(P) = y1(Q) = y2(Q) < y3(Q),
and z1(P) = z1(Q) = z2(Q) = z3(Q). Clearly every realization Q of � is congru-
ent to a unique normalized realization, which we’ll refer to as the normalization
of Q. Note that the normalization operation is a continuous map on a neighborhood
of P . Without loss of generality, rotating P around the origin if necessary, we may
assume that P itself is normalized. The condition that a realization Q be normal-
ized gives six more conditions on the coordinates of Q, corresponding to six extra
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functions χ1, . . . , χ6, which we use to augment the function (φ, ψ) : R3V +3F →
R2E+|S| to a function (φ, ψ, χ) : R3V +3F → R2E+|S|+6. These six functions are sim-
ply χ1(Q) = x1(Q) − x1(P), χ2(Q) = y1(Q) − y1(P), χ3(Q) = z1(Q) − z1(P),
χ4(Q) = y2(Q) − y1(P), χ5(Q) = z2(Q) − z1(P) and χ6(Q) = z3(Q) − z1(P).

Claim 2.11. The 6-by-6 matrix Dχ(P)G is invertible.

Proof. The matrix for G was given earlier; the product Dχ(P)G is easily verified to
be

⎛
⎜⎜⎜⎜⎜⎝

1 0 0 0 z1 −y1

0 1 0 −z1 0 x1

0 0 1 y1 −x1 0
0 1 0 −z2 0 x2

0 0 1 y2 −x2 0
0 0 1 y3 −x3 0

⎞
⎟⎟⎟⎟⎟⎠

which has nonzero determinant (y3 − y1)(x2 − x1)
2.

As a corollary, the columns of G are linearly independent, which proves that the
matrix in the statement of the theorem has rank at most 3E . Similarly, the rows of
Dχ(P) must be linearly independent, and moreover no nontrivial linear combination
of those rows is a linear combination of the rows of D(φ, ψ)(P). Hence if D(φ, ψ)(P)

has rank exactly 3E then the augmented matrix

⎛
⎝

Dφ(P)

Dψ(P)

Dχ(P)

⎞
⎠

has rank 3E + 6. Hence the map (φ, ψ, χ) has injective derivative at P , and so by the
inverse function theorem the map (φ, ψ, χ) itself is injective on a neighborhood of P
in R3V +3F . Now suppose that Q is a polyhedron as in the statement of the theorem.
Let R be the normalization of Q. Then φ(R) = φ(Q) = φ(P) = 0, ψ(R) = ψ(Q) =
ψ(P), and χ(R) = χ(P). So if Q is sufficiently close to P , then by continuity of the
normalization map R is close to P and hence R = P by the inverse function theorem.
So Q is congruent to R = P as required.

Definition 2.12. Call a set S of measurements sufficient for P if the conditions of the
above theorem apply: that is, the matrix D(φ, ψ)(P) has rank 3E .

Corollary 2.13. Given a sufficient set S of measurements, there’s a subset of S of
size E that’s also sufficient.

Proof. Since the matrix D(φ, ψ)(P) has rank 3E by assumption, and the 2E rows
coming from Dφ(P) are linearly independent by Lemma 2.8, we can find E rows
corresponding to measurements in S such that Dφ(P) together with those E rows has
rank 3E .

The final ingredient that we need for the proof of Theorem 2.4 is the infinitesimal
version of Cauchy’s rigidity theorem, originally due to Dehn, and later given a simpler
proof by Alexandrov. We phrase it in terms of the notation and definitions above.
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Theorem 2.14. Let P be a convex polyhedron, and suppose that Q(t) is a continuous
family of polyhedra specializing to P at t = 0. Suppose that the real-valued function
m ◦ Q is stationary (that is, its derivative vanishes) at t = 0 for each face distance m.
Then Q′(0) is in the span of the columns of G above.

Proof. See Chapter 10, Section 1 of [1]. See also Section 5 of [7] for a short self-
contained version of Alexandrov’s proof.

Corollary 2.15. The set of all face distances is sufficient.

Proof. Let S be the collection of all face distances. Then Theorem 2.14 implies that
for any column vector v such that D(φ, ψ)(P)v = 0, v is in the span of the columns
of G. Hence the kernel of the map D(φ, ψ)(P) has dimension exactly 6 and so by the
rank-nullity theorem together with Euler’s formula the rank of D(φ, ψ)(P) is 3V +
3F − 6 = 3E .

Now Theorem 2.4 follows from Corollary 2.15 together with Corollary 2.13.
Finding an explicit sufficient set of E face distances is now a simple matter of turn-

ing the proof of 2.13 into a constructive algorithm. First compute the matrices Dφ(P)

and Dψ(P) (the latter corresponding to the set S of all face distances). Initialize a
variable T to the empty set. Now iterate through the rows of Dψ(P): for each row, if
that row is a linear combination of the rows of Dφ(P) and the rows of Dψ(P) corre-
sponding to measurements already in T , discard it. Otherwise, add the corresponding
measurement to T . Eventually, T will be a sufficient set of E face distances.

We have written a program in the Python programming language to implement
this algorithm. This program is attached as Appendix B of the online version of this
paper, available at www.arXiv.org. We hope that the comments within the program are
sufficient explanation for those who wish to try it, and we thank Eric Korman for a
number of these comments.

The algorithm works more generally. Given any sufficient set of measurements (in
the sense of Definition 2.12), which may include angles, it will extract a subset of
E measurements which is sufficient. It will also find a set of angle measurements
which determines a polyhedron up to similarity. As an example we consider a similar-
ity calculation for a dodecahedron. Our allowed measurements will be the set of angles
formed by pairs of lines from a vertex to two other vertices on a face containing that
vertex. In Figure 1 we show a set of 29 such angles which the program determined to
characterize a dodecahedron up to similarity.

Figure 1. A set of 29 angles which locally determine a dodecahedron up to similarity.

There is no restriction of the method to Platonic solids. Data for a number of other
examples can be found in the program listing. Among these examples are several
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which are nonconvex. The program appears to give a result for many of these, but
we have not extended the theory beyond the convex case.

2.1. Related Work. The results and ideas of Section 2 are, for the most part, not new.
The idea of an abstract polyhedron represented by an incidence structure, and its re-
alizations in R3, appears in Section 2 of [14]. In Corollary 15 of that paper, Whiteley
proves that the space of realizations of a ‘spherical’ incidence structure (equivalent to
an incidence structure arising from a convex polyhedron) has dimension E . The essen-
tial combinatorial content of the proof of Lemma 2.8 is often referred to as ‘Steinitz’s
lemma,’ and a variety of proofs appear in the literature ([10], [8]); we believe that the
proof above is new.

3. HOW MANY MEASUREMENTS ARE ENOUGH? Theorem 2.4 provides an
upper bound for the number of distance/angle measurements needed to describe a
polyhedron with given combinatorial structure. But it turns out that many interest-
ing polyhedra can be described with fewer measurements. In particular, a cube can
be determined by 9 distance or angle measurements instead of 12. Also, 10 distance
measurements (no angles used) suffice.

This phenomenon appears already in dimension two. Much of this section deals
with polygons and sets of points in the plane. In this simpler setting one can often
find precisely the smallest number of measurements needed. Extending these results
to polyhedra, with or without fixing their combinatorial structure, certainly deserves
further study.

So, we turn our attention to polygons. Unlike polyhedra, their combinatorial struc-
ture is relatively simple, especially if we restrict to the case of convex polygons. One
can argue about the kinds of measurements that should be allowed, but the following
three seem the most natural to us.

Definition 3.1. Suppose that A1 A2 · · · An is a convex polygon. (More generally, sup-
pose {A1, A2, . . . , An} is a sequence of distinct points on the plane). Then the follow-
ing are called simple measurements:

1. distances
∣∣Ai A j

∣∣ , i �= j,

2. angles � Ai A j Ak for i, j, k distinct,

3. ‘diagonal angles’ between Ai A j and Ak Al .

Other quantities might also be considered, like the distance from Ai to A j Ak , but in
practice these would require several measurements.

It is natural to ask how many simple measurements are needed to determine a poly-
gon up to isometry. In the case of a triangle the answer is 3. As mentioned earlier, there
are a few ways to do it. We note that two sides of a triangle and an angle adjacent to
one of the sides do not always determine the triangle uniquely, but they do determine
it locally (as in part (ii) of Theorem 2.4).

It is easy to see that for any n-gon P = A1 · · · An the following (2n − 3) mea-
surements suffice: the n − 1 distances |A1 A2|, |A2 A3|, . . . , |An−1 An|, together with
the n − 2 angles � A1 A2 A3, . . . , � An−2 An−1 An . Observe also that instead of us-
ing distances and angles, one can use only distances, by substituting |Ai−1 Ai+1| for
� Ai−1 Ai Ai+1.

The following theorem implies that for most polygons one cannot get away with
fewer measurements. To make this rigorous, we will assume that A1 = (0, 0) , and
that A2 = (x2, 0) for some x2 > 0. It then becomes obvious that to each polygon
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we can associate a point in R2n−3, corresponding to the undetermined coordinates
x2, x3, y3, . . . , xn, yn with (xi , yi ) �= (

x j , y j

)
for i �= j .

Theorem 3.2. Denote by S the set of all points in R2n−3 obtained by the procedure
above from those polygons that can be determined up to isometry by fewer than 2n − 3
measurements. Then S has measure zero.

Proof. Observe that any set of 2n − 3 specific measurements is a smooth map from
R2n−3 to itself. There are only a finite number of such maps, with measurements chosen
from the types 1, 2, and 3. At a noncritical point, the map has an inverse. The result is
then a consequence of Sard’s theorem (Chapter 2, Theorem 8 of [12]).

The above theorem is clearly not new, and we claim no originality for its statement
or proof. For n = 3 it implies that for a generic triangle one needs at least three simple
measurements. This is true for any triangle, because two measurements are clearly not
enough. For n = 4 the theorem implies that a generic convex quadriateral requires five
measurements. One can be tempted to believe that no quadrilateral can be described by
fewer than five measurements. In fact, the first reaction of most mathematicians seems
to be that if a general case requires five measurements, all special cases do so as well.
The following example seems to confirm this intuition.

Example 3.3. Suppose P = A1 A2 A3 A4 is a quadrilateral. Suppose � A2 A1 A4 = α1,
� A3 A4 A1 = α2, |A1 A2| = d1, |A3 A4| = d2, and � A1 A2 A3 = α3. For most polygons
P these five measurements are sufficient to determine P up to congruence. However
for some P they are not sufficient. For example, if P is a square, there are infinitely
many polygons with the same measurements: all rectangles with the same |A1 A2|.

The above example suggests that the special polygons require at least as many mea-
surements as the generic ones. So (2n − 3) should be the smallest number of simple
measurements required for any n-gon. This reasoning is reinforced by the argument in
Section 1 that a square is determined by five unknowns, and so we need five measure-
ments.

The simplest way to raise doubt about this is to observe that the single equation
x2 + y2 = 0 determines both x and y. (Algebraic geometers should note that we are
dealing here with real, not complex, varieties.) In fact, the intuition that 2n − 3 is the
minimum number of required measurements in all cases is very far from the truth:
many interesting n-gons can be determined by fewer than (2n − 3) simple measure-
ments.

The simplest example in this direction is not usually considered a polygon. Suppose
A1 A2 A3 A4 is a set of four points in the plane that lie on the same line, in the natural
order. Then the four distances |A1 A4|, |A1 A2|, |A2 A3|, and |A3 A4| determine the con-
figuration up to isometry. This means that any subset of four points in the plane with
the same corresponding measurements is congruent to A1 A2 A3 A4. The proof of this
is, of course, a direct application of the triangle inequality:

|A1 A4| ≤ |A1 A3| + |A3 A4| ≤ |A1 A2| + |A2 A3| + |A3 A4|.
One can think of A1 A2, A2 A3, A3 A4, and A1 A4 as rods of fixed length. When
|A1 A4| = |A1 A2| + |A2 A3| + |A3 A4|, the configuration allows no room for wiggling;
all rods must be lined up. This degenerate example easily generalizes to n points and
n distance measurements. More surprisingly, it generalizes to some convex polygons.
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Definition 3.4. A polygon is called exceptional if it can be described locally by fewer
than 2n − 3 measurements.

Obviously, no triangles are exceptional, in the above sense. But already for quadri-
laterals, there exist some exceptional ones that could be defined by four rather than
five measurements. The biggest surprise for us was the following observation.

Proposition 3.5. All squares are exceptional! Specifically, for a square ABCD the fol-
lowing four measurements distinguish it among all quadrilaterals:

|AB|, |AC |, |AD|, � BCD.

Proof. Suppose A′B ′C ′D′ is another quadrilateral with |A′B ′| = |AB|, |A′C ′| =
|AC |, |A′D′| = |AD|, and � B ′C ′ D′ = � BCD. If |AB| = d, this means that |A′B ′| =
|A′D′| = d, |A′C ′| = d

√
2, and � B ′C ′ D′ = π

2 . We claim that the quadrilateral
A′B ′C ′ D′ is congruent to the square ABCD. Indeed, consider A′ fixed. Then B ′
and D′ lie on the circle of radius d centered at A′, while C ′ lies on the circle of radius
d
√

2 centered at A′. Then π

2 is the maximal possible value of the angle B ′C ′D′ and it
is achieved when � A′B ′C ′ = � A′D′C ′ = π

2 , making A′B ′C ′ D′ a square, with the side
|A′B ′| = d.

The idea of showing that a particular polygon occurs when some angle or length is
maximized within given constraints, and that there is only one such maximum, is at the
heart of all of the examples in this section. It is related to the notion of second-order
rigidity of tensegrity networks; see [6] and [11].

One immediate generalization of this construction is the following 3-parameter fam-
ily of exceptional quadrilaterals.

Proposition 3.6. Suppose that ABCD is a convex quadrilateral with � ABC = � CDA
= π

2 . Then ABCD is exceptional. It is determined up to congruence by the following
four measurements: |AB|, |AD|, |AC|, and � BCD.

Proof. Consider an arbitrary quadrilateral ABCD with the same four measurements as
the quadrilateral that we are aiming for (note that we are not assuming that � ABC =
� CDA = π

2 ). We can consider the points A and C fixed in the plane. Then the points B
and D lie on two fixed circles around A, with radius |AB| and radius |AD|. Among all
such pairs of points on these circles, on opposite sides of AC, the maximum possible
value of � BCD is obtained for only one choice of B and D. This is the choice which
makes CB and CD tangent to the circles at B and D, and so � ABC and � ADC are right
angles, and the quadrilateral ABCD is congruent to the one we are aiming for.

This family of quadrilaterals includes all rectangles. In a sense it is the biggest
possible: one cannot hope for a four-parameter family requiring just four measure-
ments. Another such family is given below. Note that it includes all rhombi that are
not squares.

Proposition 3.7. For given points B and D, and given acute angles θ1 and θ2, choose
A and C so that � DAB = θ1, � DCB = θ2, and |AC| is as large as possible. Then this
determines a unique quadrilateral ABCD, up to congruence, and this quadrilateral
has the property that |AB| = |AD| and |CB| = |CD|.
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We leave the proof to the reader. It implies that for the set of quadrilaterals ABCD
such that AC is a perpendicular bisector of BD, and the angles � DAB and � DCB
are acute, the measurements |BD| , |AC|, � DAB, and � DCB are sufficient to determine
ABCD.

As David Allwright pointed out to the authors, one can further extend this example
to the situation when � DAB + � DCB < π .

The existence of so many exceptional quadrilaterals suggests that for bigger n it
may be possible to go well below the (2n − 3) measurements. This is indeed correct:
for every n there are polygons that can be defined by just n measurements.

Proposition 3.8. Suppose that A1 A2 · · · An is a convex polygon, with

� A1 A2 A3 = � A1 A3 A4 = · · · = � A1 Ak Ak+1 = · · · = � A1 An−1 An = π

2
.

Then A1 A2 · · · An is exceptional; moreover the distances |A1 A2|, |A1 An| and the
angles � Ak Ak+1 A1, 2 ≤ k ≤ n − 1 determine the polygon. Note that many such poly-
gons exist for every n.

Proof. Suppose � Ak Ak+1 A1 = αk, 2 ≤ k ≤ (n − 1). Then because of the law of sines
for the triangles �A1 Ak Ak+1, we obtain the following sequence of inequalities:

|A1 An| ≤ |A1 An−1|
sin αn−1

≤ |A1 An−2|
sin αn−1 · sin αn−2

≤ · · · ≤ |A1 A2|
sin αn−1 · · · · · sin α2

.

Equality is achieved if and only if all angles A1 Ak Ak+1 are right angles, which implies
the result.

One can ask whether an even smaller number of measurements might work for
some very special polygons. The following theorem shows that in a very strong sense
the answer is negative.

Theorem 3.9. For any sequence of distinct points A1, A2, . . . , An in the plane, with
n ≥ 3, one needs at least n simple measurements to determine it up to plane isometry.

Proof. The result is obvious if n = 3, so assume that n > 3. At least one distance
measurement is needed, and we can assume that it is |A1 A2|. We assume that A1 A2 is
fixed, so the positions of the other n − 2 points determine the set up to isometry. We
identify the ordered set of coordinates of these points with a point in R2(n−2) = R2n−4.
The set of all sequences of distinct points then corresponds to an open set U ⊂ R2n−4.
Each measurement of type 1, 2, or 3 determines a smooth submanifold V ⊂ U . The
following observation is the main idea of the proof.

Lemma 3.10. Suppose that x ∈ V . Then there exists an affine subspace W of R2n−4,

of dimension at least 2n − 6, which contains x and is such that for some open ball B
containing x we have W ∩ B ⊂ V .

Proof. The proof of this lemma involves several different cases, depending on the
kind of measurement used and whether A1 and/or A2 are involved. We give some ex-
amples, the other cases being similar. First suppose that the polygon is the unit square,
with vertices at A1 = (0, 0), A2 = (1, 0), A3 = (1, 1), and A4 = (0, 1). Suppose that
the measurement is the angle � A2 A1 A3. With A1 and A2 fixed, we are free to move
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A3 along the line y = x , and A4 arbitrarily. In this case, then, W could be three di-
mensional, one more than promised by the lemma. Second, again with the unit square,
suppose that the measurement is the distance from A3 to A4. In this case, we can move
A3 and A4 the same distance along parallel lines. Thus,

W = {(1 + c, 1 + d, c, 1 + d)}
is the desired two-dimensional affine space. Finally, suppose that n ≥ 5 and that the
measurement is the angle between A1 Ak and Al Am where 1, 2, k, l, m are distinct. In
this case we can move Al arbitrarily, giving two free parameters, and we can move
Am so that Al Am remains parallel to the original line containing these points. Since
the length |Al Am | can be changed, this gives a third parameter. Then the length A1 Ak

can be changed, giving a fourth, and the remaining n − 5 points can be moved, giving
2n − 10 more dimensions. In this case, W is 2n − 6 dimensional. We leave other cases
to the reader.

Continuing the proof of Theorem 3.9, we first show that k ≤ n − 3 additional mea-
surements are insufficient to determine the points A1, . . . , An . Recall that one mea-
surement, |A1 A2|, was already used. Suppose that a configuration x ∈ R2n−4 lies in
V = ∩k

i=1Vi , where Vi is the submanifold defined by the i th measurement. We will
prove that x is not an isolated point in V .

Denote the affine subspaces obtained from Lemma 3.10 corresponding to Vi and
x by Wi . Let W = W1 ∩ · · · ∩ Wk . Since each Wi has dimension at least 2n − 6, its
codimension in R2n−4 is less than or equal to 2.3 Hence

codimW ≤ codim W1 + · · · + codim Wk ≤ 2k ≤ 2 (n − 3)

so W must have dimension at least 2. Some neighborhood of x in W is contained in all
of the submanifolds V1, . . . , Vk . This neighborhood is then contained in V, showing
that x is not isolated.

The case k = n − 2 is trickier, because the dimensional count does not work in such
a simple way. If W = W1 ∩ · · · ∩ Wk �= {x}, then W has dimension at least 1, and we
can argue as before that x is not isolated in V . Now suppose that W = {x}. Then since
W ′ = W2 ∩ · · · ∩ Wk has dimension at least 2, it must be a two-dimensional affine
subspace intersecting the codimension-2 affine subspace W1 at the point x .

We now consider this situation in more detail. Denote the measurement defining
V1 by f1 : R2n−4 → R. The linearization of f1 at x is its derivative, D f1 (x) . For
measurements of types 1, 2, or 3 above it is not hard to see that D f1 (x) �= 0. If X is
the null space of the 1 × (2n − 4) matrix D f1 (x), then the tangent space of V1 at x
can be defined as the affine subspace Tx (V1) = x + X . This has dimension 2n − 5.
Since W1 has codimension 2, it is a codimension-1 subspace of Tx (V1). W ′ is not
contained in Tx (V1) , because W ′ and W1 span the entire R2n−4. Thus, the intersection
W ′ ∩ Tx (V1) is one-dimensional.

We wish to show that x is not isolated in V1 ∩ W ′. We consider the map g1 = f1|W ′ .
Because W ′ is not contained in Tx (V1) , Dg1(x) �= 0. So the implicit function theorem
implies that x is not an isolated zero of g1 in W ′, proving the theorem.

Similar ideas can be used to construct other interesting examples of exceptional
polygons and polyhedra. The following are worth mentioning.

3If V is an affine subspace of Rm , then it is of the form x + X , where X is a subspace of Rm . If the
orthogonal complement of X in Rm is Y , then the codimension of V is the dimension of Y .
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1. There exist tetrahedra determined by just five measurements, instead of the
generic six. In particular, if measurement of dihedral angles is permitted, the
regular tetrahedron can be determined using five measurements. It seems un-
likely that four would ever work.

2. There exist 5-vertex convex polyhedra that are characterized by just five mea-
surements. Moreover, four of the vertices are on the same plane, but, unlike in
the beginning of the paper, we do not have to assume this a priori! To construct
such an example, we start with an exceptional quadrilateral ABCD as in Propo-
sition 3.6, with |AD| < |AB|. We then add a vertex E outside of the plane of
ABCD so that � ADE = � AEB = π

2 . There are obviously many such polyhedra.
Now notice that the distances |AD|, |AC| and angles � AED, � ABE, � BCD com-
pletely determine the configuration.

3. As pointed out earlier, using four measurements for a square, one can deter-
mine the cube with just nine distance or angle measurements. Interestingly, one
can also use 10 distance measurements for a cube. If A1 B1C1 D1 is its base and
A2 B2C2 D2 is a parallel face, then the six distances between A1, B1, D1, and
A2 completely fix the relative position of these vertices. Then |A1C2|, |B2C2|,
|D2C2|, and |C1C2| determine the cube, because

|A1C2|2 ≤ |B2C2|2 + |D2C2|2 + |C1C2|2,
with equality only when the segments B2C2, D2C2, and C1C2 are perpendicular
to the corresponding faces of the tetrahedron A1 B1 D1 A2.

The last example shows that the problem is not totally trivial even when we only
use distance measurements. It is natural to ask for the smallest number of distance
measurements needed to fix a nondegenerate n-gon in the plane. We have the following
theorem.

Theorem 3.11. Suppose A1, A2, . . . , An is a sequence of points in the plane, with
no three of them on the same line. Then one needs at least min(2n − 3, 3n

2 ) distance
measurements to determine it up to a plane isometry.

Proof. We use induction on n. For n = 1 and n = 2 the statement is trivial. Sup-
pose that n ≥ 3 and that the statement is true for all sets of fewer than n points, and
that there is a nondegenerate configuration of n points, A1, A2, . . . , An, that is fixed
by k measurements where k < 2n − 3 and k < 3n

2 . Because k < 3n
2 , there is some

point Ai which is being used in less than three measurements. If it is only used in
one measurement, the configuration is obviously not fixed. So we can assume that it
is used in two distance measurements, |Ai A1| and |Ai A2|. Because A1, A2, and Ai

are not on the same line, the circle with radius |Ai A1| around A1 and the circle with
radius |Ai A2| around A2 intersect transversally at Ai . Now remove Ai and these two
measurements. By the induction assumption, the remaining system of (n − 1) points
admits a small perturbation. This small perturbation leads to a small perturbation of
the original system.

For n ≤ 7 the above bound coincides with the upper bound (2n − 3) for the minimal
number of measurements (see note after Theorem 1). One can show that for n ≥ 8,

� 3n
2 � is the optimal bound, with the regular octagon being the simplest ‘distance-

exceptional’ polygon. In fact there are at least two different ways to define the regular
octagon with 12 distance measurements.
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Example 3.12. Suppose A1 A2 A3 · · · A8 is a regular octagon. Its eight sides and the di-
agonals |A1 A5|, |A8 A6|, |A2 A4|, and, finally, |A3 A7| determine it among all octagons.
A proof is elementary but too messy to include here; its main idea is that |A3 A7| is the
biggest possible with all other distances fixed. In fact, one can show that the distance
between the midpoints of A1 A5 and A6 A8 is maximal when � A5 A1 A8 = � A6 A5 A1 =
3π

8 .

Example 3.13. Suppose A1 A2 A3 · · · A8 is a regular octagon. Its 8 sides and the four
long diagonals determine it among all octagons. This follows from [5], Corollary 1
to Theorem 5. In fact, this example can be generalized to any regular (2n)-gon: a
tensegrity structure with cables for the edges and struts for the long diagonals has a
proper stress due to its symmetry and thus is rigid. This provides an optimal bound for
the case of an even number of points, and one can get the result for an odd number
of points just by adding one point at a fixed distance to two vertices of the regular
(2n)-gon. We should note that tensegrity networks and their generalizations have been
extensively studied; see for example [6].

There are many open questions in this area, some of which could be relatively easy
to answer. For example, we do not know whether either of the results for the cube (9
measurements, or 10 distance measurements) is best possible. Also, it is relatively easy
to determine a regular hexagon by 7 measurements, but it is not known if 6 suffice.

One can also try to extend the general results of this section to the three-dimensional
case. The methods of Theorem 3.11 produce, for any sufficiently large n, a lower es-
timate of 2n for the number of distance measurements needed to determine a set of
n points, no four of which lie on the same plane. One should also note that many of
the exceptional polygons that we have constructed, for instance the square, are unique
even when considered in three-dimensional space: the measurements guarantee their
planarity. The question of determining the smallest number of measurements for a
polyhedron, using distances and angles, with planarity conditions for the faces, seems
to be both the hardest and the most interesting. But even without the planarity condi-
tions or without the angles the answer is not known.
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Euclid Meets Bézout: Intersecting Algebraic
Plane Curves with the Euclidean Algorithm

Jan Hilmar and Chris Smyth

1. INTRODUCTION. We can be quite sure that Euclid (ca. 325 to ca. 265 BC) and
Étienne Bézout (1730–1783) never met. But we show here how Euclid’s algorithm for
polynomials can be used to find, with their multiplicities, the points of intersection of
two algebraic plane curves. As a consequence, we obtain a simple proof of Bézout’s
Theorem, giving the total number of such intersections.

We would perhaps expect two such plane curves to be given by equations like∑
i, j ai j x i y j = 0 and

∑
i, j bi j x i y j = 0, with coefficients in some field K , and ask

for the points (x, y) in K 2 lying on both curves. However, this question has a nicer
answer if it is tweaked a bit, so we modify the question in several ways. First of all,
we seek points with coordinates in K , the algebraic closure of K , instead of just in K .
Secondly, we work with homogeneous polynomials A(x, y, z) = ∑

i, j ai j x i y j zm−i− j ,
where every term ai j x i y j zm−i− j has the same degree i + j + (m − i − j) = m, the
degree of A. Note that the point (0, 0, 0) always lies on A = 0, and that for every point
(x, y, z) on A = 0 and every λ the point (λx, λy, λz) also lies on A = 0. Thus we
would like to ignore (0, 0, 0) and also regard (x, y, z) and (λx, λy, λz) when λ �= 0 as
essentially the same point. This brings us to our third tweak: we say that two nonzero

points in K
3

are equivalent if each is a scalar multiple of the other. The equivalence
classes of the resulting equivalence relation give us the projective plane KP

2. Then,
choosing equivalence class representatives, we can for our purposes regard KP

2 as

consisting of the points in K
3

of the form (x, y, 1), (x, 1, 0) and (1, 0, 0).
Finally, we count our intersection points with multiplicity: just as the parabola

y = x2 intersects the y-axis with multiplicity 1 but the (tangential) x-axis with mul-
tiplicity 2, we attach a suitable positive integer as the multiplicity of every intersec-
tion point. Then take A(x, y, z) and another homogeneous polynomial B(x, y, z) =∑

i, j bi j x i y j zn−i− j , and ask our modified question:
How many intersection points are there of A(x, y, z) = 0 and B(x, y, z) = 0 in

KP
2, counted with multiplicity, and how do we find them?

The number of points is given by Bézout’s Theorem:

Theorem 1 (Bézout’s Theorem). Let A, B ∈ K [x, y, z] be homogeneous of degrees
m, n respectively, with no nonconstant common factor. Then in KP

2 the curves A = 0
and B = 0 intersect in exactly mn points, counting multiplicities.

We give a simple proof of this result in Section 4. The algorithm given in Section 3
calculates these points, and their multiplicities.

Bézout’s Theorem also gives us an answer to our original (untweaked) question:
we get rid of z by setting it to 1, and then the number of intersection points of∑

i, j ai j x i y j = 0 and
∑

i, j bi j x i y j = 0 is the number of points of the form (x, y, 1)

with x, y in K lying on both homogeneous curves. Thus there are at most mn of them.

doi:10.4169/000298910X480090
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Bézout’s Theorem is a generalization of the Fundamental Theorem of Algebra,
telling us that a polynomial f (x) of degree n with complex coefficients has n com-
plex roots. (The curves y = f (x) and y = 0 are replaced by arbitrary ones, and in
projective space.)

The special case m = n = 1 of Bézout’s Theorem tells us that two (distinct) lines
in the projective plane always intersect at a point (no parallel lines in KP

2!). But in
general finding the intersection points, and especially their multiplicities, is a nontrivial
business. It is this process which we aim to demystify here, by reducing the general
case to the case m = n = 1.

The intersection of two curves A = 0 and B = 0 can be expressed as a formal sum
A · B of their intersection points, called the intersection cycle, defined below. The idea
of the algorithm is to use the steps of the Euclidean algorithm to express A · B in terms
of intersection cycles of curves defined by polynomials of lower and lower x-degree. In
the end, we can write A · B in terms of intersection cycles of 2-variable homogeneous
polynomials. But these are simply products of lines, whose intersection points can be
written down immediately (see Proposition 2(d) below).

2. INTERSECTION CYCLES OF ALGEBRAIC CURVES. Let K be a field
and denote by KP

2 the projective plane over K . For a homogeneous polynomial
A(x, y, z) ∈ K [x, y, z], we will abuse notation slightly by identifying it with the curve
A = 0 in KP

2. Further, let ∂x A denote the x-degree of the polynomial A(x, y, z) and
∂ A its (total) degree. While the gcd of A and B is defined only up to multiplication by
a scalar, we write gcd(A, B) = 1 for two such curves A and B if they have no non-
constant common factor. Clearly A and any nonzero scalar multiple λA of A define
the same curve. From now on, all polynomials in upper case (A, B, C , . . . ) will be
assumed to be homogeneous.

For any point P in KP
2, and curves A and B, we denote by iP(A, B) the intersection

multiplicity of the curves A and B at P. This is a nonnegative integer, positive if P lies
on both A and B, and otherwise zero. We seek the formal sum A · B = ∑

P iP(A, B)P,
the intersection cycle of A and B, which is simply an object for recording the inter-
section of these curves. Our algorithm does not need to use the definition of iP(A, B)

(for this, see the appendix), only the standard properties of intersection cycles in the
following proposition.

Proposition 2. Let A, B, and C be algebraic curves with gcd(A, B) = gcd(A, C) =
1. Then

(a) A · B = B · A;
(b) A · (BC) = A · B + A · C;
(c) A · (B + AC) = A · B if ∂ B = ∂(AC);
(d) If A and B are distinct lines, say A(x, y, z) = a1x + a2 y + a3z and B(x, y, z)

= b1x + b2y + b3z, then their intersection cycle A · B is the single point P×
given by

P× =
(∣∣∣∣

a2 a3

b2 b3

∣∣∣∣ ,
∣∣∣∣
a3 a1

b3 b1

∣∣∣∣ ,
∣∣∣∣
a1 a2

b1 b2

∣∣∣∣
)

. (1)

These properties are quite natural: part (a) just says that the intersection points don’t
depend on the order of the curves, while part (b) tells us that the points on A and BC
are the points on A and B plus the points on A and C , and that the multiplicities
add. For part (c), we clearly need the condition ∂ B = ∂(AC) to make B + AC ho-
mogeneous. Then any point on A and B will also lie on B + AC . The fact that the
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multiplicity at each intersection point is the same comes from the fact (see appendix)
that the multiplicity is defined in terms of an ideal generated by the two curves, and A
and B generate the same ideal as A and B + AC .

The proof of this Proposition follows straight from Lemma 3 in the appendix, where
we state and prove corresponding properties of the intersection multiplicity iP(A, B).

3. THE ALGORITHM.

3.1. The Euclidean Part. Let A, B ∈ K [x, y, z] be algebraic curves with gcd(A, B)

= 1 and, say, ∂x A ≥ ∂x B ≥ 1. By polynomial division we can find q, r ∈ K (y, z)[x]
with

A = q B + r

and 0 ≤ ∂xr < ∂x B and q, r �= 0. Since the coefficients of q and r are rational func-
tions of y and z, we can multiply through by the least common multiple H ∈ K [y, z]
of their denominators to get

H A = QB + R,

where Q = q H , R = r H ∈ K [x, y, z] are both homogeneous. Since H A is homoge-
neous, too, ∂(QB) = ∂ R. Suppose now that G = gcd(B, R). As gcd(A, B) = 1, it is
clear that also gcd(B, H) = G, so we can divide through by G to get

H ′ A = QB ′ + R′, (2)

where B = B ′G, H = H ′G, R = R′G, and gcd(B ′, R′) = gcd(B ′, H ′) = 1. Now

A · B = A · (B ′G)

= A · B ′ + A · G (by Proposition 2(b))

= (H ′ A) · B ′ − H ′ · B ′ + A · G (by Proposition 2(b) again)

= (QB ′ + R′) · B ′ − H ′ · B ′ + A · G (using (2))

= R′ · B ′ − H ′ · B ′ + A · G (by Proposition 2(c)). (3)

Note that as G and H ′ are both factors of H ∈ K [y, z], we have ∂x G = ∂x H ′ = 0
and ∂x B ′ = ∂x B. Also, because

∂x R′ = ∂xr < ∂x B ≤ ∂x A,

we see that the first intersection cycle R′ · B ′ on the right-hand side of (3) has the
property that the minimum of the x-degrees of its curves is less than the minimum of
the x-degrees of the curves of A · B, while the second and third intersection cycles both
have one curve with x-degree 0. Thus by next applying (3) to R′ · B ′, and proceeding
recursively, we can express A · B as a sum of terms ±(C · D), where C ∈ K [x, y, z]
and D ∈ K [y, z]. We have thus reduced the problem of computing A · B to computing
such simpler intersection cycles.

3.2. Intersecting a Curve with a Product of Lines. Given C ∈ K [x, y, z] and D ∈
K [y, z], we first note that, because of Proposition 2(b), we can assume that D is irre-
ducible over K . If D doesn’t contain the variable y, then, being irreducible, it must be
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z. Otherwise, over K it will factor as, say,

D(y, z) =
∏
β

(y − βz), (4)

where the β are the roots in K of D(y, 1). Thus D is a product of lines. Then since

C(x, y, z) = C(x, y, 0) + zC ′(x, y, z)

and also

C(x, y, z) = C(x, βz, z) + (y − βz)C ′′(x, y, z)

for some C ′, C ′′ in K [x, y, z] we have by Proposition 2(c) that

C · z = C(x, y, 0) · z

and

C · (y − βz) = C(x, βz, z) · (y − βz). (5)

Thus, either D = z and C · D = C(x, y, 0) · z, or, using (4), we have

C · D = C(x, y, z) ·
(∏

β

(y − βz)

)

=
∑

β

C(x, βz, z) · (y − βz) (by (5)).

Next, in the case D = z, by factorizing C(x, y, 0) first into irreducible factors over
K , and then over its algebraic closure K (as either y or a product

∏
α(x − αy) of lines),

we can reduce the problem of finding C · D to one of intersecting lines. Specifically,
for an irreducible factor C1(x, y) of C(x, y, 0) we get C1 · z = (1, 0, 0) if C1 = y, and

C1 · z =
∑

α

(x − αy) · z =
∑

α

(α, 1, 0) (using (1)) (6)

otherwise, where the α are the roots of C1(x, 1).
In the case D(y, z) = ∏

β(y − βz), we first factorize C(x, βz, z) over K (β). Taking
C2(x, z) as a typical factor, we have that either C2 = z and

C2 · D =
∑

β

z · (y − βz) = (∂ D)(1, 0, 0);

or that, over K , we have C2(x, z) = ∏
γ (x − γ z), where the γ are the roots in K of

C2(x, 1), and

C2 · D =
∑

β

∑
γ

(x − γ z) · (y − βz) =
∑

β

∑
γ

(γ, β, 1).

3.3. The Result. From our algorithm we see that the intersection cycle A · B is a sum
or difference of simpler sums of the following types:
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(1) The point (1, 0, 0);
(2) A sum

∑
α(α, 1, 0), the sum being taken over roots α of a monic polynomial

f ∈ K [x] irreducible over K ; let us denote this sum by C0( f (x));
(3) A double sum

∑
β

∑
γ (γ, β, 1), where

∑
β is taken over the roots β of some

monic polynomial g ∈ K [y] irreducible over K , and where
∑

γ is taken over
the roots γ of some monic polynomial hβ ∈ K (β)[x] irreducible over K (β).
Then we can write hβ as a 2-variable polynomial h(x, β) with coefficients in K ,
where the β-degree of h is less than the degree of g; denote our double sum by
C1(h(x, y), g(y)). Thus h and g will specify this intersection cycle canonically.

We note that (1, 0, 0) and the sums in (2) and (3) are Galois-invariant: they are
unchanged by the action of any automorphism of K that fixes K . Thus we call them
Galois cycles. Any point P ∈ KP

2 can appear in only one such cycle: the cycles do
not overlap. Further, since A · B is a formal sum of positive integer multiples of the
intersection points of A and B, any negative multiple of Galois cycles in the sum of
sums the algorithm gives for A · B must be cancelled by positive multiples of the same
cycles. Writing Galois cycles in a canonical way as in (1), (2), and (3) above enables
us to actually carry out such cancellation by computer. Thus, in the end, the algorithm
will give A · B as a sum (no differences!) of Galois cycles.

Remarks.

1. If f is linear, then C0( f (x)) is a single point. Similarly, if g and h are linear,
then C1(h(x, y), g(y)) is a single point. For example, C0(x − 2) = (2, 1, 0), while
C1(x − 3, y − 4) = (3, 4, 1). More generally, C0( f (x)) is a formal sum of ∂ f points,
while C1(h(x, y), g(y)) is a sum of ∂x h ∂g points.

2. In the above analysis, we have in several places, in equation (6) for instance,
summed over the roots of a polynomial irreducible over K . If the polynomial has
multiple roots (i.e., is inseparable), then of course for each factor (x − αy)� we take �

copies of whatever is being summed. (This can in fact happen only over certain fields
of finite characteristic p, in which case � is a power of p. See [1, Prop. 3.8, p. 530].)

3. To obtain our expression for A · B as a sum of Galois cycles we needed to factor-
ize some polynomials over K , and some over certain fields K (β). For many fields there
are algorithms for doing this, depending on the particular field; for instance, factoriza-
tion over the field K = Q of rationals, and over finite extensions Q(β), is implemented
in Maple. And only at the end, when we want to write the Galois cycles in the answer
as sums of points, do we need to actually find the roots in K of these polynomials.

4. In Sections 3.1 and 3.2 we have brazenly taken for granted that certain polyno-
mials (Q, R, . . . ) are homogenous; so as not to interrupt the flow of the paper, we have
left verification of these facts to the careful reader.

3.4. Examples. As an illustration of the method, we now look at two examples of
using the Euclidean algorithm to compute the intersection cycle of two curves A and
B defined over the rationals:

Example 1. Take

A(x, y, z) = y2z − x3

B(x, y, z) = y2z − x2(x + z).

Thus the equations A = 0 and B = 0 are homogenized versions of the cubic curves
y2 = x3 and y2 = x2(x + 1), plotted in Figure 1. We see that they intersect at the origin
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Figure 1. The ‘slice’ z = 1 of the cubic curves y2z − x3 (solid line) and y2z − x2(x + z) (dotted line) near
(0, 0, 1), an intersection point of multiplicity 4. (These are the curves y2 = x3 and y2 = x2(x + 1).)

(0, 0, 1), but it is not immediately clear what the multiplicity of intersection there is.
And are there other intersection points?

Applying our (i.e., Euclid’s!) algorithm to A and B as polynomials in x , we first
have

A(x, y, z) = B(x, y, z) + x2z,

so that A · B = A · (x2z) = 2(A · x) + A · z, using Proposition 2(c) and then (b). Then
A · x = (y2z) · x = 2(y · x) + z · x = 2(0, 0, 1) + (0, 1, 0), using 2(d), while A · z =
(x3) · z = 3(0, 1, 0). Collecting the results together, we have A · B = 4(0, 0, 1) +
5(0, 1, 0). Thus A and B intersect at (0, 0, 1) with multiplicity 4 (see Figure 1) and at
(0, 1, 0) with multiplicity 5 (Figure 2). Since both curves have degree 3, and 4 + 5 =
3 × 3, we have checked out Bézout’s Theorem for this example. Note too that in our
standard notation for Galois cycles we have (0, 0, 1) = C1(x, y) and (0, 1, 0) = C0(x).

Example 2. Our second example has been cooked up to give an answer requiring
larger Galois cycles, as well as (1, 0, 0): take

A(x, y, z) = (y − z)x5 + (y2 − yz)x4 + (y3 − y2z)x3

+ (−y2z2 + yz3)x2 + (−y3z2 + y2z3)x − y4z2 + y3z3

B(x, y, z) = (y2 − 2z2)x2 + (y3 − 2yz2)x + y4 − y2z2 − 2z4.

Applying one step of Euclid’s algorithm to A and B as polynomials in x , we get

A = (y − z)x(x2 − z2)

y2 − 2z2
B + z2(y − z)(z2x − y3);

thus clearing the denominator y2 − 2z2 gives

(y2 − 2z2)A = (y − z)x(x2 − z2)B + (y2 − 2z2)z2(y − z)(z2x − y3).
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Figure 2. The ‘slice’ y = 1 of the same curves y2z − x3 (solid line) and y2z − x2(x + z) (dotted line) near
(0, 1, 0), an intersection point of multiplicity 5. (These are the curves z = x3 and z = x3/(1 − x2).)

Then application of (3) gives

A · B = R′ · B ′ + A · G, (7)

where

R′(x, y, z) = z2(y − z)(z2x − y3)

B ′(x, y, z) = x2 + xy + y2 + z2

G(y, z) = y2 − 2z2,

the H ′ · B ′ term not appearing as H ′ = 1 here.
Repeating the process with B ′ and R′, applying (3) again, and then using Proposi-

tion 2(b) and (c), we get

R′ · B ′ = (x2 + xy + y2 + z2) · (z2(y − z)) + (−y3 + xz2) · ((y2 + z2)(y4 + z4))

− z4 · (−y3 + xz2)

= 2((x2 + xy + y2) · z) + (x2 + xy + y2 + z2) · (y − z)

+ (−y3 + xz2) · (y2 + z2) + (−y3 + xz2) · (y4 + z4) − 12(z · y)

= 2
∑

α:α2+α+1=0

(x − αy) · z +
∑

γ :γ 2+γ+2=0

(x − γ y) · (y − z)

+
∑

β:β2+1=0

(−y3 + xz2) · (y − βz)

+
∑

β:β4+1=0

(−y3 + xz2) · (y − βz) − 12(1, 0, 0)
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= 2
∑

α:α2+α+1=0

(α, 1, 0) +
∑

γ :γ 2+γ+2=0

(γ, 1, 1)

+
∑

β:β2+1=0

(−(βz)3 + xz2) · (y − βz)

+
∑

β:β4+1=0

(−(βz)3 + xz2) · (y − βz) − 12(1, 0, 0).

Now

2
∑

α:α2+α+1=0

(α, 1, 0) +
∑

γ :γ 2+γ+2=0

(γ, 1, 1)

= 2C0(x
2 + x + 1) + C1(x

2 + x + 2, y − 1),

while we can readily show that

∑
β:β2+1=0

(−(βz)3 + xz2) · (y − βz) = 4(1, 0, 0) + C1(x + y, y2 + 1),

and
∑

β:β4+1=0

(−(βz)3 + xz2) · (y − βz) = 8(1, 0, 0) + C1(x − y3, y4 + 1).

Thus

R′ · B ′ = 2C0(x
2 + x + 1) + C1(x

2 + x + 2, y − 1)

+ C1(x + y, y2 + 1) + C1(x − y3, y4 + 1).

So to compute A · B it remains only to evaluate A · G. Now

A(x, y, z) · G = A(x, y, z) · (y2 − 2z2)

=
∑

β:β2−2=0

A(x, βz, z) · (y − βz),

which we can show equals

C1(x
3 − y, y2 − 2) + C1(x

2 + yx + 2, y2 − 2) + 2(1, 0, 0).

Hence we obtain from (7) that A · B can be written as a sum of Galois cycles as

A · B = 2(1, 0, 0) + 2C0(x
2 + x + 1) + C1(x

2 + x + 2, y − 1) + C1(x + y, y2 + 1)

+ C1(x − y3, y4 + 1) + C1(x
3 − y, y2 − 2) + C1(x

2 + yx + 2, y2 − 2).

Once this final form has been obtained, the Galois cycles can be unpacked to
write them explicitly as sums of points. For instance, C0(x2 + x + 1) = (ω, 1, 0) +
(ω2, 1, 0) where ω = −1+√−3

2 , and C1(x3 − y, y2 − 2) = (γ, γ 3, 1) + (ωγ, γ 3, 1) +
(ω2γ, γ 3, 1) + (−γ, −γ 3, 1) + (−ωγ, −γ 3, 1) + (−ω2γ, −γ 3, 1), where γ = 21/6.
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The details of these examples have been given for illustrative purposes only. Of
course the algorithm, being deterministic and recursive, is readily automated. An im-
plementation in Maple for K the field of rationals is available on request from the
authors.

4. PROOF OF BÉZOUT’S THEOREM. We now show that the algorithm de-
scribed in Section 3 can be used to give a simple proof of Bézout’s Theorem (Theo-
rem 1).

Proof. We need to show that #(A · B) = ∑
P iP(A, B) = mn. We proceed by induc-

tion on the x-degree of B. First suppose that B has x-degree 0. Then B factors over K
into a product of n lines L , so that, by Proposition 2(b), A · B is a sum of n intersection
cycles A · L . From Section 3.2, each A · L is equal to A′ · L , where A′ is a polynomial
in two variables of degree m, and thus a product of m lines. Hence A · L can be writ-
ten as a sum of m intersections L ′ · L , giving mn such intersections in total. Since, by
Proposition 2(d), L ′ · L consists of a single point, we have #(A · B) = mn in this case.

Suppose now that B has x-degree k > 0 and that we know that the result holds for
all B with ∂x B < k and for all A. Then, in the notation of Section 3 we have, by (3),

#(A · B) = #(R′ · B ′) − #(H ′ · B ′) + #(A · G)

= (∂ R′ − ∂ H ′)∂ B ′ + ∂ A∂G,

recalling that ∂x R′ < ∂x B = k and ∂x H ′ = ∂x G = 0.
Using the fact that all polynomials involved are homogeneous, we have from (2)

that ∂ R′ − ∂ H ′ = ∂ A. Finally, since ∂ B ′ + ∂G = ∂ B from B = B ′G, the result
#(A · B) = ∂ A ∂ B = mn follows for ∂x B = k. This proves the inductive step.

5. APPENDIX: INTERSECTION MULTIPLICITY OF ALGEBRAIC CURVES.
In Section 2, we used the properties of intersection cycles A · B given in Proposition
2 without actually defining intersection multiplicity iP(A, B). In order to make this ar-
ticle completely self-contained, we now give this definition, and derive the properties
that we need to prove Proposition 2. This is standard material, which can be found, for
instance, in [2] or [3].

Let A, B ∈ K [x, y, z] be algebraic curves with gcd(A, B) = 1. Define the local
ring of rational functions of degree 0 at P ∈ KP

2 to be

RP =
{

S

T
: S, T ∈ K [x, y, z], ∂S = ∂T , T (P) �= 0

}
,

where all polynomials are homogeneous. Further, define

(A, B)P =
{

S

T
∈ RP : S = M A + N B, M, N , T ∈ K [x, y, z], T (P) �= 0

}
,

the ideal generated by A and B in RP.
Following [2], we can now define the intersection multiplicity iP(A, B) of A and B

to be the dimension of the K -vector space RP/(A, B)P (and so equal to 0 if (A, B)P =
RP).

Lemma 3. Let P ∈ KP
2 and A, B, C ∈ K [x, y, z] with gcd(A, B) = gcd(A, C) = 1.

Then
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(a) iP(A, B) > 0 if and only if P lies on both A and B;
(b) iP(A, B) = iP(B, A);
(c) iP(A, BC) = iP(A, B) + iP(A, C);
(d) iP(A, B + AC) = iP(A, B) if ∂(AC) = ∂ B;
(e) For distinct lines L , L ′, the only point on both lines is P× given by (1), and

iP×(L , L ′) = 1.

Proof. To prove (a), take S/T ∈ RP. If P is not on both A and B, then S/T =
AS/AT = BS/BT ∈ (A, B)P, since at least one of AT and BT is nonzero at P.
Hence RP = (A, B)P, so that iP(A, B) = 0. On the other hand, if P is on both A and
B, then all elements of (A, B)P are 0 at P, while the constant 1 = 1/1 clearly is not!
Hence RP/(A, B)P is at least one-dimensional.

Properties (b) and (d) are immediately obvious, since (A, B)P = (B, A)P and
(A, B + AC)P = (A, B)P.

For (c), we base our argument on that in [2, p. 77]. Define two maps

ψ : RP

(A, C)P
→ RP

(A, BC)P
, w 
→ bw

φ: RP

(A, BC)P
→ RP

(A, B)P
, w 
→ w,

where w denotes the residue of w ∈ RP in the corresponding quotient ring, and b =
B/V n , where n = ∂ B and V is one of x , y, or z, chosen so that it is nonzero at P.

It is easy to check that both maps φ and ψ are K -linear maps. We claim that the
sequence

0 −→ RP

(A, C)P

ψ−→ RP

(A, BC)P

φ−→ RP

(A, B)P
−→ 0

is exact.
Supposing that w ∈ ker ψ , we get bw ∈ (A, BC)P which, on multiplying by V nU ,

say, to clear denominators, gives S A = B(D − T C) for some D, S, T ∈ K [x, y, z],
with w = D/U . As A and B have no common factor, A must divide D − T C , so that,
on dividing by U , we have w = D/U ∈ (A, C)P, Hence w = 0, and ψ is injective.

It is easy to show that imψ = ker φ, by checking inclusion in both directions. Also,
it is clear that φ is surjective, completing the verification of exactness. By the rank-
nullity theorem from linear algebra, this then implies (c).

To prove (e), take A and B to be the lines of Proposition 2(d). We first note that,
by Cramer’s rule, the point P× is the (only) point common to both lines, so that, by
Lemma 3(a), A · B is a positive integer multiple of P×. We need to show that this
multiple is indeed 1.

Take a third line C = c1x + c2y + c3z so that the matrix

J =
⎛
⎝

a1 a2 a3

b1 b2 b3

c1 c2 c3

⎞
⎠

has nonzero determinant. (This is always possible, as K 3 is 3-dimensional!) Then

J −1

⎛
⎝

A
B
C

⎞
⎠ =

⎛
⎝

x
y
z

⎞
⎠ ,
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so that any polynomial in K [x, y, z] can be written as a polynomial in K [A, B, C].
Thus any element q of RP× can be written in the form

q = AS1(A, B, C) + BS2(B, C) + s0Ck

AT1(A, B, C) + BT2(B, C) + t0Ck

for s0, t0 ∈ K with t0 �= 0, some positive integer k, and polynomials S1, S2, T1, and T2.
Then, by putting the difference q − s0/t0 over a common denominator, we see that it
belongs to (A, B)P× . Hence RP×/(A, B)P× is spanned by 1, and so is one-dimensional;
thus iP×(A, B) = 1.
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NOTES
Edited by Ed Scheinerman

A Realization of Measurable Sets as
Limit Points

Jun Tanaka and Peter F. McLoughlin

1. INTRODUCTION. In a graduate course in real analysis, students learn the
Carathéodory extension theorem, which shows how to extend an algebra to a σ -
algebra, and a finitely additive measure on the algebra to a countably additive measure
on the σ -algebra. The usual approach to this theorem involves defining the outer
measure induced by the original finitely additive measure and then using additivity of
the outer measure to define measurable sets. In this paper we propose an alternative
approach to the Carathéodory extension in which we realize measurable sets as limit
points. We show that the σ -algebra of measurable sets arises naturally as the set of
all limit points of Cauchy sequences in the original algebra. This approach offers an
alternative for students who may find the traditional measurability definition to be
unintuitive.

We begin by briefly reviewing the Carathéodory extension theorem as presented
in a typical real analysis textbook [6]. A collection of subsets of a set X is called an
algebra if it is closed under unions and complements; it is called a σ -algebra if it is
closed under countable unions and complements. Let � be an algebra and R

+ be the set
of nonnegative real numbers together with infinity. A function μ : � → R

+ is called
a finitely additive measure if μ(∅) = 0 and μ(

⋃n
i=1 Ei ) = ∑n

i=1 μ(Ei) whenever the
sets Ei are pairwise disjoint. If � is a σ -algebra, then a function μ : � → R

+ is called
a countably additive measure (or simply a measure) if μ(∅) = 0 and μ(

⋃∞
i=1 Ei ) =∑∞

i=1 μ(Ei) whenever the sets Ei are pairwise disjoint. A pair (�, μ) consisting of a
σ -algebra � and a measure μ is called a measure space.

Let μ be a finitely additive measure on an algebra � ⊂ P(X). We will assume
in addition that if Ei ∈ � are pairwise disjoint and

⋃∞
i=1 Ei ∈ �, then μ(

⋃∞
i=1 Ei ) =∑∞

i=1 μ(Ei). (Clearly there can be no extension of μ to a countably additive measure
on a σ -algebra if this assumption does not hold.) The Carathéodory extension consists
of the following two definitions:

Definition 1.1. Let μ∗ : P(X) → R
+ be defined by μ∗(E) = inf{∑μ(Ai ) | E ⊆⋃

Ai and Ai ∈ � for all i}. Then μ∗ is called the outer measure induced by μ.

Definition 1.2. A set E ∈P(X) is said to be measurable with respect to μ∗ if for
every set A ∈P(X), we have μ∗(A) = μ∗(A ∩ E) + μ∗(A ∩ EC).

In general, μ∗ is not a measure on P(X). The Carathéodory extension theorem
says that the set M of measurable sets forms a σ -algebra and that μ∗ is a countably
additive measure on M .

doi:10.4169/000298910X480108
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The Carathéodory extension theorem is a powerful tool in both measure theory
and statistics (see, for example, [4] and [1]). A boolean algebra structure on the
Carathéodory extension is discussed in several papers (e.g., Kolmogorov [5], Coquand
and Palmgren [2]). The Carathéodory extension theorem on fuzzy sets is discussed in
[7]. In this paper we will consider a metric structure on the Carathéodory extension,
particularly limit points. In another paper [8], we discuss how to construct a lattice
on the completion space of an algebra and an isomorphism to its Carathéodory exten-
sion. The Carathéodory extension has various rich structures that are open to further
investigation.

2. PRELIMINARIES AND MAIN RESULTS. Our alternative topological ap-
proach to the Carathéodory extension will apply to any measure that is σ -finite. A
measure μ is called σ -finite if there is a sequence {Xn} of measurable sets such that
X = ⋃∞

n=1 Xn and μ(Xn) < ∞. The measure is called finite if μ(X) < ∞. It suffices
to prove the theorem for finite measures, since the σ -finite case can be derived from
the finite case as in the traditional proof of the Carathéodory extension theorem.

Let μ be a finite measure on an algebra � ⊂P(X), and assume that if Ei ∈ �

are pairwise disjoint and
⋃∞

i=1 Ei ∈ �, then μ(
⋃∞

i=1 Ei ) = ∑∞
i=1 μ(Ei ). Let μ∗ be

the outer measure induced by μ. Here are some well-known properties of the outer
measure that can be found in real analysis books (for example, [3]):

• μ∗ is monotone: for any A, B ∈P(X), if A ⊆ B then μ∗(A) ≤ μ∗(B).
• μ∗ is countably subadditive: for any Ai ∈P(X), μ∗(

⋃
Ai) ≤ ∑

μ∗(Ai).
• μ∗|� = μ (see [6, p. 292]).
• Let d :P(X) ×P(X) → R

+ be defined by the equation d(A, B) = μ∗(A � B),
where A � B denotes the symmetric difference of A and B. Then d is a pseudo-
metric; that is, d satisfies the definition of a metric, except that there may be sets
A, B ∈P(X) such that A �= B and d(A, B) = 0. If we define A ∼ B to mean that
d(A, B) = 0, then ∼ is an equivalence relation onP(X), and d induces a metric on
P(X)/ ∼.

We will say that a sequence {Bn} of sets in � is μ-Cauchy if d(Bn, Bm) → 0 as
n, m → ∞. Now we define S̃ to be the collection of all limit points of μ-Cauchy
sequences. In other words, S̃ = {S ∈P(X) | there is a μ-Cauchy sequence {Bn} such
that lim μ∗(Bn � S) = 0}. Our S̃ will replace the collection M of measurable sets in
Definition 1.2 of the earlier review of the Carathéodory extension theorem. For S ∈ S̃,
we define μ̃(S) to be lim μ(Bn), where {Bn} is a μ-Cauchy sequence that converges
to S.

A key observation is that the sequence whose terms are the unions of corresponding
terms of two μ-Cauchy sequences is a μ-Cauchy sequence, and the sequence whose
terms are the complements of the terms of a μ-Cauchy sequence is a μ-Cauchy se-
quence. This naturally leads to the conclusion that S̃ is an algebra. Furthermore, by
constructing a μ-Cauchy sequence which converges to

⋃∞
i=1 Si , where Si ∈ S̃ for all

i , we show that S̃ is a σ -algebra. We will also show that (μ̃, S̃) is the measure space
obtained in the Carathéodory extension theorem. Accordingly, we see measurable sets
in the Carathéodory extension theorem as limit points.

3. PROOF OF THE MAIN THEOREMS. The following lemma will be used sev-
eral times throughout the remainder of this paper.
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Lemma 3.1. d(A ∪ B, C ∪ D) ≤ d(A, C) + d(B, D) for any A, B, C, D ∈P(X) .

Proof. Since (A ∪ B) � (C ∪ D) ⊆ (A � C) ∪ (B � D), the claim follows from the
monotonicity and subadditivity of μ∗.

The following two lemmas are necessary to show that μ̃ is well defined.

Lemma 3.2. If {Bn} is a μ-Cauchy sequence, then {μ(Bn)} is a Cauchy sequence of
real numbers.

Proof. |μ(Bm) − μ(Bn)| = |d(Bm, ∅) − d(Bn, ∅)| ≤ d(Bm, Bn), by the triangle in-
equality for d. Since d(Bm, Bn) → 0, {μ(Bn)} is a Cauchy sequence in R.

Lemma 3.3. If {An} and {Bn} are μ-Cauchy sequences that converge to S ∈ S̃, then
lim μ(An) and lim μ(Bn) exist and lim μ(An) = lim μ(Bn).

Proof. The limits exist by Lemma 3.2. For the remainder of the proof, use the fact that
|μ(An) − μ(Bn)| ≤ d(An, Bn) ≤ d(An, S) + d(S, Bn) → 0.

As stated in Section 2, an important observation is that μ-Cauchy sequences are
closed under unions and complements of their terms. More precisely:

Lemma 3.4. Let {An}, {Bn}, and {Cn} be μ-Cauchy sequences. Then {An ∪ Bn} and
{(Cn)

C} are μ-Cauchy sequences.

Proof. The first claim is clear by Lemma 3.1. The second follows from the fact that
(Cn)

C � (Cm)C = Cn � Cm .

Using the preceding lemma, we now show that the collection S̃ of limit points of
μ-Cauchy sequences is an algebra.

Lemma 3.5. S̃ is an algebra.

Proof. Let S, H ∈ S̃. There exist μ-Cauchy sequences {An} and {Bn} that correspond
to S and H respectively.

Now d(S ∪ H, An ∪ Bn) ≤ d(S, An) + d(H, Bn) by Lemma 3.1. Thus, since {An ∪
Bn} is a μ-Cauchy sequence by Lemma 3.4, by taking the limit on both sides we
conclude that S ∪ H ∈ S̃. Note that we have shown that {An ∪ Bn} is a μ-Cauchy
sequence that corresponds to S ∪ H .

Similarly, SC ∈ S̃, and thus S̃ is an algebra.

Let S ∈ S̃. As in Section 2, we define μ̃(S) to be lim μ(Bn), where {Bn} is a μ-
Cauchy sequence that converges to S. The following lemma is in preparation for defin-
ing a measure on S̃.

Lemma 3.6. μ̃ is a well-defined function such that μ∗|̃S = μ̃.

Proof. Let S ∈ S̃. Lemma 3.3 shows that μ̃(S) is well defined. If {Bn} is a μ-
Cauchy sequence converging to S, then |μ∗(S) − μ(Bn)| = |d(S, ∅) − d(Bn, ∅)| ≤
d(S, Bn) → 0. Thus μ̃(S) = lim μ(Bn) = μ∗(S), and hence μ∗|̃S = μ̃.

March 2010] NOTES 263



Lemmas 3.8 and 3.9 will show that (μ̃, S̃) is a measure space. Before introducing
these lemmas, we first show that μ̃ is a finitely additive measure. More precisely:

Lemma 3.7. If S, H ∈ S̃ are disjoint, then μ̃(S ∪ H) = μ̃(S) + μ̃(H).

Proof. Let S, H ∈ S̃ be disjoint. Then there exist μ-Cauchy sequences {An} and {Bn}
that correspond to S and H respectively. As we saw in the proof of Lemma 3.5,
{An ∪ Bn} is a μ-Cauchy sequence that corresponds to S ∪ H .

Since μ is finitely additive, μ(An ∪ Bn) = μ(An) + μ(Bn) − μ(An ∩ Bn). Now,
An ∩ Bn ⊆ (An � S) ∪ (Bn � H) since S and H are disjoint, and therefore

μ(An ∩ Bn) ≤ μ∗[(An � S) ∪ (Bn � H)]
≤ μ∗(An � S) + μ∗(Bn � H) = d(An, S) + d(Bn, H) → 0.

It follows that

μ̃(S ∪ H) = lim μ(An ∪ Bn)

= lim μ(An) + lim μ(Bn) − lim μ(An ∩ Bn) = μ̃(S) + μ̃(H),

as required.

Lemma 3.8. S̃ is a σ -algebra.

Proof. Let Si ∈ S̃ be pairwise disjoint. By Lemmas 3.6 and 3.7, for every positive
integer n we have

n∑
i=1

μ∗(Si ) =
n∑

i=1

μ̃(Si ) = μ̃

(
n⋃

i=1

Si

)
= μ∗

(
n⋃

i=1

Si

)
≤ μ(X) < ∞,

and therefore
∑∞

i=1 μ∗(Si ) converges. Thus by subadditivity of μ∗,

d

(
n⋃

i=1

Si ,

∞⋃
i=1

Si

)
= μ∗

( ∞⋃
i=n+1

Si

)
≤

∞∑
i=n+1

μ∗(Si ) → 0 (1)

as n → ∞.
Now we are going to construct a μ-Cauchy sequence that converges to

⋃∞
i=1 Si

with respect to the pseudometric d. For each positive integer i , let {Bi
n} be a μ-Cauchy

sequence converging to Si . Then by the proof of Lemma 3.5, we have the following
convergent sequences:

B1
1 B1

2 · · · −→ S1

B1
1 ∪ B2

1 B1
2 ∪ B2

2 · · · −→ S1 ∪ S2
...

...
...

...⋃m
i=1 Bi

1

⋃m
i=1 Bi

2 · · · −→ ⋃m
i=1 Si

...
...

...
...

For each positive integer L , (1) implies that there exists some NL such that
d(

⋃NL
i=1 Si ,

⋃∞
i=1 Si ) < 1

2L . Moreover, for each NL there exists some KL such that
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d(
⋃NL

i=1 Bi
KL

,
⋃NL

i=1 Si ) < 1
2L . Therefore

d

(
NL⋃
i=1

Bi
KL

,

∞⋃
i=1

Si

)
≤ d

(
NL⋃
i=1

Bi
KL

,

NL⋃
i=1

Si

)
+ d

(
NL⋃
i=1

Si ,

∞⋃
i=1

Si

)
≤ 1

2L
+ 1

2L
= 1

L
.

Let YL = ⋃NL
i=1 Bi

KL
. Then {YL} is a μ-Cauchy sequence that converges to

⋃∞
i=1 Si ,

so
⋃∞

i=1 Si ∈ S̃ and therefore S̃ is a σ -algebra.

Lemma 3.9. μ̃ is a countably additive measure on S̃.

Proof. We use the same notation as in the proof of Lemma 3.8. For any ε > 0 there
exists an M such that

μ̃

( ∞⋃
i=n+1

Si

)
= μ∗

( ∞⋃
i=n+1

Si

)
≤

∞∑
i=n+1

μ∗(Si ) < ε

for n ≥ M . Moreover,

μ̃

( ∞⋃
i=1

Si

)
= μ̃

(
n⋃

i=1

Si

)
+ μ̃

( ∞⋃
i=n+1

Si

)
=

n∑
i=1

μ̃(Si ) + μ̃

( ∞⋃
i=n+1

Si

)

for all n by Lemmas 3.7 and 3.8. Thus, μ̃(
⋃∞

i=1 Si ) = ∑∞
i=1 μ̃(Si ), and therefore μ̃ is

a countably additive measure on S̃.

Main Theorem 3.10 summarizes our conclusion that S̃ is an extension of the algebra
� to a σ -algebra, and μ̃ is an extension of the finitely additive measure μ on � to a
measure on S̃. Furthermore, this extension is identical to the traditional Carathéodory
extension according to Main Theorem 3.11.

Main Theorem 3.10. (μ̃, S̃) is a measure space.

Proof. The claim follows from Lemmas 3.8 and 3.9.

Main Theorem 3.11. For every set E ∈P(X), E is in S̃ if and only if E is a mea-
surable set, using the traditional definition of a measurable set as in Definition 1.2.

Proof. (⇐) This is a common exercise found in real analysis textbooks.
(⇒) Suppose E ∈ S̃, and let A ∈P(X) be arbitrary. By the subadditivity of μ∗ we

have μ∗(A) ≤ μ∗(A ∩ E) + μ∗(A ∩ EC), so to prove that E is measurable we need
only check the reverse inequality.

Let {Bn} be a μ-Cauchy sequence such that lim μ∗(E � Bn) = 0. It follows that we
must have lim μ∗(E ∩ (Bn)

C) = 0 and lim μ∗(EC ∩ Bn) = 0. Moreover, for each n,
since Bn is measurable,

μ∗(A) = μ∗(A ∩ Bn) + μ∗(A ∩ (Bn)
C), (2)

μ∗(A ∩ E) = μ∗(A ∩ E ∩ Bn) + μ∗(A ∩ E ∩ (Bn)
C), (3)

μ∗(A ∩ EC) = μ∗(A ∩ EC ∩ Bn) + μ∗(A ∩ EC ∩ (Bn)
C). (4)
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Adding equations (3) and (4) and then applying monotonicity and equation (2) we get

μ∗(A ∩ E) + μ∗(A ∩ EC) = μ∗(A ∩ E ∩ Bn) + μ∗(A ∩ E ∩ (Bn)
C)

+ μ∗(A ∩ EC ∩ Bn) + μ∗(A ∩ EC ∩ (Bn)
C)

≤ μ∗(A ∩ Bn) + μ∗(E ∩ (Bn)
C)

+ μ∗(EC ∩ Bn) + μ∗(A ∩ (Bn)
C)

= μ∗(A) + μ∗(E ∩ (Bn)
C) + μ∗(EC ∩ Bn).

Finally, taking the limit as n → ∞ we get μ∗(A ∩ E) + μ∗(A ∩ EC) ≤ μ∗(A). Hence,
μ∗(A) = μ∗(A ∩ E) + μ∗(A ∩ EC) and E is measurable.

4. SUMMARY. Theorems 3.10 and 3.11 show that the measure space (μ̃, S̃) agrees
with the Carathéodory extension when μ is a finite measure. Moreover, Theorem 3.11
shows that the measurable sets are exactly the limit points of μ-Cauchy sequences,
and the measure extended as in the traditional proof of the Carathéodory extension
theorem is the limit of the measure on μ-Cauchy sequences. The σ -finite case follows
from the finite case.
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A Parity Theorem for Drawings of Complete
and Complete Bipartite Graphs

Dan McQuillan and R. Bruce Richter

1. INTRODUCTION. A major open question in the area of drawings of graphs in
the plane is: what are the crossing numbers of the complete graph Kn and the complete
bipartite graph Km,n? The complete graph Kn has n vertices and

(n
2

)
edges, each pair

of vertices being joined by one edge. The complete bipartite graph Km,n has m + n
vertices, partitioned into an m-set and an n-set, and mn edges, each pair of vertices, one
from each of the two sets, being joined by an edge. In Figure 1 we see two drawings
of K6, one having 3 crossings and the other having 15 crossings. The crossing number
cr(G) of a graph G is the smallest number of pairwise crossings of edges among all
drawings of G in the plane. More will be said about this in the next section.

Figure 1. Two drawings of K6.

Not surprisingly, there are conjectures for these numbers:

cr(Kn) = 1

4

⌊
n

2

⌋⌊
n − 1

2

⌋ ⌊
n − 2

2

⌋⌊
n − 3

2

⌋

and

cr(Km,n) =
⌊

m

2

⌋ ⌊
m − 1

2

⌋ ⌊
n

2

⌋ ⌊
n − 1

2

⌋
.

Asymptotic connections between these conjectures have previously been reported
in this journal by the second author and Thomassen [9]; that article also includes de-
scriptions of the best known drawings of these graphs that achieve the conjectured
crossing numbers. (The one for Kn is a little complicated; the one for Km,n is nice
enough that we do not wish to deprive the reader of the fun of finding it.)

The difficulty in these conjectures lies in showing that every drawing of the appro-
priate graph (Kn or Km,n) has at least the indicated number of crossings. For Kn , this
has only been proved for n ≤ 12; Pan and the second author recently settled the case

doi:10.4169/000298910X480117
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n = 11 using a computer check [7]. It is an easy counting argument to show that if n
is odd and the conjectured crossing number of Kn is correct, then it is also correct for
n + 1. In particular, the conjecture holds for K12. A similar statement holds for Km,n:
if m is odd and the conjecture holds for Km,n , then the conjecture holds for Km+1,n.

As for the complete bipartite graph, Kleitman showed in 1970 that cr(Km,n) is equal
to the conjectured value whenever min{m, n} ≤ 6 [5]. Since then, K7,n has been com-
puted only for n ≤ 10 [10], so Kleitman’s result still stands as the best general result
for Km,n . In his article, Kleitman was able to isolate several arguments that could be
combined to prove his theorem. One of these arguments is “the parity argument”: if m
and n are both odd, then the parity of the number of crossings in a drawing of Km,n is
independent of the drawing. (There is a technical point here that we discuss in the next
section.)

This parity argument was sufficiently controversial that Kleitman published a
follow-up version [6], in which he states: “It has come to [my] attention that there are
those who find the parity argument unconvincing. It in fact appears that the argument
as actually presented . . . is subject to an interpretation under which the conclusion
does not follow.

“It is the purpose of this note to provide a clearer and more convincing statement of
the argument . . . .”

In this article, we give a simple proof of Kleitman’s parity result for Kn and Km,n.
Our proof involves only some easy counting arguments, the Jordan Curve Theorem,
and some elementary results in graph theory. In the next section, we give an arithmetic
argument showing that it suffices to prove the result for K5 and K3,3 and the succeeding
section has the proof for K5 and K3,3.

There are two comments to make about related work. Harborth [4] has a similar idea
and shows that among the complete multipartite graphs Kn1,n2,...,nk only Kn (which
is K1,1,...,1) and Km,n have such a parity result, and only when n and both m and n,
respectively, are odd. In fact, his work goes into more detail; he exploits the arithmetic
argument we give here to obtain additional information. However, in order to prove
the parity result for K3,3, Harborth presents all 102 (relevant) drawings of K3,3. This
is a remarkable achievement. Our proof for K3,3, which seems to be new, is much less
difficult.

Finally, Archdeacon and the second author [3] go one step further and prove the
following general result: if G is a graph and k > 1 is a positive integer so that the
number of crossings in a drawing of G is constant modulo k, then k = 2 and G is
either Kn (with n odd) or Km,n (with both m and n odd) or K1,n. We conclude this
work with a variation of their argument in the case k = 2.

2. ARITHMETIC REDUCTION TO K5 AND K3,3. A drawing of a graph G in the
plane consists of a different point in the plane for each vertex v plus a simple arc αe

for each edge e, so that αe joins the two points representing the vertices incident with
e and does not contain any other vertex-representing point. In this definition, two arcs
αe and αe′ can intersect arbitrarily. It is usual in considering drawings to impose some
further restrictions.

One common restriction, not adopted here, is to require the edges to be represented
by line segments. The examples in Figure 1 have this feature. With this constraint, we
have the rectilinear crossing number rcr(Kn). Much more is known for small values
of n for rcr(Kn) than for cr(Kn)—see [2] for current information on exact values for
rcr(Kn). However, there is currently no conjecture for a formula for rcr(Kn). It fol-
lows from [1] that rcr(Kn) = cr(Kn) precisely for n ≤ 7 and n = 9. For all other n,
rcr(Kn) > 1

4� n
2�� n−1

2 �� n−2
2 �� n−3

2 �. Thus, for all other n, rcr(Kn) > cr(Kn).

268 c© THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 117



Since we are interested in counting pairwise intersections of edges, it is normally
required that this number be finite (any rectilinear drawing of a graph with n vertices
has at most

(n
4

)
crossings). Once the number of intersections is finite, we note that

tangential intersections of edge-arcs can be perturbed to produce a new drawing of the
graph with fewer crossings.

Finally, small perturbations can also eliminate crossings if either two crossing edges
are incident with the same vertex or if two edges have two or more crossings.

Figure 2. Examples of local changes.

The intersections we have just considered have become understood to be uninter-
esting, as they are eliminated by simple perturbations. In this work, we only consider
good drawings, that is to say drawings in which there are finitely many intersections,
none is tangential, no two edges incident with a common vertex cross, and no two
edges cross more than once. In passing, we note that any rectilinear drawing with no
three collinear vertices is a good drawing.

We remark that if three edges have a common crossing point, then this point counts
as three crossings, due to the three pairs of crossing edges. A local perturbation can
realize the three crossings as separate points.

Various authors have considered other ways to count “crossings.” For a drawing
that is not necessarily good, one might count only pairs of edges that cross (the pair
crossing number) or count only pairs of edges that cross an odd number of times (the
odd pair crossing number) or count only pairs of edges that are disjoint and cross
an odd number of times (the independent odd crossing number). It has recently been
proved that the odd pair crossing number is different from the crossing number; see
[8].

Let cr(D) denote the number of crossings of a drawing D. We can now formally
state our main theorem.

Theorem 2.1. Let m and n be odd positive integers. If D is a good drawing of Kn, then
cr(D) ≡ (n

5

)
(mod 2). If D is a good drawing of Km,n, then cr(D) ≡ (m

3

)(n
3

)
(mod 2).

We remark that
(n

4

)
is achieved as the number of crossings in a rectilinear drawing

of Kn . Therefore, one consequence of Theorem 2.1 is that, for odd n,
(n

5

)
and

(n
4

)
have

the same parity. (Of course, this may also be proved by other means!)
In the next section we will argue that Theorem 2.1 is true for K5 and K3,3: every

good drawing of either K5 or K3,3 has an odd number of crossings. Here we use this
fact to prove it for all larger odd n.

First we consider Kn . There are
(n

5

)
ways of selecting 5 vertices from the n vertices

of Kn. Each of these induces a subdrawing of D that is a drawing of K5. This subdraw-
ing therefore has an odd number of crossings. Let N be the sum of these

(n
5

)
numbers
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of crossings. As N is a sum of odd numbers, N and the number of terms have the same
parity, so N ≡ (n

5

)
(mod 2).

Thus, it suffices to show that cr(D) ≡ N (mod 2). To do this, consider a pair of
crossing edges e and f in D. By the assumption that edges incident with the same
vertex do not cross, the four vertices incident with e and f are all distinct. How many
of the K5’s contain both e and f ? The question is relevant, since the subdrawings of
these K5’s are precisely the ones that contain the crossing of e and f . Well, there are
n − 4 other vertices, and any one of them, together with the four ends of e and f , make
up a K5 that contains both e and f .

The crucial point is that N = (n − 4) cr(D). Since n is odd, so is n − 4 and, there-
fore, N ≡ cr(D) (mod 2), as required.

A very similar analysis holds for K3,3. There are
(m

3

)(n
3

)
ways of selecting three

vertices from each of the two sides of Km,n. Each choice yields a different K3,3; let N
be the sum of their numbers of crossings. As each K3,3 has an odd number of crossings,
N ≡ (m

3

)(n
3

)
(mod 2).

On the other hand, every crossing of D occurs in (m − 2)(n − 2) of the different
K3,3’s, so N = (m − 2)(n − 2) cr(D). Since (m − 2)(n − 2) is odd, we again have
N ≡ cr(D) (mod 2), as claimed.

3. K5 AND K3,3. It remains to show that every good drawing of either K5 or K3,3 has
an odd number of crossings. One could (as Harborth did for K3,3 in [4]) enumerate all
the good drawings of K5 and K3,3 and simply verify that they all have an odd number
of crossings. We prefer something a little less time consuming.

The analyses are similar in the two cases, so we shall do each of the steps twice,
once for K5 and once for K3,3. Let D be a good drawing of either K5 or K3,3. We
suppose cr(D) is even and derive a contradiction. In the case of K3,3, let A be one part
of the bipartition of the vertices and let B be the other. A face of a drawing D of a
graph G is a (topological) component of R

2 \ D. The two drawings in Figure 1 have,
respectively, 14 and 25 faces.

The first step is to let v be a vertex and let cv be the number of crossings of the
edges incident with v. In the case of K5, note that

∑
v∈V (K5) cv = 4 cr(D). Thus, there

is some cv that is even. Delete v and its incident edges to obtain a drawing D′ of K4

having an even number (namely cr(D) − cv) of crossings. Since K4 has only two good
drawings, this implies that D′ is actually the planar drawing of K4.

For K3,3, consider the sum
∑

v∈A cv . In this case, every crossing of D contributes to
precisely two of the cv, so

∑
v∈A cv = 2 cr(D). Thus, some cv is even and, therefore,

there is a subdrawing D′ of a K2,3 having an even number of crossings. There are three
K2,2 subgraphs in K2,3, any two having precisely two edges in common and these are
incident with the same vertex. Each crossing of the K2,3 is contained in exactly one
such K2,2 and this can have at most one crossing. Thus, D′ has 0 or 2 crossings and,
therefore, some K2,2 has no crossing in D′. The remaining vertex of the K2,3 is in one
of the two faces of this 4-cycle. This vertex is joined by arcs to diagonally opposite
corners and there are only three ways to complete the good drawing, one resulting in
a planar drawing and the other two resulting in drawings having 2 crossings.

The second step provides the conceptual key for the role of parity for the number
of crossings in a good drawing of K5 or K3,3. We proceed first with K5. In D, v is in
some face F of D′. We show that, for any other vertex w, the parity of the number of
crossings of vw is independent of the routing from F to w. The edge vw is not allowed
to cross any edge incident with w and the remaining edges form a 3-cycle. If v and
w are on the same side of this 3-cycle, then the number of crossings of vw is even;
in the other case it is odd. No matter which face F is, three of the edges vw from v
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to a vertex w of the K4 have an even number of crossings (these w are incident with
F) and one has an odd number of crossings. Since no two edges incident with v cross
each other, and D′ has an even number of crossings, the total number of crossings is
odd, a contradiction. Thus, we are done with K5.

For K3,3, we likewise have a constant parity for the edges vw, with w ∈ B. This
can be seen as follows. The edges of K2,3 not incident with w make a 4-cycle, which
may have a self-crossing. Inserting a vertex of degree 4 at the crossing, we get a planar
graph in which every vertex has even degree. Therefore it is the union of edge-disjoint
cycles; let Cw be the corresponding set of simple closed curves in the plane. Each
curve in Cw has a number of crossings with vw whose parity is independent of the
actual routing of vw, but dependent on the face of D′ in which v is situated.

For K3,3, there is one further step to take. We claim that the parity of the number
of crossings of D is also independent of the face of D′ containing v. Consider the
possibility of extending D′ by placing v in one of two adjacent faces F and F ′—
adjacent means they share a common boundary segment σ .

The arc σ is in precisely two of the three subgraphs K2,3 − w, w ∈ B. For each
of these two w, exactly one curve in Cw separates F and F ′. Thus, the parity of the
number of crossings of the arc vw is different in the cases v is drawn in F and v is
drawn in F ′. The third w is incident with the edge containing σ . Therefore, no curve
in Cw separates F and F ′, and so the parity of the arc vw is the same whether v is in
the face F or in the face F ′. Therefore, the total parity of the number of crossings for
these three arcs is the same, whether v is in F or in F ′. Because we can move from
one face to any other by a sequence of adjacent faces, the total parity is independent
of the location of v.

It remains to consider each of the three drawings of K2,3 and verify (with only one
trial each) that the number of crossings of K3,3 is odd in all cases.

4. ALL THE OTHER GRAPHS. In this section, we let G be a connected graph
having the property that the crossing numbers of all good drawings of G have the
same parity. We show that the only additional examples are the graphs K1,n, which
have the property that in any good drawing, there are no crossings at all. This material
is based on, but slightly different from, [3].

For a vertex u, the valence val(u) of u is the number of vertices adjacent to u. Our
first lemma consists of two simple observations and is the main technical point.

Lemma 4.1. Let G be a connected graph for which all good drawings have the same
parity.

1. Suppose that the vertices u, v, w of G are pairwise adjacent. Then val(u) is even.

2. If v is adjacent to both u and w, but u and w are not adjacent, then val(u) is
odd.

Proof. For both (1) and (2) we exhibit two good drawings of G. For the first drawing,
we place the vertices of G at the corners of a convex |V (G)|-gon with v, u, w on
consecutive corners and we use only line segments for the edges. In this drawing, the
edges that cross vw are precisely those edges incident with u and not incident with
either v or w. The second will be obtained by drawing the arc vw outside the polygon.
Now vw has no crossings. All other crossings are exactly the same in both drawings.

For (1), in the first drawing, the edges incident with u other than uv and uw all
cross vw. The second drawing therefore has val(u) − 2 fewer crossings than the first;
constant parity implies val(u) is even.
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For (2), all the edges incident with u except uv cross vw. The second drawing
therefore has val(u) − 1 fewer crossings than the first; constant parity implies val(u)

is odd.

We claim that if there is a triangle, then G is complete. For otherwise, there are
vertices u, v, w, x so that u, v, w make a triangle and x is adjacent to v but not to
u. Lemma 4.1 implies (using u, v, w) that val(u) is even. Using u, v, x , we conclude
val(u) is odd, a contradiction. Thus, G is the complete graph Kn. Since G has a tri-
angle, we see that n ≥ 3 and, since every vertex has even valence, n is odd.

Thus, we can suppose G has no triangle.

Lemma 4.2. Let G be a connected graph for which all good drawings have the same
parity. If G has no triangle, then G is complete bipartite.

Proof. If G is not bipartite, then G has a shortest odd cycle (v1, v2, . . . , vk, v1) (so k
is odd and at least 5). There are no other adjacencies between the vertices of the cycle.
By Lemma 4.1, all of v1, . . . , vk have odd valence.

Place the vertices of G at the corners of a convex |V (G)|-gon so that v1, v2, . . . , vk

are in this order on consecutive corners. In the drawing with all edges as line segments,
v1vk crosses all the edges of G incident with v2, v3, . . . , vk−1, except those edges of
C . Thus, v1vk has an odd number of crossings. Now drawing v1vk as a curve outside
the polygon yields a different parity drawing of G, a contradiction showing that G is
bipartite.

Thus, there is a partition of the vertex set of G into U and W so that every edge of
G has one end in U and one end in W . Suppose some vertex u ∈ U is not adjacent to
some vertex w ∈ W . Place the vertices in U on the line x = 0, so that u has the largest
y-coordinate, and likewise place the vertices in W on the line x = 1, so that w has the
largest y-coordinate. Let the next highest vertex of W be a vertex w′ adjacent to u.

Since G is connected, there is a shortest path from w to u, say beginning w, x, y.
Lemma 4.1 implies val(w) is odd.

First, use line segments for all the edges. Then uw′ crosses precisely the edges
incident with w, an odd number. But the edge uw′ can be drawn over and around w so
as to have no crossings at all.

At this point, we know G is Km,n . If m = 1 or n = 1, then G is K1,n and n can be
arbitrary. If both m ≥ 2 and n ≥ 2, then let u be on one side of the bipartition and let
w be on the other. Lemma 4.1 implies val(u) and val(w) are odd. Therefore, m and n
are both odd, as required.

ACKNOWLEDGMENTS. DM thanks RBR and the University of Waterloo for their hospitality while this
research took place. RBR acknowledges the financial support of NSERC.

REFERENCES
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Three Proofs of the Inequality

e <
(

1 + 1
n

)n+0.5

Sanjay K. Khattri

1. INTRODUCTION. The number e is one of the most indispensable numbers in
mathematics. This number is also referred to as Euler’s number or Napier’s constant.
Classically the number e can be defined as (see [1, 8, 9, 5, 7] and the references therein)

e = lim
n→∞

(
1 + 1

n

)n

. (1)

Note that we could also define the number e through the limit

e = lim
n→∞

(
1 + 1

n

)n+0.5

. (2)

Let us see the motivation behind the above result. The reader can observe that the limit
(2) is modestly different than the classical limit (1). Let us approximate e from these
two limits using n = 1000. From the classical limit, we get e ≈ 2.71692393, which
is accurate to only 3 decimal places. From the new limit (2), we get e ≈ 2.71828205,
which is e accurate to 6 decimal places. Thus, the new limit appears to be a big im-
provement over the classical result.

doi:10.4169/000298910X480126

March 2010] NOTES 273

http://www.ingentaconnect.com/content/external-references?article=0179-5376(2008)39L.442[aid=9119200]
http://dx.doi.org/10.1016/S0021-9800(70)80087-4
http://dx.doi.org/10.1016/S0021-9800(70)80087-4
http://dx.doi.org/10.1016/0095-8956(76)90032-0
http://dx.doi.org/10.1002/jgt.20249
http://dx.doi.org/10.1002/jgt.20249
http://dx.doi.org/10.1007/s00454-008-9058-x
http://dx.doi.org/10.1002/jgt.3190170602
http://dx.doi.org/10.4169/000298910X480126


4. H. Harborth, Parity of number of crossings for complete n-partite graphs, Math. Slovaka 26 (1976) 77–
95.

5. D. Kleitman, The crossing number of K5,n , J. Combin. Theory 9 (1970) 315–322. doi:10.1016/
S0021-9800(70)80087-4

6. , A note on the parity of the number of crossings of a graph, J. Combin. Theory Ser. B 21 (1976)
88–89. doi:10.1016/0095-8956(76)90032-0

7. S. Pan and R. B. Richter, The crossing number of K11 is 100, J. Graph Theory 56 (2007) 128–134. doi:
10.1002/jgt.20249
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It is well known that for any value of n > 1 (see [1]),

e >

(
1 + 1

n

)n

.

In this work, we present three proofs of the inequality:

e <

(
1 + 1

n

)n+0.5

.

For deriving this inequality, we use the Taylor series expansion and the Hermite-
Hadamard inequality. Let us now present our first proof through the Taylor series
expansion.

2. PROOF THROUGH THE TAYLOR SERIES EXPANSION.

Proof. The Taylor series expansion of the function ln (1 + x) around the point x = 0
is given by the following alternating series (see [4, 6] or any calculus book):

ln (1 + x) = x − x2

2
+ x3

3
− x4

4
+ x5

5
− · · · , −1 < x ≤ 1.

Let us replace x by 1/n in the above series, and multiply both sides by n:

n ln

(
1 + 1

n

)
= 1 − 1

2n
+ 1

3n2
− 1

4n3
+ 1

5n4
− · · · .

Replacing n by 2n and −2n in the above series gives the following two series:

2n ln

(
1 + 1

2n

)
= 1 − 1

4n
+ 1

12n2
− 1

32n3
+ 1

80n4
− · · · ,

−2n ln

(
1 − 1

2n

)
= 1 + 1

4n
+ 1

12n2
+ 1

32n3
+ 1

80n4
+ · · · .

Adding the above two series we get:

2n

[
ln

(
1 + 1

2n

)
− ln

(
1 − 1

2n

)]
= 2 + 1

6n2
+ 1

40n4
+ · · · ,

2n ln

(
2n + 1

2n − 1

)
= 2 + 1

6n2
+ 1

40n4
+ · · · .

Next we divide both sides by 2:

ln

(
2n + 1

2n − 1

)n

= 1 + 1

12n2
+ 1

80n4
+ · · · .

Now replacing n by n + 0.5 gives the following series:

ln

(
2n + 2

2n

)n+0.5

= 1 + 1

12(n + 0.5)2
+ 1

80(n + 0.5)4
+ · · · .
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Therefore

ln

(
1 + 1

n

)n+0.5

> 1,

so

e <

(
1 + 1

n

)n+0.5

.

Now let us prove the above inequality through the Hermite-Hadamard inequality [2].

3. PROOF THROUGH THE HERMITE-HADAMARD INEQUALITY. If a
function f is differentiable in the interval [a, b] and its derivative is an increasing
function on (a, b), then for all x1, x2 ∈ [a, b] such that x1 �= x2, the following inequal-
ity holds [2, 3]:

f

(
x1 + x2

2

)
<

1

x2 − x1

∫ x2

x1

f (x) dx .

The above inequality is referred to as the Hermite-Hadamard inequality.

f (x)

n 1 + n

(
n, 1

n

)

(
n + 1, 1

n+1

)

f (x) = 1

x

∫ n+1

n

1

x
dx

x

Figure 1. Graph of f (x) = 1/x . The shaded area is equal to ln (1 + 1/n).

Proof. Let us consider the function f (x) = 1/x on the interval [n, n + 1]. Figure 1
shows the graph. It may be seen that the derivative f ′(x) = −1/x2 is an increasing
function in the interval (n, n + 1). Thus, the Hermite-Hadamard inequality holds. Ap-
plying the Hermite-Hadamard inequality to the function for x1 = n and x2 = n + 1 we
get:
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f

(
n + n + 1

2

)
<

1

n + 1 − n

∫ n+1

n
f (x) dx,

2

2n + 1
< ln

(
1 + 1

n

)
,

1

n + 0.5
< ln

(
1 + 1

n

)
,

1 < ln

(
1 + 1

n

)n+0.5

,

e <

(
1 + 1

n

)n+0.5

.

4. THE THIRD PROOF. For n > 0, we define the function F(n) by the equation
(1 + 1/n)n+F(n) = e. Solving this equation for F(n), we find that

F(n) = 1

ln
(
1 + 1

n

) − n. (3)

Now let us first show that F(n) is a monotonically increasing function. That is, for
all n ≥ 1, F ′(n) > 0. The derivative of this function is

F ′(n) = 1(
ln

(
1 + 1

n

))2
n2

(
1 + 1

n

) − 1. (4)

To show the positivity of F ′(n), let us consider the following functions:

f (x) = ln (1 + x),

g(x) = x√
1 + x

.

The difference between the first derivatives of the above two functions is

g′(x) − f ′(x) = 1

2

x + 2 − 2
√

1 + x

(1 + x)3/2 .

Since (x + 2) > 2
√

1 + x for all x > 0,

g′(x) − f ′(x) > 0,

and therefore

ln (1 + x) <
x√

1 + x
.

Now substituting x = 1/n in the above inequality and squaring both sides will show
that

1

n2
(
1 + 1

n

) (
ln

(
1 + 1

n

))2 > 1.

From equation (4) and the above inequality, we see that F ′(n) > 0.
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Therefore the function (3) is strictly increasing. To show that the function is
bounded from above, let us find the limit

lim
n→∞

1

ln
(
1 + 1

n

) − n = lim
n→∞

1 − n ln
(
1 + 1

n

)

ln
(
1 + 1

n

) .

Substituting the power series ln (1 + 1/n) = 1/n − 1/(2n2) + 1/(3n3) − · · · , we find
that

lim
n→∞

1 − n ln
(
1 + 1

n

)

ln
(
1 + 1

n

) = lim
n→∞

1 − n
[

1
n − 1

2n2 + 1
3n3 − · · · ][

1
n − 1

2n2 + 1
3n3 − · · · ]

= 0.5.

Since the function F(n) is a strictly increasing function, and limn→∞ F(n) = 0.5, we
can conclude that F(n) < 0.5, and therefore

e =
(

1 + 1

n

)n+F(n)

<

(
1 + 1

n

)n+0.5

.
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PROBLEMS AND SOLUTIONS
Edited by Gerald A. Edgar, Doug Hensley, Douglas B. West

with the collaboration of Itshak Borosh, Paul Bracken, Ezra A. Brown, Randall
Dougherty, Tamás Erdélyi, Zachary Franco, Christian Friesen, Ira M. Gessel, László
Lipták, Frederick W. Luttmann, Vania Mascioni, Frank B. Miles, Bogdan Petrenko,
Richard Pfiefer, Cecil C. Rousseau, Leonard Smiley, Kenneth Stolarsky, Richard
Stong, Walter Stromquist, Daniel Ullman, Charles Vanden Eynden, Sam Vandervelde,
and Fuzhen Zhang.

Proposed problems and solutions should be sent in duplicate to the MONTHLY

problems address on the inside front cover. Submitted solutions should arrive at
that address before July 31, 2010. Additional information, such as generaliza-
tions and references, is welcome. The problem number and the solver’s name
and address should appear on each solution. An asterisk (*) after the number of
a problem or a part of a problem indicates that no solution is currently available.

PROBLEMS

11488. Proposed by Dennis I. Merino, Southeastern Louisiana University, Hammond,
LA, and Fuzhen Zhang, Nova Southeastern University, Fort Lauderdale, FL.
(a) Show that if k is a positive odd integer, and A and B are Hermitian matrices of the
same size such that Ak + Bk = 2I , then 2I − A − B is positive semidefinite.
(b) Find the largest positive integer p such that for all Hermitian matrices A and B of
the same size, 2p−1 (Ap + B p) − (A + B)p is positive semidefinite.

11489. Proposed by Panagiote Ligouras, “Leonardo da Vinci” High School, Noei,
Italy. Let a0, a1, and a2 be the side lengths, and r the inradius, of a triangle. Show that

∑
i mod 3

a2
i ai+1ai+2

(ai+1 + ai+2)(ai+1 + ai+2 − ai )
≥ 18r 2.

11490. Proposed by Gábor Mészáros, Kemence, Hungary. A semigroup S agrees with
an ordered pair (i, j) of positive integers if ab = b j ai whenever a and b are distinct
elements of S. Find all ordered pairs (i, j) of positive integers such that if a semigroup
S agrees with (i, j), then S has an idempotent element.

11491. Proposed by Nicolae Anghel, University of North Texas, Denton, TX. Let P be
an interior point of a triangle having vertices A0, A1, and A2, opposite sides of length
a0, a1, and a2, respectively, and circumradius R. For j ∈ {0, 1, 2}, let r j be the distance
from P to A j . Show that

r0

a2
0

+ r1

a2
1

+ r2

a2
2

≥ 1

R
.

11492. Proposed by Tuan Le, student, Freemont High School, Anaheim, CA. Show that
for positive a, b, and c,

√
a3 + b3

a2 + b2
+

√
b3 + c3

b2 + c2
+

√
c3 + a3

c2 + a2
≥ 6(ab + bc + ca)

(a + b + c)
√

(a + b)(b + c)(c + a)
.

doi:10.4169/000298910X480135
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11493. Proposed by Johann Cigler, Universität Wien, Vienna, Austria. Consider the
Hermite polynomials Hn , defined by

Hn(x, s) =
∑

0≤k≤n/2

(
n

2k

)
(2k − 1)!!(−s)k xn−2k,

where m!! = ∏
i<m/2(m − 2i) for positive m, with (−1)!! = 1. Let L be the lin-

ear transformation from Q[x, s] to Q[x] determined by L1 = 1, Lxks j = xk Ls j

for j, k ≥ 0, and L H2n(x, s) = 0 for n > 0. (Thus, for example, 0 = L H2(x, s) =
L(x2 − s) = x2 − Ls, so Ls = x2.) Define the tangent numbersT2n+1 by tan z =∑

n≥0 T2n+1z2n+1/(2n + 1)!, and the Euler numbers E2n by sec(z) = ∑
n≥0

E2n
(2n)! z

2n .
(a) Show that

L H2n+1(x, s) = (−1)nT2n+1x2n+1.

(b) Show that

Lsn = E2n

(2n − 1)!! x2n.

11494. Proposed by Ovidiu Furdui, Campia Turzii, Cluj, Romania. Let A be the
Glaisher-Kinkelin constant, given by

A = lim
n→∞ n−n2/2−n/2−1/12en2/4

n∏
k=1

kk = 1.2824 . . . .

Show that

∞∏
n=1

(
n!√

2πn(n/e)n

)(−1)n−1

= A3

27/12π1/4
.

SOLUTIONS

A Reciprocal Diophantine Equation

11355 [2008, 365]. Proposed by Jeffrey C. Lagarias, University of Michigan, Ann
Arbor, MI. Determine for which integers a the Diophantine equation

1

x
+ 1

y
+ 1

z
= a

xyz

has infinitely many integer solutions (x, y, z) such that gcd(a, xyz) = 1.

Solution by Éric Pité, Paris, France. Suppose first that a is odd. Let x = an + 2,
y = −(an + 1), and z = a − xy = a2n2 + 3an + a + 2, where n is any integer such
that xyz 	= 0 (there are infinitely many such n). Since x + y = 1 and z = a − xy =
a−xy
x+y , we have 1

x + 1
y + 1

z = a
xyz . Also gcd(a, y) = 1, and both gcd(a, x) and gcd(a, z)

divide 2, but since a is odd we have gcd(a, xyz) = 1.
If a is even and gcd(a, xyz) = 1, then x , y, and z are odd. Now xy + yz + zx is odd

and cannot equal a. Hence there is no solution when a is even, and there are infinitely
many when a is odd.

Also solved by D. Beckwith, B. S. Burdick, S. Casey (Ireland), R. Chapman (U. K.), K. S. Chua (Singapore),
P. Corn, C. Curtis, K. Dale (Norway), D. Degiorgi (Switzerland), J. Fresán (Spain), D. Gove, E. J. Ionascu
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& A. A. Stancu, I. M. Isaacs, T. Keller, K. Kneile, O. Kouba (Syria), O. P. Lossers (Netherlands), S. Me-
skin, A. Nakhash, J. H. Nieto (Venezuela), C. R. Pranesachar (India), K. Schilling, B. Schmuland (Canada),
A. Stadler (Switzerland), R. Stong, J. V. Tejedor (Spain), M. Tetiva (Romania), V. Verdiyan (Armenia), B. Ward
(Canada), BSI Problems Group (Germany), Con Amore Problem Group (Denmark), GCHQ Problem Solving
Group (U. K.), Microsoft Research Problems Group, Northwestern Univ. Math Problem Solving Group, and
the proposer.

Integral Inequalities

11360 [2008, 365]. Proposed by Cezar Lupu, student, University of Bucharest, Bucha-
rest, and Tudorel Lupu, Decebal High School, Constanta, Romania. Let f and g be
continuous real-valued functions on [0, 1] satisfying the condition

∫ 1
0 f (x)g(x) dx =

0. Show that
∫ 1

0 f 2
∫ 1

0 g2 ≥ 4
(∫ 1

0 f
∫ 1

0 g
)2

and
∫ 1

0 f 2
(∫ 1

0 g
)2 + ∫ 1

0 g2
(∫ 1

0 f
)2 ≥

4
(∫ 1

0 f
∫ 1

0 g
)2

.

Solution by Nate Eldredge, University of California San Diego, San Diego, CA. Let
〈u, v〉 = ∫ 1

0 u(x)v(x) dx . By scaling, we may assume 〈 f, f 〉 = 〈g, g〉 = 1. Let a =
〈 f, 1〉 and b = 〈g, 1〉. The desired inequalities then read 1 ≥ 4a2b2 and b2 + a2 ≥
4a2b2. Bessel’s inequality yields 1 ≥ a2 + b2, and a2 + b2 ≥ 2ab is trivial. Hence
1 ≥ a2 + b2 ≥ (a2 + b2)2 ≥ 4a2b2, which proves both inequalities.

Editorial comment. Charles Kicey noted that the inequalities are best possible: let
f (x) = √

2/2 + cos πx and g(x) = √
2/2 − cos πx .

Also solved by U. Abel (Germany), K. F. Andersen (Canada), R. Bagby, A. Bahrami (Iran), M. W. Botsko,
S. Casey (Ireland), R. Chapman (U. K.), H. Chen, J. Freeman, J. Grivaux (France), J. Guerreiro & J. Ma-
tias (Portugal), E. A. Herman, G. Keselman, C. Kicey, O. Kouba (Syria), J. H. Lindsey II, O. P. Lossers
(Netherlands), J. H. Nieto (Venezuela), M. Omarjee (France), J. Rooin & M. Bayat (Iran), X. Ros (Spain), K.
Schilling, B. Schmuland (Canada), A. Shafie & M. F. Roshan (Iran), A. Stadler (Switzerland), R. Stong, R.
Tauraso (Italy), J. V. Tejedor (Spain), P. Xi and Y. Yi (China), Y. Yu, L. Zhou, GCHQ Problem Solving Group
(U. K.), Microsoft Research Problems Group, NSA Problems Group, and the proposers.

Supremum of a Nonlinear Functional

11366 [2008, 462]. Proposed by Nicolae Anghel, University of North Texas, Denton,
TX. Let φ : R → R be a continuously differentiable function such that φ(0) = 0 and
φ′ is strictly increasing. For a > 0, let Ca denote the space of all continuous func-
tions from [0, a] into R, and for f ∈ Ca , let I ( f ) = ∫ a

x=0 (φ(x) f (x) − xφ( f (x))) dx .
Show that I has a finite supremum on Ca and that there exists an f ∈ Ca at which that
supremum is attained.

Solution by Eugen J. Ionascu, Columbus State University, Columbus, GA. For ev-
ery x ∈ [0, a] we let gx(u) = φ(x)u − xφ(u), defined for all u ∈ R. The deriva-
tive is g′

x(u) = φ(x) − xφ′(u). By the mean value theorem, φ(x) = φ(x) − φ(0) =
(x − 0)φ′(cx) for some cx between 0 and x . If x > 0, then g′

x(u) = x(φ′(cx) − φ′(u)).
Because φ′ is strictly increasing, cx is uniquely determined, and gx attains its max-
imum at cx . If x = 0, then gx ≡ 0, and we simply define c0 = 0. This gives us a
function x �→ cx which we denote by f0. Clearly

f0(x) =
{

φ′−1
(
φ(x)/x

)
, if 0 < x ≤ a,

0, if x = 0.
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This function is continuous at every positive point x , since φ′ is continuous and strictly
increasing. Also, because 0 < cx < x for x > 0, this function is also continuous at 0.
Thus, f0 ∈ Ca . For all f ∈ Ca , we have

I ( f ) =
∫ a

0
gx

(
f (x)

)
dx ≤

∫ a

0
gx

(
f0(x)

)
dx = I ( f0).

This inequality answers both parts of the problem.

Editorial comment. Richard Bagby noted that it is not necessary to explicitly assume
the continuity of φ′. If φ is differentiable everywhere, then φ′ has the intermediate
value property by Darboux’s theorem, and every monotonic function on R with the
intermediate value property is continuous.

Also solved by R. Bagby, M. W. Botsko, P. Bracken, R. Chapman (U. K.), P. J. Fitzsimmons, J.-P. Gabardo
(Canada), J.-P. Grivaux (France), J. Guerreiro & J. Matias (Portugal), E. A. Herman, R. Howard, G. Keselman,
J. H. Lindsey II, O. P. Lossers (Netherlands), K. Schilling, A. Stadler (Switzerland), R. Stong, M. Tetiva
(Romania), L. Zhou, GCHQ Problem Solving Group (U. K.), and the proposer.

Points Generated by the Nine Points

11370 [2008, 568]. Proposed by Michael Goldenberg and Mark Kaplan, Baltimore
Polytechnic Institute, Baltimore, MD. Let A0, A1, and A2 be the vertices of a non-
equilateral triangle T . Let G and H be the centroid and orthocenter of T , respectively.
Treating all indices modulo 3, let Bk be the midpoint of Ak−1 Ak+1, let Ck be the foot
of the altitude from Ak , and let Dk be the midpoint of Ak H .

The nine-point circle of T is the circle through all Bk , Ck , and Dk . We now introduce
nine more points, each obtained by intersecting a pair of lines. (The intersection is not
claimed to occur between the two points specifying a line.) Let Pk be the intersection
of Bk−1Ck+1 and Bk+1Ck−1, Qk the intersection of Ck−1 Dk+1 and Ck+1 Dk−1, and Rk

the intersection of Ck−1Ck+1 and Dk−1 Dk+1.
Let e be the line through {P0, P1, P2}, and f be the line through {Q0, Q1, Q2}.

(By Pascal’s theorem, these triples of points are collinear.) Let g be the line through
{R0, R1, R2}; by Desargues’ theorem, these points are also collinear.
(a) Show that the line e is the Euler line of T .
(b) Show that g coincides with f .
(c) Show that f is perpendicular to e.
(d) Show that the intersection S of e and f is the inverse of H with respect to the
nine-point circle.

Solution by the proposers. (a) Let k, m, n be 1, 2, 3 in some order. Applying Pappus’s
theorem to points Bm, Cm, An on line Ak An and to points Bn, Cn, Am on line Ak Am , we
get that the three points Pk , G, and H , defined by Pk = BmCn ∩ BnCm , G = Am Bm ∩
An Bn , and H = AmCm ∩ AnCn , are collinear. So all Pk lie on the Euler line G H .

(b) Let N be the nine-point circle. Consider the cyclic quadrilateral CmCn Dm Dn .
Because H = Cm Dm ∩ Cn Dn , Qk = Cm Dn ∩ Cn Dm , and Rk = CmCn ∩ Dm Dn , we
conclude that points Qk and Rk are on the polar of H with respect to N (see Theorem
6.51, p. 145, in H. S. M. Coxeter and S. L. Greitzer, Geometry Revisited, Mathematical
Association of America, Washington, DC 1967). So f and g coincide.

(c) By the definition of polar, we have N H ⊥ f or e ⊥ f .
(d) This also follows from the definition of polar.

Editorial comment. Most solvers proceeded analytically. Some solvers simplified the
algebra by using complex numbers or determinants. Some used Maple to help.
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Also solved by P. P. Dályay (Hungary), D. Gove, J.-P. Grivaux (France), R. Stong, GCHQ Problem Solving
Group (U. K.).

For Grid Triangles, the Brocard Angle is Irrational in Degrees

11375 [2008, 568]. Proposed by Cezar Lupu, student, University of Bucharest,
Bucharest, Romania. The first Brocard point of a triangle ABC is that interior point �

for which the angles �BC , �C A, and �AB have the same radian measure. Let ω be
that measure. Regarding the triangle as a figure in the Euclidean plane R

2, show that
if the vertices belong to Z × Z, then ω/π is irrational.

Editorial comment. The claim follows from combining several well-known results.

(a) cot ω = cot A + cot B + cot C = (a2 + b2 + c2)/4S ≥ √
3, where S is the area

of the triangle. The first equality is shown in [1]; see also [5] and [7]. The second
is an easy consequence of the law of sines and the law of cosines. The inequality
is due to Weitzenböck [2], also proved in [8].

(b) Because the cotangent is decreasing on (0, π/2), we conclude that ω ≤ π/6.
This is also deduced in [1] and [7].

(c) The squares of the sides (by the distance formula), the area S (by Pick’s The-
orem), and all six trigonometric functions of the angles (by various elementary
trigonometric relationships) are rational because the vertices belong to Z × Z.

(d) Every angle in (0, π/2) that is a rational multiple of π and has rational trigono-
metric functions is larger than π/6 (using Lambert’s theorem; see also [6]); so
ω cannot be a rational multiple of π .

REFERENCES
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576–589.
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5. R. A. Johnson, Advanced Euclidean Geometry, Dover Publications, 1960/2001.
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8. Brocard points, available at http://en.wikipedia.org/wiki/Brocard_points.
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Jerry Minkus showed that a similar result can be obtained for triangles whose ver-
tices lie in the set of vertices of the unit triangular tiling of the plane, except that
of course equilateral triangles (for which ω = π/6) must be excluded. He also con-
jectured a generalization. Given a square-free positive integer d other than 3, let the
lattice Ld be defined by {h + kδ : h, k ∈ Z}, where δ = i

√
d when d is congruent to

1 or 2 mod 4, and δ = (−1 + i
√

d)/2 when d ≡ 3 (mod 4). The conjecture is that if
the vertices of triangle ABC lie on Ld , then the Brocard angle ω of triangle ABC is
an irrational multiple of π .

Solved by R. Chapman (U. K.), P. P. Dályay (Hungary), V. V. Garcı́a (Spain), J.-P. Grivaux (France), O. Kouba
(Syria), J. Minkus, A. Stadler (Switzerland), R. Stong, M. Tetiva (Romania), GCHQ Problem Solving Group,
and the proposer.
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Riemann Sums Don’t Converge?

11376 [2008, 664]. Proposed by Proposed by Bogdan M. Baishanski, The Ohio State
University, Columbus, OH. Given a real number a and a positive integer n, let

Sn (a) =
∑

an<k≤(a+1)n

1√
kn − an2

.

For which a does the sequence 〈Sn (a)〉 converge?

Solution by Vitali Stakhovsky, Rockville, MD. The sequence 〈Sn (a)〉 converges if and
only if a is rational. Letting j = k − �an�, an < k ≤ (a + 1) n becomes 1 ≤ j ≤ n,
so Sn (a) = n−1/2

∑n
j=1 ( j − {an})−1/2 = (n − n {an})−1/2 + Tn (a), where Tn (a) =

n−1/2
∑n

j=2 ( j − {an})−1/2. For j ≥ 2,

2
(√

j + 1 − √
j
)

< j−1/2 ≤ ( j − {an})−1/2

≤ 2
(√

j − 1 − √
j − 2

)
< ( j − 1)−1/2 ,

whence

2n−1/2
(√

n + 1 − √
2
)

≤ Tn (a) ≤ 2n−1/2
√

n − 2

and limn→∞ Tn (a) = 2. Thus, Sn (a) converges if and only if (n − n {an})−1/2 does;
that is, it converges when Rn (a) = n − n {an} has a positive limit, finite or infinite. If a
is rational, then writing a = p/q with p and q relatively prime yields 1 − {an} ≥ 1/q,
so Rn (a) ≥ n/q → ∞ and Sn (a) converges.

If a is irrational, then its continued fraction convergents pk/qk satisfy 0 < a −
pk/qk < 1/q2

k for even k, and 0 < pk/qk − a < 1/q2
k for odd k. Thus for even k,

{qka} < 1/qk so that Rqk (a) ≥ qk − 1; on even k, this subsequence tends to infinity.
For odd k, on the other hand, {qka} > 1 − 1/qk so that Rqk (a) ≤ 1; this subsequence
remains bounded. Thus 〈Rn(a)〉 has neither a positive nor infinite limit, and therefore
〈Sn(a)〉 diverges.

Editorial comment. Several solvers noted that Sn (a) is a Riemann sum for the expres-
sion

∫ a+1
a dx/

√
x − a, which evaluates to 2. Since the integral is improper, it need not

equal the limit of its Riemann sums.

Also solved by R. Chapman (U. K.), P. P. Dályay (Hungary), J.-P. Grivaux (France), S. James (Canada), G.
Kouba (Syria), J. H Lindsey II, O. P. Lossers (Netherlands), R. Martin (Germany), P. Perfetti (Italy), É. Pité
(France), M. A. Prassad (India), N. Singer, A. Stadler (Switzerland), R. Stong, M. Tetiva (Romania), M. Wildon
(U. K.), BSI Problems Group (Germany), GCHQ Problem Solving Group (U. K.), NSA Problems Group,
Northwestern University Math Problem Solving Group, and the proposer.

An Infinite Product for the Exponential

11381 [2008, 665]. Proposed by Jésus Guillera, Zaragoza, Spain, and Jonathan Son-
dow, New York, NY. Show that if x is a positive real number, then

ex =
∞∏

n=1

(
n∏

k=0

(kx + 1)
(−1)k+1

(n
k

))1/n

.

Solution by BSI Problems Group, Bonn, Germany. Let fn be the nth factor. Using

log(1 + kx) =
∫ x

0

k dy

1 + ky
=

∫ x

0

∫ ∞

0
ke−(1+ky)t dt dy =

∫ ∞

0

1 − e−kxt

t
e−t dt,
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we find

log fn = 1

n

n∑
k=0

(−1)k+1

(
n

k

)
log(1 + kx) = 1

n

∫ ∞

0

(1 − e−xt)n

t
e−t dt.

For t ≥ 0 we have

0 ≤
N∑

n=1

(1 − e−xt)n

n
↗ − log

(
1 − (1 − e−xt)

) = xt

as N → ∞. Hence, by the monotone convergence theorem,

log

(
N∏

n=1

fn

)
−→

∫ ∞

0

xt

t
e−t dt = x .

Also solved by R. Bagby, D. Beckwith, R. Chapman (U. K.), H. Chen, Y. Dumont (France), M. L. Glasser,
R. Govindaraj& R. Ramanujan & R. Venkatraj (India), J. Grivaux (France), O. Kouba (Syria), O. P. Lossers
(Netherlands), A. Plaza & S. Falcon (Spain), R. Pratt, N. C. Singer, A. Stadler (Switzerland), V. Stakhovsky,
R. Stong, M. Tetiva (Romania), M. Vowe (Switzerland), L. Zhou, GCHQ Problem Solving Group (U. K.), and
the proposers.

Can You See the Telescope?

11383 [2008, 0757]. Proposed by Michael Nyblom, RMIT University, Melbourne, Aus-
tralia. Show that

∞∑
n=1

cos−1

(
1 + √

n2 + 2n
√

n2 + 4n + 3

(n + 1)(n + 2)

)
= π

3
.

Solution by Simon J. Smith, La Trobe University, Vendigo, Victoria, Australia. In fact,
the answer is π/6. To see this, let

θn = cos−1

(
1

n + 1

)
= sin−1

(√
n2 + 2n

n + 1

)
,

so that

N∑
n=1

cos−1

(
1 + √

n2 + 2n
√

n2 + 4n + 3

(n + 1)(n + 2)

)

=
N∑

n=1

cos−1
(

cos θn cos θn+1 + sin θn sin θn+1

)

=
N∑

n=1

cos−1
(

cos(θn+1 − θn)
) = θN+1 − θ1,

which converges to π/2 − π/3 = π/6 as N → ∞.

Also solved by Z. Ahmed (India), B. T. Bae (Spain), R. Bagby, M. Bataille (France), D. Beckwith, M. Bello-
Hernández & M. Benito (Spain), P. Bracken, B. Bradie, R. Brase, N. Caro (Brazil), R. Chapman (U. K.), H.
Chen, C. Curtis, P. P. Dályay (Hungary), Y. Dumont (France), J. Freeman, A. Gewirtz (France), M. L. Glasser,
M. Goldenberg & M. Kaplan, J.-P. Grivaux (France), E. A. Herman, C. Hill, W. P. Johnson, D. Jurca, O.
Kouba (Syria), V. Krasniqi (Kosova), G. Lamb, W. C. Lang, K.-W. Lau (China), O. P. Lossers (Netherlands),
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G. Martin (Canada), K. McInturff, M. McMullen, R. Nandan, A. Nijenhuis, M. Omarjee (France), É. Pité
(France), Á. Plaza (Spain), C. R. Pranesachar (India), M. T. Rassias (Greece), A. H. Sabuwala, V. Schindler
(Germany), A. S. Shabani (Kosova), N. C. Singer, A. Stadler (Switzerland), R. Stong, J. Swenson, M. Tetiva
(Romania), J. V. Tejedor (Spain), D. B. Tyler, Z. Vörös (Hungary), M. Vowe, J. B. Zacharias, BSI Problems
Group (Germany), FAU Problem Solving Group, Szeged Problem Solving Group “Fejéntaláltuka” (Hungary),
GCHQ Problem Solving Group (U. K.), Hofstra University Problem Solvers, Microsoft Research Problems
Group, Missouri State University Problem Solving Group, NSA Problems Group, Northwestern University
Math Problem Solving Group.

Angles of a Triangle

11385 [2008, 757]. Proposed by José Luis Dı́az-Barrero, Universidad Politécnica de
Cataluña, Barcelona, Spain. Let α0, α1, and α2 be the radian measures of the angles of
an acute triangle, and for i ≥ 3 let αi = αi−3. Show that

2∑
i=0

α2
i

αi+1αi+2

(
3 + 2 tan2 αi

)1/4 ≥ 3
√

3.

Solution by Rob Brase, Lincoln, NE. We may assume α0 ≤ α1 ≤ α2. Then

α2
0

α1α2
≤ α2

1

α2α0
≤ α2

2

α0α1
and

(2 + 2 tan2 α0)
1/4 ≤ (2 + 2 tan2 α1)

1/4 ≤ (2 + 2 tan2 α2)
1/4.

By Chebyshev’s inequality,

∑ α2
i

αi+1αi+2
(3 + 2 tan2 αi )

1/4 ≥ 1

3

[∑ α2
i

αi+1αi+2

] [∑
(3 + 2 tan2 αi )

1/4
]
.

Calculation shows that the second derivative of (3 + 2 tan2 θ)1/4 is positive on (0lπ/2).
Apply the AM–GM inequality to the first factor and Jensen’s inequality on the second
factor to obtain

1

3

[∑ α2
i

αi+1αi+2

] [∑
(3 + 2 tan2 αi )

1/4
]

≥ 1

3

[
3

(
α2

0

α1α2

α2
1

α2α0

α2
2

α0α1

)1/3
] [

3

(
3 + 2 tan2

(
α0 + α1 + α2

3

))1/4
]

= 3
(

3 + 2 tan2
(π

3

))1/4 = 3
√

3.

Note: equality holds only if α0 = α1 = α2 = π/3.

Also solved by B. T. Bae (Spain), D. Baralić (Serbia), M. Bataille (France), D. Beckwith, M. Can, C. Curtis,
P. P. Dályay (Hungary), P. De (India), Y. Dumont (France), O. Faynshteyn (Germany), V. V. Garcı́a (Spain), M.
Goldenberg & M. Kaplan, J.-P. Grivaux (France), H. S. Hwang (Korea), B.-T. Iordache (Romania), O. Kouba
(Syria), J. H. Lindsey II, O. P. Lossers (Netherlands), P. Perfetti (Italy), É. Pité (France), M. A. Prasad (India),
S. G. Sáenz (Chile), V. Schindler (Germany), A. S. Shabani (Kosova), A. Stadler (Switzerland), R. Stong, V.
Verdiyan (Armenia), Z. Vörös (Hungary), M. Vowe (Switzerland), L. Zhou, “Fejéntaláltuka Szeged” Problem
Group (Hungary), GCHQ Problem Solving Group (U. K.), Hofstra University Problem Solvers, Microsoft
Research Problems Group, and the proposer.
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REVIEWS
Edited by Jeffrey Nunemacher

Mathematics and Computer Science, Ohio Wesleyan University, Delaware, OH 43015

Alfred Tarski: Life and Logic. By Anita Burdman Feferman and Solomon Feferman. Cam-
bridge University Press, Cambridge, UK, vi + 425, (hardback) 2004, ISBN 978-0521802406,
$45, (paperback) 2008, ISBN 978-0521714013, $24.99.

Reviewed by Anil Nerode

Alfred Tarski was one of the two most influential logicians of the 20th century. The
other was Gödel. I spent a year with Tarski and two years with Gödel. There could
hardly be a greater contrast in personalities. When I was a student, Rudolf Carnap said
that after he read Gödel’s thesis for Gödel’s advisor Hans Hahn, he advised Gödel to
present the results in Hilbert’s seminar in Göttingen so that they would become known.
Gödel said that they speak for themselves. Gödel was a retiring scholar who put his
ideas out for the world to absorb and did nothing further because he was sure the
world would appreciate them. Of course, he had von Neumann as a publicist. Gödel
spent his later career at the Institute for Advanced Study (IAS) in Princeton and had
many visitors including me, but no Ph.D. students.

By contrast, Tarski was a consummate intellectual entrepreneur. From the earliest
days in Warsaw he surrounded himself with disciples: students, co-authors, visitors.
He proselytized endlessly to ensure the development of logic and his own ideas. It was
he who, after arriving at Berkeley, established a world community in mathematical
logic. He did this through initiating many seminal international meetings where there
had been none. His group at Berkeley was for many years the only important large
concentration of logicians. The descendants of that group are still the leading logic
group worldwide. Among the Berkeley logicians were Leon Henkin, Robert Vaught,
Julia and Raphael Robinson, John Addison, Ralph McKinsey, Leo Harrington, and
Jack Silver. Until the 1960s the rest of the principal mathematical logicians in the
United States were alone: Gödel at IAS, Church at Princeton, Kleene at Wisconsin,
Rosser at Cornell, Curry at Penn State, Quine at Harvard.

Paul Halmos told me to attend the five-week 1957 NSF-sponsored AMS Summer
Meeting in Symbolic Logic at Cornell. Tarski and J. Barkley Rosser put it together.
It was attended by virtually every mathematical logician then active with the excep-
tion of Gödel, though Gödel did send a paper via Georg Kreisel. The never-formally-
published volume of abstracts from that meeting was instrumental in unifying logic
research for many years. Those of us not from Berkeley were overwhelmed by the size
and quality of the Tarski group in attendance. That meeting is where I met Solomon
Feferman and his wife Anita Burdman Feferman. Sol became one of the most influ-
ential logicians of the second half of the twentieth century and is just one of Tarski’s
outstanding students. Anita is a fine writer, an indefatigable researcher, and a keen
observer. Being “next door” to Tarski at Stanford, the Fefermans knew Tarski from
the early 1950s to his death. No one could be better qualified than Anita to write his

doi:10.4169/000298910X480144
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personal biography. No one could be better qualified than Sol to write his scientific
biography. This splendid book chronicles his scientific and personal life.

Tarski was born on January 14, 1902 as Alfred Teitelbaum in Warsaw, then part
of Russia. He died on 0ctober 27, 1983 as Alfred Tarski in Berkeley, California. Like
other Polish Jews of his generation trying to minimize discrimination, he converted
to Roman Catholicism and changed his name. He was an atheist at heart. A brilliant
student, he received his Ph.D. in 1924 under the distinguished philosophical logician
Stanisław Leśniewski. Mathematics in Poland rose from the ashes of World War I to
become an international center of functional analysis and of logic. Think of Banach
and Schauder. Think of Sierpiński and Tarski. Fellow students of Tarski I knew long
ago said that Tarski from Warsaw and Schauder from Lwow were regarded as the
future of Polish mathematics. Even so, neither was offered a satisfactory university
position, so both had to teach school. Schauder was a victim of the Nazis. And now
Tarski’s statue adorns Warsaw University.

I heard about his pre–World War II work first as a student when Paul Halmos gave
the first course from his then-new Measure Theory in 1950. In his first lecture Halmos
pointed out that naive intuition about volume does not carry you very far by stating
the Banach-Tarski paradox. Tarski’s name and theorem caught everyone’s attention,
as indeed it should have. At about the same time I attended seminars of the logical
positivist Rudolph Carnap. He explained Tarski’s definition of satisfaction and truth
of sentences in a model of first-order logic and stated Tarski’s famous undefinability
theorem. This theorem says that there is no formula in one free variable of first-order
Peano arithmetic which is true of exactly the Gödel numbers of the true statements of
Peano arithmetic.

Tarski investigated many other logical questions before World War II. One I like,
which Sierpiński finally published after the war but Tarski and Lindenbaum announced
very much earlier, was that the generalized continuum hypothesis implies the axiom
of choice. Lindenbaum was another Nazi victim. Another famous theorem published
only after World War II was Tarski’s generalized Sturm’s theorem and the decision
method for the first-order theory of the real numbers, the theory of real closed fields.
Refinements have played a large role in several scientific applications. A third was the
topological interpretations of modal logics. For a fourth, he had examined the hun-
dreds of theorems on the algebra of binary relations in Schröder’s algebra of logic and
derived them all from a few axioms which he took to define relation algebras. This
development later led to the development of Tarski’s set theory without variables. This
realized a dream of C. S. Peirce and Ernst Schröder to use the binary relation calcu-
lus to represent all of mathematics. It also led to relational programming languages.
According to Mostowski, before World War II Tarski had envisaged model theory as
a generalization of algebra, and wrote an account which got to the stage of a page
proof for a never-published encyclopedia. One might date the published introduction
of model theory to his International Congress of Mathematicians lecture of 1950 in
which he introduced the fundamental definition for building model theory, the notion
of elementary extension. When these works finally appeared after the war, they had an
immense influence. His book on undecidable theories was the first systematic survey
of how to show that first-order theories were undecidable. This has advanced a long
way since, but the work was seminal. There was also his theory of cardinal and ordinal
algebras.

Tarski was perhaps saved from the Holocaust by his philosophical interests and
an accident of timing over which he had no control. He was on a visit to a Unity of
Science meeting in Cambridge in 1939. Two days before the meeting commenced,
Warsaw was bombed and World War II began. He could not return, and his wife and
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children were unable to join him for the duration of the war. His mathematical and
philosophical friends, including all the logicians mentioned above, wrote laudatory
letters to immigration which got him a permanent visa to the United States. The Fefer-
mans remark that the recommendation of Marshall Harvey Stone may have had extra
weight since his father was the sitting chief justice of the Supreme Court. His friends
secured temporary funds for him at Harvard, CCNY, and IAS. Finally, in 1942 he re-
ceived an offer from Griffith Evans, Chair of Mathematics at Berkeley, to come for a
temporary appointment, which eventually became permanent. He was a great magnet
for students and visitors. When I visited in 1958–1959, I found out why. He gave won-
derful seminars with coherent themes and forced students to write up everything that
was not otherwise available. It was annoying to have him stop the lectures whenever
he lost track of what the speaker was doing, but it was clear that he listened in great
detail. He was my role model for dynamic seminars in which students work together
to develop new research areas. As an instance of the power of these seminars, my col-
league Michael Morley heard about Łoś’s problem on categoricity in power on a visit
to Berkeley and solved it using the new notion of Morley rank, introducing the next
generation of model theory. Many prominent logicians had similar experiences over
the years.

Tarski’s personal life was that of a European gentleman with pre–World War II
mores. He married Maria Witkowski in 1924 and stayed married, but had sequential
affairs with many intelligent and cultivated women, including some of his graduate
students and the wives of friends and acquaintances, including during the period of
enforced separation from his wife during World War II. I only noticed over the years
that he paid especially gallant attention to young women. I am amazed that Anita was
able to uncover his personal life in such detail. People were more discreet in previous
generations. I know from old Dutch professors years ago that Brouwer had a great
reputation as a ladies’ man, but I don’t think this was documented in the way Tarski’s
life has been documented.

I commend this book to all those who would like to learn a little about Tarski’s
magnificent contributions to mathematics and logic, and a lot about his personal life.

Cornell University, Ithaca, NY 14853
anil@math.cornell.edu
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“To a Factor près”: Cayley’s Partial
Anticipation of the Weierstrass ℘-Function

Adrian Rice

1. INTRODUCTION. Today, Arthur Cayley is best remembered for his contribu-
tions to modern algebra, principally in the areas of matrices and group theory. Indeed,
there can be very few mathematicians who have not come across the Cayley-Hamilton
theorem regarding the characteristic equations of square matrices, or investigated the
properties of groups by means of a Cayley table. But Cayley was far from being solely
an algebraist. His mathematical output included fundamental work in, for example,
graph theory (in particular, his initiation of the study of trees), algebraic geometry (in-
cluding the Cayley-Salmon theorem, which established the existence of 27 lines on a
cubic surface), and projective geometry (where his generalized ideas on metrics were
a major influence on Felix Klein). Although his many and varied publications brought
him well-deserved fame, it was not his foundational work on matrices and abstract
groups that was considered the most significant in his own lifetime [19, p. xvi]. He
was most famous as one of the founders and chief practitioners of invariant theory, one
of the key areas of 19th-century mathematics, to which many mathematicians con-
tributed, including Sylvester, Salmon, Hermite, Clebsch, Gordan, and, most famously,
Hilbert [25].

In a period of just over half a century, Cayley published over 900 research papers
and articles. But he only wrote one full-length book [14], and interestingly, it had noth-
ing to do with the areas for which he is best known. It was actually on the subject of
elliptic functions, another dominant area of mathematics at the time and yet another
of Cayley’s major fields of interest. But this side of Cayley’s mathematics has been
largely overlooked by mathematicians and historians of mathematics alike, a relative
neglect not helped by the fact that elliptic functions themselves are studied far less
today than in their heyday of the 19th century, when they attracted the likes of Abel,
Jacobi, Riemann, and Weierstrass.1 Nevertheless, it was in the theory of elliptic func-
tions that Cayley made an important contribution, which does not appear to be widely
known, namely, the first published derivation of a fundamental formula for elliptic in-
tegrals, which anticipated a famous identity of Weierstrass by several years. But what
is particularly pleasing about Cayley’s proof is that it relies totally on his use of in-
variant theory, a subject that, on the face of it, seems to have little connection to the
theory of elliptic functions. In this paper, we compare Cayley’s derivation to the stan-
dard formula, due to Weierstrass, and discuss reasons for the obscurity of the former
compared to the relative fame of the latter.

2. BACKGROUND: ARTHUR CAYLEY AND KARL WEIERSTRASS. Born in
Richmond, just outside London, Arthur Cayley (1821–1895) entered Trinity College,
Cambridge, in 1838, graduating as senior wrangler (i.e., the first in his class) four
years later. Even before his graduation, his research career had already begun with
his earliest papers appearing in the Cambridge Mathematical Journal in 1841. After
spending four years as a research fellow at Trinity, he moved to London, where he
worked as a conveyancing lawyer for well over a decade. During this time, however,

doi:10.4169/000298910X480766
1For detailed accounts of the development of elliptic functions, see [21] and [23].
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he continued to produce an abundance of mathematical research, publishing over 300
papers in this period, not only in British journals, but also in publications overseas,
such as Liouville’s and Crelle’s journals.

By the early 1860s, Cayley had established a reputation as one of Britain’s foremost
mathematicians, both at home and abroad. It was fitting, therefore, when in 1863 he
was elected to the Sadleirian professorship of pure mathematics at Cambridge, a posi-
tion he held until the end of his life. While he was at Cambridge, his research output
remained exceptionally high and wide-ranging, covering a huge variety of subjects.
Indeed, as his friend James Joseph Sylvester once remarked: “whether the matter he
takes in hand be great or small, ‘nihil tetigit quod non ornavit’2” [29, p. 605]. And,
while best remembered as a pure mathematician, Cayley also published widely in ap-
plied mathematics, particularly theoretical dynamics and physical astronomy. But it
was in the abstract domain of pure mathematics that he felt most at home. His Cam-
bridge colleague James Clerk Maxwell was only partially in jest when he wrote that
Cayley’s “soul, too large for vulgar space, in n dimensions flourished unrestricted”
[16, p. 586].

Karl Theodor Wilhelm Weierstrass (1815–1897) was born in the town of Osten-
felde, Westphalia in 1815. Entering the University of Bonn in 1834, he enrolled
to study public finance and administration, but found that his love of mathematics
increasingly distracted him from his studies. In particular, he developed a lifelong
fascination for elliptic functions, a subject that had recently been re-invigorated by
the work of Abel and Jacobi.3 However, his neglect of his university studies led to
his leaving Bonn in 1838 without taking the final examination. During the 1839–1840
academic year, he attended lectures on elliptic functions, given by Christoph Guder-
mann in Münster, and shortly afterwards began his own independent research on the
subject [24, pp. 351–357].

Beginning in 1841, he was employed as a high school (or Gymnasium) teacher in
Prussia, teaching a host of school-level subjects in addition to his beloved mathemat-
ics. Like Cayley, he carried out mathematical research in his spare time, but unlike
Cayley, only a small fraction of his work was published. However, a seminal paper
published in Crelle’s Journal in 1854 [32] proved so exceptional that it led directly
to professorial appointments, first at the Industry Institute in Berlin in 1856, and sub-
sequently at the University of Berlin in 1864. From this point, Weierstrass devoted
himself to crafting a series of graduate-level courses, in which he created much of
the fundamental theory behind real and complex analysis, and many of the techniques
which are now ubiquitous in both subjects [24], [30].

His lectures attracted students from all over Europe, and even America, as he de-
veloped a reputation for lecturing on subjects that were unavailable anywhere else
[4, pp. 4–9]. Although he published very little, his major ideas and techniques soon
reached the outside world via the publications of those who had attended his lectures,
such as Adolf Hurwitz, Gösta Mittag-Leffler, and Hermann Amandus Schwarz [2]. As
a result, by the time of his death in 1897, Weierstrass’s name was synonymous with
analytical rigor and logical precision.

In some ways, the lives of Cayley and Weierstrass can be seen to share a number of
superficial similarities. They both lived at the same time, had approximately equivalent
lifespans, and began their mathematical research in the early 1840s. Both worked out-
side the university sector for well over a decade before assuming positions at highly
prestigious universities. Finally, both planned and began to oversee the publication

2“He touches nothing that he does not adorn.”
3For a discussion of the early history of elliptic functions, see [27].

292 c© THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 117



of their respective collected works ([15], [33]) near the end of their careers, but died
before they were complete.

But the two men were vastly different in many fundamental respects: Cayley’s
mathematics was often rapidly written and hastily published, while Weierstrass’s was
more painstakingly produced and logically structured. As has been mentioned, Cay-
ley published a huge quantity of his research, often within weeks of its composition,
whereas Weierstrass’s innate perfectionism “invariably compelled him to base any
analysis on a firm foundation, starting from a fresh approach and continually revising
and expanding” [3, p. 221], with the consequence that much of his best work remained
unpublished for many years. A consequence of these respective characteristics was
that Cayley’s work sometimes contained mistakes, which he was on occasion obliged
to correct in subsequent works, although apparently “the prospect of being in error
did not seem to worry him unduly—after all, a mistake could easily be rectified in a
subsequent corrective ‘Note’” [19, p. 64]. Weierstrass, on the other hand, was highly
critical and rigorous, with the result that his mathematics tended to be more thoroughly
thought out and polished.

Their contrasting styles were also evident in their lecture rooms. Cayley, on the one
hand, does not appear to have been a particularly effective lecturer, and rarely had an
audience of more than a handful of students at a time. Even then, his lectures were
often all but impossible to follow, although he “was likely oblivious that his listeners
found the material unfamiliar or that they found any difficulty in understanding it”
[19, p. 359]. Consequently, he did little to encourage any except the most motivated
students to undertake mathematical research. This is perhaps the greatest contrast with
Weierstrass, who, at the zenith of his career in Berlin, was a highly effective and pop-
ular instructor, who “achieved the greatest effectiveness through his lectures,”4 which
on occasion attracted audiences in excess of two hundred [4, pp. 4–5]. It was via the
content of these lectures that Weierstrass was ultimately able to exercise a huge in-
fluence on the subsequent generation of mathematicians. Indeed, it is from material
delivered in Weierstrass’s lectures in Berlin that much of the modern theory of elliptic
functions is derived.

3. ELLIPTIC FUNCTIONS. The standard definition of an elliptic function, due
largely to Weierstrass, is as follows. A meromorphic function f : C → C ∪ {∞} is
said to be elliptic if there are nonzero ω1, ω2 ∈ C such that ω1/ω2 /∈ R and, for z ∈ C,

f (z + ωi ) = f (z), i = 1, 2.

In other words, a meromorphic function is elliptic if it has two distinct periods that are
linearly independent over the reals. Historically, however, the principal way of defining
an elliptic function was as the inverse of an elliptic integral,

g(t) =
∫

R
[
t,

√
P(t)

]
dt,

where R is a rational function and P(t) is a cubic or quartic polynomial with no mul-
tiple factors. For example, if At4 + Bt3 + Ct2 + Dt + E is such a polynomial, and

z = g(t) =
∫

dt√
At4 + Bt3 + Ct2 + Dt + E

,

then its inverse, g−1(z), is an elliptic function.
4“Größte Wirksamkeit erreichte Weierstraß durch seine Vorlesungen.”
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Although many examples of such functions exist, the most famous (and fundamen-
tal) was introduced by Weierstrass in his Berlin lectures, and has been known ever
since as the Weierstrass ℘-function:

℘(z) = 1

z2
+

∞∑
m,n=−∞

(m,n) �=(0,0)

{
1

(z − �)2
− 1

�2

}
, (1)

where � = 2mω1 + 2nω2 and ω1/ω2 /∈ R. This function has two linearly independent
periods, namely 2ω1 and 2ω2, and is analytic everywhere except at points congruent to
0 modulo 2ω1 and 2ω2, where it has a double pole.5 Its derivative

℘ ′(z) = −2
∑
m,n

(z − �)−3 (2)

is also an elliptic function, with the same periods. Subtracting 4 times the cube of (1)
from the square of (2) gives

℘ ′2(z) − 4℘3(z) = −60
∗∑

m,n

�−4z−2 − 140
∗∑

m,n

�−6 + O(z2),

where
∑∗

m,n indicates that m and n are never zero simultaneously. The infinite series
60

∑∗
m,n �−4 and 140

∑∗
m,n �−6 turn out to be absolutely convergent, so Weierstrass

abbreviated them by the constants

g2 = 60
∗∑

m,n

�−4, g3 = 140
∗∑

m,n

�−6.

Since ℘(z) = z−2 + O(z2), we therefore get

℘ ′2(z) − 4℘3(z) + g2℘(z) + g3 = O(z2).

Now, the left-hand side of this equation is doubly periodic, with periods 2ω1 and
2ω2, and it is analytic everywhere except at points congruent to 0 modulo 2ω1 and
2ω2. But since it equals O(z2), it must approach 0 as z → 0, so the singularity at 0
is removable and, by periodicity, all the singularities are removable and the function
extends to a bounded entire function. Therefore, by Liouville’s theorem, it must be the
constant 0 function, so we obtain

℘ ′2(z) = 4℘3(z) − g2℘(z) − g3.

Letting t = ℘(z) in this differential equation allows us to deduce the following elliptic
integral:

z =
∫

dt√
4t3 − g2t − g3

. (3)

5Although it is not immediately obvious from its definition that the ℘-function is doubly periodic, the
proof of this fact is relatively straightforward and may be found in any introductory book on the subject, e.g.,
[1, pp. 160–161] or [31, pp. 253–254].

294 c© THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 117



This integral expression is central to the Weierstrassian approach, since its inverse is
the Weierstrass ℘-function. Furthermore, by virtue of the fact that every elliptic func-
tion is a rational function of ℘ and its derivative ℘ ′,6 it turns out that the Weierstrass
℘-function is the most crucial of all elliptic functions. Thus Weierstrass’s fundamental
elliptic integral (3) stands at the very heart of the theory of elliptic functions itself.

The above derivation of Weierstrass’s integral form for the inverse of ℘(z) is typ-
ical of the style of analysis we now associate with him: formal, rigorous, with an
overriding emphasis on power series and issues of convergence and analyticity. But it
is utterly different from anything like the kind of mathematics undertaken by Arthur
Cayley, whose approach was far more formulaic and computational. Furthermore,
Weierstrass’s theory of the ℘-function would appear to fit entirely within the realm
of complex analysis, a field that Cayley rarely entered. How then does this topic in-
tersect with Cayley’s work, and in particular, what on earth does it have to do with
invariant theory?

4. CAYLEY’S INVARIANT THEORY. The idea of invariance essentially perme-
ates the whole of mathematics. For example, by virtue of its double periodicity, any
elliptic function f (z) with linearly independent periods ω1 and ω2 is invariant under
the transformations z �→ z + ω1, z �→ z + ω2. During the 1840s and 1850s, principally
through the work of Cayley and other British mathematicians such as George Boole,
James Joseph Sylvester, and George Salmon, the study of invariant properties in al-
gebra and geometry crystalized into a major subdiscipline, known as invariant theory
(see [17], [18], [25], [34]).

Consider the general binary form

φ = a0

(
n
0

)
xn + a1

(
n
1

)
xn−1 y + a2

(
n
2

)
xn−2 y2 + · · · + an

(
n
n

)
yn

and a linear transformation T : x �→ αX + βY , y �→ γ X + δY , where 
 = αδ −
βγ �= 0 and α, β, γ, δ ∈ C.7 Suppose T maps φ to

φ′ = A0

(
n
0

)
X n + A1

(
n
1

)
X n−1Y + A2

(
n
2

)
X n−2Y 2 + · · · + An

(
n
n

)
Y n.

We say that a homogeneous polynomial K in the coefficients and variables of φ is a
covariant if, for some nonnegative integer k,

K (A0, A1, . . . , An; X, Y ) = 
k K (a0, a1, . . . , an; x, y).

A homogeneous polynomial K in just the coefficients of φ is an invariant if, for some
nonnegative integer k,

K (A0, A1, . . . , An) = 
k K (a0, a1, . . . , an).

Cayley would often write that the two expressions for K were “to a factor près” equal,8

or, in other words, identical up to a power of the determinant of the linear transforma-
tion.

6For a proof of this standard result, see, for example, [1, p. 189] or [31, pp. 254–255].
7In other words, the transformation T can be expressed as a 2 × 2 invertible matrix with complex entries,

i.e., T ∈ GL2(C).
8The phrase occurs in several of his ten Memoirs on Quantics, for example [5, p. 246], [8, p. 638], [9,

pp. 422, 423], [10, p. 435], [12, p. 62], [13, p. 291]. I am indebted to Dr. Tony Crilly for this piece of informa-
tion.
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As an example, take the general binary quadratic

φ = ax2 + 2bxy + cy2

and the linear transformation

T : x �→ αX + βY, y �→ γ X + δY

(where 
 = αδ − βγ �= 0), which maps φ to

φ′ = a(αX + βY )2 + 2b(αX + βY )(γ X + δY ) + c(γ X + δY )2

= (aα2 + 2bαγ + cγ 2)X 2 + 2(aαβ + b(αδ + βγ ) + cγ δ)XY

+ (aβ2 + 2bβδ + cδ2)Y 2

= AX 2 + 2B XY + CY 2.

Now let K be the homogeneous polynomial K (a, b, c) = ac − b2. Then, by our ex-
pressions for A, B, and C ,

AC − B2 = (αδ − βγ )2(ac − b2)

or

K (A, B, C) = 
2 K (a, b, c).

The polynomial K (A, B, C) = AC − B2 is thus “to a factor près” equal to ac − b2.
In other words, K is an invariant of the quadratic φ = ax2 + 2bxy + cy2.

Matters get considerably more complicated very quickly, however, as the degree of
the binary form increases. In the case of the binary quartic

X = ax4 + 4bx3 y + 6cx2 y2 + 4dxy3 + ey4,

the invariants are much harder to find. In 1841, Boole discovered that its discriminant,
D, is an invariant of X , and three years later was able to show that

J = ace + 2bcd − ad2 − b2e − c3

is another invariant. When, in 1845, Cayley was able to prove not only that

I = ae − 4bd + 3c2

is yet another invariant, but also that, in modern terminology, I and J form a minimum
generating set of invariants of X with respect to the group GL2(C), Boole quickly
followed this by proving (“using a brute force calculation” [26, p. 24]) that

D = I 3 − 27J 2.

This kind of dependence relationship between invariants was later called a syzygy
by Sylvester. Indeed, in addition to the terms “invariant,” “covariant,” and “syzygy,”
Sylvester further enriched the subject by his introduction of a number of terms and
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definitions, such as the Hessian,9 which for X was defined as

H =

∣∣∣∣∣∣∣∣∣

∂2 X

∂x2

∂2 X

∂x∂y

∂2 X

∂y∂x

∂2 X

∂y2

∣∣∣∣∣∣∣∣∣
= (ac − b2)x4 + 2(ad − bc)x3 y + (ae + 2bd − 3c2)x2 y2

+ 2(be − cd)xy3 + (ce − d2)y4

and the sextic covariant of X ,

� = 1

2

∣∣∣∣∣∣∣∣

∂ X

∂x

∂ X

∂y

∂ H

∂x

∂ H

∂y

∣∣∣∣∣∣∣∣
= 1

2

(
∂ X

∂x

∂ H

∂y
− ∂ H

∂x

∂ X

∂y

)
10

= (a2d − 3abc + 2b3)x6 + · · · + (−be2 + 3cde − 2d3)y6.

Cayley and Sylvester both derived a multitude of syzygies relating invariants and
covariants of various forms to each other. One particular syzygy, which was to prove
particularly useful, was given by Cayley in a paper published in Crelle’s Journal in
1855 [6, p. 190], and subsequently in his “Second Memoir upon Quantics” the follow-
ing year [7, p. 122]. It related the binary quartic X to its two invariants I and J , its
Hessian H , and its sextic covariant �:

J X 3 − I X 2 H + 4H 3 + �2 = 0. (4)

As the reader may appreciate from the individual definitions of all of these terms,
Cayley’s proof of this formula, while not particularly sophisticated, was extremely
labor-intensive, involving the symbolic manipulation of a large number of terms up to
and including the 12th degree. But while the derivation of this formula may have been
relatively uninspiring, one of its applications turned out to be very profound indeed.

5. CAYLEY’S ELLIPTIC INTEGRAL. Like his obsession with invariants, Cay-
ley’s enthusiasm for elliptic functions was lifelong. Indeed, judging from the number
of papers he published in the 1840s, it was clearly one of his prime interests at the
time and “would be a subject only second to his first love: invariant theory” [19, p. 70].
During the 1850s, however, the number of Cayley’s publications on elliptic functions
dropped significantly, although his fascination with them was not so much weakened
as diluted by the distractions of his other mathematical activities. Nevertheless, he con-
tinued to produce papers on the subject during the 1850s, 1860s, and beyond. More-
over, his new interests influenced his treatment of the subject, with subsequent papers
displaying increased attention to invariants and transformations.

One such paper was published in Crelle’s Journal in 1858 [11]. In that paper, Cayley
applied some of his recently developed invariant-theoretic techniques to analyze the

9Named after the German mathematician Otto Hesse, who in 1844 had developed this kind of functional
determinant [25, pp. 171–172].

10Note that this is just half of the Jacobian of X and H with respect to x and y. Incidentally, the word
Jacobian was another of Sylvester’s creations, named in honor of the German mathematician Carl Jacobi, who
introduced this kind of determinant in 1841 [25, pp. 194–195, n. 68].
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general elliptic integral

∫
dx√

Ax4 + Bx3 + Cx2 + Dx + E
. (5)

Taking the general binary quartic

X = ax4 + 4bx3 y + 6cx2 y2 + 4dxy3 + ey4,

along with its invariants I = ae − 4bd + 3c2 and J = ace + 2bcd − ad2 − b2e − c3,
Hessian H , and sextic covariant �, he first employed his syzygy (4) from 1855

�2 = −4H 3 + I X 2 H − J X 3.

Then, following a suggestion from his friend and fellow invariant-theorist Charles Her-
mite11 [22, pp. 359–360], he let z = −H/X and y = 1, deducing firstly that

�2 = X 3(4z3 − I z − J ), (6)

and secondly that

dz = (X ′ H − X H ′) dx

X 2
.

Now, with y constant, the sextic covariant was no longer defined in terms of partial
derivatives, but as

� = 1

2

(
d X

dx
H − X

d H

dx

)
,

which meant that

dz = 2�

X 2
dx .

Therefore, by (6),

dz = 2X 3/2
√

4z3 − I z − J

X 2
dx,

or

dx√
X

= 1

2

dz√
4z3 − I z − J

.

Finally, since y = 1,

dx√
ax4 + 4bx3 + 6cx2 + 4dx + e

= 1

2

dz√
4z3 − I z − J

.

11Incidentally, along with Sylvester, Salmon, Clebsch, and others, Hermite was one of the most enthusiastic
invariant-theorists of the time, whose passion for the subject was perhaps matched only by his love of elliptic
functions!
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In other words, Cayley had found that any elliptic integral
∫

dx√
Ax4 + Bx3 + Cx2 + Dx + E

is “to a factor près”
∫

dz√
4z3 − I z − J

. (7)

This, he later wrote, “is in fact the Weierstrassian form, the theory of which has
been of late so extensively developed”12 [15, vol. 4, p. 609]. Note that the invariants I
and J in Cayley’s elliptic expression correspond to the constants g2 and g3 in Weier-
strass’s elliptic integral (3);13 consequently, Cayley’s integral (7) is the inverse of the
Weierstrass ℘-function; finally, the fact that any elliptic integral of the form (5) may
be transformed into (7) is therefore related to the property that all elliptic functions are
expressible in terms of ℘ and ℘ ′. Thus, before Weierstrass gave his first lectures on
the subject, and employing a completely different methodology, Cayley had arrived at
Weierstrass’s fundamental elliptic integral.

6. CONCLUSION. Cayley’s proof was first published in 1858, although the paper
itself is dated “9 Avril, 1856” [11, p. 69]. Weierstrass gave his first lecture course on
elliptic functions in the summer of 1857 [20, p. 54], but this course relied much more
on the foundational work of Abel, Jacobi, and others than his subsequent treatment of
the subject. It was only “after 1857 [that] Weierstrass changed his approach to elliptic
functions by beginning with a different parameterization from the previous Jacobian
one” [24, p. 375, n. 214]. Indeed, as time went by, “Weierstrass would refer much less
to other mathematicians, as he worked out his theory of functions systematically”14

[20, pp. 54–55]. As far as can be ascertained with any certainty, Weierstrass’s first
lectures using his new approach to elliptic functions, including the ℘-function, seem
to have been given in the winter semester of the 1862–1863 academic year [4, p. 7],
[21, pp. 246–247], [23, p. 16]. Moreover, due to Weierstrass’s delay in publishing
during the time of his Berlin professorship, an edited version of his lectures on elliptic
functions did not appear until 1885 [28], more than a quarter of a century after the
appearance of Cayley’s proof in print. So why then has Cayley not received more
credit for his contribution to the creation of (what we now call) the “Weierstrass ℘-
function”? Could his 1858 paper have influenced Weierstrass in the development of
his theory?

The possibility certainly exists. After all, Cayley’s paper appeared when Weier-
strass’s interest in elliptic functions was particularly intense, and it was published in
Crelle’s Journal, a publication of which Weierstrass was an avid reader, as well as a
published author. But since Weierstrass was so slow to publish, since his work on the
℘-function was constantly being polished and updated, and since he approached the
subject from several different angles, when it finally appeared in print (see [28] and
[33, vol. 2, pp. 245–255 and vol. 5, pp. 23–31, 228–234]) it was very difficult to dis-
cern the process by which the results had been originally obtained. Indeed, “checking
was hardly possible since Weierstrass cited very few other sources and arranged his

12Cayley later included an alternative, but similar, version of the above demonstration in his Elementary
Treatise on Elliptic Functions of 1876 [14, pp. 346–347].

13This explains why, to this day, g2 and g3 are known as elliptic invariants.
14“Weierstrass se référera beaucoup moins à d’autres mathématiciens, au fur et à mesure qu’il élaborera

systématiquement sa théorie des fonctions.”
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methodical structure so that he was obliged to refer only to himself” [3, p. 222]. Thus,
there is certainly no direct evidence that Weierstrass’s creation of the ℘-function was
in any way influenced by Cayley’s paper of 1858.

Furthermore, even if it were true that Weierstrass had received some hint for the
form of his integral (3) prior to 1862, it could just as easily have come from another
source as from Cayley’s paper [11]. There is evidence that, significant though formula
(7) was, while it relied completely on Cayley’s syzygy (4), and although its first formal
derivation was certainly given by Cayley, the initial idea actually came from someone
else. A paper by Cayley’s French colleague Charles Hermite, published in Crelle’s
Journal in 1856, contains a tantalizing reference to the fact that integrals of the form
(5) may be expressed in terms of formula (7) [22, pp. 359–360], and in his paper Cay-
ley even refers to the result as “le théorème de M. Hermite”15 [11, p. 68]. However,
Hermite had given no formal proof of its derivation, and also indicated that Cayley’s
discovery of syzygy (4) predated his own [22, p. 354]. Thus it would seem that Cay-
ley’s syzygy (4) prompted Hermite’s suggestion that it could be used to simplify ellip-
tic integrals, the first published proof of which was apparently given by Cayley.

Why then has Cayley (or indeed Hermite) not received more credit for his con-
tribution to the discovery of a formula so central to the theory of the Weierstrass
℘-function? The fundamental reason is simply that, unlike Weierstrass, he made no
attempt to investigate either the characteristics of integral (7) or the consequences of
its inversion. In other words, although he was well aware that inverting elliptic inte-
grals produces elliptic functions, Cayley never looked at the properties of the inverse of
the integral itself, being content merely to show that any elliptic integral can be repre-
sented in this simplified form. To Cayley, then, the derivation of integral (7) remained
merely an interesting but isolated result. To Weierstrass, it represented a fundamental
formula upon which a whole theory could be built. That theory—the comprehensive
study of the properties of the inverse of integral (7) and the subsequent development of
the subject of elliptic functions based upon it—is due to Weierstrass (and his students),
which is one of many reasons that the Weierstrass ℘-function bears his name.

Today, although the study of invariance in mathematics is as strong as it has ever
been, for example in topology and group theory, the classical invariant theory as prac-
ticed by Cayley and his contemporaries is barely studied. The Weierstrass ℘-function
has fared better, although the subject of elliptic functions has largely been subsumed
into the more fashionable study of modular forms. Yet both of these topics abound
with subtle and complex ideas with manifold implications for other mathematical dis-
ciplines. It is through studying original work in these areas that the pleasing overlap
between the invariant theory of Cayley and the analytic function theory of Weierstrass
becomes apparent, providing us with yet another illustration of the myriad intercon-
nections and relationships which permeate the whole of mathematics.
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Mathematics Is . . .

“Mathematics is a vast adventure in ideas.”

Dirk J. Struik, A Concise History of Mathematics,
4th rev. ed., Dover Publications, 1987, p. 1.

—Submitted by Carl C. Gaither, Killeen, TX
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Transitive Decompositions of Graphs and
Their Links with Geometry and Origami

Geoffrey Pearce

1. MODULAR ORIGAMI. The traditional Japanese art of paper folding known as
origami has become a very popular recreational activity throughout the world, ap-
pealing to both children and adults. Over the last century, a number of variations and
off-shoots of the traditional art form have appeared, and one of the most interesting
of these is known as ‘modular’ origami (or sometimes ‘unit’ origami). This usually
involves building large geometric structures from several smaller, individually folded
‘modules’ which are structurally identical and fitted together without adhesive (see
[13] for some detailed examples and instructions). Such structures can be built with as
few as 6 modules, or as many as 900 (or even 1720 in a model built by the author and
a friend during their idle undergraduate years). Models created in this way are often
spectacular and decorative, especially when different colors are used for the modules.
In trying to find the most decorative ways of using different colors, one is confronted
with some interesting questions not only in aesthetics, but also in mathematics. For
instance, there are a couple of coloring conditions which usually produce spectacular
models:

(i) no two modules of the same color are joined;
(ii) the distribution of colors over the model is ‘symmetric’ or ‘regular’ in some

sense.

These conditions give rise to questions in graph theory, since it turns out that most
modular origami models have an underlying graph structure: a module can be thought
of as an edge, and a point at which two or more modules meet can be thought of as a
vertex. These underlying graphs often correspond to geometric solids, with the graph
of the dodecahedron arising especially frequently. This graph-theoretic model gives
an alternative way of understanding the above conditions: a coloring satisfying con-
dition (i) corresponds to an edge-coloring of the underlying graph, or in other words
an edge-decomposition in which each subgraph has valency 1 (this means that in each
subgraph, each vertex is incident with exactly one edge, and so the subgraph consists
of disjoint edges). The problem of satisfying condition (ii) can be solved by finding
a transitive decomposition of the underlying graph (we introduce transitive decompo-
sitions in the next section). A coloring satisfying either one of these conditions will
usually yield an attractive model; however, it is sometimes possible to find colorings
which satisfy both. This involves finding a transitive decomposition in which each
subgraph has valency 1; we call this a transitive 1-decomposition. In Section 3.1 we
construct a coloring based on such a transitive 1-decomposition.

1.1. Transitive Decompositions of Graphs. The essential idea of a transitive decom-
position of a graph has been around for a long time (since the 1970s), and has appeared
in a number of different guises (for instance, in [3, 6, 9, 10, 11, 12]); but only recently
has it been studied extensively in its own right. Any graph can be broken down into

doi:10.4169/000298910X480775
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a set of subgraphs by partitioning the edge set, and this is known as a decomposition
of the graph. This generalises the more widely known idea of a graph factorization,
which has the extra requirement that the subgraphs are spanning; that is, each vertex
of the whole graph is incident with some edge in each of the subgraphs.

During the 1970s and 1980s, considerable energy was devoted to the study of graph
factorizations in which the subgraphs are pairwise isomorphic (see [8]). A transitive
decomposition can be thought of as a ‘special case of a generalization’ of this iso-
morphic factorization idea—it is a generalization because it allows subgraphs whose
vertices do not span the whole graph, and a special case because (as we explain in a
moment) it requires that the subgraphs are isomorphic ‘with respect to the symmetry
of the graph.’

A very familiar example of a graph decomposition is an edge-coloring; that is, an
assignment of ‘colors’ to the edges of the graph so that no two edges of the same
color share a vertex (see [7, Section 5.1.5]). Edge-colorings of graphs are of interest
in modular origami, where they can be used to generate colorings of modular origami
structures (this application was brought to the attention of the author in a set of online
lecture notes by Tom Hull). In Section 3.1 we explain this application in detail, and
then take the idea a step further by showing how transitive decompositions can be used
to find highly symmetrical colorings of modular origami structures.

In Section 2 we give a formal definition of transitive decompositions and some
background to their study. In Section 3 we develop a generic construction for transitive
decompositions using imprimitive graph quotients, and we then use this construction
in Section 3.1 in our example of an application to modular origami. One of the main
reasons for the current interest in transitive decompositions is the large number of
connections they have with well-known structures in combinatorics and geometry. We
conclude the paper with a striking example of this in Section 4.

2. DEFINITION AND BACKGROUND. Formally, a transitive decomposition is a
pair (�,P) where � is a graph (with vertex set V � and edge set E�), and P is a
partition of E�, such that there is a group G of automorphisms of � (in other words,
a group of permutations of V � which leaves the edge set invariant) satisfying the
following two conditions:

(i) given any part P in P and any automorphism in G, P is mapped by the auto-
morphism either wholly to itself or wholly to a different part in P ; and

(ii) given any two parts in the partition, there exists an automorphism in G mapping
the first wholly to the second.

When this holds we call (�,P) a G-transitive decomposition. Each part P in the par-
tition corresponds to a subgraph �P whose edge set is P and whose vertex set consists
of those vertices of � incident with edges in P . Thus the first of these conditions is
equivalent to requiring that the group G preserves the set of subgraphs in the decom-
position; and the second is equivalent to requiring that G is transitive on the set of
subgraphs. (In general a group G is transitive on a set � if for all ω, ω′ ∈ �, there
is an element of G mapping ω to ω′.) Note that this second condition forces the sub-
graphs to be pairwise isomorphic, since an automorphism mapping one subgraph to
another induces an isomorphism between the two. A transitive decomposition may
also be defined more generally with P a partition of the arcs (ordered pairs of adjacent
vertices) of �. However for simplicity we will focus on the case where P is an edge
partition. Recall from the introduction that if the subgraphs �P have valency 1 then we
call (�,P) a transitive 1-decomposition.
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Within algebraic graph theory, special classes of transitive decompositions have
been studied in a number of isolated cases. Most of this research interest has focussed
on classes of isomorphic factorizations with an automorphism group acting transitively
on the subgraphs (see for example [4, 6, 9]). However, some researchers have shown
interest in the more general notion of a transitive decomposition. For example, in [12]
Thomas Sibley gives a characterization of ‘edge-colored graphs with a two-transitive
automorphism group.’ This is an alternative way of describing decompositions of com-
plete graphs whose automorphism group acts transitively on the arcs (a graph is com-
plete if every pair of vertices is an edge).

Transitive decompositions also occur disguised as other geometrical or combinato-
rial structures—such as line transitive partial linear spaces, which we explain in Sec-
tion 4.

3. USING QUOTIENTS TO CONSTRUCT TRANSITIVE DECOMPOSI-
TIONS. As is the case for many structures in mathematics, it is often possible to
construct transitive decompositions by ‘multiplying’ or ‘expanding’ known examples.
In [1], the notion of taking a ‘product’ of transitive decompositions is explored in
detail. The constructions described therein have important applications in the study of
transitive decompositions in which the group G is a primitive group of grid type with
rank 3 (see [1]—here ‘rank 3’ means that G acts transitively on the vertices, on the
arcs, and on the ‘non-arcs’ of �).

Here we consider another method for constructing transitive decompositions which
involves the graph-theoretical concept of a quotient. This generic construction will be
important when we use transitive decompositions to find a modular origami coloring
in Section 3.1.

Let � be a graph and suppose that G is a group of automorphisms of � which acts
transitively on V �. For a vertex α ∈ V � and g ∈ G we write αg to denote the image
of α under g. Suppose also that B is a partition of V � which is G-invariant (this means
that B as a set of subsets is left unchanged by each permutation in G). The group G
therefore permutes the elements of B, and we write GB for the group of permutations
of B induced by this action of G.

Let �B be the graph with vertex set B and edges {Bi , Bj } whenever there is an
edge of � between Bi and Bj ; that is, whenever there exists α ∈ Bi and β ∈ Bj with
{α, β} ∈ E�. Then �B is called the imprimitive quotient of � with respect to B. We
show now that it is sometimes possible to construct a transitive decomposition of �

given a transitive decomposition of �B.

Construction 3.1. Let � be a graph and let B be a G-invariant partition of V � such
that each Bi ∈ B consists of pairwise nonadjacent vertices of �. Suppose that (�B,Q)

is a GB-transitive decomposition. For each Q in Q define a subset PQ of E� by

PQ = {{α, β} | {Bi , Bj } ∈ Q with α ∈ Bi and β ∈ Bj and {α, β} ∈ E�}
and let P = {PQ | Q ∈ Q}.
Lemma 3.1. (�,P) is a G-transitive decomposition.

Proof. First, observe that no pair {Bi , Bj } occurs in more than one part in Q, and so
no edge of � can appear in more than one part of P . Also since Q is a partition of
E�B, and since no vertices in any Bi are adjacent in �, it follows from the definition
of the parts in P that each edge of � lies in some part in P . Thus P is a partition of
E�.

April 2010] TRANSITIVE DECOMPOSITIONS OF GRAPHS 305



Let PQ ∈ P . For any g ∈ G, the image of PQ under g is the set of all edges {α, β}
such that α ∈ Bg

i (where Bg
i denotes the image of Bi under g) and β ∈ Bg

j for some
{Bi , Bj } ∈ Q. This means that (PQ)g = PQg ; and since Q is invariant under GB, it fol-
lows that P is invariant under G. Moreover, since GB is transitive on Q, G is transitive
on P .

Constructions similar to this one have proved useful in characterising certain transi-
tive decompositions with G an imprimitive rank 3 group and � a complete multipartite
graph.

3.1. A Modular Origami Coloring Derived from a Transitive Decomposition of
the Dodecahedron. Here we give a construction which exemplifies the way in which
transitive decompositions can generate decorative modular origami colorings. We use
the graph of the dodecahedron in our example, as this arises very commonly in modular
origami. Also, our example makes detailed use of Construction 3.1.

A dodecahedron has two types of symmetries: those which can be achieved by
rotation in space, and those which involve inverting the object through itself. Let �

be the graph of the dodecahedron, and let G denote the group of automorphisms of �

corresponding to rotation symmetries of the dodecahedron. It is not hard to see that
any vertex of a dodecahedron may be moved to any other by some rotation through
space, and this means that G acts transitively on V �. Also, it can be seen intuitively
that any rotational symmetry moves any antipodal pair of vertices wholly to another
(or the same) antipodal pair. This means that if we take B to be the set of all antipodal
pairs of �, then the group G leaves B invariant as a partition of V �. Thus we may
construct the imprimitive quotient �B.

It is an interesting exercise to show that �B is isomorphic to the Petersen graph,
and furthermore that the Petersen graph admits a labelling of the vertices by unordered
pairs of elements from the set {1, 2, 3, 4, 5} such that {a, b} is adjacent to {c, d} when-
ever {a, b} ∩ {c, d} = ∅ (see Figure 1).

Figure 1. The Petersen graph with vertices labelled as described above.

This labelling gives us an easy way to construct a transitive decomposition of the
Petersen graph. We will use this together with Construction 3.1 to find a transitive
1-decomposition of the dodecahedron, and thereby find a modular origami coloring
satisfying the coloring conditions (i) and (ii) in the introduction.

306 c© THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 117



Let � denote the Petersen graph with vertices labelled as described above. It can
be shown easily that A5, the alternating group of degree 5, acts as a group of au-
tomorphisms of � by permuting the vertices according to {a, b}g = {ag, bg} for all
{a, b} ∈ V � and g ∈ A5. Indeed we may identify the action induced by G on B with
this action of A5 on V �.

For each a ∈ {1, . . . , 5}, define Qa to be the subset of E� consisting of the three
edges {{b, c}, {d, e}} such that a �∈ {b, c, d, e}, and define

Q := {Qa | a ∈ {1, . . . , 5}}.
Clearly Q is a partition of E� containing five parts; in Lemma 3.2 we give a formal
proof that Q is a transitive 1-decomposition.

Now, since two antipodal vertices of � can never be adjacent, it follows that each
subset in B consists of pairwise nonadjacent vertices. Hence, identifying � with �B
and A5 with GB, we may now apply Construction 3.1 and Lemma 3.1 to obtain a
G-transitive decomposition (�,P).

If we assign a different color to each of the parts Pa (where Pa is the part constructed
from Qa in Construction 3.1) and construct the corresponding modular origami model
according to this color scheme, we find that no two modules of the same color are
joined, and that the distribution of colors over the model is symmetrical (at least with
respect to rotations of the model—it turns out that this particular decomposition is not
preserved by inversion symmetries of the dodecahedron; however, given the difficulty
and pointlessness of trying to turn modular origami models inside-out, this seems little
cause for concern).

Unfortunately it is difficult to illustrate these five subgraphs and the corresponding
origami coloring with black-and-white images. Even so, some idea of this decomposi-
tion can be achieved with an illustration of just a single part in the decomposition (the
bold edges in Figure 2), shown together with the corresponding modules in a modular
origami model (colored black in Figure 3).

Figure 2. A single part in the transitive decomposition described above, represented by the bold edges.

Lemma 3.2. (�,P) is a G-transitive 1-decomposition.

Proof. First we prove that (�,Q) is an A5-transitive 1-decomposition. Observe that
any edge {{b, c}, {d, e}}g in (Qa)

g is such that ag �∈ {bg, cg, dg, eg}, and so (Qa)
g =

Qag , which shows that G preserves the partition Q. Given that A5 acts in this way on
Q, it follows from the transitivity of A5 on {1, . . . , 5} that A5 is also transitive on Q.
Hence (�,Q) is an A5-transitive decomposition.
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Figure 3. A modular origami model corresponding to Figure 2: the model is based on the graph of the dodec-
ahedron, and the modules corresponding to the bold edges are colored black.

Now suppose that two different edges {{b, c}, {d, e}} and {{b′, c′}, {d ′, e′}} in Qa

share a vertex. Without loss of generality we may suppose that {b, c} = {b′, c′}. Then
{d, e} �= {d ′, e′}, and since also {b, c} ∩ {d, e} = ∅ and {b, c} ∩ {d ′, e′} = ∅, it fol-
lows that {b, c, d, e, d ′, e′} contains the five distinct elements of {1, . . . , 5}. Hence
a ∈ {b, c, d, e, d ′, e′}; but this contradicts the definition of Qa , and so {{b, c}, {d, e}}
and {{b′, c′}, {d ′, e′}} cannot share a vertex. Hence each subgraph in Q has valency 1.

Since (�,P) is obtained from (�,Q) using Construction 3.1, it follows from
Lemma 3.1 that (�,P) is a G-transitive decomposition. If some part P ∈ P contained
two edges sharing a vertex, then there would be a part Q ∈ Q containing two edges
also sharing a vertex, and this is not the case; hence each subgraph in P has valency 1
and the lemma is proved.

It is interesting to note that elements g of the rotation group A5 act on parts in P by
Pg

a = P(ag) (this is a straightforward consequence of the way in which G acts on the
partition Q, shown at the beginning of the proof of Lemma 3.2), and hence that the
action of G on the set P of parts is the natural action of A5 on 5 elements.

Moreover, the stabiliser of a given part Pa is therefore isomorphic to A4. The part Pa

contains 6 disjoint edges and 12 vertices, on which A4 acts transitively. Hence, since
|A4| = 12, the group A4 acts regularly on the vertices of Pa . The action on edges is
the unique action of A4 on 6 elements; this can be visualised as the action of A4 as a
subgroup of the rotation group of the octahedron (acting on the 6 vertices).

There are several other transitive decompositions of the dodecahedron, including
another transitive 1-decomposition which uses 3 colors. The largest group preserving
this decomposition is C3, the cyclic group of order 3, which acts as a group of rotations
of the dodecahedron about a fixed axis through a pair of antipodal vertices. These are
precisely the rotations which can occur if the model is suspended from a string through
one of the antipodal vertices, and hence this is a ‘natural’ group of symmetries to be
considering for such a modular origami model.

An interesting extension of this work would be to investigate transitive decompo-
sitions (and particularly transitive 1-decompositions) of the infinite family of planar
graphs underlying the ‘buckyball’ polyhedra (that is, polyhedra consisting of hexago-
nal and pentagonal faces), as these are often used to generate larger and more elaborate
modular origami structures than those discussed here.
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4. CONNECTIONS WITH OTHER STRUCTURES. As well as the application to
modular origami, transitive decompositions have some more typical connections with
structures that traditionally lie outside of graph theory. Many of these connections do
not occur in the context of graph factorizations because they require that the vertex
sets of the subgraphs are proper subsets of the vertex set of the whole graph. As an
example, we describe below the equivalence of line-transitive partial linear spaces with
certain transitive decompositions. Although this equivalence is not especially difficult
to show, it is very illustrative of the way transitive decompositions can arise naturally
in seemingly unrelated areas of mathematics.

A partial linear space is a set of points together with a set of (at least two) lines.
Each line is a subset of points, and every pair of points lies in at most one line. We
will denote the point set by V , the line set by L, and the partial linear space itself by
the pair (V,L). A partial linear space is said to be line transitive if there is a group
of permutations of the points which preserves and transitively permutes the lines. A
small example of a partial linear space is depicted in Figure 4. Lemma 4.1 shows that
every line transitive partial linear space gives rise to a transitive decomposition of a
certain type, and conversely that every transitive decomposition of this type gives rise
to a line transitive partial linear space.

←→

Figure 4. A line transitive partial linear space (left), and the corresponding graph (right). The partial linear
space has 3 lines: a solid line, a dotted line, and a zigzag line, and these correspond respectively to the solid,
dotted, and zigzag subgraphs on the right, giving a transitive decomposition of the graph. Note that each such
subgraph in the decomposition is a complete graph with 3 vertices.

Lemma 4.1.

(i) Let (V,L) be a line transitive partial linear space, and suppose that G is a
group of permutations of V which preserves and acts transitively on L. Let �

be the graph with vertex set V and edges {α, β} whenever there exists � ∈ L
with α and β both in �. For each � ∈ L, let P� be the set of all unordered pairs of
distinct elements of �, and let P = {P� | � ∈ L}. Then (�,P) is a G-transitive
decomposition, and each �P�

is a complete subgraph of �.
(ii) Let (�,P) be a G-transitive decomposition such that for each P ∈ P , the sub-

graph �P is a complete subgraph of �. Let V = V �, and let L = {V �P |
P ∈ P}. Then (V,L) is a line transitive partial linear space.

Proof. To prove part (i), note first that since each pair of points in V lies in at most one
line in L, each edge of � lies in at most one part of P . The definition of E� implies
that

⋃
�∈L P� is the whole of E�, and so P defines a partition of E�. To see that P is

G-invariant, observe that if an element g ∈ G maps an edge in a part P� to an edge in a
part P�′ , then �g contains two points of �′. Hence �g = �′, since each pair of points lies
in at most one line, and it follows that Pg

� = P�′ ∈ P . Furthermore, G acts transitively
on P , since G acts transitively on lines. Since each part P� is the set of all pairs of
distinct elements of �, it is clear that �P�

is a complete subgraph of �.
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To prove part (ii) we note that since every edge {α, β} of � lies in exactly one part
in P , every pair of points of V lies in at most one line in L. For any g in G we have
(V �P)g = V �Pg and it follows that G preserves L. Furthermore, G acts transitively
on P and hence on L, and so (V,L) is a line transitive partial linear space.

A simple example of this equivalence is depicted in Figure 4.
Several other geometrical structures exhibit similar connections with certain fami-

lies of transitive decompositions. These include linear spaces, cyclic Hamiltonian cycle
systems [4], symmetric association schemes [2], and symmetric graph designs [5].
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6. P. J. Cameron and G. Korchmáros, One-factorizations of complete graphs with a doubly transitive auto-
morphism group, Bull. London Math. Soc. 25 (1993) 1–6. doi:10.1112/blms/25.1.1

7. J. L. Gross and J. Yellen, eds., Handbook of Graph Theory, Discrete Mathematics and its Applications,
CRC Press, Boca Raton, FL, 2004.

8. F. Harary and R. W. Robinson, Isomorphic factorizations. X. Unsolved problems, J. Graph Theory 9
(1985) 67–86. doi:10.1002/jgt.3190090105

9. C. H. Li and C. E. Praeger, Constructing homogeneous factorisations of complete graphs and digraphs,
Graphs Combin. 18 (2002) 757–761. doi:10.1007/s003730200061

10. T. K. Lim, Edge-Transitive Homogeneous Factorisations of Complete Graphs, Ph.D. dissertation, Uni-
versity of Western Australia, Perth, 2004.

11. R. W. Robinson, Isomorphic factorisations. VI. Automorphisms, in Combinatorial Mathematics, VI—
Armidale 1978, Lecture Notes in Math., vol. 748, Springer, Berlin, 1979, 127–136. doi:10.1007/
BFb0102691

12. T. Q. Sibley, On classifying finite edge colored graphs with two transitive automorphism groups, J. Com-
bin. Theory Ser. B 90 (2004) 121–138. doi:10.1016/S0095-8956(03)00079-0

13. L. Simon, B. Arnstein, and R. Gurkewitz, Modular Origami Polyhedra, Dover, Mineola, NY, 1999.

GEOFFREY PEARCE received his Ph.D. from the University of Western Australia in 2008. He has spent
his time since then travelling, doing more mathematics, playing tango and Gypsy music, and (of course) doing
more modular origami.
School of Mathematics and Statistics, University of Western Australia, 35 Stirling Highway, Crawley 6009,
Western Australia
geoffrey.pearce@graduate.uwa.edu.au

310 c© THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 117

http://www.ingentaconnect.com/content/external-references?article=0911-0119(2002)18L.757[aid=9113746]
http://dx.doi.org/10.1515/JGT
http://dx.doi.org/10.1016/S0012
http://dx.doi.org/10.1112/blms
http://dx.doi.org/10.1002/jgt
http://dx.doi.org/10.1007/s003730200061
http://dx.doi.org/10.1016/S0095


Trigonometric Identities à la Hermite

Warren P. Johnson

Methods always seemed to be born in [Hermite’s] mind in some mysterious way.
In his lectures at the Sorbonne, which we attended with unfailing enthusiasm,
he liked to begin his argument by: “Let us start from the identity . . . ” and here
he was writing a formula the accuracy of which was certain, but whose origin
in his brain and way of discovery he did not explain and we could not guess.
(Hadamard, [11, p. 109])

1. HARDY VS. EDWARDS. I have spent many pleasurable hours working problems
from Joseph Edwards’s A Treatise on the Integral Calculus [5], and other hours, but
not nearly as many nor quite as pleasurable, working problems from G. H. Hardy’s
A Course of Pure Mathematics [12]. I would surely be a better mathematician if the
opposite were true. In a famous remark quoted in the preface to the seventh edition,
Littlewood described the tone of [12] as “a missionary talking to cannibals”. Edwards
was one of the cannibals. Hardy wrote a few paragraphs [15] about [5], one of which
was:

It is difficult for a reviewer to know what to say about such a book, except that it
cannot be treated as a serious contribution to analysis. Twenty years ago it might
have been necessary to establish the point in detail; it would be waste of time
now, when the battle for accuracy has been won. There is always the danger,
though, that a student who reads a textbook may suppose that the statements
which it contains are true. We should therefore state explicitly that the “general
theorems” asserted in this book are often false, and that, even when they are true,
the arguments by which they are supported are generally invalid.

Thirty years earlier, Charlotte Angas Scott thought it necessary to establish the cor-
responding point in detail [26] for the second edition of Edwards’s An Elementary
Treatise on the Differential Calculus [4].

But no one who loved integrals as Hardy did could be completely immune to the
charms of [5]. While Littlewood, who did not love integrals, could say [2, p. 133]
“S. Loney and J. Edwards, who wrote dreadful books, were also Sidney men” and be
done with it, Hardy could not refrain from adding “One ought, of course, to judge
the book by a different standard, as a storehouse of formulæ useful for instructional
purposes. Of such there is an abundance, including a good many which are seldom
found in other books, and often entertaining or even important.” Even here one has to
be careful, as Edwards is capable of saying with a straight face (Volume 2, bottom of
p. 196) that

∫ ∞

0

tan x

x
dx = 1

2

∫ ∞

−∞

tan x

x
dx = π

2
. (1.1)

Still I love his book, and so it was that I once came to try problem 40 on page 205 of
Volume 1. One has to show that

doi:10.4169/000298910X480784
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∫ n∏
r=1

cot(θ − ar ) dθ = θ cos
nπ

2
+

n∑
r=1

Ar log sin(θ − ar ),

where

Ar = cot(ar − a1) cot(ar − a2) · · · cot(ar − an),

the factor cot(ar − ar ) being omitted. [HERMITE.]

Also omitted are +C , some absolute values, and a technicality about the ar ’s. Problem
32 on the preceding page has the cases n = 2 and n = 3. Since

∫
cot u du = log |sin u| + C,

this is fundamentally not a problem on integration at all, but rather a trigonometric
identity.

Theorem 1 (Hermite). Let a1, a2, . . . , an be complex numbers, no two of which differ
by an integer multiple of π . Set

An,k =
∏

1≤ j≤n
j �=k

cot(ak − a j ),

where A1,1, an empty product, equals 1. Then

cot(z − a1) cot(z − a2) · · · cot(z − an) = cos
nπ

2
+

n∑
k=1

An,k cot(z − ak).

I thought I understood the cotangent function pretty well, but I would never have
guessed this. I didn’t even wonder about other applications; I just assumed that an
identity so beautiful and so specifically about cotangents must be important. Is there
a similar identity for cosecants? What is cos nπ

2 doing there? Why should an identity
like this exist? Where is it in Hermite’s work, and how did he find it? Did he know any
related identities? Does anyone else know any related identities? Are there any related
identities? What follows is the story of my attempts to answer these questions—and to
decide whether they were the right ones.

My favorite mathematical biography is [22], which gives us not only a thorough
and entertaining account of Liouville’s life and times, but also deep insights into
his thought. One of Liouville’s most famous theorems—a bounded entire function
is constant—will be an important tool for us, along with partial fractions expansions.
Whether these were important tools for Hermite is less clear.

My first idea was to prove Hermite’s theorem by induction, which is not too hard.
The following lemma is helpful.

Lemma 1. If a1 and a2 are two complex numbers that do not differ by an integer
multiple of π , then

cot(z − a1) cot(z − a2) = cot(a1 − a2) cot(z − a1) + cot(a2 − a1) cot(z − a2) − 1.
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If u and v do not differ by an integer multiple of π , then

cot(u − v) = cos u cos v + sin u sin v

sin u cos v − cos u sin v
× csc u csc v

csc u csc v
= cot u cot v + 1

cot v − cot u
.

Set u = z − a1 and v = z − a2 and rearrange, and Lemma 1 follows.
For n = 1 Hermite’s theorem is trivial, and the case n = 2 is Lemma 1. Assume the

theorem holds up to n. Using Lemma 1 in the second step, we have

cot(z − a1) cot(z − a2) · · · cot(z − an) cot(z − an+1)

= cos
nπ

2
cot(z − an+1) +

n∑
k=1

An,k cot(z − ak) cot(z − an+1)

= cos
nπ

2
cot(z − an+1)

+
n∑

k=1

An,k {cot(an+1 − ak) cot(z − an+1) + cot(ak − an+1) cot(z − ak) − 1}

= cot(z − an+1)

{
cos

nπ

2
+

n∑
k=1

An,k cot(an+1 − ak)

}

+
n∑

k=1

An,k cot(ak − an+1) cot(z − ak) −
n∑

k=1

An,k .

By the induction hypothesis, the first of these three terms equals

cot(z − an+1) cot(an+1 − a1) cot(an+1 − a2) · · · cot(an+1 − an),

which is An+1,n+1 cot(z − an+1). This combines nicely with the second term, since
An,k cot(ak − an+1) = An+1,k for 1 ≤ k ≤ n, so now we have

cot(z − a1) cot(z − a2) · · · cot(z − an) cot(z − an+1)

=
n+1∑
k=1

An+1,k cot(z − ak) −
n∑

k=1

An,k . (1.2)

But the induction hypothesis also implies

n∑
k=1

An,k =
n−1∑
k=1

An,k + cot(an − a1) · · · cot(an − an−1)

=
n−1∑
k=1

An,k + cos
(n − 1)π

2
+

n−1∑
k=1

An−1,k cot(an − ak). (1.3)

If k < n then An,k = cot(ak − an) An−1,k , so the sums on the right side of (1.3) cancel,
leaving us with

n∑
k=1

An,k = cos
(n − 1)π

2
= sin

nπ

2
= − cos

(n + 1)π

2
. (1.4)

Substituting (1.4) in (1.2) we have Hermite’s theorem with n + 1 in place of n.
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2. PARTIAL FRACTIONS EXPANSIONS. Now I believed Hermite’s theorem, but
I still didn’t understand it. Before very long I realized that it might be related to the
partial fractions expansion of the cotangent. We recall some basic complex analysis:
suppose z = x + iy, where x and y are real. Then

sin z = sin(x + iy) = sin x cos iy + cos x sin iy = sin x cosh y + i cos x sinh y.

If sin z = 0, then both the real and imaginary parts of this must vanish. Since cosh y is
never zero, the real part can only vanish at a real zero of sin x . Since cos2 x + sin2 x =
1, the imaginary part can vanish at the same time only if sinh y = 0, which implies
y = 0. Hence the only zeros of sin z in the complex plane are the familiar real zeros
z = mπ , where m is any integer. Note that as y → ±∞,

|sin z| =
√

sin2 x cosh2 y + cos2 x sinh2 y =
√

sin2 x + sinh2 y → ∞,

independent of x . We will also need to know how cot z behaves when the imaginary
part of z is very large. We have

cot z = cos(x + iy)

sin(x + iy)

= cos x cosh y − i sin x sinh y

sin x cosh y + i cos x sinh y
× sin x cosh y − i cos x sinh y

sin x cosh y − i cos x sinh y

= sin x cos x − i cosh y sinh y

sin2 x cosh2 y + cos2 x sinh2 y
=

sin x cos x
sinh y cosh y − i

sin2 x coth y + cos2 x tanh y
.

As y → ±∞, the numerator tends to −i and the denominator to ±1, independent of
x . We record these limits for future use:

lim
y→±∞ csc(x + iy) = 0, lim

y→±∞ cot(x + iy) = ∓i, lim
y→±∞ tan(x + iy) = ±i. (2.1)

Two more limits we will use without further notice are

lim
z→mπ

(z − mπ) cot z = 1, lim
z→mπ

(z − mπ) csc z = (−1)m .

These suggest that cot z behaves like 1/(z − mπ) and csc z like (−1)m/(z − mπ) near
z = mπ , in the sense that the differences remain finite there. In fact they approach
zero:

lim
z→mπ

cot z − 1

z − mπ
= 0 = lim

z→mπ
csc z − (−1)m

z − mπ
. (2.2)

Thanks to Euler [7], [8, Sections 178 and 181], we know (2.2) is trying to tell us that

cot z =
∞∑

m=−∞

1

z − mπ
= 1

z
+

∞∑
m=1

2z

z2 − m2π2
(2.3)

csc z =
∞∑

m=−∞

(−1)m

z − mπ
= 1

z
+

∞∑
m=1

(−1)m 2z

z2 − m2π2
. (2.4)
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These series have all the right poles and residues, and also the correct periods. More-
over, if we rewrite (2.4) as

csc z − 1

z
= − 1

z − π
− 1

z + π
+ 1

z − 2π
+ 1

z + 2π
− 1

z − 3π
− 1

z + 3π
+ · · · ,

we see that the right side approaches zero as z → 0, because all the terms cancel in
pairs, and the same thing happens with (2.3). If we instead rewrite (2.4) as

csc z + 1

z − π
= 1

z
+ 1

z − 2π
− 1

z + π
− 1

z − 3π
+ 1

z + 2π
+ 1

z − 4π
− . . . ,

we see that the right side approaches zero as z → π . By periodicity, the sums in (2.3)
and (2.4) therefore have the correct behavior at any integer multiple of π , and one can
also check them at π

2 and π

4 . Further plausibility arguments for

sin x = x
∞∏

n=1

(
1 − x2

n2π2

)
,

of which (2.3) is the logarithmic derivative, may be found on pp. 30–34 of [24]. There
is one thing wrong: the bilateral form of (2.3) diverges, unless we stipulate that

∞∑
m=−∞

means lim
M→∞

M∑
m=−M

rather than lim
M,N→∞

N∑
m=−M

.

We will always interpret a bilateral sum in this way. Weil calls this “Eisenstein summa-
tion” in his beautiful little book [28], which begins with a brief account of Eisenstein’s
attempt [6] to base the theory of trigonometry on series like (2.3) and (2.4); see also
Chapter 11 of [25]. (Eisenstein was really looking for a new approach to elliptic func-
tions, but it is natural to try it on the trigonometric functions first.)

Liouville’s theorem [25, p. 245] may be used to make this argument rigorous. By
construction,

C(z) := cot z −
∞∑

m=−∞

1

z − mπ

has no singularity at any finite z, and the series converges for such z since we are
using Eisenstein summation. C(z) does not become infinite as the imaginary part of
z becomes infinite. Since it is periodic of period π , it does not become infinite as the
real part of z becomes infinite either. Then C(z) does not become infinite anywhere in
the complex plane; it is a bounded entire function, so Liouville’s theorem says it must
be constant. Moreover, since C(z) is an odd function of z, or since we have already
observed that C(z) → 0 as z approaches an integer multiple of π , the constant can
only be zero. (2.4) may be proved in a similar way, or by using csc z = cot z

2 − cot z
and (2.3).

If you are still wondering how anyone could believe (1.1), Edwards arrives at it by
way of (2.3):

π =
∫ π

0
tan x cot x dx
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=
∫ π

0
tan x

( ∞∑
m=−∞

1

x + mπ

)
dx

??=
∞∑

m=−∞

∫ π

0

tan x

x + mπ
dx

=
∞∑

m=−∞

∫ (m+1)π

mπ

tan u

u
du

=
∫ ∞

−∞

tan u

u
du,

where we used tan(u − mπ) = tan u on the penultimate line. In the corresponding
argument with (2.4) the third step can be justified, because we have sin x in place of
tan x , and there results ∫ ∞

0

sin x

x
dx = 1

2

∫ ∞

−∞

sin x

x
dx = π

2
. (2.5)

See two notes by Hardy [13], [14] for remarks on this and other proofs of (2.5).
We can use (2.3) and Liouville’s theorem to derive Theorem 1. Set G(z) = cot(z −

a1) cot(z − a2) · · · cot(z − an), where a1, a2, . . . , an are complex numbers, none of
which differs from another by an integer multiple of π . Then all the singularities of
G(z) are simple poles at points of the form z = ak + mπ , where 1 ≤ k ≤ n and m is
any integer. The residue of G(z) at such a pole is

lim
z→ak+mπ

(z − ak − mπ) cot(z − a1) cot(z − a2) · · · cot(z − an)

= lim
z→ak+mπ

(z − ak − mπ) cot(z − ak)
∏

1≤ j≤n
j �=k

cot(ak − a j + mπ) (2.6)

= An,k

with An,k as in Theorem 1. Hence G(z) behaves like An,k/(z − ak − mπ) near any
point of the form z = ak + mπ , in the sense that G(z) − An,k/(z − ak − mπ) has a
finite limit there. In view of (2.3), if we add up all these partial fractions we get

H(z) :=
n∑

k=1

∞∑
m=−∞

An,k

z − ak − mπ
=

n∑
k=1

An,k cot(z − ak).

Now G(z) and H(z) have the same singularities, and G(z) − H(z) approaches a finite
limit as z approaches any one of these singularities. It follows that G(z) − H(z) has
no singularities at all. Since it is periodic in the real direction and bounded in the
imaginary direction, it must be a bounded entire function, and therefore a constant by
Liouville’s theorem.

It remains to decide which constant, and here we follow Hermite. (In other respects
this is not his proof, or at least it’s not what he published. I will return to this point
presently.) We have G(z) = H(z) + C , where C is independent of z. Taking the limit
as the imaginary part of z approaches ∞, recalling (2.1), we get

(−i)n = C − i
n∑

k=1

An,k .
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If the imaginary part of z approaches −∞ we get

i n = C + i
n∑

k=1

An,k .

Adding these equations we have 2C = i n + (−i)n , which gives C = cos nπ

2 . If we
subtract instead we come back to (1.4).

Hermite published Theorem 1 in [16], and again a year later in his Cours d’Analyse
[17]. Edwards probably learned Hermite’s theorem from [17], although [16] was in an
English journal. One does not find [16] in Hermite’s Œuvres, but in its place is [18],
which is essentially the same as pp. 320–380 of [17], whereas [16] is more or less the
same as pp. 320–340. The relevant parts for us are examples 3 and 4 on pp. 172–73
of [16], pp. 330–332 of [17], and pp. 65–67 of [18]. There is a second theorem that
I will develop in the next section, but Theorem 1 is the only specific example of its
kind in any of these works, which discuss the integration of transcendental functions
in finite terms. The proof is not given in full, and I will take some liberties with it here.
It would begin with a lemma on partial fractions.

Lemma 2. Let w1, w2, . . . , wn be n distinct nonzero complex numbers, and set

Wn,k =
∏

1≤ j≤n
j �=k

wk + w j

wk − w j
.

Then
n∏

j=1

u + w j

u − w j
=

n∑
k=1

Wn,k
u + wk

u − wk
+ cos2 nπ

2
.

While this is not the usual partial fraction decomposition of the product on the left
that we teach in calculus, we can still obtain it by a standard approach. Clearly

n∏
j=1

u + w j

u − w j
= 1 + pn−1(u)

(u − w1) · · · (u − wn)
,

where pn−1(u) is a polynomial of degree n − 1 in u. (For what it’s worth,

pn−1(u) = 2
� n

2 	∑
k=0

un−2k−1e2k+1(w1, . . . , wn),

where em(w1, . . . , wn) is the elementary symmetric function of degree m in the w j ’s.)
Therefore, since the w j ’s are distinct, we may write

n∏
j=1

u + w j

u − w j
= 1 + D1

u − w1
+ D2

u − w2
+ · · · + Dn

u − wn
(2.7)

for some constants Dk . For each k, Dk is easily found by multiplying both sides of (2.7)
by u − wk and then letting u → wk , which gives Dk = 2 wk Wn,k . Hence an improved
form of (2.7) is

n∏
j=1

u + w j

u − w j
= 1 +

n∑
k=1

Wn,k
2 wk

u − wk
= 1 +

n∑
k=1

Wn,k
u + wk

u − wk
−

n∑
k=1

Wn,k . (2.8)
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If we set u = 0 in (2.8), it reduces to

(−1)n = 1 − 2
n∑

k=1

Wn,k

so that
n∑

k=1

Wn,k = 1 − (−1)n

2
= sin2 nπ

2
.

Substituting this in (2.8) we have Lemma 2, which is Hermite’s theorem in disguise.
To see this, replace u by e2i z and each wk by e2iak , and observe that

e2i z + e2iak

e2i z − e2iak
= e2i z + e2iak

e2i z − e2iak
× e−i(z+ak )

e−i(z+ak )
= ei(z−ak ) + e−i(z−ak )

ei(z−ak ) − e−i(z−ak )
= −i cot(z − ak).

With these changes (and the notation of Section 1) Wn,k becomes (−i)n An,k , and after
multiplication by i n , Lemma 2 translates into

cot(z − a1) cot(z − a2) · · · cot(z − an) = i n cos2 nπ

2
+

n∑
k=1

An,k cot(z − ak).

This is Hermite’s theorem, since

i n cos2 nπ

2
= i n 1 + (−1)n

2
= i n + (−i)n

2
= cos

nπ

2
.

But this isn’t Hermite’s proof. He would translate to rational functions only to show
that an identity of the form

cot(z − a1) cot(z − a2) · · · cot(z − an) = Cn +
n∑

j=1

Bn, j cot(z − a j ) (2.9)

must exist for some coefficients Bn, j and Cn . He would find each Bn,k by multiplying
(2.9) by z − ak and letting z → ak , using (2.6) with m = 0, and he would find Cn by
taking limits as before. His argument strikes me as a curious mixture of two different
(though analogous) proofs, and I have wanted to give both of them in detail to illustrate
this.

For the history of Liouville’s theorem see [22], especially Chapter XIII. Liouville
originally stated it for a bounded doubly periodic function, and a suggestion of Hermite
played a key role in this discovery [22, pp. 123, 535]. Hermite later found himself in
the middle of a priority debate between Liouville and Cauchy over the general version
[22, pp. 171–172]. However, I have only found Liouville’s theorem once in Hermite’s
work, in a long note on elliptic functions that he added to the sixth edition of Lacroix’s
calculus textbook. He may not have seen a need for it here, knowing that he could
work with rational functions if pressed.

3. HERMITE’S SECOND THEOREM AND RELATED RESULTS. Although
Hermite’s second theorem is already much more general than Theorem 1 (and the
treatment even more sketchy), it can be further generalized. Hermite considers a homo-
geneous polynomial of degree n − 1 in sin z and cos z, namely

F(sin z, cos z) =
n−1∑
j=0

t j (sin z) j (cos z)n−1− j (3.1)
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for some coefficients t j . We take instead a more general polynomial

F(sin z, cos z) =
∑
r,s≥0

tr,s(sin z)r (cos z)s (3.2)

for some coefficients tr,s , and we will eventually impose conditions on r and s. As be-
fore, let a1, . . . , an be complex numbers, no two of which differ by an integer multiple
of π . If we define

G(z) := F(sin z, cos z)

sin(z − a1) · · · sin(z − an)
, (3.3)

then the singularities of G(z) are (at worst) simple poles at points of the form ak + mπ ,
where 1 ≤ k ≤ n and m is any integer. If cm,k denotes the residue at z = ak + mπ , then

cm,k = lim
z→ak+mπ

(z − ak − mπ) F(sin z, cos z)

sin(z − a1) · · · sin(z − an)

=
(

lim
z→ak+mπ

z − ak − mπ

sin(z − ak)

)
F(sin(ak + mπ), cos(ak + mπ))∏

1≤ j≤n
j �=k

sin(ak − a j + mπ)
.

Since sin(θ + mπ) = (−1)m sin θ and cos(θ + mπ) = (−1)m cos θ , we have

cm,k = (−1)m F((−1)m sin ak, (−1)m cos ak)∏
1≤ j≤n

j �=k
(−1)m sin(ak − a j )

. (3.4)

With Hermite’s definition (3.1), the homogeneity of F(sin z, cos z) implies

cm,k = (−1)mn

(−1)m(n−1)

F(sin ak, cos ak)∏
1≤ j≤n

j �=k
sin(ak − a j )

= (−1)m F(sin ak, cos ak)∏
1≤ j≤n

j �=k
sin(ak − a j )

,

in which case the sum

H(z) :=
n∑

k=1

∞∑
m=−∞

cm,k

z − ak − mπ
(3.5)

would be

H(z) =
n∑

k=1

F(sin ak, cos ak)∏
1≤ j≤n

j �=k
sin(ak − a j )

∞∑
m=−∞

(−1)m

z − ak − mπ

=
n∑

k=1

F(sin ak, cos ak)∏
1≤ j≤n

j �=k
sin(ak − a j )

csc(z − ak). (3.6)

But to get this form of H(z) we only need r + s to have the same parity as n − 1
in each term of F(sin z, cos z) in (3.2); in other words, r + s ≡ n − 1 (mod 2). Note
also that, while F(sin z, cos z) could be rewritten in any number of ways by using
sin2 z + cos2 z = 1 (so again the homogeneity of F cannot be essential), the parities
of r and s would remain the same.
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If instead r + s has the same parity as n in each term of F(sin z, cos z), then (3.4)
becomes

cm,k = (−1)m(n+1)

(−1)m(n−1)

F(sin ak, cos ak)∏
1≤ j≤n

j �=k
sin(ak − a j )

= F(sin ak, cos ak)∏
1≤ j≤n

j �=k
sin(ak − a j )

,

and (3.5) becomes

H(z) =
n∑

k=1

F(sin ak, cos ak)∏
1≤ j≤n

j �=k
sin(ak − a j )

∞∑
m=−∞

1

z − ak − mπ

=
n∑

k=1

F(sin ak, cos ak)∏
1≤ j≤n

j �=k
sin(ak − a j )

cot(z − ak).

To be able to apply Liouville’s theorem we need G(z) − H(z) to be bounded, so let
us also assume for now that r + s < n. Expanding r + s of the denominator factors by
the addition formula for sine, and dividing all the numerator factors into them, we see
that each term of G(z) has the form

tr,s[(
r factors like cos a j − cot z sin a j

) (
s factors like tan z cos a j − sin a j

)
× (

at least one factor like sin(z − a j )
)

] .

The last denominator factor becomes infinite with the imaginary part of z by (2.1),
which also assures us that the other factors do not approach zero. We have laid the
foundation for the next two theorems.

Theorem 2. Let a1, . . . , an be complex numbers, no two of which differ by an integer
multiple of π , and let F(sin z, cos z) be a polynomial in sin z and cos z such that, if r
is the exponent of sin z and s the exponent of cos z in any term of F(sin z, cos z), then
n − r − s is odd and positive. Then

F(sin z, cos z)

sin(z − a1) · · · sin(z − an)
=

n∑
k=1

F(sin ak, cos ak)∏
1≤ j≤n

j �=k
sin(ak − a j )

csc(z − ak).

The left side of Theorem 2 is G(z) from (3.3), the right side is H(z) from (3.6), and
by construction they have the same poles and residues. Both sides have period 2π in the
real direction, and both sides approach zero as the imaginary part of z becomes infinite.
The difference G(z) − H(z) is therefore a bounded entire function that approaches
zero, so Liouville’s theorem implies that G(z) = H(z). The case where n − r − s is
even is only a little harder.

Theorem 3. Let a1, . . . , an be complex numbers, no two of which differ by an integer
multiple of π , and let F(sin z, cos z) be a polynomial in sin z and cos z such that, if r
is the exponent of sin z and s the exponent of cos z in any term of F(sin z, cos z), then
n − r − s is even and positive. Then

F(sin z, cos z)

sin(z − a1) · · · sin(z − an)
=

n∑
k=1

F(sin ak, cos ak)∏
1≤ j≤n

j �=k
sin(ak − a j )

cot(z − ak).
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Again both sides of Theorem 3 have the same poles and residues, are periodic in
the real direction, and are bounded in the imaginary direction. The difference between
them is therefore a bounded entire function, and hence a constant C , so we have The-
orem 3 except possibly for an additive constant. If z = x + iy and y → ∞ then (2.1)
implies that

0 = C − i
n∑

k=1

F(sin ak , cos ak)∏
1≤ j≤n

j �=k
sin(ak − a j )

,

while if y → −∞ then (2.1) gives

0 = C + i
n∑

k=1

F(sin ak, cos ak)∏
1≤ j≤n

j �=k
sin(ak − a j )

.

Adding these we get C = 0, and thus Theorem 3.
We may take F(sin z, cos z) ≡ 1 in Theorems 2 and 3 (according to whether n

is even or odd) to derive a companion of Theorem 1 for cosecants. An extension to
cotangents and cosecants comes from setting

F(sin z, cos z) = cos(z − a1) · · · cos(z − a j )

for a generic j < n. We do not recover Theorem 1 if j = n, because then r + s = n,
but the argument still works in this case. If F(sin z, cos z) is a homogeneous polyno-
mial of degree n in sin z and cos z, then H(z) is again a cotangent series, and although
G(z) no longer approaches zero as the imaginary part of z becomes infinite, it still
remains bounded. For future reference, it is convenient to state part of the calculation
as a lemma.

Lemma 3. If

A(sin z, cos z) = sin(z − a1) · · · sin(z − an) =
n∏

j=1

(sin z cos a j − cos z sin a j ),

then A(1, ±i) = e∓i(a1+···+an).

If we replace sin z by 1 and cos z by ±i , then sin z cos a j − cos z sin a j becomes
cos a j ∓ i sin a j = e∓ia j , and Lemma 3 follows.

When F(sin z, cos z) is a homogeneous polynomial of degree n in sin z and cos z
we can rewrite (3.3) as

G(z) = (sin z)n F(1, cot z)∏n
j=1(sin z cos a j − cos z sin a j )

= F(1, cot z)

A(1, cot z)
,

where A(u, v) is defined in Lemma 3. By (2.1) and Lemma 3, this is bounded as the
imaginary part of z becomes infinite, and it is also bounded in the real direction by
periodicity. As in the proof of Theorem 3, then, we must have

F(sin z, cos z)

sin(z − a1) · · · sin(z − an)
=

n∑
k=1

F(sin ak, cos ak)∏
1≤ j≤n

j �=k
sin(ak − a j )

cot(z − ak) + C,

because the difference between the left and right sides is a bounded entire function.
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Letting z = x + iy and y → ∞ we get

F(1, −i)e−i(a1+···+an) = −i
n∑

k=1

F(sin ak, cos ak)∏
1≤ j≤n

j �=k
sin(ak − a j )

+ C, (3.7)

while if y → −∞ we have

F(1, i)ei(a1+···+an) = i
n∑

k=1

F(sin ak, cos ak)∏
1≤ j≤n

j �=k
sin(ak − a j )

+ C. (3.8)

From (3.7) and (3.8) we may determine C , or eliminate it.

Theorem 4. If a1, . . . , an are complex numbers, no two of which differ by an integer
multiple of π , and if F(sin z, cos z) is a homogeneous polynomial of degree n in sin z
and cos z, then

F(sin z, cos z)

sin(z − a1) · · · sin(z − an)
=

n∑
k=1

F(sin ak, cos ak)∏
1≤ j≤n

j �=k
sin(ak − a j )

cot(z − ak) (3.9)

+ F(1, i) ei(a1+···+an) + F(1, −i) e−i(a1+···+an)

2

and

F(1, i) ei(a1+···+an) − F(1, −i) e−i(a1+···+an)

2i
=

n∑
k=1

F(sin ak, cos ak)∏
1≤ j≤n

j �=k
sin(ak − a j )

. (3.10)

Any F(sin z, cos z) of the form (3.2) with r + s ≤ n could now be treated by
combining (3.9) with Theorems 2 and 3. Theorem 1 follows from (3.9) by setting
F(sin z, cos z) = cos(z − a1) · · · cos(z − an), but it is more interesting to take

F(sin z, cos z) = sin(z − b1) · · · sin(z − bn) (3.11)

there and use Lemma 3.

Theorem 5. If a1, . . . , an are complex numbers, no two of which differ by an integer
multiple of π , and if b1, . . . , bn are complex numbers, then

sin(z − b1) · · · sin(z − bn)

sin(z − a1) · · · sin(z − an)
= cos (a1 + · · · + an − b1 − · · · − bn) (A)

+
n∑

k=1

∏n
j=1 sin(ak − b j )∏

1≤ j≤n
j �=k

sin(ak − a j )
cot(z − ak)

and

cos(z − b1) · · · cos(z − bn)

cos(z − a1) · · · cos(z − an)
= cos(a1 + · · · + an − b1 − · · · − bn) (B)

−
n∑

k=1

∏n
j=1 sin(ak − b j )∏

1≤ j≤n
j �=k

sin(ak − a j )
tan(z − ak).
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(B) follows from (A) by replacing a j by a j + π

2 and b j by b j + π

2 for each j ,
1 ≤ j ≤ n. (A) reduces to Theorem 1 if b j = a j − π

2 for each j . We can get two more
identities by combining (A) and (B).

Theorem 6. If a1, . . . , an are complex numbers, no two of which differ by an integer
multiple of π , and if b1, . . . , bn are complex numbers, then

1

2

(
sin(z − b1) · · · sin(z − bn)

sin(z − a1) · · · sin(z − an)
− cos(z − b1) · · · cos(z − bn)

cos(z − a1) · · · cos(z − an)

)

=
n∑

k=1

∏n
j=1 sin(ak − b j )∏

1≤ j≤n
j �=k

sin(ak − a j )
csc(2z − 2ak)

and

1

2

(
sin(z − b1) · · · sin(z − bn)

sin(z − a1) · · · sin(z − an)
+ cos(z − b1) · · · cos(z − bn)

cos(z − a1) · · · cos(z − an)

)

= cos (a1 + · · · + an − b1 − · · · − bn) +
n∑

k=1

∏n
j=1 sin(ak − b j )∏

1≤ j≤n
j �=k

sin(ak − a j )
cot(2z − 2ak).

Theorem 6 remains valid if we replace each trigonometric function by its hyperbolic
counterpart, as does (A) in Theorem 5, while the sign of the sum changes in (B). To see
this, change z to i z, every a j to ia j , and every b j to ib j , and then use sin iw = i sinh w

and cos iw = cosh w.
In view of the quotation we started with (which comes from Hadamard’s fascinat-

ing book [11]), it is probably foolish of me to speculate on how Hermite discovered
Theorem 1 and the n − r − s = 1 case of Theorem 2, but I will hazard a few remarks
anyway. While I can just barely imagine someone finding Theorem 1 a different way
(by trying to extend Lemma 1, for example), Theorem 2 seems inconceivable to me
other than by poles and residues. But Hermite loved interpolation formulas, and he
recast Theorem 2 as one.

Theorem 2I. Let a1, . . . , an be complex numbers, no two of which differ by an integer
multiple of π , and let F(sin z, cos z) be a polynomial in sin z and cos z such that, if r
is the exponent of sin z and s the exponent of cos z in a term of F(sin z, cos z), then
n − r − s is odd and positive. Then

F(sin z, cos z) =
n∑

k=1

F(sin ak, cos ak)
∏

1≤ j≤n
j �=k

sin(z − a j )

sin(ak − a j )
.

Could Hermite have conjectured this and constructed Theorem 2 to prove it? I still
think ours is the more likely path. I suspect that the translation to rational functions
in his proof of Theorem 1 had two motives: to show why there might be an additive
constant, and to avoid having to use (2.3) with his students. (However, (2.3) can be
found in the introduction of [17], on pp. 42–43.) He never wrote down a translation
of Theorem 2, but he didn’t need to: he would have seen at a glance that on the left
side the degree of the denominator would exceed that of the numerator, so both sides
would vanish at infinity and there could not be an additive constant.
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4. HERMITE, GLAISHER, AND VAN DEN BERG One of my questions still re-
mains: Does anybody else know identities like these? Theorem 1 is one of the miscel-
laneous examples at the end of Hobson’s trigonometry book [20, p. 378], but I don’t
know any other sources for it. (Although I wouldn’t say Loney’s Plane Trigonometry
[21] is dreadful, I didn’t find it there.) Hermite returned to this subject only once, in
the very short note [19], which begins with an identity that he attributed to Glaisher:

sin(a − f ) sin(a − g) sin(a − h)

sin(a − b) sin(a − c)
+ sin(b − f ) sin(b − g) sin(b − h)

sin(b − a) sin(b − c)
(4.1)

+ sin(c − f ) sin(c − g) sin(c − h)

sin(c − a) sin(c − b)
+ sin( f − a) sin( f − b) sin( f − c)

sin( f − g) sin( f − h)

+ sin(g − a) sin(g − b) sin(g − c)

sin(g − f ) sin(g − h)
+ sin(h − a) sin(h − b) sin(h − c)

sin(h − f ) sin(h − g)
= 0.

This follows (he said, still quoting Glaisher) since the first three terms add up to
sin(a + b + c − f − g − h), and the last three to sin( f + g + h − a − b − c). He
noted that Glaisher made these assertions sans démonstration at a conference in Reims
in 1880. The remaining content of [19] is, in effect, the observation that taking (3.11)
with Lemma 3 in (3.10) one finds

n∑
k=1

∏n
j=1 sin(ak − b j )∏

1≤ j≤n
j �=k

sin(ak − a j )
= sin(a1 + · · · + an − b1 − · · · − bn), (4.2)

and the generalization of (4.1) to

n∑
k=1

∏n
j=1 sin(ak − b j )∏

1≤ j≤n
j �=k

sin(ak − a j )
+

n∑
k=1

∏n
j=1 sin(bk − a j )∏

1≤ j≤n
j �=k

sin(bk − b j )
= 0 (4.3)

is immediate. (Note that (4.2) reduces to (1.4) if b j = a j − π

2 for each j , 1 ≤ j ≤ n.)
Knowing this, it is hard to see how Hermite could have missed (3.9) and Theorem 5.
Evidently he never gave this subject his complete attention.

Glaisher was editing The Messenger of Mathematics and The Quarterly Journal of
Pure and Applied Mathematics by this time. He seems never to have published (4.1),
which is surprising at first sight, as it would have been a good fit in the Messenger—
he often published trigonometric identities there in this period, for example [9] and
[10]—but it is not hard to guess the reason why. In 1876 he published a note [3]
by Cayley there that makes [19] look like Anna Karenina. We quote [3] in full: “If
A + B + C + F + G + H = 0, then∣∣∣∣∣∣

sin(A + F) sin(B + F) sin(C + F) cos F sin F
sin(A + G) sin(B + G) sin(C + G) cos G sin G
sin(A + H) sin(B + H) sin(C + H) cos H sin H

∣∣∣∣∣∣ = 0.”

(Cayley wrote sin A + F in place of sin(A + F).) Expanding on the first column, it is
easy to see that this determinant is

sin(A + F) sin(B + F) sin(C + F) sin(H − G)

+ sin(A + G) sin(B + G) sin(C + G) sin(F − H)

+ sin(A + H) sin(B + H) sin(C + H) sin(G − F).
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Cayley’s claim is not yet apparent, but several years later R. F. Scott ([27]; see also [23,
p. 167]), in the same volume of the Messenger as [9], evaluated Cayley’s determinant
by replacing all the sines and cosines by combinations of complex exponentials, and
obtained

sin(G − H) sin(H − F) sin(F − G) sin(A + B + C + F + G + H)

(where the G in the first factor was misprinted as C). Replacing F, G, H, A, B, C by
a, b, c, − f, −g, −h respectively and comparing the two evaluations, we get

sin(a + b + c − f − g − h) = sin(a − f ) sin(a − g) sin(a − h)

sin(a − b) sin(a − c)

+ sin(b − f ) sin(b − g) sin(b − h)

sin(b − a) sin(b − c)

+ sin(c − f ) sin(c − g) sin(c − h)

sin(c − a) sin(c − b)
,

the n = 3 case of (4.2).
But (4.2) was already in the literature at full strength by the time of the Reims

conference, and indeed not long after [27], in a paper by F. J. van den Berg [1] (identity
(4′) on p. 350; see also [24, p. 174]). Like Scott, van den Berg was primarily interested
in determinants in [1], and he also gave a determinantal form of (4.2). A projective
version of the Vandermonde determinant is∣∣∣∣∣∣∣∣∣∣∣

un−1
1 un−2

1 v1 · · · u1v
n−2
1 vn−1

1

un−1
2 un−2

2 v2 · · · u2v
n−2
2 vn−1

2

un−1
3 un−2

3 v3 · · · u3v
n−2
3 vn−1

3
...

...
. . .

...
...

un−1
n un−2

n vn · · · unv
n−2
n vn−1

n

∣∣∣∣∣∣∣∣∣∣∣
=

∏
1≤i< j≤n

(uiv j − u jvi ).

This is easy to derive from the ordinary Vandermonde determinant, in which ui = 1
for every i , and it is admirably suited to a trigonometric change of variables: if we set
ui = sin ai and vi = cos ai for each i we obtain

∣∣∣∣∣∣∣∣∣∣∣

sinn−1 a1 sinn−2 a1 cos a1 · · · sin a1 cosn−2 a1 cosn−1 a1

sinn−1 a2 sinn−2 a2 cos a2 · · · sin a2 cosn−2 a2 cosn−1 a2

sinn−1 a3 sinn−2 a3 cos a3 · · · sin a3 cosn−2 a3 cosn−1 a3
...

...
. . .

...
...

sinn−1 an sinn−2 an cos an · · · sin an cosn−2 an cosn−1 an

∣∣∣∣∣∣∣∣∣∣∣
(4.4)

=
∏

1≤i< j≤n

sin
(
ai − a j

)
,

which was also first given by van den Berg [1, p. 351]. Denoting the right side of (4.4)
by A, it is not difficult to see that

1

A

∣∣∣∣∣∣∣∣∣

sin(a1 − b1) · · · sin(a1 − bn) sinn−2 a1 sinn−3 a1 cos a1 · · · cosn−2 a1

sin(a2 − b1) · · · sin(a2 − bn) sinn−2 a2 sinn−3 a2 cos a2 · · · cosn−2 a2
...

...
...

. . .
...

sin(an − b1) · · · sin(an − bn) sinn−2 an sinn−3 an cos an · · · cosn−2 an

∣∣∣∣∣∣∣∣∣
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equals the left side of (4.2), by expanding on the first column and using (4.4). Hence

∣∣∣∣∣∣∣∣∣

sin(a1 − b1) · · · sin(a1 − bn) sinn−2 a1 sinn−3 a1 cos a1 · · · cosn−2 a1

sin(a2 − b1) · · · sin(a2 − bn) sinn−2 a2 sinn−3 a2 cos a2 · · · cosn−2 a2
...

...
...

. . .
...

sin(an − b1) · · · sin(an − bn) sinn−2 an sinn−3 an cos an · · · cosn−2 an

∣∣∣∣∣∣∣∣∣
= sin(a1 + · · · + an − b1 − · · · − bn)

∏
1≤i< j≤n

sin(ai − a j ). (4.5)

This remains true if the sines and cosines are made hyperbolic. I find (4.5) much pret-
tier than (4.2), although I am less enamored of van den Berg’s proof. Scott’s theorem is
equivalent to the case n = 3, but there is no indication that van den Berg had read [27].
If we denote by B the expressions in (4.4) with every ai replaced by the corresponding
bi , then a determinantal form of the Hermite-Glaisher identity (4.3) is

0 = A

∣∣∣∣∣∣∣∣∣

sin(b1 − a1) · · · sin(b1 − an) sinn−2 b1 sinn−3 b1 cos b1 · · · cosn−2 b1

sin(b2 − a1) · · · sin(b2 − an) sinn−2 b2 sinn−3 b2 cos b2 · · · cosn−2 b2
...

...
...

. . .
...

sin(bn − a1) · · · sin(bn − an) sinn−2 bn sinn−3 bn cos bn · · · cosn−2 bn

∣∣∣∣∣∣∣∣∣

+ B

∣∣∣∣∣∣∣∣∣

sin(a1 − b1) · · · sin(a1 − bn) sinn−2 a1 sinn−3 a1 cos a1 · · · cosn−2 a1

sin(a2 − b1) · · · sin(a2 − bn) sinn−2 a2 sinn−3 a2 cos a2 · · · cosn−2 a2
...

...
...

. . .
...

sin(an − b1) · · · sin(an − bn) sinn−2 an sinn−3 an cos an · · · cosn−2 an

∣∣∣∣∣∣∣∣∣
I have come to the end of my story, and I have to admit that its premise—Theorem 1

is important—remains undemonstrated. I hope there is an interesting application that
I have yet to discover.

ACKNOWLEDGMENTS. This paper has gone a long way beyond my original conception, thanks in large
part to stimulating comments and helpful suggestions of two referees.
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Quasi-Cauchy Sequences

David Burton and John Coleman

Beginning students often misunderstand the definition of Cauchy sequences when they
first encounter it in an introductory real analysis course. In particular, many students
fail to understand that it involves far more than that the distance between successive
terms is tending to zero. Nevertheless, sequences which satisfy this weaker property
are interesting in their own right. We call them quasi-Cauchy.

1. ON THE REAL LINE. In this section we investigate quasi-Cauchy sequences in
R, the real number system. For the record:

Definition 1. Suppose that 〈xn〉 (n = 1, 2, 3, . . .) is a sequence of real numbers.

1. 〈xn〉 is Cauchy if given any ε > 0 there exists an integer K > 0 such that m, n ≥
K implies |xm − xn| < ε.

2. 〈xn〉 is quasi-Cauchy if given any ε > 0 there exists an integer K > 0 such that
n ≥ K implies |xn+1 − xn| < ε.

Trivially, Cauchy sequences are quasi-Cauchy. The converse is easily seen to be
false. The most quotable (though not the simplest) counterexample is provided by the
sequence of partial sums of the harmonic series.

Cauchy sequences have the property that any subsequence of a Cauchy sequence
is Cauchy. The analogous property fails for quasi-Cauchy sequences. In fact, it is pre-
cisely the Cauchy sequences which have the property that all of their subsequences
are quasi-Cauchy. The subsequences of a quasi-Cauchy sequence can be somewhat
arbitrary, as the following lemma illustrates.

Lemma 1. Suppose that I is an interval and 〈a1, b1〉, 〈a2, b2〉, . . . is a sequence of
ordered pairs in I with limi→∞ |ai − bi | = 0. Then there exists a quasi-Cauchy se-
quence 〈xi 〉 with the property that for any integer i ≥ 1 there exists a j ≥ 1 such that
〈ai , bi 〉 = 〈x j , x j+1〉.
Proof. For every k ≥ 1, fix yk

0 , yk
1 , . . . , yk

nk
in I with yk

0 = bk , yk
nk

= ak+1, and
|yk

i − yk
i−1| < 1

k for 1 ≤ i ≤ nk . Then the sequence

a1, b1, y1
0 , y1

1 , . . . , y1
n1

, a2, b2, y2
0 , y2

1 , . . . , y2
n2

, a3, b3, . . .

clearly has the desired property.

There are interesting connections between uniformly continuous functions and
quasi-Cauchy sequences. It is easy to see that if I is a closed interval then a function
f is continuous on I if and only if it is defined on I and preserves Cauchy sequences
from I (〈xn〉 Cauchy with {xn} ⊂ I implies 〈 f (xn)〉 Cauchy). Somewhat similarly:

Theorem 1. Suppose that I is any interval. Then a real-valued function is uniformly
continuous on I if and only if it is defined on I and preserves quasi-Cauchy sequences
from I .

doi:10.4169/000298910X480793
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Proof. It is an easy exercise to check that uniformly continuous functions preserve
quasi-Cauchy sequences. Conversely, suppose that f defined on I is not uniformly
continuous. Then there exists an ε > 0 such that for any δ > 0 there exist a, b ∈ I
with |a − b| < δ but | f (a) − f (b)| ≥ ε. For every integer n ≥ 1 fix an, bn ∈ I with
|an − bn| < 1/n and | f (an) − f (bn)| ≥ ε. By the lemma, there exists a quasi-Cauchy
sequence 〈xi 〉 such that for any integer i ≥ 1 there exists a j with ai = x j and bi =
x j+1. This implies that | f (x j ) − f (x j+1)| ≥ ε; hence 〈 f (xi )〉 is not quasi-Cauchy.
Thus f does not preserve quasi-Cauchy sequences.

The preceding theorem can be strengthened in the special case that I is bounded:

Theorem 2. Suppose that f is a function defined on a bounded interval I . Then f is
uniformly continuous on I if and only if the image under f of any Cauchy sequence in
I is quasi-Cauchy.

Proof. By Theorem 1, if f is uniformly continuous on I then the image of any
quasi-Cauchy sequence in I is quasi-Cauchy, and hence in particular the image of
any Cauchy sequence is quasi-Cauchy. For the converse, suppose that the image of
every Cauchy sequence is quasi-Cauchy but that f fails to be uniformly continu-
ous. Then there is an ε > 0 such that for any δ > 0 there exist points x, y ∈ I with
|x − y| < δ but | f (x) − f (y)| ≥ ε. For each n ≥ 1, fix xn, yn ∈ I with |xn − yn| < 1

n
but | f (xn) − f (yn)| ≥ ε. Since I is bounded, 〈xn〉 has a convergent subsequence by
the Bolzano-Weierstrass theorem. Thus by passing to a subsequence if necessary, we
can without loss of generality assume that 〈xn〉 converges. Then x1, y1, x2, y2, x3, y3 . . .

is also convergent, hence Cauchy, but the image sequence f (x1), f (y1), f (x2), f (y2),

f (x3), f (y3), . . . fails to be quasi-Cauchy, a contradiction.

2. IN GENERAL METRIC SPACES.

Definition 2. Suppose that X is a set and d : X 2 → [0, ∞] is a function.

1. d is called a pseudometric if it satisfies d(x, x) = 0, d(x, y) = d(y, x), and
d(x, y) ≤ d(x, z) + d(z, y) for all x, y, z ∈ X .

2. d is called a metric if it also satisfies d(x, y) < ∞ and d(x, y) = 0 ⇒ x = y
for all x, y ∈ X .

The notion of quasi-Cauchy makes perfect sense in any metric space (X, d) (af-
ter the purely typographical substitution of d(x, y) for |x − y|). The main difference
is that, for some important metric spaces, the distinction between quasi-Cauchy and
Cauchy vanishes. Let us coin a term for this phenomenon:

Definition 3. A metric space (X, d) is called nonincremental if every quasi-Cauchy
sequence in X is Cauchy. In this case d itself is called a nonicremental metric.

The intuition is that in a nonincremental space you can’t travel far via the arbitrarily
small increments between successive terms in a quasi-Cauchy sequence. Nonincre-
mental spaces exist: take the set of integers along with the Euclidean metric. Are there
any interesting examples? Yes: in [2] they are shown to arise naturally in certain classes
of topological algebras. Furthermore, they arise in the theory of ultrametric spaces:
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Definition 4. An ultrametric space is a metric space (X, d) which satisfies the follow-
ing strengthening of the triangle inequality (called the ultrametric inequality):

d(x, y) ≤ sup{d(x, z), d(z, y)} for all x, y, z ∈ X.

Ultrametric spaces are also called non-Archimedean spaces or isosceles spaces. The
latter is because they have the interesting property that in them all triangles are isosce-
les. They arise naturally in the study of p-adic numbers and in other areas of analysis
(e.g., [1]). More recently, they have found applications in theoretical computer science
(e.g., [5]) and other areas. The following theorem is part of the folklore:

Theorem 3. Ultrametric spaces are nonincremental.

Proof. Suppose that (X, d) is an ultrametric space. Suppose that 〈xn〉 is a quasi-
Cauchy sequence in X . Suppose ε > 0 is given. Fix K > 0 such that n ≥ K implies
d(xn, xn+1) < ε. Suppose that m, n ≥ K with m ≤ n. Then repeated application of
the ultrametric inequality yields

d(xm, xn) ≤ sup{d(xm, xm+1), d(xm+1, xm+2), . . . , d(xn−1, xn)}
< sup{ε, ε, . . . , ε} = ε.

Thus, 〈xn〉 is Cauchy as well.

The idea behind the proof is that for ultrametric spaces the relation between points
of being within ε of each other is a transitive relation. Thus for any ε > 0 the collection
of ε-balls forms a partition of the space.

A natural question is if the converse of this last theorem is true. The answer is no.
For a simple example, let X be a three-element set consisting of the vertices of any
nonisosceles triangle, and let d be the distance between the vertices. Then (X, d) is
not an ultrametric space, but it is nonincremental since any quasi-Cauchy sequence is
eventually constant and hence Cauchy as well. There is an interesting partial converse,
involving notions of metric equivalence.

Definition 5. Suppose that (X1, d1) and (X2, d2) are pseudometric spaces. We say that
they are

1. topologically equivalent if there exists a homeomorphism h : X1 → X2;
2. uniformly equivalent if there exists a bijection h : X1 → X2 such that both h and

h−1 are uniformly continuous with respect to the given pseudometrics. Such an
h is called a uniform equivalence.

In the special case that X1 = X2 = X (so that d1 and d2 are pseudometrics on the
same space) we will simply say that d1 and d2 are topologically or uniformly equivalent
if the identity mapping is either a homeomorphism or a uniform equivalence. Note
that all 3-element metric spaces (including equilateral ones) are uniformly equivalent
to each other. Thus the property of being an ultrametric space is not preserved by
uniform equivalence. On the other hand, it is easy to see that the property of being
nonincremental is preserved by uniform equivalence.

There is a partial converse to the previous theorem:

Theorem 4. Suppose that (X, d) is a nonincremental space. Then it is topologically
equivalent to an ultrametric space.
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Proof. If x, y ∈ X , say that x and y are ε-connected if there exist points x0, x1, . . . , xn

with x0 = x , xn = y, and d(xi , xi+1) < ε for i < n. Such a sequence of points is called
an ε-chain connecting x and y. For x, y ∈ X let

d∗(x, y) = inf{ε | x and y are ε-connected}.
Note that d∗(x, y) < ε implies that x and y are ε-connected (with respect to d). It
is easy to check that d∗(x, y) ≥ 0, d∗(x, y) = d∗(y, x), and d∗(x, y) ≤ sup{d∗(x, z),
d∗(z, y)} for all x, y, z ∈ X . This last inequality follows from the observation that
the relation of being ε-connected is transitive. Thus d∗ is an ultra-pseudometric (a
pseudometric which satisfies the ultrametric inequality). We claim that d∗ and d are
equivalent. Note that establishing this claim automatically yields that d∗ is in fact a
metric since any pseudometric equivalent to a metric is itself a metric.

Let Bd(x, ε) = {y | d(x, y) < ε}, the ε-ball with respect to d centered at x . Define
Bd∗(x, ε) in the analogous way. Note that d∗(x, y) ≤ d(x, y) for all x, y. This implies
that for any x ∈ X and any ε > 0,

Bd(x, ε) ⊆ Bd∗(x, ε).

Thus the d topology is finer than the d∗ topology. On the other hand, suppose x ∈ X
and ε > 0. We need to show that there exists a δ > 0 with Bd∗(x, δ) ⊆ Bd(x, ε).
Suppose no such δ exists. Then for every integer n ≥ 1 we can find a point an ∈
Bd∗(x, 1/n) with an �∈ Bd(x, ε). Since d∗(x, an) < 1/n we can fix a (1/n)-chain
x0, x1, . . . xk connecting x to an . Thus x0 = x , xk = an , and d(xi , xi+1) < 1/n for
i < k. Call

x0, x1, . . . , xk−1, xk, xk−1, . . . , x1, x0

the (1/n)-circuit. It leads from x to a point outside of Bd(x, ε) and then back again
with steps of length < 1/n. Now define a sequence 〈yi 〉 by starting with the 1-circuit,
following it by the (1/2)-circuit, then the (1/3)-circuit, etc. Since the circuits begin
and end at x , d(yi , yi+1) = 0 if yi and yi+1 straddle the boundary between successive
circuits. On the other hand, if yi and yi+1 are both inside a circuit (say the (1/n)-
circuit) then d(yi , yi+1) < 1/n. Note that n → ∞ as i → ∞. Thus 〈yi 〉 is a quasi-
Cauchy sequence in (X, d). It is not Cauchy since for any K > 0 you can find i, j ≥
K with d(yi , y j ) ≥ ε: pick i ≥ K so that yi = x is the start of a circuit and pick
j > i so that y j is the midpoint of that circuit. This contradicts the fact that (X, d) is
nonincremental, so the required δ must exist after all.

At this stage we know that if (X, d) is a metric space then d uniformly equivalent to
an ultrametric implies that d is nonincremental which in turn implies that d is equiva-
lent to an ultrametric. It is natural to ask if either of these implications can be reversed.
We will give two examples to show that they can’t.

For the first example, note that any discrete metric space is equivalent to an ultramet-
ric space: if (X, d) is discrete (for any point x there is an ε > 0 with Bd(x, ε) = {x})
then d∗ given by x �= y implies d∗(x, y) = 1 is an equivalent ultrametric on X . If we
let X be the set of partial sums of the harmonic series with d the induced Euclidean
metric on X , then X is clearly discrete but fails to be nonincremental. Thus being
equivalent to an ultrametric does not imply being nonincremental.

The second example is more involved. Suppose that (X, d) is uniformly equiva-
lent to an ultrametric space. Then there exists an ultrametric d∗ on X with d and d∗
uniformly equivalent. Suppose that ε > 0 is given. Then there exists γ > 0 such that
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d∗(x, y) < γ implies d(x, y) < ε. Similarly we can find δ > 0 such that d(x, y) < δ

implies d∗(x, y) < γ (and hence d(x, y) < ε). Suppose that x and y are δ-connected
in (X, d). Pick x0, x1, . . . , xn in X with x0 = x , xn = y, and d(xi , xi+1) < δ for i < n.
This implies d∗(xi , xi+1) < γ , so x and y are γ -connected in (X, d∗). But d∗ is an
ultrametric, so repeated application of the ultrametric inequality yields d∗(x, y) < γ .
Thus d(x, y) < ε. We can thus infer that if d is uniformly equivalent to an ultrametric
then

∀ε > 0 ∃ δ > 0 (x, y δ-connected ⇒ d(x, y) < ε). (∗)

Now let

X = {(n, m/n) | m, n integers with n ≥ 1 and 0 ≤ m ≤ n} (see Figure 1).

1 2 3

1

� � �

� � �

�

�

� � �

� � ��

�

�

Figure 1.

Consider X as a subset of the Cartesian plane and let d be the induced Euclidean
metric. X consists of infinitely many columns where each column is distance 1 from
its neighboring columns. Thus any quasi-Cauchy sequence is eventually confined
to a single column. But each column consists of only finitely many points. So any
quasi-Cauchy sequence in eventually constant. Thus every quasi-Cauchy sequence is
Cauchy, so (X, d) is nonincremental. On the other hand, (X, d) fails to satisfy (∗) with
ε = 1/2: For any δ > 0 you can pick n with 1/n < δ. Then the points p1 = (n, 0)

and p2 = (n, 1) are clearly δ-connected but d(p1, p2) = 1 > ε. Thus, (X, d) is not
uniformly equivalent to an ultrametric space.

To put these results in context: papers have appeared charactering ultrametric spaces
up to topological equivalence [3] and up to uniform equivalence [4]. Nonincremental
spaces are strictly in between. Whether this is a useful concept or a curiosity remains
to be seen.

3. EXERCISES. There are a number of interesting exercises involving quasi-Cauchy
sequences that can be given to undergraduate analysis or topology students:

1. Suppose that f is uniformly continuous on some interval I . Prove that the image
under f of any quasi-Cauchy sequence in I is quasi-Cauchy.

2. Suppose that 〈xn〉 and 〈yn〉 are quasi-Cauchy sequences of real numbers. Prove
or give a counterexample to the claim that the product sequence 〈xn yn〉 is also
quasi-Cauchy.

3. Prove that a sequence 〈xn〉 of real numbers is Cauchy if and only if every subse-
quence is quasi-Cauchy.
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4. Prove that a quasi-Cauchy sequence of real numbers is Cauchy if and only if it
has exactly one cluster point.

5. Prove that the set of cluster points of a quasi-Cauchy sequence in R is closed
and connected.

6. Prove that any closed, connected set in R is the cluster point set of some quasi-
Cauchy sequence.

7. Call a set A in a metric space (X, d) pseudoconnected if it has the property that
any two points in A are ε-connected in (A, d ′) for all ε > 0 (where the d ′ in
(A, d ′) is the restriction of d to A). Show that a set A is the cluster point set of
a quasi-Cauchy sequence in X if and only if A is closed and pseudoconnected.
Show by example that A need not be connected.
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p-Free �p Inequalities

Grahame Bennett

1. INTRODUCTION. A recent MONTHLY problem prompts us to revisit [7], that
weird and wonderful world of Hardy, Littlewood, and Pólya (wherein everything is
more-or-less, and nothing’s as it seems).

We encounter many familiar characters along the way, among them: Cauchy’s In-
equality (Chapter I), Theory of Means (Chapter II), Convexity (Chapter III), Rolle’s
Theorem (Chapter IV), and Descartes’ Rule of Signs. What makes our trip worthwhile
is the realization that these old chestnuts still have something new to tell us: at any
rate, they all appear here in novel, and sometimes surprising, ways. Nothing in [7], the
reader might come to agree, is quite as straightforward as it seems!

2. THE PROBLEM AND ITS SOLUTION.

11369. [9] Proposed by Donald Knuth, Stanford University, Stanford, CA. Prove that
for all real t , and all α ≥ 2,

eαt + e−αt − 2 ≤ (
et + e−t

)α − 2α.

Knuth’s inequality is a special case of the following general result. (Setting
{a, b, c} = {et , e−t , 2} and {x, y, z} = {et + e−t , 1, 1}, it is clear that hypotheses (2),
(3), and (4) are satisfied.) Thus his assertion is valid, not only when α ≥ 2, but also
when 0 ≤ α ≤ 1, and it reverses direction when α ≤ 0 or 1 ≤ α ≤ 2. Moreover, these
inequalities are all strict except when α = 0, 1, or 2, or t = 0.

Theorem 1. Suppose that a, b, c, x, y, z are positive numbers. Then the inequality

a p + bp + cp ≤ x p + y p + z p (1)

is valid whenever p ≥ 2 or 0 ≤ p ≤ 1, and it reverses direction whenever p ≤ 0 or
1 ≤ p ≤ 2, if and only if the following three conditions are satisfied:

a + b + c = x + y + z (2)

a2 + b2 + c2 = x2 + y2 + z2 (3)

max{a, b, c} ≤ max{x, y, z}. (4)

Moreover, inequality (1) is then strict except when p = 0, 1, or 2, or the sets {a, b, c}
and {x, y, z} coincide.

Proof. (Necessity.) Hypothesis (2) follows by making p → 1, from above and below,
in (1). A similar argument applies to (3). Hypothesis (4) follows by rephrasing (1) in
terms of L p means,

(
a p + bp + cp

3

)1/p

≤
(

x p + y p + z p

3

)1/p

(p ≥ 2), (5)

doi:10.4169/000298910X480801
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and making p → ∞, whereupon the means approach the corresponding maxima [7,
§2.3.4].

(Sufficiency.) We begin by showing that

min{a, b, c} ≤ min{x, y, z}. (6)

To do this, it will be convenient to assume (as we may) that the sets {a, b, c} and
{x, y, z} are each arranged in descending order,

a ≥ b ≥ c and x ≥ y ≥ z, (7)

in which case hypothesis (4) becomes

a ≤ x . (8)

If (6) fails to hold, then

c > z, (9)

and we deduce from (2), (7), (8), and (9) that

a2 + b2 + c2 = a(a − b) + (a + b)(b − c) + (a + b + c)c

≤ x(a − b) + (x + y)(b − c) + (x + y + z)c

= ax + by + cz

= a(x − y) + (a + b)(y − z) + (a + b + c)z

≤ x(x − y) + (x + y)(y − z) + (x + y + z)z

= x2 + y2 + z2.

Hypothesis (3) demands that the boldface terms be equal, which requirement we
rephrase as

ax + by + cz =
√

a2 + b2 + c2
√

x2 + y2 + z2 . (10)

This is an instance of equality in Cauchy’s inequality, so the vectors involved must be
proportional [7, p. 16]. Since a ≤ x , we deduce that c ≤ z, and this contradicts (9). It
follows, then, that (6) is valid.

We may, in fact, assume that there is strict inequality in (6); otherwise the assertion
of the theorem is trivial. Indeed, if c = z, it follows from (2) and (3) that

a + b = x + y (11)

and

a2 + b2 = x2 + y2 = x2 + (a + b − x)2. (12)

The quadratic equation in x (boldface terms) implies that x = a or x = b, and this
forces the sets {a, b, c} and {x, y, z} to coincide.

A similar argument allows us to assume strict inequality in (8), and it then follows
from (2) that b > y. There is thus no loss of generality in assuming that

x > a ≥ b > y ≥ z > c. (13)
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It follows from (13) that the inequality

∫ b

y
g(t)dt ≤

∫ z

c
g(t)dt +

∫ x

a
g(t)dt (14)

is valid for all convex functions g : [c, x] → R. To see this, we consider the linear
function L that agrees with g at y and at b. Since

g(t) ≤ L(t) if t ∈ [y, b] (15)

and

g(t) ≥ L(t) if t ∈ [c, z] or [a, x], (16)

it suffices to check that (14) is valid with g replaced by L . But inequality (14) is
trivially satisfied by any linear function, courtesy of (2) and (3).

Setting

g(t) =
{

pt p−1 if p ≥ 2 or 0 ≤ p ≤ 1
−pt p−1 if p ≤ 0 or 1 ≤ p ≤ 2,

(17)

we deduce that inequality (1) holds as advertised.
The last sentence of the theorem, concerning cases of equality in (1), is justified

by observing that the function (17) is strictly convex except when p = 0, 1, or 2.
(Inequalities (15) and (16) are then strict, and the same goes for (14).)

Theorem 1 is an example of a p-free �p inequality. The gist of the theorem is an
“�p inequality,” (1), valid for all real p (in the directions indicated), yet the inequality
is seen to be equivalent to certain hypotheses, (2)–(4), that make no explicit mention
of p; that are, in effect, “p-free.” The theorem thus demonstrates how certain simple
�p inequalities may be proved by “ignoring the p.”

Remark 1. It is easy enough to find parameters a, b, c, x, y, z that satisfy hypotheses
(2)–(4) of Theorem 1. The following simple examples have the added virtue of show-
ing that system (13) is definitive: either of the inequalities a ≥ b and y ≥ z therein
may, or may not, be strict.

a b c x y z
6 5 1 7 3 2
8 8 1 10 5 2
9 6 1 10 3 3
4 4 1 5 2 2

(18)

Remark 2. We have shown rather more than has been stated. Hypotheses (2)–(4) are,
in fact, equivalent to the inequality

f (a) + f (b) + f (c) ≤ f (x) + f (y) + f (z) (19)

being valid whenever f ′ is convex. (Replace g in (14) by f ′.) Moreover, if f ′ is strictly
convex, there can be equality in (19) only when the sets {a, b, c} and {x, y, z} coincide.
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The hypotheses of Theorem 1 are obviously translation invariant: if τ ∈ R and a
is replaced by a + τ , b by b + τ , etc., then (2)–(4) remain valid. The same goes for
the conclusion (19), and these observations imply a version of Theorem 1 in which
a, b, c, x, y, z need not be positive.

This new version brings out the algebraic nature of Theorem 1: it is essentially a
statement about third-order divided differences. To see this, we recall that a function f
is said to be 3-convex if all its third-order divided differences f [α, β, γ, δ] are nonneg-
ative. Such functions are characterized in Proposition 1 of [5]: they are precisely the
ones encountered in (19), those having a convex derivative. (Background information
on divided differences may be found in the first few pages of [12]. The reader who is
completely unfamiliar with this topic might as well skip Theorem 2 because it is not
used in what follows.)

Theorem 2. Suppose that a, b, c, x, y, z are real numbers (not necessarily positive).
Then the inequality

f (a) + f (b) + f (c) ≤ f (x) + f (y) + f (z) (20)

is valid for all 3-convex functions f : R → R if and only if hypotheses (2)–(4) hold.

Proof. We consider only the sufficiency implication, (2)–(4) 	⇒ (20), since our desire
here is simply to explain the role played by divided differences. We take system (13)
as our starting point, noting that the derivation (2)–(4) 	⇒ (13) described above does
not require a, b, c, x, y, z to be positive. (Use translation invariance.)

Case I. If x > a ≥ b > y > z > c, we work with the divided differences f [c, x, y, z],
f [b, x, y, z], and f [a, x, y, z]. The nonnegativity of the first may be rephrased as

f (c) ≤ (y − c)(x − c)

(y − z)(x − z)
f (z) − (z − c)(x − c)

(y − z)(x − y)
f (y) + (z − c)(y − c)

(x − z)(x − y)
f (x). (21)

Similar inequalities are valid with c replaced by b and by a. Adding all three and using
(2) and (3) gives (20).

Case II. If x > a > b > y = z > c, we work instead with f [a, b, c, x], f [a, b, c, y],
and f [a, b, c, z].

Case III. If x > a = b > y = z > c, we work with the confluent differences
f [c, x, y, y], f [b, x, y, y], and f [a, x, y, y], whereupon (21) is replaced by

f (c) ≤ (x − c)(x + c − 2y)

(x − y)2
f (y) − (y − c)(x − c)

x − y
f ′(y) + (y − c)2

(x − y)2
f (x).

3. AN INEQUALITY FROM MOMENT THEORY. The following p-free �p in-
equality was proved in [2], but only under the auspices of an extra hypothesis:

min{a, b, c} ≤ min{x, y, z}. (22)

The present proof dispenses with (22) altogether, yet it turns out to be a good deal sim-
pler than the original. Moreover, the absence of hypothesis (22) allows an additional
application to be made.

April 2010] p-FREE �p INEQUALITIES 337



Theorem 3. Suppose that a, b, c, x, y, z are positive numbers. Then the inequality

a p + bp + cp ≤ x p + y p + z p (23)

is valid whenever p ≥ 1, and it reverses direction whenever p ≤ 1, if and only if the
following three conditions are satisfied:

a + b + c = x + y + z (24)

abc = xyz (25)

max{a, b, c} ≤ max{x, y, z}. (26)

Moreover, inequality (23) is then strict except when p = 0 or 1, or the sets {a, b, c}
and {x, y, z} coincide.

Proof. (Necessity.) We discuss only hypothesis (25), the necessity of (24) and (26)
being established as in Theorem 1. It follows from (23) that the inequality

(
a p + bp + cp

3

)1/p

≤
(

x p + y p + z p

3

)1/p

(27)

is valid when p < 0, and that it reverses direction when 0 < p ≤ 1. To prove (25),
we make p → 0 in (27), whereupon the L p means are replaced by the corresponding
geometric means [7, §2.3.3]. When p → 0− we deduce that

(abc)1/3 ≤ (xyz)1/3, (28)

and, when p → 0+, that (28) is reversed.
(Sufficiency.) We assume throughout that the sets {a, b, c} and {x, y, z} are disjoint;
otherwise they coincide and the assertion of the theorem is trivial. (If the sets have a
point in common, say c = z, hypotheses (24) and (25) demand that a + b = x + y and
ab = xy, from which equations it follows that {a, b} = {x, y}.)

We also assume (without any loss of generality) that

a ≥ b ≥ c and x ≥ y ≥ z. (29)

It then follows that

z > c (30)

because the opposite inequality leads to a contradiction. Indeed, if (30) fails to hold,
we have, by (24), (26), and (29),

a ≤ x, a + b ≤ x + y, a + b + c = x + y + z.

These inequalities, in conjunction with (29), are precisely the ones stipulated by Hardy,
Littlewood, and Pólya [7, §2.18] in order that the majorization

(a, b, c) ≺ (x, y, z) (31)

be valid. We deduce from Theorem 108 of [7] that

ϕ(a) + ϕ(b) + ϕ(c) < ϕ(x) + ϕ(y) + ϕ(z) (32)
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whenever ϕ : (0, ∞) → R is a strictly convex function. Applying (32) with

ϕ(t) = − log t,

we deduce that

abc > xyz, (33)

and this contradicts hypothesis (25).
It follows that

x > a ≥ b > y ≥ z > c. (34)

(The first inequality is a consequence of (26) and (29) since the sets {a, b, c} and
{x, y, z} are disjoint. The third inequality follows from the first, together with (30), via
hypothesis (24).)

We now complete our proof, much as in Theorem 1, by observing that the inequality

∫ b

y

g(t)

t
dt <

∫ z

c

g(t)

t
dt +

∫ x

a

g(t)

t
dt (35)

is valid for all strictly convex functions g : [c, x] → R, courtesy of (24) and (25).

Remark 3. The hypotheses of Theorem 3, unlike those of Theorem 1, are not trans-
lation invariant. In particular, it is impossible to derive (22) from (24)–(26) unless
the parameters a, b, c, x, y, z are all positive. The 3-tuples (a, b, c) = (2, 2, 2) and
(x, y, z) = (8, −1, −1), for example, satisfy (24)–(26), but not (22).

Corollary. Suppose that p ≥ 1. If the matrix

⎛
⎝ α β γ

β γ δ

γ δ ε

⎞
⎠ (36)

has positive entries and is positive definite, the same is true of

⎛
⎝ α p β p γ p

β p γ p δ p

γ p δ p ε p

⎞
⎠ . (37)

Proof. We recall that matrix (36) is positive definite precisely when its principal minor
determinants

|α|,
∣∣∣∣α β

β γ

∣∣∣∣ , and

∣∣∣∣∣∣
α β γ

β γ δ

γ δ ε

∣∣∣∣∣∣ (38)

are all positive. Our hypotheses therefore are

α, β, γ, δ, ε > 0, αγ > β2, (39)
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and

ε >
αδ2 + γ 3 − 2βγ δ

αγ − β2
. (40)

Our goal is to show that inequalities (39) and (40) are preserved when the variables
are replaced by their pth powers. This, of course, is obvious for (39). To deal with
(40), it suffices to show that

ε′p ≥ α pδ2p + γ 3p − 2β pγ pδ p

α pγ p − β2p
, (41)

where

ε′ = αδ2 + γ 3 − 2βγ δ

αγ − β2
. (42)

But inequality (41) follows from Theorem 3, as is seen by rewriting it in the form

(β2ε′)p + (αδ2)p + (γ 3)p ≤ (αγ ε′)p + (βγ δ)p + (βγ δ)p. (43)

Ignoring pth powers, the sum of the terms on the left in (43) equals the sum on the
right, and the same goes for products, all in accordance with (24) and (25). Moreover,
the inequalities

β2 < αγ, δ2 ≤ γ ε′, and γ 2 ≤ αε′ (44)

(the last two being consequences of the arithmetic geometric mean inequality [7, Sec-
tion 2.5]) guarantee that the largest of all six terms in (43) appears on the right. Thus
hypothesis (26) is satisfied as well.

The corollary improves Corollary 2.2 of [2], wherein the positive definiteness of
(37) is deduced from that of (36) and of

(
β γ

γ δ

)
. (45)

At the time of writing [2] it was necessary also to check hypothesis (22), that the
smallest of all six terms in (43) appears on the left. This is an easy task when the
additional assumption

βδ > γ 2 (46)

(courtesy of the positive definiteness of (45)) is in effect, the smallest term being then
γ 3. But it never occurred to me that the italicized statement would remain true even
when inequality (46) is absent. This, of course, is a consequence of Theorem 3. The
following three positive definite matrices show that the smallest term in (43) may, in
fact, occur anywhere on the left, respectively as β2ε′, αδ2, or γ 3:

⎛
⎝3 1 2

1 2 1
2 1 2

⎞
⎠

⎛
⎝3 2 2

2 2 1
2 1 2

⎞
⎠

⎛
⎝5 2 1

2 1 1
1 1 4

⎞
⎠ .
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Remark 4. The corollary fails to hold if 0 < p < 1 and there is no analogue for 4 × 4
(Hankel) matrices. (See [2, p. 237].)

Discussion of our next p-free �p inequality (Theorem 4) is postponed until Sec-
tion 5. It is motivated by some rather natural questions concerning sums of powers
that are raised in Section 4.

4. SUMS OF POWERS. In the good old days of the B.C. era† every high school
student was expected to be aware of the following formulae for sums of powers:

1 + 2 + · · · + n = n(n + 1)

2
(47)

and

13 + 23 + · · · + n3 = n2(n + 1)2

4
(48)

= (1 + 2 + · · · + n)2.

This enchanting subject, alas, was killed off long ago by Bernoulli [6], who gave
closed-form expressions for

σk(n) := 1k + 2k + · · · + nk (k = 1, 2, . . . ). (49)

Two recent MONTHLY articles, [1] and [13], moreover, have added nails to the coffin
by describing all polynomial relationships P(σk, σ�) = 0 between pairs of the sums
(49).

But might not the subject be resurrected by working with sums of nonintegral
powers? Closed-form expressions, of course, are no longer available, but, conceding
this fact, why can’t we agree to work with inequalities in place of identities? The
systems

1p

1 · 2p
≤ 1p + 2p

2 · 3p
≤ 1p + 2p + 3p

3 · 4p
≤ · · · (50)

and

13p

1p+122p
≤ 13p + 23p

2p+132p
≤ 13p + 23p + 33p

3p+142p
≤ · · · , (51)

for example, are every bit as attractive as identities (47) and (48). Indeed, since the
inequalities are known to be valid whenever p ≥ 1 or p ≤ 0, and to switch direction
whenever 0 ≤ p ≤ 1, identities (47) and (48) may be viewed as degenerate versions
of (50) and (51)! (Setting p = 1 in (50) and (51), the inequalities collapse to their
respective identities (47) and (48).)

There is even something inevitable about systems (50) and (51), their curious flip-
flopping behavior around p = 0 and p = 1 being no surprise at all. To see this, we
have only to stand the fundamental Theorem on Means on its head.

The theorem, we recall [7, Theorem 16], applies to arbitrary sequences a of positive
terms and asserts that the L p means,

L p
n (a) =

(
a p

1 + a p
2 + · · · + a p

n

n

)1/p

, (52)

†Before Calculators.
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increase with p. (Here n is a fixed positive integer and p is any real number; when
p = 0, L p

n (a) is interpreted, via continuity, as the geometric mean (a1a2 · · · an)
1/n.)

If we now insist upon monotonicity in n, rather than in p, we are forced to consider
inequalities that flip-flop as above. Suppose, for example, that p is fixed, p ≥ 1. The
theorem then guarantees that the sequence x defined by

xn = n p−1(a p
1 + · · · + a p

n )

(a1 + · · · + an)p
(n = 1, 2, . . . ) (53)

must satisfy

xn =
(

L p
n (a)

L1
n(a)

)p

≥ 1. (54)

But the first term, x1, is 1, so that the sequence x, if monotonic, must increase with n.
We find, in the same way, that the sequence (53) can only decrease when 0 ≤ p ≤ 1,
and increase when p ≤ 0.

The fundamental theorem, of course, does not force monotonicity, but it does dic-
tate the directions of any monotonicities that might be contemplated. And since the
theorem applies to arbitrary sequences a of positive terms, it constitutes a powerful
tool in the formulation of new inequalities. (It offers no help at all with the proofs,
alas!)

These observations prompted the author to declare in [3] that a is meaningful if
the related sequence x is monotonic in n for all real values of p. System (50) shows
that the sequence (1, 2, 3, . . . ) is meaningful, while system (51) does the same for
(13, 23, 33, . . . ). Many other examples are given in [3]; in particular, it is there shown
that the sequence (1α, 2α, 3α, . . . ) is meaningful whenever α ≤ 1.

The results of [3], unfortunately, do not apply to sums of integral powers: α =
2, 3, . . . . This is disappointing, to be sure, but it is surprising as well, given that we
now have Bernoulli’s explicit expressions for the partial sums

An = a1 + a2 + · · · + an . (55)

When α = 2, we demand that the inequalities

12p

1(2 · 3)p
≤ 12p + 22p

2(3 · 5)p
≤ 12p + 22p + 32p

3(4 · 7)p
≤ · · · (56)

be valid whenever p ≥ 1 or p ≤ 0, and that they reverse direction whenever 0 ≤ p ≤
1. It is curious, is it not, that inequalities (56) are a good deal more difficult to prove
than the seemingly more complicated versions (α < 1) treated successfully in [3]?

Our aim is to prove systems (50), (51), and (56) via a common method, one, inci-
dentally, that is p-free (see Theorem 4 and its corollary below). This approach offers
some hope that the analogous inequalities corresponding to sums of 4th and higher
powers can be proved the same way.

The standard tools for estimating sums (Integral Test, Euler–Maclaurin Formula,
etc.) lack the precision needed for proving systems such as (56). Instead, we apply the
Ratio Principle, according to which

ratios of sums behave better than ratios.
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The validity of the principle stems from the simple identity

x1 + · · · + xn

y1 + · · · + yn
=

y1

(
x1
y1

)
+ · · · + yn

(
xn
yn

)
y1 + · · · + yn

, (57)

which expresses the ratios of the sums as averages of the ratios. If the ratios are
bounded above by K , for example, the same goes for the ratios of the sums. Simi-
larly if the ratios are bounded below, or are increasing (↗), or decreasing (↘). (We
assume here that the y’s are positive, but the x’s need not be.)

To show that a is meaningful it suffices to check that the sequence

1
( A1

1

)p

a p
1

,
2

( A2
2

)p − 1
( A1

1

)p

a p
2

,
3

( A3
3

)p − 2
( A2

2

)p

a p
3

, . . . (58)

is monotonic for all real values of p. The Ratio Principle then shows that the same
is true of (53). (We have chosen to work with the terms (58), rather than with their
reciprocals, in order to ensure that the denominators are all positive.)

This prescription works when dealing with the sequences a = (1α, 2α, 3α, . . . ) if
α ≤ 1 [3, Corollary 1 to Theorem 7], but not, alas, if α > 1.

Take, for instance, the sequence of cubes (1, 8, 27, . . . ). Criterion (58) demands
that the sequence

1
(

1
1

)p

1p
,

2
(

9
2

)p − 1
(

1
1

)p

8p
,

3 (12p) − 2
(

9
2

)p

27p
, . . . (59)

be monotonic and we know from the Theorem on Means that it must, in fact, be de-
creasing if p ≤ 0. The first two terms meet our expectations, the required estimate

8p + 1p ≥ 2

(
9

2

)p

(60)

being an easy consequence of convexity. Comparing the next two terms, however

2 (72p) + 2(243p) ≥ 3(192p) + 54p (61)

presents an obvious problem! (Based upon our previous encounters with such inequal-
ities, we know to divide both sides of (61) by 4, to take pth roots, to make p → −∞,
and to invoke Section 2.3.4 of [7], concluding thereby that 72 ≤ 54.)

A similar argument shows that the sequence (58) fails to be monotonic whenever
α > 1 (i.e., for each such α, there is some p < 0 for which (58) fails to be de-
creasing). There is thus no hope of using (58) to conclude that the power sequences,
(1α, 2α, 3α, . . . ), are meaningful when α > 1. Systems (51) and (56), in particular
(corresponding to α = 3 and α = 2), cannot be proved this way.

But it is here that a stroke of good fortune occurs, thanks to the identity

n p−1(1αp + · · · + nαp)

(1α + · · · + nα)p
=

(
1αp + · · · + nαp

n(n + 1)αp

)
·
(

n(n + 1)α

1α + · · · + nα

)p

. (62)

Suppose that p ≤ 0 and α ≥ 1. The sequence on the left, alias (53), is expressed as
a product, both factors of which increase with n because of system (50). This obser-
vation allows us to proceed almost as planned above: to show that (1α, 2α, 3α, . . . )

is meaningful when α > 1, it suffices to check that sequence (58) is monotonic only
when p > 0. And Theorem 4 below is the perfect tool for doing just that.
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5. LAGUERRE’S RULE OF SIGNS.

Theorem 4. Suppose that α, β, γ, δ, a, b, c, d are positive numbers and that

α + β = γ + δ. (63)

Then the inequality

αa p + βbp ≤ γ cp + δd p (64)

is true whenever p ≥ 1, and it reverses direction whenever 0 ≤ p ≤ 1, if and only if
the following three conditions are satisfied:

αa + βb = γ c + δd (65)

max{a, b} ≤ max{c, d} (66)

aαbβ ≥ cγ dδ. (67)

Proof. (Necessity.) We argue as in Theorems 1 and 3, working now with weighted L p

means
(

αa p + βbp

α + β

)1/p

and

(
γ cp + δd p

γ + δ

)1/p

. (68)

(Sufficiency.) We begin by observing that the theorem is true if any of the variables
a, b, c, d coincide; indeed, inequality (64) then holds not just as stated, but even when
p ≤ 0. If a = b, we use (63) and (65) to express a as a convex combination of c and
d, thereby ensuring that

(α + β)ϕ(a) ≤ γ ϕ(c) + δϕ(d) (69)

for any convex function ϕ : (0, ∞) → R. Inequality (64) then follows by setting

ϕ(t) =
{

t p if p ≥ 1 or p ≤ 0
−t p if 0 ≤ p ≤ 1 (70)

in (69). If c = d, we write c as a convex combination of a and b,

c = αa + βb

α + β
, (71)

and note that this representation is consistent with hypothesis (66) only when a = b =
c. It follows then that inequality (64) is an identity for all real values of p. Finally, we
dispense with the case in which one of the variables on the left side of (64), say a,
coincides with one on the right, say c. If α ≤ γ we deduce that

βϕ(b) ≤ (γ − α)ϕ(c) + δϕ(d) (72)

and proceed as in (69). If, on the other hand, α ≥ γ , we express d as a convex combi-
nation of a and b:

d = (α − γ )a + βb

δ
. (73)
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By the arithmetic geometric mean inequality [7, Theorem 9] this representation is
consistent with hypothesis (67), rephrased as

d ≤ (
aα−γ bβ

)1/δ
, (74)

only if a = b = d. Inequality (64) again degenerates to an identity.
Henceforth we shall assume that

a > b and c > d. (75)

In view of the remarks made above, and hypotheses (63), (65), and (66), two cases
remain to be considered:

c > a > b > d and c > a > d > b. (76)

Both are handled via an imaginative extension of Descartes’ Rule of Signs, due to
Laguerre (see Lemma 1 below).

If c > a > b > d, we rewrite

γ cp + δd p − αa p − βbp (77)

as an exponential sum

S(p) = γ (ep)
log c − α (ep)

log a − β (ep)
log b + δ (ep)

log d
, (78)

the terms being displayed in order of decreasing exponents as demanded by Laguerre.
The sequence of coefficients of S(p),

γ, −α, −β, δ, (79)

suffers just two changes of sign. Laguerre’s result (with x = ep) tells us that S(p) has
at most two real zeros. But two zeros (at p = 0 and p = 1) are already advertised in
the statement of the theorem, so these zeros must be simple, and S(p) must alternate
in sign between them. Since S(p) is positive when p is large (γ cp being then the
dominant term), it follows that S(p) > 0 when p > 1, < 0 when 0 < p < 1, and > 0
when p < 0.

The final case, c > a > d > b, is somewhat trickier because the sequence of coef-
ficients of the exponential sum (again expressed in order of decreasing exponents),

γ, −α, δ, −β, (80)

now suffers three sign changes. According to Laguerre, then, S(p) may have as many
as three zeros.

We next consider two subcases, according to whether inequality (67) is strict or not.
In the latter case S(p) has a double zero at p = 0 since

S′(0) = log

(
cγ dδ

aαbβ

)
(81)

is zero. It follows then that inequality (64) holds when p ≥ 1 and that it reverses
direction when −∞ < p ≤ 1.

If, on the other hand, there is strict inequality in (67), then S′(0) < 0 so that S(p) is
positive for sufficiently small negative values of p. Since S(p) < 0 for large negative
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values (−βbp being then the dominant term), it follows by the Intermediate Value
Theorem that S(p) has a zero in the interval (−∞, 0). This, and the other zeros at
p = 0 and p = 1, must therefore all be simple and the proof follows as above.

Lemma 1 (Laguerre’s Rule of Signs). Suppose that a1, . . . , aN and ν1, . . . , νN are
real numbers and that

ν1 > ν2 > · · · > νN . (82)

Then the number of positive zeros of the “polynomial”

P(x) = a1xν1 + a2xν2 + · · · + aN xνN , (83)

counted according to their multiplicities, does not exceed the number of sign changes
of the sequence of coefficients,

a1, a2, . . . , aN . (84)

The lemma reduces to the classical result of Descartes when ν1, . . . , νN are nonneg-
ative integers. We assume, of course, just as he did, that the polynomial is nontrivial,
i.e., (a1, . . . , aN ) �= (0, . . . , 0). Laguerre’s proof [11, p. 4] is straightforward enough,
but even simpler approaches, due to Wang [16] and Komornik [10], have appeared
recently in the MONTHLY.

Corollary. Suppose that a is a power sequence,

a = (1α, 2α, 3α, . . . ) , (85)

and that α ≥ 1. Then a is meaningful provided that the associated sequence

(
An+1
n+1

)n+1

an+1

(
An
n

)n (n = 1, 2, . . . ) (86)

increases with n.

Proof. Our goal is to show that the sequence (58) increases with n if p ≥ 1 and de-
creases if 0 ≤ p ≤ 1. (The sequence (58) fails to be monotonic when p < 0, but those
cases have already been dispensed with via identity (62).)

The outstanding cases, p ≥ 1 and 0 < p ≤ 1, fit in beautifully with Theorem 4.
Setting

α = n, β = n + 2, γ = n + 1, δ = n + 1 (87)

and

a = an+2 An

n
, b = an+1 An+2

n + 2
, c = an+1 An+1

n + 1
, d = an+2 An+1

n + 1
, (88)
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it is clear that hypotheses (63) and (65) are satisfied, while (86) guarantees that hy-
pothesis (67) holds as well. To check hypothesis (66), we observe that

a ≤ d since
An

n
↗ (89)

and

b ≤ d since
nan

An
↗ . (90)

Both observations follow from the Ratio Principle: (89) because an
1 ↗, and (90) be-

cause

nα+1 − (n − 1)α+1

nα
= (α + 1)

∫ 1

0

(
1 + t − 1

n

)α

dt ↗ . (91)

Theorem 4 shows that the inequality

n

(
an+2 An

n

)p

+ (n + 2)

(
an+1 An+2

n + 2

)p

≤ (n + 1)

(
an+1 An+1

n + 1

)p

+ (n + 1)

(
an+2 An+1

n + 1

)p

(92)

holds if p ≥ 1 and reverses direction if 0 ≤ p ≤ 1. We deduce from (92) that

(n + 1)
(

An+1
n+1

)p − n
(

An
n

)p

a p
n+1

≥
(n + 2)

(
An+2
n+2

)p − (n + 1)
(

An+1
n+1

)p

a p
n+2

. (93)

Inequality (93) holds even when n = 0:

1
( A1

1

)p

a p
1

≥ 2
( A2

2

)p − 1
( A1

1

)p

a p
2

, (94)

being then equivalent to the following simple version of the Theorem on Means:

a p
1 + a p

2

2
≥

(
a1 + a2

2

)p

. (95)

Juxtaposing (94) with (93), the Ratio Principle guarantees that sequence (53) increases
with n if p ≥ 1 and decreases if 0 ≤ p ≤ 1.

The corollary fulfills our promise of offering a common proof that the power se-
quences (85) are meaningful, at least when α = 1, 2, or 3. When α = 1, hypothesis
(86) amounts to showing that

(
1 + 1

n+1

)n+1 ↗ . This is a well-known result (see Theo-
rem 35 of [7]). When α = 3 the required monotonicity is handled in the same way by
using the identity

(n + 2)2n+2

nn(n + 1)n+2
=

(
1 + 1

n

)n
[(

1 + 1

n + 1

)n+1
]2

. (96)
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When α = 2 a slightly trickier argument is required:

(2n + 3)n+1(2n + 4)n+1

(2n + 1)n(2n + 2)n+2

=
√√√√(

1 + 1
2n+1

)2n+1

1 + 1
2n+1

(
1 + 1

2n + 2

)2n+2

√√√√(
1 + 1

2n+3

)2n+3

1 + 1
2n+3

. (97)

It is natural to suspect that all power sequences are meaningful (see page 575 of [3]).
The corollary offers a tantalizing p-free approach to this conjecture, one that extensive
computer calculations have failed to destroy.

6. STEINIG’S RULE OF SIGNS. Laguerre [11] was the first to recognize the ad-
vantages of working with the sequence

a1, a1 + a2, . . . , a1 + a2 + · · · + aN (98)

in place of (84). Excellent accounts of his analysis are given by Pólya and Szegö in
Part V of [14] and, from a more sophisticated perspective, by Karlin in Chapter 6.8 of
[8].

It turns out that (98) has fewer sign changes than (84), and strictly fewer if a �= 0 and
a1 + a2 + · · · + aN = 0. (See page 38 of [14] or page 308 of [8].) These observations
are analogues of Rolle’s Theorem and it might fairly be said that Laguerre’s seminal
work opened up a pathway to a discretization of calculus.

It was, however, Steinig [15] who capitalized on these ideas by proving the follow-
ing beautiful result.

Theorem 5 ([14, Theorem C]). Suppose that a1, . . . , aN and ν1, . . . , νN are real
numbers satisfying

a1 + a2 + · · · + aN = 0, a1 �= 0, (99)

and

ν1 > ν2 > · · · > νN . (100)

Then the number of real zeros, multiplicities included, of the exponential sum

S(p) = a1eν1 p + a2eν2 p + · · · + aN eνN p (101)

does not exceed by more than one the number of sign changes of the sequence (98).

Steinig’s Rule of Signs turns out to be a far more powerful tool than Laguerre’s,
at least for our present purposes. The additional hypothesis (99) demanded by him is
satisfied automatically in Theorems 1, 3, and 4 (same number of summands on either
side of (1) and (23)) so that his bound on the number of zeros of (101) is at least as
good as Laguerre’s.

Steinig’s bound, in fact, is often much better. To see this let us return once more to
Theorem 1 and attempt to prove sufficiency from scratch. The relevant expression,

x p + y p + z p − a p − bp − cp, (102)
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may be interpreted as a six-term exponential sum, but we lose all sight of the ordering
(100). We thus know nothing of the sequence of coefficients,

a1, a2, . . . , a6, (103)

other than the fact that three of them are +1, and three are −1. Laguerre’s theorem
is of no help here because, without further information, there may be as many as five
sign changes in (103).

Steinig’s theorem, on the other hand, gives the correct number, because the se-
quence

a1, a1 + a2, . . . , a1 + a2 + · · · + a6 (104)

has at most two sign changes, no matter how the terms of (103) are arranged. Indeed,
of the

(6
3

) = 20 arrangements of (103), only a couple produce two sign changes in
(104), namely

1, −1, −1, 1, 1, −1 and − 1, 1, 1, −1, −1, 1. (105)

The first, modulo the innocuous ordering (7), corresponds to

x > a > b > y > z > c, (106)

while the second is disqualified on the basis of hypothesis (4). Thus S(p) has at most
three zeros. Those displayed already in the statement of Theorem 1 (at p = 0, 1, and
2) must therefore be simple, and the proof is completed as in Theorem 4.

We have tacitly assumed that the variables in (102) are all distinct, even though we
know that some of them may coincide (see (18)). But such coincidences only serve to
make the analysis easier. If a = b, for example, the corresponding terms of S(p) must
be combined in order to comply with (100). We then have a five-term exponential sum
whose coefficients (in some order) are 1, 1, 1, −2, −1. Yet again, it is impossible for
the sequence (98) to have more than two sign changes.

This phenomenon, in fact, is universal. Indeed, if two adjacent terms of (84), say a j

and a j+1, are “merged” into a single term, the sequence becomes

a1, . . . , a j−1, a j + a j+1, a j+2, . . . , aN (107)

and the resulting partial sums sequence

A1, . . . , A j−1, A j+1, A j+2, . . . , AN (108)

is missing a term from (98). By exercise 2 on page 36 of [14], sequence (108) has no
more sign changes than (98).

7. A MAX/MIN RESULT. A p-free �p inequality involving 4-tuples is given in [4].
We do not restate the theorem here; instead we show how Steinig’s Rule of Signs leads
to a significant improvement.

Theorem 6. Suppose a, b, c, d, w, x, y, z are positive numbers such that

a + b + c + d = w + x + y + z (109)

abcd = wxyz (110)

1

a
+ 1

b
+ 1

c
+ 1

d
= 1

w
+ 1

x
+ 1

y
+ 1

z
. (111)
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If

max{a, b, c, d} ≤ max{w, x, y, z} (112)

then

min{a, b, c, d} ≥ min{w, x, y, z}. (113)

Hypotheses (109)–(113) are used in proving the main result of [4]; Theorem 6
shows that one of them, (112) or (113), is redundant.

Proof. We assume that the sets {a, b, c, d} and {w, x, y, z} do not coincide, else all is
trivial. The exponential sum

S(p) = ep log w + ep log x + ep log y + ep log z (114)

−ep log a − ep log b − ep log c − ep log d

is thus nontrivial. It follows from (109) that S(1) = 0; from (110) that S(0) = S′(0) =
0; and from (111) that S(−1) = 0. Thus S(p) has at least four real zeros. Steinig’s
Theorem, on the other hand, shows that there are at most four real zeros. (No matter
how the terms of S(p) are rearranged, the coefficients (four +1s and four −1s) can
never produce a partial sums sequence (98) with more than three sign changes. Easy
exercise!) S(p), therefore, has simple zeros at p = ±1 and a double zero at p = 0.
Since S(p) > 0 when p → ∞ if (112) is in effect, it follows that S(p) > 0 when
p → −∞, i.e. (113), is valid.

Steinig’s Rule of Signs is a truly remarkable result. But is it not possible to outdo
him, just as he outdid Laguerre, by working with the sequence

a1, 2a1 + a2, . . . , Na1 + (N − 1)a2 + · · · + 1aN (115)

of iterated partial sums? In other words, if

a1 + · · · + aN = 0 and Na1 + (N − 1)a2 + · · · + 1aN = 0, (116)

is it true that the number of zeros of the (nontrivial) exponential sum (101), terms
ordered as in (100), never exceeds by more than two the number of sign changes of the
sequence (115)?

Such a result would certainly enjoy many applications. It would, for example, offer
immediate proofs of the inequalities

7p − 2(6p) + 2(4p) − 2(2p) + 1p ≥ 0 (117)

and

2(11p) − 3(10p) + 2(6p) − 3(2p) + 2(1p) ≥ 0 (118)

(valid if p ≥ 1 or p ≤ 0, reversing if 0 ≤ p ≤ 1). The first is a known result of some
importance in the general theory of inequalities [5, Theorem 6]; the second is in doubt
when 2 ≤ p ≤ 3 [5, Section 5].
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The answer, alas, is NO. The function

28p − 24p − 21p + 14p + 12p − 8p − 7p + 6p (119)

has four zeros, simple ones at p = ±1 and a double at p = 0. When expressed as an
exponential sum, however, hypotheses (100) and (116) are satisfied, yet the associated
sequence (115), 1, 1, 0, 0, 1, 1, 0, 0, has no sign changes at all.

CONCLUSION. We have seen how certain simple �p inequalities may be proved
by ignoring the p. Our results may seem terribly restrictive, dealing, as they do, with
2-tuples (Theorem 4), 3-tuples (Theorems 1 and 3), and 4-tuples (Theorem 6). But
the Ratio Principle allows them all to be lifted to comparisons between N -tuples of
arbitrary size.

There is, in fact, no need to restrict attention to 2-, 3-, and 4-tuples in formulating
the basic �p inequalities. This is made clear in [4], where a beautiful theorem of Bullen
(the n-convex analogue of the fact that the graph of any convex function lies always
beneath its chords) is employed.

We have also attempted to resurrect the moribund subject Sums of Powers by allow-
ing inequalities in place of identities. There is ample scope for ingenuity here and some
readers of this MONTHLY will surely come up with their own examples. Moreover,
since there is a one-to-many correspondence between the classical subject (identities)
and its new version (inequalities) their investigations will, no doubt, be fruitful.
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NOTES
Edited by Ed Scheinerman

A Short Proof of ζ(2) = π2/6

Timothy Marshall

Since Euler’s first proof (see, e.g., [2]), the famous sum ζ(2) = ∑
1/n2 = π2/6 has

been proved in many ways, some elementary but difficult or long, and others shorter,
but using advanced methods such as Fourier series or complex analysis. One such
proof is first to show that

ε2(w) =
∞∑

n=−∞

1

(w − n)2 = π2

sin2(πw)
, (1)

and then set w = 1/2 to get

∞∑
k=0

1

(2k + 1)2 = π2

8
. (2)

Since

∞∑
k=0

1

(2k + 1)2 =
∞∑

k=1

1

k2
−

∞∑
k=1

1

(2k)2 = ζ(2) − 1

4
ζ(2) = 3

4
ζ(2),

ζ(2) = π2/6 follows.
Ahlfors [1, pp. 188–189] proves (1) by showing that the poles of the right and left

sides of (1) have the same principal parts, and hence that their difference is holo-
morphic; he then shows that this difference is also bounded and zero in the limit as
�(w) → ±∞, hence identically zero by Liouville’s theorem.

Here we derive (1) by a slightly different argument, which avoids any analysis of
principal parts, but instead uses the theorem that a function which is meromorphic
on the extended complex plane must be rational [1, p. 140, Ex. 4]. For z ∈ D :=
C \ {0, 1}, let

R(z) =
∑ 1

log2(z)
. (3)

Here the sum is taken over all branches of the logarithm. Each point in D has a
neighborhood on which the branches of log(z) are analytic, and the series (3) con-
verges uniformly away from z = 1; hence R(z) is analytic on D. (Note that R(z) =
−ε2(log(z)/(2π i))/(4π2), so that we can also infer this from the properties of ε2.
However, we prefer to treat R(z) as primitive.)

doi:10.4169/000298910X480810
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We now observe:

(i) Since the convergence is uniform near z = 0, and each term of (3) approaches
0 as z approaches 0, the singularity at z = 0 is removable, and we can set
R(0) = 0.

(ii) The only other singularity of R is a double pole at z = 1, contributed by the
principal branch of log(z) in (3); further limz→1 (z − 1)2 R(z) = 1.

(iii) R(1/z) = R(z).
(iv) By (i) and (iii), R is analytic at ∞, and hence is rational. Moreover R(∞) = 0.

By (ii), the denominator of R(z) is (z − 1)2, and since R(0) = R(∞) = 0, the
numerator must be of the form az; (ii) then gives a = 1, so that

R(z) = z

(z − 1)2 . (4)

Setting z = e2π iw gives (1) and hence (2). We may also derive (2) directly from (4) by
setting z = −1.
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The Group of Symmetries of the
Tower of Hanoi Graph

So Eun Park

The classical Tower of Hanoi puzzle, invented by the French mathematician Édouard
Lucas in 1883, consists of 3 wooden pegs and n disks with pairwise different diame-
ters. The n disks are initially stacked on a single peg in order of decreasing size, from
the largest at the bottom to the smallest at the top (see Figure 1). The goal is to move
the tower of disks to another peg, moving one topmost disk at a time while never stack-

Figure 1. Convention for labeling k pegs and n disks in the Tower of Hanoi puzzle.
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ing a disk on a smaller one. A sequence of moves realizing this goal in the smallest
possible number of moves for any given number of pegs provides a general solution
to the MONTHLY problem 3918 [1], which is often referred to as the Tower of Hanoi
problem.

There have been several discoveries about the Tower of Hanoi problem and its vari-
ations. The most well known are the relations between Pascal’s triangle and the Tower
of Hanoi graph with 3 pegs [4] (see Figure 5) and an algorithm proposed by Frame and
Stewart [1] as a solution to the Tower of Hanoi problem, which has not yet been proved
to create the shortest path. The purpose of this note is to introduce a new theorem on
the group of symmetries of the Tower of Hanoi graph that may shed further light on
solving the Tower of Hanoi problem. In this note, we describe some finite group the-
ory associated to the Tower of Hanoi problem. There have been interesting approaches
to the Tower of Hanoi problem coming from geometric group theory, which involve
associating certain infinite groups to the game; for details we refer the readers to [2]
and [3].

We begin by reviewing some standard definitions for graphs. Given a graph �, the
set of vertices is denoted by V (�), and the set of edges is represented by an edge matrix
[E(�)] (with an arbitrary but fixed choice of ordering of vertices), where the (i, j)-
entry of [E(�)], denoted ei j , is the number of edges between vi and v j . Two vertices vi

and v j are adjacent if ei j > 0. The degree of a vertex is defined as deg(vi ) = ∑N
j=1 ei j ,

where N = |V (�)|. The distance between two vertices is defined to be the length of
the shortest edge path between them, i.e., d(v, v′) = minγ {l(γ )}, where γ ranges over
all paths between v and v′. An automorphism of � is an adjacency-preserving (more
precisely, edge matrix-preserving) bijection g : V (�) → V (�), and G(�) denotes the
group of automorphisms of �. Any automorphism of � is an isometry of V (�) with
respect to the metric d.

In this note, we will borrow most of our notation from [4] and [5], but will use
H k

n to denote the graph associated to the Tower of Hanoi puzzle with n disks and k
pegs. Let us recall that a vertex v ∈ V (H k

n ) is an n-bit k-ary string, an−1an−2 · · · a0,
with ai ∈ {0, . . . , k − 1}. Such a vertex corresponds to the legal state in which disk
i lies on peg ai . (See Figure 2 and Figure 3.) In particular, for the sake of simplicity
we denote by in the legal state i i · · · i in which all disks are stacked on peg i . Such
a configuration is called a perfect state. (See Figure 4.) The edges in the graph H k

n
correspond to the legal moves in the Tower of Hanoi problem. Define a substructure,
[i], to be the set of vertices of H k

n whose n-bit strings correspond to legal states in
which the largest disk lies on peg i .

H 3
n has a particularly beautiful and simple recursive structure with a fascinating con-

nection to Pascal’s triangle; see [4]. It is straightforward to prove that G(H 3
n ) ∼= S3,

where S3 denotes the permutation group on 3 elements. This can be done by using
the fact that geodesics (shortest paths with respect to the standard graph metric) be-
tween perfect states are unique in H 3

n . This implies that any automorphism mapping

Figure 2. An example of a legal state, a7a6a5a4a3a2a1a0 = 03112333.
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Figure 3. A legal state, a7a6a5a4a3a2a1a0 = 03102333, that can be reached from Figure 2 by moving the
topmost disk of peg 1 to peg 0.

Figure 4. An example of a perfect state.

the perfect states to themselves must also map each perfect state of every recursive
substructure to itself. Therefore, by a simple inductive argument, any automorphism
fixing perfect states must be the identity, and hence G(H 3

n ) is isomorphic to the group
of permutations of the perfect states, i.e., S3.

This argument fails when k > 3, since it is a well-known result that geodesics are
no longer unique. The purpose of this note is to provide the following extension of the
above result to the case k ≥ 3.

Main Theorem. G(H k
n ) ∼= Sk for all k ≥ 3 and all n ≥ 1.
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Figure 5. The Tower of Hanoi graph, H k
n , for k = 3 pegs and n = 3 disks. Each 3-bit ternary string describes

a legal state.
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We will show that every element of G(H k
n ) is induced by a peg permutation and

that the collection of such automorphisms is isomorphic to Sk . For each σ ∈ Sk , define
the map

gσ : V (H k
n ) → V (H k

n )

by

gσ (an−1 · · · a1a0) := σ(an−1) · · · σ(a1)σ (a0)

for an−1 · · · a1a0 ∈ V (H k
n ). Denote by G(Sk) the set {gσ | σ ∈ Sk}. G(Sk) is canoni-

cally isomorphic to Sk . In step 1 that follows, we show that any element of G(Sk) is an
element of G(H k

n ). We then show, in step 2, that each element of G(H k
n ) arises as an

element of G(Sk), completing the proof of the main theorem.

Step 1: G(Sk) ≤ G(Hk
n).

Proposition 1. For each σ ∈ Sk, gσ is an automorphism of H k
n . Hence, G(Sk) ≤

G(H k
n ).

Proof. This is an easy consequence of the physical observation that reassigning the
labels of the pegs does not change the structure of the graph.

Step 2: G(Hk
n) ≤ G(Sk). We begin with a useful lemma.

Lemma 2. Every automorphism in G(H k
n ) permutes the corner vertices, {0n, 1n, . . . ,

(k − 1)n}. That is, for each g ∈ G(H k
n ) and i ∈ {0, . . . , k − 1}, there exists a unique

j ∈ {0, . . . , k − 1} such that g(in) = ( jn).

Proof. We use the fact that the degrees of the corner vertices are strictly smaller than
those of non-corner vertices. Since a graph automorphism preserves degree, it must
therefore send corner vertices to corner vertices.

To see that the degree of each corner vertex is strictly smaller than the degree of
each non-corner vertex, we compute the degree of a vertex in terms of the number of
“topmost disks” of each vertex. For a given vertex, the topmost disk on each peg i is
defined to be the smallest disk among those stacked on peg i . Therefore, the degree of
a vertex is the sum of the number of legal moves each of its topmost disks can make.
Since a corner vertex has only one topmost disk, which is disk 0, its degree is k − 1,
the number of legal moves disk 0 can make. Now we must show that the degree of
each non-corner vertex is strictly larger than k − 1. If a vertex is not a corner vertex, it
has n disks distributed on at least 2 pegs. Hence, it has at least 2 topmost disks. Label
the smallest and second smallest of those topmost disks b0 and b1 respectively. Then
b0 can be moved to any of the other k − 1 pegs and b1 to any other except where b0 is
stacked, since b0 is the only topmost disk that is smaller than b1. Therefore, every non-
corner vertex has degree at least (k − 1) + (k − 2) = 2k − 3, which is strictly larger
than k − 1 for every k ≥ 3.

We now prove that the only automorphism in G(H k
n ) that fixes the corner vertices

is the identity.
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Proposition 3. If g ∈ G(H k
n ) satisfies

g(in) = in ∀ i ∈ {0, . . . , k − 1},
then g is the identity automorphism. In other words, the only automorphism in G(H k

n )

that fixes the corner vertices is the identity.

Proposition 3 implies G(H k
n ) ≤ G(Sk) because, by Lemma 2, every g ∈ G(H k

n ) in-
duces a permutation of the corner vertices, hence of the set {0, . . . , k − 1}. Therefore,
there exists a σ ∈ Sk that induces the same permutation of the set {0, . . . , k − 1} as
g does. Then gσ−1 ◦ g(0n, 1n, . . . , (k − 1)n) = (0n, 1n, . . . , (k − 1)n). Hence, Propo-
sition 3 implies that gσ−1 ◦ g is the identity automorphism, making g = gσ ∈ G(Sk).
Hence G(H k

n ) ≤ G(Sk).

Proof of Proposition 3. We proceed by induction on n, fixing k.

Base case: n = 1. This case is trivial, since all vertices of H k
1 are corner vertices.

Hence, any automorphism which fixes all the corner vertices fixes all vertices, thereby
inducing the identity automorphism.

Inductive Step. To carry out the inductive step, we will need three lemmas, each help-
ing prove the subsequent one. As we could not find a reference in the literature, the
argument for Lemma 4 is provided by Michael Rand (personal communication, 2008).

Lemma 4. Any shortest path between a corner vertex in and an arbitrary vertex v

involves moving the largest disk zero times if v ∈ [i]; once otherwise.

Proof. It suffices to show that there exists no such path that moves the largest disk
at least twice. This suffices since every shortest path between a corner vertex and an
arbitrary vertex that moves the largest disk more than zero times, when v ∈ [i], or
more than once, when v /∈ [i], has to move the largest disk at least twice.

There are two cases when the largest disk moves at least twice from in; the second
movement of the largest disk is to a peg j �= i , or back to peg i . We will first treat the
first case, and then the second case. Without loss of generality, aiming for a contradic-
tion, assume that there is a shortest path from 0n to v moving the largest disk at least
twice—first to peg 1 and then to peg 2. Then we can write the path as a sequence of
steps:

1. Move the n − 1 smallest disks off of peg 0 (leaving peg 1 clear at the end).
2. Move the largest disk from 0 to 1.

3. Some number of moves on the n − 1 smallest disks (maybe 0) which leave peg
2 empty and peg 1 containing only the largest disk.

4. Move the largest disk from 1 to 2.

5. Some number of moves (maybe 0) to get to the vertex v.

We claimed that this is the shortest path from 0n to v, but we can create an even
shorter path as follows.

1. Do the same moves as in step (1) above, but with the roles of pegs 1 and 2
switched.

2. Move the largest disk from 0 to 2.
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3. Do the same moves as in step (3) above, but with the roles of pegs 1 and 2
switched.

4. Repeat step (5) above.

The second sequence of steps is one legal move shorter than the initial sequence,
and hence contradicts the assumption. Therefore, there is no shortest path between a
corner vertex and another vertex in which the second movement of the largest disk is
to a different peg.

Now, the second case, where the second movement of the largest disk is back to its
original peg, can be treated in a similar fashion. Without loss of generality, assume that
there is a shortest path from 0n to v moving the largest disk at least twice—first to peg
1 and then back to peg 0. Then we can write the path as a sequence of steps the way
we did above by switching peg 2 to peg 0 in steps (3) and (4). Then the same sequence
of moves without steps (2) and (4) gives a new path two legal moves shorter, hence
giving a contradiction to our assumption. Therefore, there is no shortest path between
a corner vertex and another vertex in which the second movement of the largest disk is
back to its original peg.

Lemma 5. For all v ∈ [i], d(v, in) < d(v, jn) ∀ j �= i .

Proof. To simplify notation we reindex the pegs; doing this, we assume for the rest of
the argument that i = 0 and j = 1. By Lemma 4, the shortest path, γ , from v ∈ [0]
to 1n involves moving the largest disk exactly once. Therefore we can further assume
that γ can be split into three parts: γ1, γ2, and γ3. More precisely, γ1 is a path from v to
v0 = 0an−2 · · · a1a0, ai /∈ {0, 1}; γ2 is the intermediate single legal move that is from
v0 = 0an−2 · · · a1a0 to v1 = 1an−2 · · · a1a0; finally, γ3 is from v1 = 1an−2 · · · a1a0 to
1n . (See Figure 6.) We can easily observe that l(γ3) = d(v1, 1n) = d(v0, 0n), since the
relationship between configurations v1 and 1n and that between v0 and 0n are exactly
symmetric. Hence,

d(v, 0n) ≤ d(v, v0) + d(v0, 0n) (by the triangle inequality)

< d(v, v0) + 1 + d(v0, 0n)

= d(v, v0) + 1 + d(v1, 1n)

= l(γ1) + l(γ2) + l(γ3)

= l(γ )

= d(v, 1n).

Lemma 6. If g ∈ G(H k
n ) satisfies g(in) = in, then g(v) ∈ [i] for all v ∈ [i], i.e.,

g([i]) = [i] as a set.

Proof. For concreteness we assume that 0n is the vertex which is fixed by hypothesis.
Now assume, aiming for a contradiction, that there exists v ∈ [0] such that g(v) ∈
[i], i �= 0. By Lemma 2, there exists a unique j �= 0 such that g( jn) = in . Thus, both
g(v) and g( jn) are in [i]. Thus, since g( jn) = in, by Lemma 5 we have

d(g(v), g( jn)) < d(g(v), g(kn))
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Figure 6. Sketch of proof for Lemma 5. l(γ3) = d(v1, 1n) = d(v0, 0n) and the triangle inequality is applied
to find d(v, 0n) < d(v, 1n).

∀k �= j . Since every g ∈ G(H k
n ) is an isometry, the previous statement implies

d(v, jn) < d(v, kn), ∀k �= j . Since 0 �= j , it follows that d(v, jn) < d(v, 0n) with
v ∈ [0], which contradicts Lemma 5.

Now we are ready to complete the inductive step of the proof of Proposition 3. As-
sume that Proposition 3 holds for G(H k

n−1) and let g ∈ G(H k
n ) satisfy g(in) = in for

all i ∈ {0, . . . , k − 1}. We have to show that this implies that g is the identity automor-
phism of H k

n . By Lemma 6, g(in) = in for all i ∈ {0, . . . , k − 1} implies g([i]) = [i]
for all i ∈ {0, . . . , k − 1}. Thus, for all i , g|[i] is an automorphism of

{an−1an−2 · · · a1a0 ∈ V (H k
n ) | an−1 = i}.

Since the leading entry, i , is fixed, the automorphism g restricted to [i] induces an
automorphism gi : V (H k

n−1) → V (H k
n−1) satisfying gi (in−1) = in−1.

By Lemma 2, for each j �= i , there exists a unique l �= i such that gi ( jn−1) = ln−1,
and hence g(i jn−1) = iln−1. We will now show that j = l, and hence g(i jn−1) = i jn−1

for all j . We note that i jn−1 is never adjacent to any vertex in [ j], but on the other
hand, has an adjacent vertex, l jn−1, in any other substructure [l], ∀l �= j . Since g is an
automorphism it preserves adjacency, so the above observation implies that g(i jn−1) is
still not adjacent to any vertex in g([ j]) = [ j], but has an adjacent vertex in any other
substructure g([l]) = [l], ∀l �= j . Hence g(i jn−1) = i jn−1 since otherwise it must be
adjacent to a vertex in [ j]. Thus, g(i jn−1) = i jn−1 for all j . This implies that for all
i , gi ∈ G(H k

n−1) satisfies the assumption of Proposition 3. Hence, by the inductive
hypothesis, gi is the identity for all i , implying that g fixes all the vertices of H k

n .
Thus, we have shown g is the identity automorphism.

Step 1 and Step 2 are now proved. Hence, G(H k
n ) ∼= G(Sk) ∼= Sk , as desired.
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Recurrent Proofs of the Irrationality of
Certain Trigonometric Values

Li Zhou and Lubomir Markov

In this note we exploit recurrences of integrals to give new elementary proofs of the
irrationality of tan r for r ∈ Q \ {0} and cos r for r 2 ∈ Q \ {0}. We also discuss appli-
cations of our technique to simpler irrationality proofs such as those for π , π2, and
certain values of exponential and hyperbolic functions.

1. IRRATIONALITY OF tan r FOR r ∈ Q \ {0}. For a nonzero rational r , the ir-
rationality of tan r was first proved by J. H. Lambert in 1761 by means of continued
fractions [1, pp. 129–146]. We now present a new direct proof using a recurrence for
an integral.

Theorem 1. tan r is irrational for nonzero rational r .

Proof. The irrationality of π will be a by-product of this proof, so we start by sup-
posing that r ∈ Q \ {kπ : k ∈ Z}. Write r = a/b with a, b ∈ Z and assume that
tan(r/2) = p/q with p, q ∈ Z. For n ≥ 0, let fn(x) = (r x − x2)n/n! and In =∫ r

0 fn(x) sin x dx . Then bn In → 0 as n → ∞, I0 = 1 − cos r , and I1 = 2(1 − cos r) −
r sin r . Integrating by parts twice, we get that for n ≥ 2,

In = −
∫ r

0
f ′′
n (x) sin x dx = (4n − 2)In−1 − r 2 In−2. (1)

By inducting on n using (1), we see that for n ≥ 0, In = un(1 − cos r) + vn sin r ,
where un and vn are polynomials in r with integer coefficients and degrees at most
n. Moreover, if two consecutive terms of the sequence 〈In〉 are 0, then (1) forces all
terms of 〈In〉 to be 0, and in particular I0 = 0, a contradiction. Hence 〈In〉 has infinitely
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many nonzero terms. Therefore, we can pick a large enough n so that bnq csc r In =
bnq[un tan(r/2) + vn] is a nonzero integer in (−1, 1), a contradiction.

Notice that tan(π/4) = 1, so π/2 /∈ Q, which implies that Q \ {kπ : k ∈ Z} =
Q \ {0}. Thus we have proved that tan(r/2) /∈ Q for all r ∈ Q \ {0}.

A closer inspection of our proof reveals that un and vn/r are polynomials in r 2. So
a slightly stronger conclusion can be squeezed out of the proof, namely that (tan r)/r
is irrational whenever r 2 ∈ Q \ {0}. This stronger result was first established through
a different elementary approach by Inkeri [2].

2. SIMPLER PROOFS OF IRRATIONALITY. From the previous proof we see
that recurrence is a double-edged sword. It is sharp and swift in showing that a se-
quence is integer-valued and has an infinite nonzero subsequence. We can also use
recurrence to give similar proofs of the irrationality of π , π2, er , etc. However, in
these easier cases, the corresponding sequences of integrals are positive, so there is
no need to argue for the existence of a nonzero subsequence. Consequently the proofs
can be really short and charming. For a flavor of it, we present a direct proof of the
irrationality of π which is even shorter than the celebrated one-page proof given by
Niven [3].

Theorem 2. π is irrational.

Proof. Assume that π = a/b with a, b ∈ N. Let fn(x) = (πx − x2)n/n! and In =∫ π

0 fn(x) sin x dx . Then bn In → 0 as n → ∞, I0 = 2, and I1 = 4. Replacing r by π

in (1) we get In = (4n − 2)In−1 − π2 In−2 for n ≥ 2. By induction on n using this re-
currence, we see that for n ≥ 0, In is a polynomial in π with integer coefficients and
degree at most n. Hence for a large enough n, bn In is an integer in (0, 1), a contradic-
tion.

Notice that the terms of 〈In〉 are really polynomials in π2, so our proof only needs
very minor changes to show the stronger conclusion that π2 is irrational. In fact in [5],
Schröder presented a very similar proof by recurrence of the irrationality of π2.

For the irrationality of er for nonzero rational r , the interested reader can imitate the
process with the sequence In = ∫ r

0 fn(x)ex dx , where fn(x) = (r x − x2)n/n! as well.

3. IRRATIONALITY OF cos r FOR r2 ∈ Q \ {0}. Next we turn our attention to
the cosine function. The classical elementary proof of the irrationality of cos r for
nonzero rational r was given by Niven [4, Theorem 2.5, pp. 16–19]. Niven’s proof can
be slightly modified to show that cos r is irrational whenever r 2 ∈ Q \ {0}, as observed
by Inkeri [2]. We now use the full force of recurrence to give a proof which is more
direct than Inkeri’s modification.

Theorem 3. If r 2 ∈ Q \ {0} then cos r is irrational.

Proof. Assume that r 2 = a/b with a, b ∈ Z \ {0} and cos r = p/q with p, q ∈ Z. For
n ≥ 0, let fn(z) = (r 2z2 − z4)n/n!, In = ∫ r

0 fn(z) sin(r − z) dz, Jn = ∫ r
0 z fn(z) cos(r −

z) dz, Kn = ∫ r
0 z2 fn(z) sin(r − z) dz, and Ln = ∫ r

0 z3 fn(z) cos(r − z) dz. Then b2n+1

times each of the four integrals approaches 0 as n → ∞. Direct integration yields
I0 = 1 − cos r = J0, K0 = r 2 − 2 + 2 cos r , and L0 = 3K0. Integrating each integral
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by parts once, we get that for n ≥ 1,

In = 4Ln−1 − 2r 2 Jn−1, (2)

Jn = (4n + 1)In − 2r 2 Kn−1, (3)

Kn = −(4n + 2)Jn + 2r 2Ln−1, (4)

Ln = (4n + 3)Kn + 2nr 2 In − 2r 4 Kn−1. (5)

Induction on n in these recurrences implies that for n ≥ 0, the four sequences have the
form un + vn cos r , where un and vn are polynomials in r 2 with integer coefficients and
degrees at most 2n + 1. Moreover, suppose that Im = Jm = Km = Lm = 0 for some
m ≥ 1. Then (3) and (4) imply that Km−1 = 0 and Lm−1 = 0. Thus (2) yields Jm−1 = 0.
Eliminating Kn−1 from (3) and (5), we see that for n ≥ 1, In can be expressed in terms
of Jn, Kn , and Ln; and keep in mind also that I0 = J0. Hence Im−1 = 0. By this argu-
ment of infinite descent we conclude that I0 = J0 = K0 = L0 = 0, which contradicts
the fact that 2I0 + K0 = r 2 
= 0. Therefore, at least one of the four sequences has in-
finitely many nonzero terms. Pick such a sequence and a large enough n so that b2n+1q
times the corresponding integral is a nonzero number in (−1, 1), while it also has
the form b2n+1q(un + vn cos r), which is an integer, a contradiction. Thus cos r /∈ Q

whenever r 2 ∈ Q \ {0}.
Corollary 1. π2 is irrational. Also, if r 2 ∈ Q \ {0} then sin2 r , cos2 r , and tan2 r are
all irrational.

Proof. The claims follow immediately from Theorem 3 and the identities cos π = −1
and cos 2r = 1 − 2 sin2 r = 2 cos2 r − 1 = (1 − tan2 r)/(1 + tan2 r).

Finally, the observant reader perhaps has noticed that our proof of Theorem 3 al-
lows r 2 to be a negative rational number. Since cosh r = cos(ir), all the analogous
statements about hyperbolic functions are included in our results. The skeptical reader
is invited to work out the details by substituting r = i t and z = iy into In, Jn, Kn,
and Ln . In fact, the resulting real integrals are nonzero and thus the proof is shorter,
because the argument of infinite descent is not needed.
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Groups of Cube-Free Odd Order

M. John Curran

In a significant recent paper Dietrich and Eick [2] examined groups of cube-free order
and gave an algorithm for constructing all such groups. Here, we restrict attention to
groups of cube-free odd order and show that they give a nice example of a family of
groups which satisfy the Sylow tower property. As a consequence their automorphism
groups always have even order.

We assume throughout that G is a group and that all groups mentioned have finite
order. Recall that if p1 > p2 > · · · > pn are the distinct prime divisors of the order
of G, then G satisfies the Sylow tower property if there are subgroups S1, S2, . . . , Sn ,
where each Si is a Sylow pi -subgroup of G and S1S2 · · · Sk � G, for each k, 1 ≤ k ≤ n.

As shown in [6, Section 4, Chapter 6] the class of groups satisfying the Sylow tower
property is closed under subgroups, quotients, and products. Now recall that if G has
a series of subgroups 1 = H0 ≤ H1 ≤ · · · ≤ Hn = G, where each Hi � G, then G
is solvable if each quotient Hi+1/Hi is abelian and supersovable if each quotient is
cyclic. Then the class of groups satisfying the Sylow tower property lies strictly be-
tween the classes of solvable and supersolvable groups. That is, by a simple induction
on the number of prime divisors of |G| and the fact that S1 � G, every group satisfying
the Sylow tower property is solvable. However, the alternating group A4 shows that the
converse is false. Also, by [6, Theorem 1.1.8], every supersolvable group satisfies the
Sylow tower property. But again the converse is false as the group B = 〈x, y, z : x3 =
y3 = z4 = 1, z−1xz = xy2, z−1 yz = x2 y2, [x, y] = 1〉 shows, where if Cn denotes a
cyclic group of order n, B may be regarded as the semidirect product (C3 × C3) � C4

(see [4, Definition 9.7]).
Notice that if G satisfies the Sylow tower property, then in particular the Sylow

subgroup corresponding to the largest prime divisor is normal in G. A standard ex-
ercise on the use of Sylow’s theorems is to prove that certain groups of small order
cannot be simple. For example, if |G| = pqr, p2q, or p2q2, where p, q, and r are
distinct primes, then G is not simple [4, Theorems 5.19, 5.20]. In fact (see [1]), when
G = pqr the Sylow subgroup corresponding to the largest prime is always normal,
and the same is true if |G| = p2q or p2q2 and both primes are odd. Our theorem gen-
eralizes these straightforward cases to show that if G is of cube-free odd order then
the Sylow subgroup corresponding to the largest prime divisor is always normal.

Our notation is standard and that of [4]. In particular, the centralizer, normalizer,
center, and automorphism group of a subgroup H of G are denoted by CG(H), NG(H),
Z(H), and Aut H respectively. Also, if H is a subgroup of G and there is a subgroup
K such that G = H K and H ∩ K = 1, then K is said to be a complement to H in
G. A complement to a Sylow p-subgroup is called a p-complement. Our proof uses
the following two well-known results, the first being quite straightforward [4, Lemma
4.36], the second a deeper result due to Burnside [4, Theorem 10.21].

Theorem 1. If H ≤ G, then CG(H) � NG(H), and NG(H)/CG(H) is isomorphic to
a subgroup of Aut H.

Theorem 2. Let S be a Sylow p-subgroup of G. If S ≤ Z(NG(S)), then G has a nor-
mal p-complement.

doi:10.4169/000298910X480847

April 2010] NOTES 363



A subgroup H of G is said to be characteristic in G, denoted H char G, if φ(H) =
H for every φ ∈ Aut G. Of course, if H char G then H � G, since in particular H
is fixed by every inner automorphism of G, that is, by conjugation by any g ∈ G.
The following straightforward lemma strengthens Burnside’s result and Theorem 2 is
sometimes stated with this conclusion [5, Theorem 7.50].

Lemma 3. If G has a normal p-complement then it is the unique subgroup of its order
and so is characteristic in G.

Proof. If |G| = pnr , where r is an integer relatively prime to p, then a normal p-
complement H has order r . If K is also a subgroup of order r , then H � H K ≤ G, so
H K/H ≤ G/H and therefore |H K/H | divides |G/H | = pn . However |H K/H | =
|K/(H ∩ K )| also divides r . Therefore |H K/H | = 1 and so H = K . Since for any
φ ∈ Aut G, |φ(H)| = |H |, we must have that φ(H) = H , so H is characteristic.

Further, it is easy to see that if K char H char G then K char G [5, Lemma 5.20].
We will use this result in the main theorem which we now state.

Theorem 4. Every group of cube-free odd order satisfies the Sylow tower property.

Proof. Suppose G has order pr1
1 pr2

2 · · · prn
n , where p1 > p2 > · · · > pn are the prime

divisors of |G| and 1 ≤ ri ≤ 2. Let p = pn and let S = Sn be a Sylow p-subgroup
of G. Then S = Cp, Cp2, or Cp × Cp, so by [5, Lemma 7.2, Example 7.4] Aut S ∼=
Cp−1, Cp(p−1), or GL(2, p) respectively. Thus | Aut S| = p − 1, p(p − 1), or p(p −
1)2(p + 1). Therefore | Aut S| is not divisible by pi for any i < n. Now since S is
abelian, CG(S) ≥ S and so |NG(S) : CG(S)| divides |G : S| = pr1

1 · · · p
rn−1
n−1 . How-

ever by Theorem 1, |NG(S) : CG(S)| divides |Aut S|. Thus NG(S) = CG(S) and so
Z(NG(S)) ≥ S. Therefore by Theorem 2 and Lemma 3, G has a p-complement Hn−1

which is characteristic in G. That is, G = Hn−1Sn , where |Hn−1| = pr1
1 · · · p

rn−1
n−1 .

Now Hn−1 is again of cube-free odd order, so by the same argument as above,
Hn−1 = Hn−2Sn−1, where Sn−1 is a Sylow pn−1-subgroup of Hn−1 and so of G, and
Hn−2 is a complement to Sn−1 in Hn−1. Inductively then, writing G = Hn for notational
convenience, we obtain Hi = Hi−1Si , for each i, 1 ≤ i ≤ n, where Si is a Sylow pi -
subgroup of Hi and so of G, and Hi−1 is a complement to Si in Hi . In particular,
H2 = H1S2, where |H1| = pr1

1 , so H1 = S1 is a Sylow p1-subgroup of G. Thus H2 =
S1S2, H3 = S1S2S3, and in general Hk = S1S2 · · · Sk , for each k, 1 ≤ k ≤ n. Further
by Lemma 3, H1 char H2 · · · char Hn = G, so by the remark prior to the theorem,
each Hi char G. In particular, each Hi � G and these subgroups give our Sylow tower.

Note that Theorem 4 shows that the subgroups in the Sylow tower for a cube-free
odd order group are actually characteristic in G. A subgroup H is a Hall subgroup of
G if its order and index are relatively prime, and an easy generalization of Lemma 3
shows that a normal Hall subgroup is always characteristic [5, Exercise 5.31]. Thus
the subgroups in a Sylow tower are always characteristic. Further note that just as for
groups satisfying the Sylow tower property, groups of cube-free odd order need not be
supersolvable, as the unique nonabelian group (C5 × C5) � C3 of order 75 shows.

An elementary abelian 2-group is a direct product C2 × · · · × C2 of copies of C2,
and is the only abelian group in which every element is its own inverse. For a group of
the right shape the next lemma gives an easy way of finding an automorphism of order
2 and the corollary given below follows from it.
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Lemma 5. Suppose H is an abelian normal subgroup of G which is not an elementary
abelian 2-group. If H has a complement K , then G = H K has an automorphism θ of
order 2 given by θ(hk) = h−1k.

Corollary 6. Every group of cube-free odd order has an automorphism group of even
order.

Proof. If G has cube-free odd order, p is the largest prime divisor of |G|, and S is a
Sylow p-subgroup of G, then S � G by Theorem 4. Thus by the Schur-Zassenhaus
theorem [4, Theorem 10.30] S has a complement in G and so by Lemma 5, G has an
automorphism of order 2.

As an illustration of the use of Corollary 6 consider the result of [3], where it was
shown that a smallest group with a nontrivial odd-order automorphism group has or-
der 36. To eliminate the possibility of there being groups of smaller order satisfy-
ing the hypothesis, part of the proof in [3] considered individually groups of orders
pq, p2q, p2q2, pqr and showed each of these had an automorphism group of even
order. This fact follows immediately from the Corollary.

ACKNOWLEDGMENT. The author wishes to thank a referee for a helpful suggestion for simplifying the
proof of Theorem 4.
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An Asymptotic Formula for Goldbach’s
Conjecture with Monic Polynomials in Z[x]

Mark Kozek

1. INTRODUCTION. In a recent MONTHLY note, Saidak [6], improving on a re-
sult of Hayes [1], gave Chebyshev-type estimates for the number R(y) = R f (y) of
representations of the monic polynomial f (x) ∈ Z[x] of degree d > 1 as a sum of
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two irreducible monics g(x) and h(x) ∈ Z[x], with the coefficients of g(x) and h(x)

bounded in absolute value by y.
Here, we do not distinguish the sum g(x) + h(x) from h(x) + g(x), and whenever

we write that a monic polynomial p(x) in Z[x] is “irreducible”, we mean irreducible
over Q. We observe that Saidak’s argument with slight modifications gives that, for y
sufficiently large,

c1 yd−1 < R(y) < c2 yd−1,

where c1 and c2 are constants that depend on the degree and the coefficients of the
polynomial f (x). In this note, we give a proof that the number R(y) is asymptotic to
(2y)d−1, i.e.,

lim
y→∞

R(y)

(2y)d−1
= 1.

In fact, our approach implies that there is a constant c3 depending only on d such that
if y is sufficiently large, then

R(y) = (2y)d−1 + E, where |E | ≤ c3 yd−2 log y.

2. PRELIMINARIES. For functions r(y) and s(y), we write r(y) = O(s(y)) if
there is a constant C > 0 such that |r(y)| ≤ Cs(y) for all sufficiently large y. If the
constant C depends on a value d or on the coefficients and degree of a polynomial
f (x), we use instead Od or O f , respectively.

First, we state the following lemma which implies that the probability that a monic
polynomial in Z[x] of given degree whose second coefficient is fixed is reducible is 0
(that is, the density of reducible polynomials with bounded coefficients approaches 0
as the bound on the coefficients goes to infinity).

Lemma 1. Let d > 1 be an integer and fix an integer gd−1. For each y ≥ 2, let ry

denote the number of d-tuples of integers (gd−1, gd−2, . . . , g1, g0) satisfying −y ≤
gi ≤ y for i ∈ {0, 1, . . . , d − 1} such that the polynomial

xd + gd−1xd−1 + · · · + g1x + g0

is reducible. (So, in particular, ry = 0 if y < |gd−1|.) Then ry = Od(yd−2 log y).

In order to prove Lemma 1, we modify an argument of Pólya and Szegö [5, Pt. VIII,
Ch. 5, no. 266], and we use an inequality that is a known consequence of Landau [2]
and simple properties of Mahler measure [3, 4].

The Mahler measure, M(p), of a polynomial p(x) = ∑k
j=0 p j x j in Z[x] is

M(p) = exp

(∫ 1

0
ln |p(e2π i t)| dt

)
.

Mahler showed that for 0 ≤ j ≤ k, |p j | ≤ (k
j

)
M(p) and remarked that M(p) is mul-

tiplicative. Landau showed that 1 ≤ M(p) ≤ (p2
k + p2

k−1 + · · · + p2
1 + p2

0)
1/2. From

these, we deduce the following inequality which we state as our second lemma.
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Lemma 2. Let g(x) be a polynomial in Z[x] of degree d of the form

g(x) = gd xd + gd−1xd−1 + · · · + g1x + g0

such that g(x) = a(x)b(x), where a(x) and b(x) are in Z[x]. Let a(x) take the form

a(x) = am xm + am−1xm−1 + · · · + a1x + a0.

Then for 0 ≤ l ≤ m, al satisfies

|al | ≤
(

m

l

)
(g2

d + g2
d−1 + · · · + g2

1 + g2
0)

1/2.

Proof of Lemma 1. We remind the reader that if g(x) ∈ Z[x] factors in Q[x] as a prod-
uct of two polynomials of degree at least 1, then g(x) factors in Z[x] as a product of
two polynomials of degree at least 1. Now, let g(x) ∈ Z[x] be a reducible, monic poly-
nomial of degree d > 1 such that all of its coefficients are in absolute value ≤ y and
gd−1 is fixed as in the lemma. Then there exist two monic polynomials a(x) and b(x)

∈ Z[x] of degree ≥ 1 such that g(x) = a(x)b(x). Let us further take

deg(a) = m ≥ n = deg(b),

where m + n = d. Note that there are at most � d
2 	 possibilities for the pair (m, n). We

write a(x) and b(x) in the following forms:

a(x) = xm + am−1xm−1 + · · · + a1x + a0

b(x) = xn + bn−1xn−1 + · · · + b1x + b0.

Since the number of monic polynomials we are considering with g0 = 0 is Od(yd−2),
it is sufficient to show that the number of d-tuples

(am−1, am−2, . . . , a1, a0, bn−1, bn−2, . . . , b1, b0)

as above with a0b0 
= 0 is equal to Od(yd−2 log y).
We consider a(x) which has degree m ≤ d − 1. A similar argument applies to b(x).

For 1 ≤ l ≤ m − 1, Lemma 2 implies

|al | ≤
(

m

l

)
(12 + g2

d−1 + · · · + g2
1 + g2

0)
1/2 ≤

(
d − 1

� d−1
2 	

)
((d + 1)y2)1/2 = Cd y,

where Cd depends only on d. Thus, the number of (d − 4)-tuples

(am−2, . . . , a1, bn−2, . . . , b1)

is Od(ym−2 yn−2) = Od(yd−4).
Observe that when we multiply a(x) by b(x), since they are both monic polyno-

mials, the value the coefficient gd−1 takes will result from the sum am−1 + bn−1. Also
recall that gd−1 is fixed, so determining am−1 also determines bn−1. Hence the number
of 2-tuples (am−1, bn−1) is O(y).

Since a0b0 = g0, we have 1 ≤ |a0b0| ≤ y. Thus, the number of 2-tuples (a0, b0) is
bounded by

4
∑
q≤y

∑
δ|q

1 = 4
∑
δ≤y

∑
q≤y
δ|q

1 ≤ 4
∑
δ≤y

y

δ
= O(y log y),
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where the 4 appears above since each of a0 and b0 may be either positive or negative.
Combining this estimate with the above, the lemma follows.

Remark. If we remove the condition in Lemma 1 that gd−1 is fixed, then ry =
Od(yd−1 log y). This is a direct consequence of a more general theorem of van der
Waerden [7].

3. THEOREM.

Theorem 1. Let f (x) be a monic polynomial in Z[x] of degree d > 1. The number
R(y) of representations of f (x) as a sum of two irreducible monics g(x) and h(x)

in Z[x], with the coefficients of g(x) and h(x) bounded in absolute value by y, is
asymptotic to (2y)d−1.

Proof. Let f (x) be a given monic polynomial in Z[x] of degree d > 1 that takes the
form

xd + fd−1xd−1 + · · · + f1x + f0.

We are looking for pairs of monic polynomials g(x) and h(x) in Z[x] with coefficients
bounded in absolute value by y such that f (x) = g(x) + h(x). Without loss of gener-
ality, let deg(g) > deg(h), and observe that deg(g) = d and 1 ≤ deg(h) ≤ d − 1.

If y ≥ 1 + max{| f0|, | f1|, . . . , | fd−1|}, then the total number of pairs of monic (not
necessarily irreducible) polynomials g(x), h(x) is

d−2∑
T =0

T∏
t=0

(2�y	 + 1 − | ft |) = (2y)d−1 + O f (yd−2) ∼ (2y)d−1.

We claim that almost all of these pairs of monic polynomials g(x), h(x) consist of
two irreducible polynomials. Thus, R(y) ∼ (2y)d−1. We in fact establish

R(y) = (2y)d−1 + Od(yd−2 log y)

by showing that there are Od(yd−2 log y) pairs of monic polynomials (g(x), h(x))

where at least one of g(x) or h(x) is reducible. Once a particular g(x) or h(x) is fixed,
it determines the other. We count the ways g(x) might be reducible separately from
the ways h(x) might be reducible.

First, we count the ways g(x) might be reducible. We have that deg(g) = d. Since
h is monic and deg(h) ≤ d − 1, the equation f (x) = g(x) + h(x) implies that either
gd−1 = fd−1 or gd−1 = fd−1 − 1, so in each of these cases, gd−1 is fixed. Since the
coefficients of g(x) are bounded in absolute value by y, we have met all the conditions
for Lemma 1. Therefore we have that there are at most Od(yd−2 log y) monic reducible
polynomials g(x).

Next, we count the ways that the monic polynomial h(x) might be reducible. Sup-
pose we have that deg(h) = d − 1. Since the coefficients of h(x) are bounded in ab-
solute value by y, by our remark at the end of the previous section, we have at most
Od(yd−2 log y) monic reducible polynomials h(x) of degree d − 1 ≥ 1. If deg(h) <

d − 1, we note that our remark also implies that the number of ways h(x) can be
reducible is Od(yd−2 log y).

Thus,

R(y) =
(

d−2∑
T =0

T∏
t=0

(2�y	 + 1 − | ft |)
)

+ Od(yd−2 log y) + Od(yd−2 log y)
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= (
(2y)d−1 + O f (yd−2)

) + Od(yd−2 log y)

= (2y)d−1 + Od(yd−2 log y),

where we have used that any constant depending only on the coefficients and degree
of f (x) is small compared to log y when y is sufficiently large. The result follows.

ACKNOWLEDGMENTS. The author wishes to thank Michael Filaseta for helpful discussions about this
problem and for his insightful commentary after reading the various drafts of this note, and David Boyd for
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PROBLEMS AND SOLUTIONS

Edited by Gerald A. Edgar, Doug Hensley, Douglas B. West
with the collaboration of Itshak Borosh, Paul Bracken, Ezra A. Brown, Randall
Dougherty, Tamás Erdélyi, Zachary Franco, Christian Friesen, Ira M. Gessel, László
Lipták, Frederick W. Luttmann, Vania Mascioni, Frank B. Miles, Bogdan Petrenko,
Richard Pfiefer, Cecil C. Rousseau, Leonard Smiley, Kenneth Stolarsky, Richard
Stong, Walter Stromquist, Daniel Ullman, Charles Vanden Eynden, Sam Vandervelde,
and Fuzhen Zhang.

Proposed problems and solutions should be sent in duplicate to the MONTHLY

problems address on the inside front cover. Submitted solutions should arrive at
that address before August 31, 2010. Additional information, such as general-
izations and references, is welcome. The problem number and the solver’s name
and address should appear on each solution. An asterisk (*) after the number of
a problem or a part of a problem indicates that no solution is currently available.

PROBLEMS

11474. Proposed by Cezar Lupu, student, University of Bucharest, Bucharest, Roma-
nia, and Valentin Vornicu, Aops-MathLinks forum, San Diego, CA. (Correction) Show
that when x , y, and z are greater than 1,

�(x)x2+2yz�(y)y2+2zx�(z)z2+2xy ≥ (�(x)�(y)�(z))xy+yz+zx .

11483. Proposed by Éric Pité, Paris, France. (Correction) The word “nonnegative”
should read “positive.”

11495. Proposed by Marc Chamberland, Grinnell College, Grinnell, IA. Let a, b, and
c be rational numbers such that exactly one of a2b + b2c + c2a, ab2 + bc2 + ca2, and
a3 + b3 + c3 + 6abc is zero. Show that a + b + c = 0.

11496. Proposed by Benjamin Bogoşel, student, West University of Timisoara, Timi-
soara, Romania, and Cezar Lupu, student, University of Bucharest, Bucharest, Roma-
nia. For a matrix X with real entries, let s(X) be the sum of its entries. Prove that if A
and B are n × n real matrices, then

n
(
s(AAT ) + s(B BT ) − s(ABT )s(AT B)

) ≥
s(AAT )(s(B))2 + s(B BT )(s(A))2 − s(A)s(B)

(
s(ABT ) + s(AT B)

)
.

11497. Proposed by Mihály Bencze, Brasov, Romania. Given n real numbers x1, . . . , xn

and a positive integer m, let xn+1 = x1, and put

A =
n∑

k=1

(
x2

k − xk xk+1 + x2
k+1

)m
, B = 3

n∑
k=1

x2m
k .

Show that A ≤ 3m B and A ≤ (3m B/n)n .

doi:10.4169/000298910X480865
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11498. Proposed by Y. N. Aliyev, Qafqaz University, Khyrdalan, Azerbaijan. Let
ABC D be a convex quadrilateral. A line through the intersection O of the diagonals
AC and B D intersects the interior of edge BC at L and the interior of AD at N .
Another line through O likewise meets AB at K and C D at M . This dissects ABC D
into eight triangles AK O , K BO , BL O , and so on. Prove that the arithmetic mean
of the reciprocals of the areas of these triangles is greater than or equal to the sum of
the arithmetic and quadratic means of the reciprocals of the areas of triangles ABO ,
BC O , C DO , and D AO . (The quadratic mean is also known as the root mean square;
it is the square root of the mean of the squares of the given numbers.)

11499. Proposed by Omran Kouba, Higher Institute for Applied Science and Technol-
ogy, Damascus, Syria. Let Hn be the nth harmonic number, given by Hn = ∑n

k=1 1/k.
Let

Sk =
∞∑

n=1

(−1)n−1 (log k − (Hkn − Hn)) .

Prove that for k ≥ 2,

Sk = k − 1

2k
log 2 + 1

2
log k − π

2k2

�k/2�∑
l=1

(k + 1 − 2l) cot

(
(2l − 1)π

2k

)
.

11500. Proposed by Bhavana Deshpande, Poona College, Camp Pune, Maharashtra,
India, and M. N. Deshpande, Institute of Science, Nagpur, India. We have n balls,
labeled 1 through n, and n urns, also labeled 1 through n. Ball 1 is put into a randomly
chosen urn. Thereafter, as j increments from 2 to n, ball j is put into urn j if that urn is
empty, otherwise, it is put into a randomly chosen empty urn. Let the random variable
X be the number of balls that end up in the urn bearing their own number. Show that
the expected value of X is n − Hn−1.

11501. Proposed by Finbarr Holland, University College Cork, Cork, Ireland. Let

g(z) = 1 − 3

1 − 1
1−az + 1

1−i z + 1
1+i z

.

Show that the coefficients in the Taylor series expansion of g are all nonnegative if and
only if a ≥ √

3.

SOLUTIONS

An Unusual GCD/LCM Relationship

11346 [2008, 167]. Proposed by Christopher Hillar, Texas A&M University, College
Station, TX, and Lionel Levine, University of California, Berkeley, CA. Let n be an
integer greater than 1, and let S = {2, . . . , n}. For each nonempty subset A of S, let
π(A) = ∏

j∈A j . Prove that when k is a positive integer and k < n,

n∏
i=k

lcm({1, . . . , �n/ i�}) = gcd({π(A) : |A| = n − k}).

(In particular, setting k = 1 yields
∏n

i=1 lcm({1, . . . , �n/ i�}) = n!.)
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Solution by Richard Stong, Center for Communications Research, San Diego, CA. We
prove that both sides equal

∏
p pep(n,k), where ep(n, k) = ∑n

i=k

⌊
logp(n/ i)

⌋
and the

product runs over all primes (only finitely many primes contribute). Let vp(n) denote
the maximum r such that pr divides n.

For the left side, letting l(x) = lcm({1, . . . , �x�}), we have vp(l(x)) = ⌊
logp x

⌋
,

since pr divides l(x) if and only if x ≥ pr . Hence
∏n

i=k l(n/ i) = ∏
p pep(n,k).

For the right side, let (b1, . . . , bn−1) be the result of putting (vp(2), . . . , vp(n)) in
nonincreasing order. The number of terms with vp(k) ≥ r equals the number of mul-
tiples of pr in S, namely �n/pr�. Thus bk ≥ r if and only if k ≤ n/pr , and hence
bk = ⌊

logp(n/k)
⌋
. The smallest value of vp(π(A)) such that |A| = n − k will be

achieved when A consists of exactly the elements of S corresponding to bk, . . . , bn−1.
Hence

vp(gcd({π(A) : |A| = n − k})) =
n−1∑
i=k

bi = ep(n, k),

using the fact that the term for i = n in the summation for ep(n, k) always equals 0.
Applying this formula over all primes shows that the right side also equals

∏
p pep(n,k).

Also solved by D. R. Bridges, J. H. Lindsey II, O. P. Lossers (Netherlands), M. A. Prasad (India), T. Rucker,
K. Schilling, A. Stadler (Switzerland), M. Tetiva (Romania), S. Vandervelde, B. Ward (Canada), GCHQ Prob-
lem Solving Group (U. K.), NSA Problems Group, and the proposers.

Some Triangle Inequalities

11363 [2008, 461]. Proposed by Oleh Faynshteyn, Leipzig, Germany. Let ma , mb,
and mc be the lengths of the medians of a triangle T . Similarly, let Ia , Ib, Ic, ha , hb,
and hc be the lengths of the bisectors and altitudes of T , and let R, r , and S be the
circumradius, inradius, and area of T . Show that

Ia Ib

Ic
+ Ib Ic

Ia
+ Ic Ia

Ib
≥ 3(2R − r),

and
ma Ib

hc
+ mb Ic

ha
+ mc Ia

hb
≥ 35/4

√
S.

Solution by GCHQ Problem Solving Group, Cheltenham, U. K. We write a, b, c for
the lengths of the three sides, and s = (a + b + c)/2 for the semiperimeter. We will
write

∑
or

∏
for a three or six term sum or product, respectively, over permutations

of the triangle, with three terms if the sum is formally independent of the direction
of the cycle, and six if not. Thus,

∑
ab denotes ab + bc + ca while

∑
a2b = a2b +

b2c + c2a + ab2 + bc2 + ca2. We use several results from (or easily deduced from)
Geometric Inequalities by Bottema et. al. (Nordhoff, Groningen, 1969), including:

Ia = 2S

(b + c) sin(A/2)
, abc = 4Rrs,

r

4R
=

∏
sin

A

2
,

∑
a2 = 2(s2 − 4Rr − r 2),

∑
a2b = 2s(s2 − 2Rr + r 2),∑

a2b2c = 4Rrs(s2 + 4Rr + r 2),∑
a3b2 = 2s(s4 + r 4 + 6Rr 3 + 8R2r 2 + 2r 2s2 − 10Rrs2),∑
a4b = 2s(s4 − 3r 4 − 14Rr 3 − 8R2r 2 − 2r 2s2 − 6Rrs2).
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The first inequality must be reversed. In fact, we will show that

16

9
(2R − r) <

Ia Ib

Ic
+ Ib Ic

Ia
+ Ic Ia

Ib
≤ 3(2R − r).

We begin with

∑ Ia Ib

Ic
=

∑ 2S
(b+c) sin(A/2)

2S
(c+a) sin(B/2)

2S
(a+b) sin(C/2)

= 2S∏
(a + b)

∏
sin(A/2)

∑
(a + b)2 sin2 C

2
.

Now

2
∑

(a + b)2 sin2 C

2
=

∑
(a + b)2(1 − cos C)

= 2
∑

a2 + 2
∑

ab −
∑

a2 cos C − 2
∑

ab cos C.

But 2
∑

ab cos C = ∑
(a2 + b2 − c2) = ∑

a2, so

2
∑

a2 + 2
∑

ab − 2
∑

ab cos C = (
∑

a)2 = 4s2

and
∑

a2 cos C = 1

abc

∑
a3bc cos C = 1

2abc

∑
a2c(a2 + b2 − c2)

= 1

2abc

(∑
a4c + 2

∑
a2b2c −

∑
a2c3

)

= 1

4Rr

[
s4 − 3r 4 − 14Rr 3 − 8R2r 2 − 2r 2s2 − 6Rrs2 + 4Rr(s2 +
4Rr + r 2) − (s4+r 4+6Rr 3+8R2r 2+2r 2s2−10Rrs2)

]

= 2Rs2 − 4Rr 2 − r 3 − rs2

R
.

Therefore

2
∑

(a + b)2 sin2 C

2
= 2Rs2 + 4Rr 2 + r 3 + rs2

R
.

Furthermore,
∏

(a + b) = ∑
a2b + 2abc = 2s(s2 + 2Rr + r 2) and

∏
sin(A/2) =

r/(4R). Hence

Ia Ib

Ic
+ Ib Ic

Ia
+ Ic Ia

Ib
= 2(2Rs2 + 4Rr 2 + r 3 + rs2)

s2 + 2Rr + r 2
. (∗)

Now by Geometric Inequalities (5.9), 4R2 + 4Rr + 3r 2 ≥ s2 ≥ r(16R − 5r). For our
lower bound: 2Rs2 + 36Rr 2 + 17rs2 + 17r 3 ≥ 32R2r + 26Rr 2 + 17rs2 + 17r 3 >

32R2r , so 9(2Rs2 + 4Rr 2 + rs2 + r 3) > 8(2Rs2 + 4R2r − rs2 − r 3) = 8(s2 +
2Rr + r 2)(2R − r). Hence

Ia Ib

Ic
+ Ib Ic

Ia
+ Ic Ia

Ib
>

16

9
(2R − r).
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For our upper bound: R ≥ 2r , so 0 ≤ (R − 2r)(24R + 10r)r = 24R2r − 38Rr 2 −
10r 3, and hence 44R2r − 10Rr 2 ≥ 20R2r + 28Rr 2 + 20r 3. Therefore 2Rs2 + 12R2r
≥ 44R2r − 10Rr 2 ≥ 20R2r + 28Rr 2 + 20r 3 ≥ 8Rr 2 + 5rs2 + 5r 3, and 3(2R −
r)(s2 + 2Rr + r 2) = 6Rs2 + 12R2r − 3rs2 − 3r 3 ≥ 4Rs2 + 8Rr 2 + 2r 3 + 2rs2.
This inequality, in combination with (∗), gives

Ia Ib

Ic
+ Ib Ic

Ia
+ Ic Ia

Ib
≤ 3(2R − r).

Now consider the second inequality. By elementary calculus, a function of the form
f (x) = x2 + 2λ/x achieves its minimum at x = λ1/3, so f (x) ≥ 3λ2/3.

Letting λ = ∏
ma Ib/hc, we have

(∑ ma Ib

hc

)2

=
∑ m2

a I 2
b

h2
c

+2
∑ ma Ib

hc

mb Ic

ha
=

∑(
m2

a I 2
b

h2
c

+ 2λ
hc

ma Ib

)
≥ 9λ2/3.

Denote the exradii of T by ra , rb, and rc. By Geometric Inequalities (8.21) and (6.27),
we have mambmc ≥ rarbrc = S2/r = Ss. By (8.7) we have

Ia Ib Ic = 8a2b2c2∏
(a + b)

∏
cos

A

2
= 8a2b2c2∏

(a + b)

∏ √
s(s − a)

bc

= 8a2b2c2∏
(a + b)

Ss

abc
= 8abcSs∏

(a + b)
= 32RsS2∏

(a + b)
,

hahbhc =
∏ 2S

a
= 8S3

abc
= 2S3

Rrs
.

Now

λ = Ss
32RsS2∏
(a + b)

Rrs

2S3
= 16R2rs3∏

(a + b)
and

(∑ ma Ib

hc

)2

≥ 9

(
16R2rs3∏

(a + b)

)2/3

.

By (5.5) and (5.1), s2 ≥ 3r(4R + r) ≥ 3r(9r) = 27r 3, so s ≥ 3
√

3r . By (5.8) s2 ≤
4R2 + 4Rr + 3r 2, and thus s2 + 2Rr + r 2 ≤ 4R2 + 6Rr + 4r 2 ≤ 4R2 + 3R2 + R2 =
8R2. Hence

∏
(a + b) = ∑

a2b + 2abc = 2s(s2 − 2Rr + r 2) + 8Rrs = 2s(s2 +
2Rr + r 2) ≤ 2s(8R2) = 16R2s. This leads to 3

√
3(

∏
(a + b))2 ≤ s(16R2s)2 =

256R4s3. Now 315/2S3 = 315/2r 2s3, and

315/2r 3s3 ≤ 729
256R4r 2s6

(∏
(a + b)

)2 ⇒ 35/2S ≤ 9

(
16R2rs3∏
(a + b)

)2/3

≤
(∑ ma Ib

hc

)2

,

so that finally 35/4
√

S ≤ ∑
ma Ib/hc.

Also solved by V. V. Garcı́a (Spain) and R. Stong.

A Multiple of a Prime

11364 [208, 461]. Proposed by Pál Péter Dályay, Szeged, Hungary. Let p be a prime
greater than 3, and let t be the integer nearest p/6.
(a) Show that if p = 6t + 1, then

(p − 1)!
2t−1∑
j=0

(−1) j

(
1

3 j + 1
+ 1

3 j + 2

)
≡ 0 (mod p).
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(b) Show that if p = 6t − 1, then

(p − 1)!
(

2t−1∑
j=0

(−1) j

3 j + 1
+

2t−2∑
j=0

(−1) j

3 j + 2

)
≡ 0 (mod p).

Solution by Robin Chapman, University of Exeter, Exeter, U. K. The desired congru-
ence in both cases is

(p − 1)!
p−1∑
k=1

χ(k)

k
≡ 0 (mod p), (1)

where

χ(k) =

⎧⎪⎨
⎪⎩

0 if k ≡ 0, 3 (mod 6),

1 if k ≡ 1, 2 (mod 6),

−1 if k ≡ 4, 5 (mod 6).

Note that χ(k) = (ζ k − ζ−k)/
√−3, where ζ = eπ i/3 = 1

2(1 + √−3). Letting

F(z) = ∑p−1
k=1 zk/k, we have

p−1∑
k=1

χ(k)

k
= F(ζ ) − F(ζ−1)√−3

. (2)

For the value on the right, note that F ′(z) = ∑p−1
k=1 zk−1 = 1−z p−1

1−z , so F ′(1 − z) =∑p−2
k=0 (−1)k+1

(p−1
k+1

)
zk . Note also that

(p−1
j

) ≡ (−1) j (mod p). Hence F ′(1 − z) =
pG(z) + F ′(z) (mod p), where G is a polynomial having integer coefficients and
degree at most p − 2. We conclude that

d

dz
(F(z) − F(1 − z)) = −pG(z). (3)

Let G(z) = ∑p−1
k=1 bk zk−1 with each bk ∈ Z. Integrating (3) from 0 to z gives

F(z) − F(1 − z) + F(1) = −p
p−1∑
k=1

bk

k
zk .

Setting z = ζ and using 1 − ζ = ζ−1 yields

F(ζ ) − F(ζ−1) = −F(1) − p
p−1∑
k=1

bk

k
zk .

Since p is odd, F(1) = ∑(p−1)/2
k=1 ( 1

k + 1
p−k ) = ∑(p−1)/2

k=1
p

k(p−k)
. It follows that

(p − 1)! F(1) is a multiple of p. We conclude that in the context of algebraic inte-
gers, (p − 1)! (F(ζ ) − F(ζ−1)) ≡ 0 (mod p). Multiplying by

√−3 yields a rational
integer, and dividing by −3 (justified by p > 3) and invoking (2) yields the desired
congruence (1).

Editorial comment. Stong showed also that (p − 1)! F(ζ ) ≡ (p − 1)! F(ζ−1) ≡ 0
(mod p), which leads to (p − 1)! ∑p−1

k=1
χ(k+s)

k ≡ 0 (mod p) for every integer s.

Also solved by J. H. Lindsey II, M. A. Prasad (India), A. Stadler (Switzerland), R. Tauraso (Italy), M. Tetiva
(Romania), A. Wyn-Jones, GCHQ Problem Solving Group (U. K.), and the proposer.
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Relating Two Integer Sequences

11365 [2008, 462]. Proposed by Aviezri S. Fraenkel, Weizmann Institute of Science,
Rehovot, Israel. Let t be a positive integer. Let γ = √

t2 + 4, α = 1
2 (2 + γ − t), and

β = 1
2(2 + γ + t). Show that for all positive integers n,

�nβ� = �(�nα� + n(t − 1))α� + 1 = �(�nα� + n(t − 1) + 1)α� − 1.

Solution I by Donald R. Bridges, Woodstock, MD. Letting ε = (γ − t)/2, we have
α = 1 + ε and β = 1 + t + ε. Note that t2 < γ 2 < (t + 2)2, so γ and ε are irrational
and 0 < ε < 1.

We write the expressions in terms of ε. For the first, �nβ� = n + nt + �nε�. For the
second,

�nα� + n(t − 1) = nt + �nε� ,

(�nα� + n(t − 1))α = nt + �nε� + ntε + �nε� ε.

Squaring both sides of
√

t2 + 4 = t + 2ε yields tε + ε2 = 1, so ntε + nε2 = n. Also,
ntε + �nε� ε > ntε + (nε − 1)ε, so the floor of the last displayed expression is nt +
�nε� + n − 1, since 0 < ε < 1. This proves the first equality.

To compute the rightmost expression in the problem statement, begin with

(�nα� + n(t − 1) + 1)α = nt + �nε� + 1 + ntε + �nε + 1� ε.

Since ntε + �nε + 1� ε ≤ ntε + nε2 + ε < n + 1, we obtain the desired equality

�(�nα� + n(t − 1) + 1)α� = �nβ� + 1.

Solution II by the proposer. First, observe that α and β are irrational numbers satisfy-
ing 1 < α < β and α + β = αβ, and that as a result, β > 2. It is well known that under
these conditions, A ∪ B = N, where A = {�nα� : n ≥ 1} and B = {�nβ� : n ≥ 1}.

Since β > 2, the set B does not contain consecutive integers. Hence each term of
B lies between two consecutive terms of A. That is, for each positive integer n there
exists m such that �mα�, �nβ�, and �(m + 1)α� are consecutive integers. Given n, the
problem is to determine m.

Among the integers from 1 to �nβ�, exactly n lie in B, so �nβ� − n lie in A. There-
fore, m = �nβ� − n. Thus

�(�nβ� − n) α� , �nβ�, �((�nβ� − n) + 1) α�
are consecutive integers. It remains only to show that �nβ� − n = �nα� + n(t − 1).
This reduces to

⌊
1
2 n(γ + t)

⌋ = ⌊
1
2 n(γ − t)

⌋ + nt , which is true.

Editorial comment. The claim that A ∪ B = N in Solution II is well known; the pro-
poser cited A. S. Fraenkel, How to beat your Wythoff games opponent on three fronts,
Amer. Math. Monthly 89 (1982) 353–361. The result is so astonishing and yet easily
proved that we include a short proof for the reader’s pleasure.

First note that a + b = ab is equivalent to 1
a + 1

b = 1. Also, a, b > 1. For any
k ∈ N, the number of terms less than k in A ∪ B is �k/a� + �k/b�, since a and b are
irrational. We compute⌊

k

a

⌋
+

⌊
k

b

⌋
=

⌊
k

a

⌋
+

⌊
k

(
1 − 1

a

)⌋
= k +

⌊
k

a

⌋
+

⌊−k

a

⌋
= k − 1.

Similarly, A ∪ B contains k terms less than k + 1. Hence there is exactly one term less
than k + 1 but not less than k; it equals k.
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Also solved by R. Chapman (U. K.), P. Corn, C. Curtis, J. H. Lindsey II, O. P. Lossers (Netherlands),
M. A. Prasad (India), A. Stadler (Switzerland), R. Stong, GCHQ Problem Solving Group (U. K.), and the
proposer.

An Exponential Inequality

11369 [2008, 567]. Proposed by Donald Knuth, Stanford University, Stanford, CA.
Prove that for all real t , and all α ≥ 2,

eαt + e−αt − 2 ≤ (
et + e−t

)α − 2α.

Solution by Knut Dale, Telemark University College, Bø, Norway. For t ∈ R and
α ≥ 0, let f (t, α) = ((et + e−t)α − 2α) − (eαt + e−αt − 2). Since f (0, α) = 0 and
f (−t, α) = f (t, α), we need only consider t > 0. Write

f (t, α) = α

∫ t

0

{
(ex + e−x)α sinh x

cosh x
− (eαx − e−αx)

}
dx

= α

∫ t

0
(ex + e−x)α

{
g(x, 1) − g(x, α)

}
dx,

where g(x, α) = (eαx − e−αx)/(ex + e−x)α. Let x > 0 and observe that g(x, α) ≥ 0,
g(x, 2) = g(x, 1) > 0, and g(x, 0) = g(x, ∞) = 0. Note that

∂g(x, α)

∂α
> 0 ⇐⇒ ln(ex + e−x) + x

ln(ex + e−x) − x
> e2αx . (∗)

Likewise, equivalence holds if we replace “>” with “=” or with “<” throughout (∗).
Since e2αx is an increasing function of α,

ln(ex + e−x) + x

ln(ex + e−x) − x
= e2αx

has a unique solution α in the interval (1, 2). Thus, as a function of α, g(x, α) increases
from 0 to a maximum in (1, 2) and then decreases towards 0. Hence f (t, α) > 0 for
α ∈ (0, 1) ∪ (2, ∞), f (t, α) < 0 for α ∈ (1, 2), and f (t, α) = 0 for α ∈ {0, 1, 2}.
Editorial comment. Grahame Bennett (Indiana University) provided an instructive so-
lution including a general context for this inequality. That solution is now incorporated
into a paper, appearing in the current issue of this MONTHLY (see p. 334).

Also solved by F. Alayont, K. Andersen (Canada), R. Bagby, G. Bennett, D. & J. Borwein (Canada), P. Bour-
don, P. Bracken, R. Chapman (U. K.), H. Chen, P. P. Dályay (Hungary), K. Endo, G. C. Greubel, J. Grivaux
(France), J. A. Grzesik, S. J. Herschkorn, M. Hildebrand, F. Holland (Ireland), A. Incognito & T. Mengesha,
V. K. Jenner (Switzerland), O. Kouba (Syria), K.-W Lau (China), W. R. Livingston, O. P. Lossers (Nether-
lands), K. McInturff, K. Nagasaki (Japan), T. Nakata (Japan), O. Padé (Israel), P. Perfetti (Italy), Á. Plaza
& J. M. Pacheco (Spain), D. S. Ross, V. Rutherfoord, B. Schmuland (Canada), A. Stadler (Switzerland), R.
Stong, R. Tauraso (Italy), M. Tetiva (Romania), M. Thaler (Australia), J. Vinuesa (Spain), Z. Vörös (Hungary),
T. Wilkerson, Y. Yu, BSI Problems Group (Germany), GCHQ Problem Solving Group (U. K.), Microsoft
Research Problems Group, and the proposer.
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REVIEWS
Edited by Jeffrey Nunemacher

Mathematics and Computer Science, Ohio Wesleyan University, Delaware, OH 43015

Plato’s Ghost: The Modernist Transformation of Mathematics, viii + 515 pp. By Jeremy Gray.
Princeton University Press, Princeton and Oxford, 2008, 515 pp., ISBN 978-0-691-13610-3,
$45.

Reviewed by Sanford L. Segal

What is modernism? What is done now, but not done earlier.
Jeremy Gray, in his book Plato’s Ghost, discerns a “mathematical modernism”

which came into being roughly between 1880 and 1920 and was (to use the words
of Georg Cantor) “free mathematics”, an unconstrained sort of mathematics.

Mathematics today is arbitrary in character. An example, perhaps, is Hensel’s “p-
adic numbers” (created circa 1900), which turned out to be a way to fill in the “gaps”
between the rational numbers in a non-Archimedean way. Thus the passage from the
rational numbers to the real numbers (first finally formalized in the 1870s), whether
through Dedekind cuts or through equivalence classes of certain sequences of rational
numbers (Cantor, Heine, and Méray), was not the unique completion of the rationals.
This is only one possibility elucidated as one example of the creation of mathematics,
which is a hallmark of modernism.

The ability to create mathematics requires the mathematician to be autonomous.
The novelties exist as soon as a mathematician rigorously describes them. In fact, to-
day a mathematician is able to develop theories that have no apparent use, but may
develop uses in nonmathematical areas. Another aspect of modernism in mathematics
was the reawakening of interest in the philosophy of mathematics among mathemat-
ically trained people. Whereas through much of the 19th century philosophers had
“observed” mathematicians, as it were, through a window and commented on their
observations, there had been no active involvement in mathematical activity.

By roughly 1920 this was mathematics and the way mathematicians behaved, but
it was not always so. Up until 1870 or thereabouts, mathematics was quite different.
A partial exception may have been Bernhard Riemann. About one quarter of Gray’s
book is devoted to this period “before modernism” which “sets the stage” for what
came after. I should mention here two novel aspects of Gray’s analysis. One is his
discussion of the influence that the philosopher Johann Friedrich Herbart had on Rie-
mann. While others have commented on this, so far as I know, Gray’s book is the
first place where this is detailed in extenso. The other is the (much-deserved) attention
given to the Italian mathematician Federigo Enriques, who was also much inclined to
philosophy.

A question is whether “mathematical modernism” has anything to do with “mod-
ernism” in other areas like painting, music, or literature. Gray says no. Or, at least,
not so far as he considers it. In truth every fin de siècle brings a wave of “modernism”
with it. But these “modernisms” are also continuations of what went before in their

doi:10.4169/000298910X480874
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respective areas. Mathematics was no different. While Dedekind perhaps could not
have imagined the structural algebra that Emmy Noether and her school created, it
is undeniable that he provided the foundation for it. It is perhaps too early to try to
discern the “modernisms” of the 21st century.

Kant (who has suffered a great deal for assuming Euclidean geometry was a syn-
thetic a priori) wanted to make metaphysics conform to our intuition. However, all we
can know are appearances: Samuel Johnson, in a famous story, was asked by Boswell
how he could refute this idea; he kicked a stone, stubbed his toe, and said “Thus I
refute it.” Nevertheless, we can know everything about these appearances. For Kant
mathematical judgments were always synthetic, that is, derived from the structure of
experience. So far as Kant was concerned, space was correctly described by Euclidean
geometry, even though one of his contemporaries was Lambert who had spoken of the
geometry of the imaginary sphere (my emphasis).

Mathematical modernism arrived with (Christian) Felix Klein. Klein is given credit
through his “Erlanger Programm” for uniting various geometries algebraically. How-
ever, Klein himself did not work much on this in the 1870s. According to this program,
a geometric property was invariant under all the operations of a group associated to that
geometry. Lengths are, of course, not projective invariants; but cross-ratio is. The fun-
damental focus was changed. What was geometric was what was invariant: cross-ratio
was invariant under all the operations of the projective group. Group theory became
established after 1870, largely due to the work of Camille Jordan (who was trying to
establish what he could from what Galois had left behind). The influence of the old
way of thinking did not, however, suddenly die. For example, by 1891 Peano was not
interested in geometries in more than three dimensions because they did not seem to
be connected to practical hypotheses.

By the 1880s, Weierstrass had shown that every bounded infinite set of real num-
bers has a limit point. Kronecker by then had moved toward a position in which real
numbers as a whole did not exist; thus he regarded the “Bolzano-Weierstrass” theorem
as an obvious sophism (or so Schwarz wrote Cantor). Cantor and Schwarz were then
both at the beginning of what would be very distinguished careers.

The question: “What are the natural numbers?” did not become interesting until
Cantor started to suggest that his new infinite sets had similar properties to the natural
numbers. Cantor’s proof by the diagonal method that the real numbers are not count-
able (it was not his first proof) gave a hint that there could be a theory of infinite sets
of different sizes. So it is with Weierstrass’ students that the new mathematics, as yet
undreamt of by most, appeared.

Richard Dedekind spoke openly about creating mathematical objects, which gives a
new vibrancy to Kronecker’s famous statement that God made the integers; all the rest
is the work of man. Dedekind, in Was sind und was sollen die Zahlen, aimed to give an
account of the so-called natural numbers. Here Dedekind showed that mathematical
induction was valid and the laws of addition and multiplication followed. He also
showed that the system he set up not only described the natural numbers, but described
only the natural numbers.

Around the turn of the twentieth century mathematicians addressed the issue that
mathematics was no longer the science of quantity. Mathematics was ideal, self-
created, and as Cantor had declared, its essence lay in its freedom. Mathematics was
diverse. As Maxime Bôcher said, it was not necessary that there be any idea of what
the nature of the objects and relations involved in mathematical premises was.

An example of mathematical modernism is presented by the theory of measure
and the integral. Here the theory (with Jordan’s theory of measure as precursor) is
firmly axiomatic. The decisive steps were taken by Emile Borel and Henri Lebesgue.
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Lebesgue’s theory of the integral, which depended on partitioning the range of a func-
tion, proved to have many advantages over the older Riemannian theory.

The principal content of this modernist approach was that it was created by mathe-
maticians, was axiomatic, and so was completely independent of its objects. The view
of mathematicians today is that they have choice about the methods to be used but not
about the results obtained. Generalization is an important part of mathematics because
it can bring a quality of understanding. When is something true? Why? Emil Post
thought that the entire axiomatic trend would return to a concentration on meaning
and truth. That may be, but I do not see it.

Gray has written his book for historians of science in general. I do not know how
many of that intended audience will read it. It is a formidable book, but well worth
reading. Mathematicians deal with philosophical questions about mathematics rather
uneasily. New philosophies of mathematics (like a refined social constructivism) are
not dealt with here, but people holding them will be much enlightened by Gray’s book.

The book’s title comes from the Yeats poem “What then?”, which is used as an epi-
graph, to imply that mathematical (or other) work is never done. The verses recount
the life of a scholar, who thinks that all his life’s work has brought something to per-
fection. At the end of each verse (except the last) there appears the line “ ‘What then?’
sang Plato’s ghost, ‘What then?’ ” However, the last verse ends with the line: “But
louder sang that ghost, what then?”

University of Rochester, Rochester, NY 14627
ssgl@math.rochester.edu
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That student is taught the best who is 
told the least.

—R. L. Moore, 1966

The Moore Method: A Pathway to Learner-Centered Instruction offers a 
practical overview of the method as practiced by the four co-authors, 
serving as both a “how to” manual for implementing the method and 
an answer to the question, “what is the Moore method.  Moore is well 
known as creator of The Moore Method (no textbooks, no lectures, no 
conferring) in which there is a current and growing revival of interest and 
modified application under inquiry-based learning projects.  Beginning 
with Moore’s Method as practiced by Moore himself, the authors proceed 
to present their own broader definitions of the method before addressing 
specific details and mechanics of their individual implementations.  Each 
chapter consists of four essays, one by each author, introduced with the 
commonality of the authors’ writings.  

Topics include the culture the authors strive to establish in the classroom, 
their grading methods, the development of materials and typical days 
in the classroom.  Appendices include sample tests, sample notes, and 
diaries of individual courses. With more than 130 references supporting 
the themes of the book the work provides ample additional reading 
supporting the transition to learner-centered methods of instruction.

The Moore Method: A Pathway 
to Learner-Centered Instruction

Catalog Code:  NTE-75
260 pp., Paperbound, 2009, 

ISBN: 978-0-88385-185-2
List:  $57.50  MAA Member:  $47.50

Charles A. Coppin, Ted Mahavier, E. Lee May, 
and Edgar Parker, Editors

To order call 1-800-331-1622 or visit us online at www.maa.org

New title from the MAA

http://www.maa.org


As a robust repertoire of examples is essential for students 
to learn the practice of mathematics, so a mental library of 
counterexamples is critical for students to grasp the logic of 
mathematics.  Counterexamples are tools that reveal incor-
rect beliefs.  Without such tools, learners’ natural misconcep-
tions gradually harden into convictions that seriously impede 
further learning.  This slim volume brings the power of coun-
terexamples to bear on one of the largest and most important 
courses in the mathematics curriculum.
—Professor Lynn Arthur Steen, St. Olaf College, Minnesota, 
USA, Co-author of Counterexamples in Topology

Counterexamples in Calculus
Sergiy Klymchuk

Order your copy today!
1.800.331.1622          www.maa.org

Catalog Code: CXC
101pp., Paperbound, 2010
ISBN:  978-0-88385-756-6
List:  $45.95   
MAA Member:  $35.95

Counterexamples in Calculus serves as a supplementary resource to en-
hance the learning experience in single variable calculus courses. This 
book features carefully constructed incorrect mathematical statements 
that require students to create counterexamples to disprove them. Methods 
of producing these incorrect statements vary. At times the converse of a 
well-known theorem is presented. In other instances crucial conditions are 

-
ments are grouped topically with sections devoted to: Functions, Limits, 
Continuity, Differential Calculus and Integral Calculus. 

using counterexamples as a pedagogical tool in the study of introductory 
calculus. In that light it may well be useful for
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NOTICE TO AUTHORS
The MONTHLY publishes articles, as well as notes
and other features, about mathematics and the pro-
fession. Its readers span a broad spectrum of math-
ematical interests, and include professional mathe-
maticians as well as students of mathematics at all
collegiate levels. Authors are invited to submit articles
and notes that bring interesting mathematical ideas
to a wide audience of MONTHLY readers.

The MONTHLY’s readers expect a high standard of
exposition; they expect articles to inform, stimulate,
challenge, enlighten, and even entertain. MONTHLY
articles are meant to be read, enjoyed, and dis-
cussed, rather than just archived. Articles may be
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The Evolution of Markov Chain
Monte Carlo Methods

Matthew Richey

1. INTRODUCTION. There is an algorithm which is powerful, easy to implement,
and so versatile it warrants the label “universal.” It is flexible enough to solve otherwise
intractable problems in physics, applied mathematics, computer science, and statistics.
It works in both probabilistic and deterministic situations. Best of all, because it was
inspired by Nature, it is blessed with extreme elegance.

This algorithm is actually a collection of related algorithms—Metropolis-Hastings,
simulated annealing, and Gibbs sampling—together known as Markov chain Monte
Carlo (MCMC) methods. The original MCMC method, the Metropolis algorithm,
arose in physics, and now its most current variants are central to computational statis-
tics. Along the way from physics to statistics the algorithm appeared in—and was
transformed by—applied mathematics and computer science. Perhaps no other algo-
rithm has been used in such a range of areas. Even before its wondrous utility had been
revealed, its discovers knew they had found

. . . a general method, suitable for fast electronic computing machines, of calcu-
lating the properties of any substance which may be considered as composed of
interacting individual molecules. [48]

This is the story of the evolution of MCMC methods. It begins with a single paper,
one with no antecedent. The original idea required the right combination of place, peo-
ple, and perspective. The place was Los Alamos right after World War II. The people
included the familiar—von Neumann, Ulam, Teller—along with several less familiar.
The perspective was that randomness and sampling could be used to circumvent insur-
mountable analytic roadblocks. There was also one last necessary ingredient present:
a computer.

The evolution of MCMC methods is marked by creative insights by individuals
from seemingly disparate disciplines. At each important juncture, a definitive paper
signaled an expansion of the algorithm into new territory. Our story will follow the
chronological order of these papers.

1. Equations of State Calculations by Fast Computing Machines, 1953, by Metro-
polis, Rosenbluth, Rosenbluth, Teller, and Teller [48], which introduced the
Metropolis algorithm.

2. Optimization by Simulated Annealing, 1983, by Kirkpatrick, Gelatt, and Vecchi
[45], which brought simulated annealing to applied mathematics.

3. Stochastic Relaxation, Gibbs Distributions, and the Bayesian Restoration of Im-
ages, 1984, by Geman and Geman [28], which introduced Gibbs sampling.

doi:10.4169/000298910X485923
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4. Sampling-Based Approaches to Calculating Marginal Densities, 1990, by Gel-
fand and Smith [25], which brought the power of MCMC methods to the statis-
tics community.

It is difficult to overstate the impact of these papers and the importance of MCMC
methods in modern applied mathematics. Collectively these four papers have been
cited almost 40,000 times. The original Metropolis algorithm has been called one of
the ten most important algorithms of the twentieth century [19].1

The goal here is not to provide a tutorial on how to use MCMC methods; there
are many resources for this purpose [8, 54, 27, 29, 10, 65, 61]. Rather, the goal is to
tell the story of how MCMC methods evolved from physics into applied mathematics
and statistics. Parts of this story have already been told. Much has been written about
the research at Los Alamos that led to the Metropolis algorithm; see, for example,
the Los Alamos publications [2, 46, 47, 32]. A very nice overview of the connections
between the Metropolis algorithm and modern statistics can be found in [36, 10, 63].
An unpublished work by Robert and Casella [55] also focuses on the history of MCMC
methods, mostly from a statistician’s perspective. Less has been said about the history
of simulated annealing and the role of MCMC methods in image restoration.

2. THE BEGINNING: METROPOLIS ET AL., 1953. Our story begins with the
Metropolis algorithm, the original Markov chain Monte Carlo method. But first we
take a brief look at the history of Monte Carlo methods and also recall some facts
about Markov chains.

2.1. Monte Carlo Methods. Shortly after World War II, Los Alamos was a hotbed of
applied mathematics and theoretical physics. Much of the work was motivated by the
intense focus on developing nuclear weapons. One particularly difficult problem was
to estimate the behavior of large (e.g., 1023) collections of atomic particles. The physi-
cal laws governing their behavior—thermodynamics, statistical physics, and quantum
mechanics—were inherently probabilistic and so complicated that traditional methods
were not sufficient for the sort of detailed analysis needed. In this setting a new idea
took hold; instead of searching for closed form, analytic solutions, one could simulate
the behavior of the system in order to estimate the desired solution. Producing sim-
ulations was a challenge. Before the late 1940s no device existed that could quickly
and accurately carry out large-scale random simulations. By the end of World War
II, things were different. Researchers at Los Alamos had access to such a device, the
ENIAC (Electronic Numerical Integrator and Computer) at the University of Pennsyl-
vania.

The use of probabilistic simulations predated the existence of a computer. The (per-
haps apocryphal) case of the 18th century Buffon’s needle is one example of how a
“manual” simulation can be used to estimate a parameter of interest, in this case π .
A more interesting, and better documented, example of simulation appears in Lord
Kelvin’s 1901 paper Nineteenth Century Clouds Over the Dynamical Theory of Heat
and Light2 [43], in which he described a method to estimate velocity distributions us-
ing simulated values obtained from a carefully constructed set of cards. There is also

1Others listed include the QR algorithm for eigenvalue calculation, the simplex method, quicksort, and the
fast Fourier transform.

2Aside from describing Monte Carlo-like simulations, this paper had a significant role in the history of
modern physics. Kelvin outlines the central problems of physics at the beginning of the twentieth century,
namely the so-called “ultraviolet catastrophe” and the Michelson-Morely “anomaly” regarding the speed of
light.
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evidence that Enrico Fermi [46, 58] used manual Monte Carlo-like methods during the
1930s in his early work on nuclear fission.3

At Los Alamos credit for introducing probabilistic simulation goes to Stanislaw
Ulam. As the story goes [20, 64], in 1946 Ulam was confined to bed to recover from
an illness. To pass the time he played Canfield Solitaire, a form of solitaire for which
the outcome is determined once the cards are shuffled and dealt. As he played, Ulam
wondered how to determine the probability of winning a game. Clearly, this was an
intractable calculation, but he imagined programming the ENIAC to simulate a random
shuffle and then apply the rules of the game to determine the outcome. Repeating this a
large number of times would give an empirical estimate of the probability of winning.
Analyzing solitaire did not justify using Los Alamos’s precious computing resources,
but Ulam saw that this new approach could be used in realistic and important settings.
He conveyed the idea to his friend John von Neumann.

In 1947, von Neumann and others were working on methods to estimate neutron
diffusion and multiplication rates in fission devices (i.e., nuclear bombs) [20]. Fol-
lowing Ulam’s suggestion, von Neumann proposed a simple plan: create a relatively
large number of “virtual” neutrons and use the computer to randomly simulate their
evolution through the fissionable material. When finished, count the number of neu-
trons remaining to estimate the desired rates. In modern terms, the scale was extremely
modest: a simulation of just 100 neutrons with 100 collisions each required about five
hours of computing time on the ENIAC. Nonetheless, the utility of this approach was
immediately apparent. From this point forward, randomized simulations—soon to be
called Monte Carlo methods—were an important technique in physics.

Apparently, Nicholas Metropolis was responsible for the name Monte Carlo meth-
ods.

. . . I suggested an obvious name for the statistical method—a suggestion not
unrelated to the fact that Stan (Ulam) had an uncle who would borrow money
from relatives just because he had to go to Monte Carlo. The name seems to
have endured. [46]

This new approach first appeared in Ulam and Metropolis’s 1949 paper The Monte
Carlo Method [49].

We want to now point out that modern computing machines are extremely well
suited to perform the procedures described. In practice, a set of values of param-
eters characterizing a particle is represented, for example, by a set of numbers
punched on a card. . . . It may seem strange that the machine can simulate the
production of a series of random numbers, but this is indeed possible. In fact, it
suffices to produce a sequence of numbers between 0 and 1 which have a uniform
distribution . . . 4

3In 1955, fellow Nobel laureate Emilio Segrè recalled

. . . Fermi acquired, by the combined means of empirical experience, Monte Carlo calculation, and more
formal theory, that extraordinary feeling for the behavior of slow neutrons . . . [58]

4A standard approach of the era was the so-called “middle third” method. Let rk be an n-digit random num-
ber. Square it and extract the middle n digits to form rk+1. Linear congruential methods would be developed
shortly thereafter by Lehmer and others.
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From our perspective, it is perhaps difficult to appreciate the revolutionary nature of
simulation as an alternative to analytical methods. But at the time, few mathematicians
or physicists had any experience with the computer, much less simulation.

In addition to sampling from the uniform distribution, there soon emerged ways
to sample from other probability distributions. For many of the standard distributions
(e.g., the normal distribution), mathematical transformations of the uniform distribu-
tion sufficed. For more general distributions, in particular ones arising from physical
models, more sophisticated techniques were needed.5 One early method, also due to
von Neumann, became what we now call acceptance-rejection sampling. These meth-
ods were far from universal and not well suited for higher-dimensional probability
distributions. MCMC methods overcame these limitations. The key was the use of a
Markov chain, which we now briefly review.

2.2. Markov Chains. Given a finite state (configuration) space S = {1, 2, . . . , N },
a Markov chain is a stochastic process defined by a sequence of random variables,
Xi ∈ S, for i = 1, 2, . . . such that

Prob(Xk+1 = xk+1 | X1 = x1, . . . , Xk = xk) = Prob(Xk+1 = xk+1 | Xk = xk).

In other words, the probability of being in a particular state at the (k + 1)st step only
depends on the state at the kth step. We only consider Markov chains for which this
dependence is independent of k (that is, time-homogeneous Markov chains). This gives
an N × N transition matrix P = (pi j ) defined by

pi j = Prob(Xk+1 = j | Xk = i).

Note that for i = 1, 2, . . . , N ,

N∑
j=1

pi j = 1.

The (i, j)-entry of the K th power of P gives the probability of transitioning from state
i to state j in K steps.

Two desirable properties of a Markov chain are:

• It is irreducible: for all states i and j , there exists K such that (P K )i, j �= 0.
• It is aperiodic: for all states i and j , gcd{K : (P K )i, j > 0} = 1.

An irreducible, aperiodic Markov chain must have a unique distribution π = (π1, π2,

. . . , πN ) on the state space S (πi = the probability of state i) with the property that

π = πP.

We say that the Markov chain is stable on the distribution π , or that π is the stable
distribution for the Markov chain.

MCMC methods depend on the observation:

If π is the stable distribution for an irreducible, aperiodic Markov chain, then we
can use the Markov chain to sample from π .

5See [15] for a thorough overview of modern sampling methods.
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To obtain a sample, select s1 ∈ S arbitrarily. Then for any k > 1, if sk−1 = i , select
sk = j with probability pi j . The resulting sequence s1, s2, . . . has the property that as
M → ∞,

|{k : k ≤ M and sk = j}|
M

→ π j (1)

with probability one.
Any large (but finite) portion of this sequence approximates a sample from π . Often,

one discards the first m terms of the sequence, and uses the “tail” of the sequence

sm+1, sm+2, . . . , sM

as the sample.
However they are obtained, samples from π provide a way to approximate proper-

ties of π . For example, suppose f is any real-valued function on the state space S and
we wish to approximate the expected value

E[ f ] =
N∑

i=1

f (i)πi .

To do so, select a sample s1, s2, . . . , sM from π and the ergodic theorem guarantees
that

1

M

M∑
i=1

f (si ) → E[ f ] (2)

as M → ∞ with the convergence O(M−1/2) [34].
Given the transition matrix for an irreducible, aperiodic Markov chain, it is a stan-

dard exercise to determine its stable distribution. We are keenly interested in the in-
verse problem:

Given a distribution π on a finite state space, find an irreducible, aperiodic
Markov chain which is stable on π .

The solution is the Metropolis algorithm.

2.3. Statistical Mechanics and the Boltzmann Distribution. The Metropolis algo-
rithm was motivated by the desire to discern properties of the Boltzmann distribution
from statistical mechanics, the branch of physics concerned with the average behavior
of large systems of interacting particles. Let us briefly develop some of the fundamen-
tal ideas behind the Boltzmann distribution.

A state of the particles is described by a configuration ω taken from the configura-
tion space �. The configuration space can be infinite or finite, continuous or discrete.
For example, we might start with N interacting particles, each described by its posi-
tion and velocity in three-dimensional space. In this case � is an infinite, continuous
subset of R

6N . Alternatively, � could be described by taking a bounded subset, �, of
the integer lattice in the plane and to each site attaching a value, say ±1. The value at
a site might indicate the presence of a particle there, or it might indicate an orientation
(or “spin”) of a particle at the site. If |�| = N , then the configuration space consists
of all 2N possible assignments of values to sites in �.
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The physics of a configuration space � is described by an energy function E : � →
R

+. We say that E(ω) is the energy of a configuration ω. For the continuous example
above, energy could reflect the sum of gravitational potential energies. For the discrete
example, the energy could reflect the total influence that neighboring particles exert on
each other, as in the Ising model, which we will look at shortly.

A fundamental principle of statistical physics is that Nature seeks low-energy con-
figurations. The random organization of molecules in a room is governed by this prin-
ciple. Rarely observed configurations (e.g., all of the molecules gathering in a corner
of the room) have high energies and hence very low probabilities. Common configura-
tions (e.g., molecules isotropically distributed throughout the room) have low energies
and much higher probabilities, high enough so that they are essentially the only con-
figurations ever observed.

For a system at equilibrium, the relative frequency of a configuration ω is given by
its Boltzmann weight,

e−E(ω)/kT , (3)

where T is the temperature and k is Boltzmann’s constant.
For any ω ∈ �, its Boltzmann probability, Boltz(ω), is

Boltz(ω) = e−E(ω)/kT

Z
. (4)

The denominator

Z =
∑
ω′∈�

e−E(ω′)/kT

is called the partition function. In any realistic setting, the partition function is analyti-
cally and computationally intractable. This intractability single-handedly accounts for
the dearth of analytic, closed-form results in statistical mechanics.

The relationship between energy and probability leads to expressions for many in-
teresting physical quantities. For example, the total energy of the system, 〈E〉, is the
expected value of the energy function E(ω) and is defined by

〈E〉 =
∑
ω∈�

E(ω)Boltz(ω) =
∑

ω∈� E(ω)e−E(ω)/kT

Z
. (5)

Many other physical quantities are defined similarly. In each case there is no avoiding
the partition function Z .

Expressions such as (5) could be naively approximated using Monte Carlo sam-
pling. To do so, generate a sample ω1, ω2, . . . , ωM uniformly from �, and estimate
both the numerator and denominator of (5) separately, resulting in

〈E〉 ≈
∑M

i=1 E(ωi )e−E(ωi )/kT∑M
i=1 e−E(ωi )/kT

.

Metropolis et al. understood the limitations of sampling uniformly from the config-
uration space and proposed an alternative approach.

This method is not practical . . . since with high probability we choose a con-
figuration where exp(−E/kT ) is very small; hence a configuration with very
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low weight. The method we employ is actually a modified Monte Carlo scheme
where, instead of choosing configurations randomly, then weighting them with
exp(−E/kT ), we choose configurations with probability exp(−E/kT ) and
weight them evenly. [48]

In other words, it would be much better to sample from � so that ω is selected with
probability Boltz(ω). If this can be done, then for any such sample ω1, ω2, . . . , ωM ,

1

M

M∑
i=1

E(ωi ) → 〈E〉

with, as noted earlier, O(M−1/2) convergence. The challenge is to sample from the
Boltzmann distribution.

2.4. The Metropolis Algorithm. The genius of the Metropolis algorithm is that it
creates an easily computed Markov chain which is stable on the Boltzmann distri-
bution. Using this Markov chain, a sample from the Boltzmann distribution is easily
obtained. The construction requires only the Boltzmann weights (3), not the full proba-
bilities (4), hence avoiding the dreaded partition function. To appreciate the motivation
for the Metropolis algorithm, let’s recreate Metropolis et al.’s argument from their 1953
paper.

The setting for the Metropolis algorithm includes a large but finite configuration
space �, an energy function E , and a fixed temperature T . Let �̃ be any sample of
configurations selected with replacement from �. It is possible, even desirable, to al-
low �̃ to be larger than �. By adding and removing configurations, we want to modify
�̃ so that it becomes (approximately) a sample from the Boltzmann distribution. Sup-
pose |�̃| = Ñ and let Nω denote the number of occurrences of ω in �̃. To say that the
sample perfectly reflects the Boltzmann distribution means

Nω

Ñ
∝ e−E(ω)/kT ,

or equivalently, for any two configurations ω and ω′,

Nω′

Nω

= e−E(ω′)/kT

e−E(ω)/kT
= e−�E/kT , (6)

where �E = E(ω′) − E(ω). Notice that this ratio does not depend on the partition
function.

To get from an arbitrary distribution of energies to the desired Boltzmann distri-
bution, imagine applying our yet-to-be-discovered Markov chain on � to all of the
configurations in �̃ simultaneously. Start by selecting a proposal transition: any irre-
ducible, aperiodic Markov chain on �. Denote the probability of transitioning from
a configuration ω to a configuration ω′ by Pω,ω′ . As well, assume that the proposal
transition is symmetric, that is, Pω,ω′ = Pω′,ω.

Consider configurations ω and ω′ where E(ω) < E(ω′). Allow transitions from
configurations with high energy E(ω′) to configurations with low energy E(ω) when-
ever they are proposed; the number of times this occurs is simply

Pω′,ω Nω′ .

By itself, this is just a randomized version of the steepest descent algorithm; any
“downhill” transition is allowed.
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In order to have any hope of reaching equilibrium, we must occasionally allow “up-
hill” transitions from configurations with low energy E(ω) to ones with high energy
E(ω′), that is, with some probability Prob(ω → ω′). The number of times such a move
is proposed is Pω,ω′ Nω and hence the number of moves that actually occur is

Pω,ω′ NωProb(ω → ω′).

Since Pω,ω′ = Pω′,ω, the net flux between configurations with energy E(ω) and those
with energy E(ω′) is

Pω,ω′
[
Nω′ − NωProb(ω → ω′)

]
. (7)

If (6) holds, that is, if the distribution of energies in �̃ perfectly reflects the Boltzmann
distribution, then the flux (7) should be zero. The result is what physicists call the
detailed balance. This implies that the uphill probability must be

Prob(ω → ω′) = e−�E/kT .

This choice of occasional “uphill” transitions provides the magic of the Metropolis
algorithm.

This process will also drive an arbitrary distribution of energies toward the Boltz-
mann distribution. Suppose there are too many configurations with high energy E(ω′)
relative to configurations with the low energy E(ω), that is,

Nω′

Nω

> e−�E/kT .

In this case, the flux (7) is positive and there will be more transitions from configura-
tions with energy E(ω) to those with energy E(ω′) than in the other direction. Accord-
ingly, the distribution of energies in �̃ will move toward the Boltzmann distribution.
Repeating this process a large number of times will produce a set of configurations
whose distribution of energies approximates the Boltzmann distribution.

Based on this argument and physical intuition, Metropolis et al. were satisfied that
their algorithm would produce samples from the Boltzmann distribution. More math-
ematically rigorous proofs of the convergence to the stable distribution would soon
appear [34, 35]. Other important practical considerations, particularly understanding
the rate of convergence, would have to wait longer.6

We now formally state the Metropolis algorithm. Assume a suitable proposal tran-
sition has been selected. For an arbitrary ω ∈ � define the transition to a configuration
ω∗ as follows.

Step 1. Select ω′ according to the proposal transition.
Step 2A. If E(ω′) ≤ E(ω), or equivalently, Boltz(ω′) ≥ Boltz(ω), let ω∗ = ω′. In
other words, always move to lower energy (higher probability) configurations.
Step 2B. If E(ω′) > E(ω), or equivalently, Boltz(ω′) < Boltz(ω), let ω∗ = ω′ with
probability

Boltz(ω′)
Boltz(ω)

= e−�E/kT . (8)

Otherwise, ω∗ = ω.
6Metropolis et al. knew the rate of convergence was an open question: “[Our] argument does not, of course,

specify how rapidly the canonical distribution is approached.” [48]
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Several observations are in order:

• This process defines an irreducible, aperiodic Markov chain on the configuration
space �.

• The ratio (8) is crucial to the computational utility of the Metropolis algorithm in
that it avoids the intractable partition function.

• The steps in the chain are easily computable, or at least as easily computable as the
proposal transition, E(ω), and, most importantly, �E = E(ω′) − E(ω). In many
settings, �E is extremely simple to compute; often it is independent of |�|.

• The Markov chain defined by the Metropolis algorithm can be implemented without
knowing the entire transition matrix.

The first application of the Metropolis algorithm in [48] was to analyze the so-
called hard spheres model, a simple model of nonoverlapping molecules (e.g., a gas).
Despite its apparent simplicity, the hard spheres model has proven to be a rich source
of insight for statistical physicists. Using their new algorithm on 224 two-dimensional
discs, Metropolis et al. allowed the system to evolve from an ordered state to a state
close to equilibrium. The results were encouraging; the physical values they estimated
agreed nicely with estimates obtained by traditional analytic methods. Best of all, the
calculation times were reasonable. A single data point (of which there were hundreds)
on a curve representing information about the hard spheres model only took about four
or five hours of computing time on Los Alamos’s MANIAC (Mathematical Analyzer,
Numerator, Integrator, and Calculator).

2.5. The Metropolis Algorithm and the Ising Model. For a more illustrative ap-
plication of the Metropolis algorithm, consider the two-dimensional Ising model. The
Ising model has been extensively studied in both physics and mathematics. For more
on the history and features of the Ising model, see [6, 11]. In addition to illustrating the
effectiveness of the Metropolis algorithm, the Ising model plays a fundamental role in
Geman and Geman’s work on image reconstruction.

The Ising model can be thought of as a simple model of a ferromagnet in that it
captures the tendency for neighboring sites to align with each other or with an external
magnetic field. Formally, the two-dimensional Ising model is defined on a bounded
planar lattice with N sites. At each lattice site, there is a “spin” represented by ±1. A
configuration is given by ω = (ω1, ω2, . . . , ωN ), where ωi = ±1 is the spin at the i th
site; hence |�| = 2N . The energy of a configuration is defined as

Eising(ω) = −J
∑
〈i, j 〉

ωiω j − H
N∑

i=1

ωi (9)

where J > 0 represents the nearest-neighbor affinity, H > 0 represents the external
field, and 〈i, j〉 indicates that sites i and j are nearest neighbors, that is, sites that
share either a horizontal or vertical bond. We will assume there is no external field
(i.e., H = 0) and that J = 1.

One reason that the Ising model has long interested statistical physicists is that it
exhibits a phase transition. Mathematically, a phase transition occurs when a quantity
undergoes a dramatic change as a parameter passes through a critical value. The most
familiar example of a phase transition occurs in water as it freezes or boils; in this
case, the density of water changes dramatically as the temperature T passes through
the critical value of Tc = 0 (or Tc = 100).
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An important phase transition for the two-dimensional Ising model occurs in the
magnetization. For a configuration ω, define

M(ω) =
N∑

i=1

ωi .

The magnetization 〈M〉T at a temperature T is the expected value of M(ω):

〈M〉T =
∑
ω∈�

M(ω)Boltz(ω)

= 1

Z

∑
ω∈�

M(ω)e−Eising(ω)/kT . (10)

At high temperatures, states are essentially uniformly distributed and hence 〈M〉T

is zero; in particular, there is almost no correlation between sites. However, as the tem-
perature is lowered, spontaneous magnetization occurs: there is a critical temperature,
Tc, below which sites influence each other at long ranges. One of the most celebrated
results of statistical physics is Osager’s exact calculation of the critical temperature for
the two-dimensional Ising model:7

kTc/J = 2

ln(1 + √
2)

≈ 2.269.

Let’s use the Metropolis algorithm to visualize the phase transition in the magne-
tization for an Ising lattice with N sites. To implement Step 1, we need a proposal
transition process between configurations ω and ω′. A simple way to do this is to pick
a lattice site i uniformly from 1, 2, . . . , N . At site i , with probability 1/2, flip the
spin ωi to its opposite value; otherwise keep its current value. Notice that ω′

j = ω j for
all j �= i ; that is, only the one site, ωi , is affected. This proposal transition between
configurations is irreducible, aperiodic, and symmetric.

For Step 2, we must decide whether to keep the proposed ω′. The important quantity
is the change in energy:

�E = Eising(ω
′) − Eising(ω)

= (ω′
i − ωi )

∑
〈i, j 〉

ω j ,

where the sum is over the four nearest neighbors of the i th site. Hence �E only de-
pends on the spins at the four sites neighboring the affected site and therefore the
computational cost of updating a site is both small and independent of the size of the
lattice. This dependence on the local structure, the so-called local characteristics, is a
recurring part of the Metropolis algorithm and MCMC methods in general.

Another recurring—but vexing—theme of MCMC methods is convergence. In gen-
eral, it is extremely hard to determine how many iterations of the algorithm are re-
quired to reasonably approximate the target distribution. Also, an unavoidable feature
of a Markov chain is sequential correlation between samples. This means it can take

7Surprisingly, there is no phase transition for the Ising model in one dimension. For a purely combinatorial
argument for the existence of a phase transition for the two-dimensional Ising model, see [44].
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a long time to traverse the configuration space, especially near the critical tempera-
ture where things are most interesting.8 See Diaconis [17] for a survey of convergence
results related to Ising-like models both near and far from the critical temperature.

2.6. An Application of the Metropolis Algorithm. Figure 1 shows two snapshots of
a 200 × 200 Ising lattice; black indicates a spin of +1 and white a spin of −1. The lat-
tice on the left is above the critical temperature for a phase transition, while the lattice
on the right is below it. In each case, the Metropolis algorithm ran long enough so that
the resulting sequence of states represented a sample from the Boltzmann distribution.
On the left it is visually evident that there is little correlation of spin values of sites
located some distance from each other. On the right there is a clear long-range correla-
tion between spins. This qualitative difference reflects two distinct phases of the Ising
model.

Figure 1. A 200 × 200 Ising model simulated using the Metropolis algorithm. The image on the left is above
kTc/J ≈ 2.269 and exhibits very little long-range correlation between sites. The image on the right is below
kTc/J ≈ 2.269 and shows a clear long-range correlation between sites.

2.7. Attribution. So who is responsible for the Metropolis algorithm? That there are
five co-authors of [48] (including two husband-and-wife teams) makes any claim of
“ownership” murky. Given the passage of time, the answer will probably never be
known. Perhaps the final word on the subject belongs to Marshall Rosenbluth, the last
survivor of the five co-authors, who commented on this question a few months before
his death in 2003. At a conference celebrating the 50th anniversary of the Metropolis
algorithm, he stated “Metropolis played no role in the development other than provid-
ing computer time” [32]. Rosenbluth went on to say that the idea to use Monte Carlo
methods came from conversations with Ulam and von Neumann and that Teller made
useful suggestions that led to replacing ordinary averages with averages weighted by
the Boltzmann distribution. As well, he claimed that he and his wife and co-author,
Arianna, did the important work.

There is evidence that essentially the same idea was independently proposed by
Bernie Alder, Stan Frankel, S. G. Lewinson, and J. G. Kirkwood working at California

8The Swendsen-Wang algorithm [60] provides a significant, and elegant, solution to the second problem.
This version of the Metropolis algorithm updates entire clusters of like spins. As a result, it traverses the config-
uration space much more rapidly, even at and below the critical temperature. The Swendsen-Wang algorithm is
particularly interesting in that it introduces “bond” variables, an idea that appears in the image reconstruction
work of Geman and Geman and also in Bayesian hierarchical models in statistics.
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Institute of Technology and the Lawrence Livermore National Laboratories in the late
1940s. When asked, Alder is quite clear about their role.

My guess is we did it first at Cal Tech. It’s not that difficult to come up with
that algorithm, which, by the way, I think is one of, if not THE, most powerful
algorithms. . . . The fact is, we never published—you can’t publish something
your boss doesn’t believe in! [50]

Support from their boss was not the only thing Alder and his colleagues lacked. They
also did not have easy access to the tool most crucial to an implementation of the
algorithm: a computer.

Interestingly, in 1947 Frankel and Metropolis had co-authored one of the first papers
demonstrating the usefulness of the computer to perform numerical (not Monte Carlo)
integration [22]. No doubt, the interplay between all these individuals during this era
makes a strong argument that credit for what we now call the Metropolis algorithm
should be shared among many.

2.8. Interlude. From the 1950s to the 1980s, most of the interest in the Metropo-
lis algorithm came from the physics community. One exception was Hammersley
and Handscomb’s 1964 classic Monte Carlo Methods [34]. This delightful—and still
relevant—monograph describes that era’s state of the art of Monte Carlo methods, in-
cluding a short survey of Markov chain Monte Carlo methods in statistical mechanics.

Physicists of this era were busy developing generalizations of the Metropolis algo-
rithm, many of which were applied to spin models such as the Ising model. One of
the first of these was the “heat bath” proposed by Glauber9 in 1963 [31]. Glauber’s
algorithm moves through the lattice sites sequentially. At the i th site, the spin ωi is
assigned according to the local Boltzmann weight

Prob(ωi = s) = e−(s
∑

〈i, j 〉 ω j)/kT ,

where the sum, as usual, is over the nearest neighbor sites of i . Interestingly, Glauber’s
motivation was to understand analytical properties of the time-dependent (nonequilib-
rium) dynamics of spin models, not to develop a new computational tool. A decade
later, Flinn [21] described a similar “spin-exchange” algorithm to computationally
investigate phase transitions in the Ising model. Creutz in 1979 [13] showed how
single-site updates could be applied to SU(2) (special unitary group of degree 2) gauge
theories.

Another generalization appeared in 1965 when A. A. Barker [3] introduced an al-
ternative to the Metropolis construction, resulting in one more Markov chain with the
Boltzmann distribution as its stable distribution. The existence of these variants raised
the questions: How many Metropolis-like algorithms are there? Among all the vari-
ants, which one, if any, is best?

Answers to these questions appeared in the 1970s, starting with the work of the
statistician W. K. Hastings. He was the first to see that the Metropolis algorithm was a
(perhaps, the) general-purpose sampling algorithm. In an interview, Hastings recalled
how he came across the algorithm.

9Glauber is also known for his contributions to the quantum theory of optical coherence, work for which
he shared the 2005 Nobel Prize.
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[The chemists] were using Metropolis’s method to estimate the mean energy of
a system of particles in a defined potential field. With six coordinates per par-
ticle, a system of just 100 particles involved a dimension of 600. When I learned
how easy it was to generate samples from high dimensional distributions using
Markov chains, I realised how important this was for Statistics and I devoted all
my time to this method and its variants which resulted in the 1970 paper. [57]

This 1970 paper was Monte Carlo Sampling Methods using Markov Chains and Their
Applications [35] in which Hastings was able to distill the Metropolis algorithm down
to its mathematical essentials. He also demonstrated how to use the Metropolis algo-
rithm to generate random samples from a variety of standard probability distributions,
as well as in other settings, such as from the group of orthogonal matrices. The impor-
tance of this paper was not immediately understood; recognition would have to wait
for Gelfand and Smith’s work twenty years later. In statistical circles, the Metropolis
algorithm is now often referred to as the Metropolis-Hastings algorithm.

Let’s briefly look at Hastings’s generalization of the Metropolis algorithm. Given
a distribution π from which we want to sample, select any Metropolis-like proposal
transition, Q = (qi j), on the state space S. Unlike in the original Metropolis algorithm,
it does not need to be symmetric. Define the transition matrix P = (pi j) by

pi j =
{

qi jαi j if i �= j,
1 − ∑

k �=i pik if i = j,
(11)

where αi j is given by

αi j = si j

1 + πi
π j

qi j

q j i

.

The values si j can be quite general, so long as (i) si j = s ji for all i, j and (ii) αi j ∈
[0, 1]. For any such choice of si j , it is easy to verify that π is the unique stable distri-
bution for P. For a symmetric Q, a simple choice of si j recovers the original Metropolis
algorithm.

For a given distribution π , different choices of the si j lead to qualitatively different
Metropolis-like algorithms, all of which produce a Markov chain stable on π . Why
does only the original Metropolis(-Hasting) algorithm live on? The reason was pro-
vided by Hastings’s student, P. H. Peskun. Peskun [52] showed that among all choices
of the si j , the variance of the estimate given in (2) is asymptotically minimal for the
choice that leads to the Metropolis algorithm. Whether by luck or intuition, the first
example of a Markov chain Monte Carlo method proved to be the best.

3. SIMULATED ANNEALING AND COMBINATORIAL OPTIMIZATION:
KIRKPATRICK ET AL., 1983. Despite the popularity of the Metropolis algorithm
in statistical physics and Hastings’s observation of its potential as a general-purpose
sampling tool, before 1980 the algorithm was little known in other circles. The situ-
ation changed with the appearance of Optimization by Simulated Annealing [45] by
Scott Kirkpatrick, C. D. Gelatt, and M. P. Vecchi in 1983. At almost the same time
V. Čerńy, a Czech applied mathematician, independently developed equivalent ideas
in his 1985 paper Thermodynamical Approach to the Traveling Salesman Problem:
An Efficient Simulation Algorithm [9]. Kirkpatrick et al.’s work is better known and
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rightfully so; they did more to develop the mathematics of annealing and applied it
to a larger collection of problems. Although we will focus primarily on their work,
Čerńy’s paper is significant in its own right and deserves to be more widely read.

Kirkpatrick et al. were part of IBM’s Thomas Watson Research Center. They were
working on problems in combinatorial optimization, a type of deterministic problem
for which the Metropolis algorithm was unexpectedly effective. Combinatorial opti-
mization problems share two features:

1. An objective (cost) function for which a global minimum value is sought.

2. A discrete (often finite, but large) search space in which one looks for the global
minimum. In practice, approximations to the global minimum are the best one
can expect.

A standard example of a combinatorial optimization problem is the traveling salesman
problem (TSP) where the goal is to minimize the distance of a tour through a set
of vertices. The search space consists of possible tours and the objective function is
the total distance of a tour. Like many combinatorial optimization problems, the TSP
(when recast as a decision problem) is NP-complete.

Kirkpatrick and the other authors were trained as statistical physicists, so it was
natural for them to think of the objective function as an energy function. Knowing that
Nature seeks low energy configurations, they considered ways to use the Metropolis
algorithm to select low energy configurations from the search space. The challenge,
they discovered, was to find a way to properly utilize temperature T , a quantity for
which there is no natural analog in a combinatorial optimization setting. For large
values of T , the Metropolis algorithm produced an essentially uniform distribution,
hence was nothing more than a random search. For small values of T , the Metropolis
algorithm was susceptible to becoming trapped near local minima far removed from
the desired global minimum. An understanding of how to properly utilize T required
insights from statistical mechanics. We will construct Kirkpatrick et al.’s original ar-
gument to see how this is done.

3.1. Circuit Design and Spin Glasses. The motivating question for Kirkpatrick et al.
was not the TSP, but how to place circuits (i.e., transistors) on computer chips effi-
ciently. Circuits on the same chip communicate easily, but there is a substantial com-
munication penalty for signals connecting circuits on different chips. The goal is to
place the circuits in a way that minimizes the total communication cost with the con-
straint that there must be a (roughly) equal number of circuits on each chip.

To formulate this problem mathematically, suppose there are N circuits that must
be placed on two separate chips. A configuration ω is given by the N -tuple

ω = (ω1, ω2, . . . , ωN ),

where ωi = ±1 indicates the chip on which the i th circuit is placed. The value ai j

indicates the number of signals (connections) between circuits i and j .
Following Kirkpatrick et al., represent the between-chip communication cost as

∑
i> j

ai j

4
(ωi − ω j )

2. (12)
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The cost of an imbalance between the number of circuits on each of the two chips can
be expressed as

λ

(∑
i

ωi

)2

, (13)

where λ > 0 is the imbalance “penalty.”
Expanding (12), combining it with (13), and dropping all constant terms results in

an objective function

C(ω) =
∑
i> j

(
λ − ai j

2

)
ωiω j . (14)

By the early 1980s, researchers at IBM had developed various algorithms to (ap-
proximately) minimize C(ω). As the number of transistors N grew from several hun-
dred to thousands (and beyond), these methods were proving less viable. As Kirk-
patrick recalls,

Previous methods were arcane, if you looked at them carefully they involved
solving for conflicting objectives one after another. We knew we could do better
than that. (Scott Kirpatrick, personal communication)

Fortunately, Kirkpatrick et al. knew of a model in statistical mechanics whose energy
function bore a striking resemblance to (14). This model is called a spin glass.

Spin glasses are much like the Ising model but with a slightly different energy func-
tion

E(ω) =
∑
i> j

(
U − Ui j

)
ωiω j .

The analogy to (14) is immediate. The values of Ui j represent local attractive (ferro-
magnetic) forces between neighboring states. These are in competition with long-range
repulsive (anti-ferromagnetic) interactions represented by U . Spin glasses are called
frustrated because they cannot have configurations which simultaneously satisfy both
the attractive and repulsive requirements. As a result, the low energy ground states do
not have extended regions of pure symmetry.

For spin glasses and other frustrated systems, Kirkpatrick knew that the Metropo-
lis algorithm had to be carefully applied in order to identify low-temperature ground
states. If the system is quenched, that is, the temperature is lowered too quickly, then
it can settle into a state other than a ground state. A better approach is to anneal, that
is, to slowly lower the temperature so the system can evolve gently to a ground state.
This observation led Kirkpatrick et al. to simulated annealing.

Using the cost function in place of the energy and defining configurations by
a set of parameters {xi j }, it is straightforward with the Metropolis procedure
to generate a population of configurations of a given optimization problem at
some effective temperature. This temperature is simply a control parameter in
the same units as the cost function. The simulated annealing process consists of
first “melting” the system being optimized at a high effective temperature, then
lowering the temperature by slow stages until the system “freezes” and no further
changes occur. At each temperature, the simulation must proceed long enough
for the system to reach steady state. The sequence of temperatures and number of
rearrangements of the {xi j } attempted to reach equilibrium at each temperature
can be considered an annealing schedule. [45]
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Kirkpatrick et al. applied this new technique to several realistic problems in circuit
design, along with a demonstration of its effectiveness on the TSP. The results were
impressive—clearly simulated annealing worked. As well, around the same time Čerńy
produced similar results applying his version of simulated annealing to the TSP.

3.2. After Kirkpatrick et al. Since 1983 simulated annealing has become a standard
technique in the applied mathematician’s toolbox. The range of problems to which it
has been applied is staggering. It works, to some degree, in both discrete and contin-
uous settings. It has been used in almost every area of applied mathematics, including
operations research, biology, economics, and electrical engineering. Combinatorial op-
timization is replete with algorithms that solve particular problems—or even special
cases of particular problems—quite well. However, most are customized to fit the par-
ticular nuances of the problem at hand. Simulated annealing’s popularity is due to a
combination of its effectiveness and ease of implementation: given an objective func-
tion and a proposal transition, one can almost always apply simulated annealing.

Perhaps because of the lack of a strong mathematical framework, it took some time
for simulated annealing to become accepted in the applied mathematics community.
The first thorough empirical analysis of simulated annealing appeared in 1989 in a
series of papers by Johnson, Aragon, McGeoch, and Schevon [41, 42]. See [66, 65] for
an excellent discussion of some of the theoretical issues, a survey of the applications of
simulated annealing (especially of the type considered by Kirkpatrick et al.), and more
analysis of its performance relative to other algorithms. For an accessible description,
along with a simple example of an application of simulated annealing, see [1].

The computational efficiency of simulated annealing depends on the relationship
between the proposal transition and the energy function. A good proposal transition
changes the energy function as little as possible, that is, �E is easily computed, often
in a manner that is independent of the problem size. In the original circuit design
problem the proposal transition consists of randomly selecting a circuit and moving it
to the other chip. The cost of computing the change in energy is therefore independent
of the problem size. The advantage of these efficient, local changes was demonstrated
in the work of Geman and Geman, who used ideas from both the Metropolis algorithm
and simulated annealing to attack problems in digital image reconstruction.

3.3. An Application of Simulated Annealing. The importance of local changes can
be seen in an application of simulated annealing to the traveling salesman problem. In
this setting a configuration ω is a tour of the n vertices and is specified by a permutation
of (1, 2, . . . , n).

A simple proposal transition is defined by randomly selecting two vertices 1 ≤ i <

j ≤ n and reversing the direction of the path between them. This means if

ω = (a1, . . . , ai−1, ai , ai+1, . . . , a j−1, a j , a j+1, . . . , an)

then

ω′ = (a1, . . . , ai−1, a j , a j−1, . . . , ai+1, ai , a j+1, . . . , an).

The change in distance (energy) is easily computed:

�E = (|ai−1 − a j | + |ai − a j+1|) − (|ai−1 − ai | + |a j − a j+1|).
Figure 2 illustrates this implementation of simulated annealing on a TSP graph

consisting of 500 vertices which were randomly placed in the unit square.
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Figure 2. Simulated annealing applied to a traveling salesman problem with 500 randomly placed vertices.
The figure on the left is the initial (T = 4.0) configuration with total distance of approximately 253. The
middle configuration is after several hundred iterations (T = 0.04) and has a total length of about 50. The
configuration on the right is near the global minimum of 17 (T = 0.002).

4. GIBBS SAMPLING AND A BAYESIAN PERSPECTIVE: GEMAN AND
GEMAN, 1984. The next chapter in our story takes place in 1984 when the brothers
Donald and Stuart Geman, in Stochastic Relaxation, Gibbs Distributions, and the
Bayesian Restoration of Images [28], demonstrated that a variant of the Metropo-
lis algorithm could be applied to problems in digital image restoration. This paper
introduced a new MCMC method, Gibbs sampling.

4.1. Bayesian Digital Images. A simple model of a digital image consists of pixel
elements arranged on a rectangular lattice with N sites. Each pixel takes on a value
from a set S = {1, 2, . . . , K } of intensity levels (e.g., grayscale or color levels). A
configuration (image) ω ∈ � is an assignment of an intensity level to each of the
N sites, that is, ωi ∈ S for i = 1, 2, . . . , N . Even modestly sized images result in
immensely large configuration spaces; for a 100 × 100 binary image, |�| = 210000.

Images can be degraded in many different ways. The model Geman and Geman con-
sidered consisted of a combination of blurring, nonlinear transformations, and noise.
We will focus on only additive noise, which can be modeled with N independently and
identically distributed random values N = {η1, η2, . . . , ηN }. “White noise” is com-
mon; in this case the ηi are normally distributed with mean 0 and variance σ 2 (i.e.,
ηi ∼ N (0, σ 2)). Letting ωblurred indicate the degraded (noisy) image, we have

ωblurred = ω + N .

Note that the values ωblurred
i are real numbers; the resulting image is determined by

rounding each value to the nearest value in S . The two images in Figure 3 show a two-
color 200 × 200 image and a version degraded by the addition of N (0, 1.52) white
noise.

The relationship between the original image and its degraded version is inherently
probabilistic; given any ω, there is some probability that a particular ωblurred is the de-
graded version of ω. Image reconstruction looks at the problem the other way around;
given ωblurred, there is some probability that ω is the original image. This leads to an
application of Bayes’ rule10 and the formulation of the so-called posterior distribution
for ω conditioned on ωblurred:

Prob(ω | ωblurred) = Prob(ωblurred | ω)Prob(ω)

Prob(ωblurred)
. (15)

10We will interpret probability functions and probability density functions interchangeably. Hopefully, this
will not cause confusion.
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Figure 3. A two-color 200 × 200 image, ω, and a degraded version, ωblurred, obtained by the addition of
N(0, 1.52) noise.

The goal is to find the configuration ω which maximizes Prob(ω | ωblurred), often called
the maximum a posteriori estimate.

Despite the mathematical elegance of the Bayesian formalism, finding the optimal
ω ∈ � is an extremely challenging computational problem, reminiscent of difficul-
ties encountered in statistical physics and combinatorial optimization. Geman and Ge-
man’s response was to formulate a new version of the Metropolis algorithm—Gibbs
sampling.

To understand Gibbs sampling and its connection to statistical mechanics, let’s look
at how Geman and Geman constructed the posterior distribution (15). Consider the
three probabilities on the right-hand side of (15).

• Prob(ωblurred | ω): the likelihood function.
• Prob(ω): the so-called prior distribution for ω.
• Prob(ωblurred): the denominator.

The denominator is given by

Prob(ωblurred) =
∫

ω∈�

Prob(ωblurred | ω)Prob(ω) dω,

where the integral (or sum) is over all values of ω ∈ � and hence is independent of ω.
Remembering the partition function and what we know about the Metropolis algorithm
(and simulated annealing), it is not surprising that we can safely ignore it.

The likelihood function, Prob(ωblurred | ω), is easily handled. Since

ωblurred
i = ωi + ηi ,

where ηi ∼ N (0, σ 2), it follows that

Prob(ωblurred | ω) ∝
N∏

i=1

e
− (ωblurred

i −ωi )
2

2σ2 = e
− 1

2σ2
∑N

i=1(ωblurred
i −ωi )

2
,

where any constant of proportionality will be absorbed into the denominator above.
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Determining Prob(ω), the prior distribution, is a delicate issue and the heart of
the Bayesian approach. Probabilistically it asks: What is an image? Any collection of
pixel values could be an image, but some are more likely to be interpreted as images
than others. Broadly speaking, images have patterns, i.e., contiguous regions of similar
pixel values. On the other hand, if neighboring values are uncorrelated, then the result
is the visual equivalent of white noise. This brings to mind the Ising model. Consider,
for example, the Ising lattice at equilibrium in Figure 1. The image on the left is too
“noisy” to be considered a prototype of an image. In contrast, the image on the right has
image-like features, namely a high degree of long-range correlation between pixels.

This observation suggested to Geman and Geman that the Boltzmann probability
(4), using the Ising model energy function (9), could serve as the prior distribution on
images, that is,

Prob(ω) ∝ e−Eising(ω)/kT .

To retain the idea of correlated pixel values, they let kT/J = 1 < Tc, the critical tem-
perature below which a phase transition occurs.

Putting all the parts of (15) together, the posterior distribution, Prob(ω | ωblurred),

can be written as

Prob(ω | ωblurred) ∝ e
1

2σ2
∑N

i=1(ωblurred
i −ωi )

2
e−Eising(ω)

∝ e
−

[
1

2σ2
∑N

i=1(ωblurred
i −ωi )

2+Eising(ω)
]
. (16)

Viewing (16) from a statistical mechanics perspective leads to an analog of an energy
function

Eimage(ω | ωblurred) = 1

2σ 2

N∑
i=1

(ωblurred
i − ωi )

2 + Eising(ω)

= 1

2σ 2

N∑
i=1

(ωblurred
i − ωi )

2 +
∑
〈i, j 〉

ωiω j , (17)

where 〈i, j〉 indicates that sites i and j are nearest neighbors.
Finding the most probable original image ω given ωblurred is thus equivalent to min-

imizing Eimage(ω | ωblurred). The first term of (17) is a penalty for straying too far from
the data, ωblurred, while the second term represents the desire to align neighboring pixel
values, that is, making them conform to the prior notion of a generic image. The opti-
mal solution balances the tension between these two conflicting constraints.

It is interesting to compare the approach of Kirpatrick et al. to that of Geman and
Geman, both of whom borrowed ideas from statistical mechanics. Kirpatrick et al.
started with the objective function and interpreted it as energy, eventually using the
physicist’s notion of probability. Geman and Geman started with a probabilistic situa-
tion and introduced a Bayesian structure, eventually leading to an energy function.

4.2. Gibbs Sampling. Gibbs sampling is Geman and Geman’s version of the Metro-
polis algorithm. For an image site ωi , we identify its neighborhood system, namely, its
nearest neighbors. The probability of ωi conditioned on all the other sites depends on
only the sites in the neighborhood system. Suppressing the conditional dependence on
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ωblurred, this means that

Prob(ωi | ω j such that j �= i) = Prob(ωi | ω j such that 〈i, j〉)
∝ e−Ei (ωi |ω j such that 〈i, j 〉)

Ei (ωi | ω j such that 〈i, j〉) = 1

2σ 2
(ωblurred

i − ωi )
2 +

∑
〈i, j 〉

ωiω j .

In general, a probability distribution whose conditional probabilities depend on only
the values in a neighborhood system is called a Gibbs distribution and is part of a
structure called a Markov random field, a notion introduced by the Russian statisti-
cal physicist R. L. Dobrushin [18]. The fact that the probability of the state of site i
conditioned on all the other sites depends on only the sites in a small neighborhood is
crucial to the computational efficiency of Gibbs sampling.

To implement Gibbs sampling, use any method that guarantees all sites are vis-
ited infinitely often. For example, a sequence of raster scans (in order, by rows and
columns) of the sites will suffice. At a selected site i , select ωi = k with probability

Prob(ωi = k) ∝ e
− 1

2σ2 (k−ωblurred
i )2−k

∑
〈i, j 〉 ω j . (18)

This is Gibbs sampling. Repeating this for a large number of raster scans will result in
a sequence of images that approximates a sample from the posterior distribution (16).

This method seems to differ from the Metropolis(-Hastings) algorithm in that there
is no proposal transition. Actually, Gibbs sampling fits nicely into the Hastings gen-
eralization of the Metropolis algorithm where the proposal transition probabilities are
given by (18). In the second step of the Metropolis-Hastings algorithm, the probabili-
ties αi j of (11) are all equal to one. Therefore, Gibbs sampling will produce a sequence
representing a sample from Prob(ω | ωblurred).11

Bayesian formulations of image degradation predate Geman and Geman’s work.
For example, in 1972 Richardson [53] used Bayes’ rule to define an alternative to the
standard Fourier transform methods of image reconstruction. His approach foreshad-
owed the iterative ideas that Geman and Geman developed more fully. Around the
same time others [38, 33, 51] used the Bayesian perspective in a variety of ways. As
well, earlier we noted that by 1980 Gibbs-like algorithms (often called “spin-flip” algo-
rithms) were a standard tool in statistical mechanics. Around this time, the Metropolis
algorithm was being used to generate digital textures [14].

Geman and Geman’s insight was to merge a Bayesian formulation—which provided
a richer model for describing the relationship between the original and the degraded
image—with the power of the Metropolis algorithm. The key to the computational
efficiency was the local neighborhood system, that is, the local characteristics. This
meant that calculation of �E was independent of the image size.

. . . the computational problem is overcome by exploiting the pivotal observation
that the posterior distribution is again Gibbsian with approximately the same
local neighborhood system as the original image . . . [28]

There is a second part to Geman and Geman’s Gibbs sampling that has been mostly
lost to history. They included a “temperature” parameter T and used a simple form of

11Because the transitions are no longer time-independent (as they depend on the site choice), the proof is
somewhat more involved than the straightforward original algebraic treatments given by Hastings and others.
See [34, 25, 27, 8] for proofs of the convergence of this form of Gibbs sampling.
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simulated annealing.12 The resulting probability distribution is

Prob(ω | ωblurred) ∝ e−E(ω|ωblurred)/T .

Geman and Geman’s annealing schedule used just one Gibbs sampling step at each
value of T . They not only rigorously demonstrated that this algorithm converges to the
maximum of the posterior distribution (15) as T → 0, but they also provided the first
quantitative results concerning the rate of convergence of an MCMC method.

Theorem 4.1 (Geman and Geman [28]). Consider an image with N pixels. Let Tk

be any decreasing sequence of temperatures such that
• Tk → 0 as k → ∞.
• Tk ≥ N�/ ln k for all sufficiently large k and constant �.

Then, starting at ω0 = ωblurred the Gibbs sampling sequence ωk for k = 0, 1, . . . con-
verges in distribution to the distribution which is uniform on the minimum values of
Eimage(ω) and zero elsewhere.

In other words, following the prescribed annealing schedule, Gibbs sampling must,
in theory, produce a maximum a posterori estimate of Prob(ω | ωblurred).

Even though this result guarantees convergence to the most likely image, the rate
of convergence is excruciatingly slow. For a 100 × 100 lattice (N = 104 sites), using
the theorem requires e20000 steps to go from T = 4 to T = 0.5. In practice, Geman and
Geman found that 300–1000 raster scans would produce acceptable results.

An application of Gibbs sampling is seen in the two-color images shown in Fig-
ure 4. For a two-color image Gibbs sampling (with annealing) is straightforward to
implement. At the pixel ωi , define

Ek = 1

2σ 2
(k − ωblurred

i )2 + k
∑
〈i, j 〉

ω j . (19)

Set ωi = k with probability

e−Ek/T

e−E0/kT + e−E1/kT
.

In Figure 4, on the left is the original two-color 200 × 200 image. The center image
is the result of adding N (0, 1.52) noise. The rightmost image is the result of applying
Gibbs sampling with the annealing schedule defined by Tk = 3/ ln(1 + k) for k = 1 to
k = 300. There was one complete raster scan of the image for each temperature in the
annealing schedule.

Despite the discrepancy between the theory and practice of convergence rates,
Gibbs sampling had arrived. Its effectiveness and ease of implementation within a
solid theoretical framework certainly hastened the acceptance of MCMC methods into
other areas of applied mathematics, especially computational statistics.

Geman and Geman also considered models with edges between contiguous regions
of the same color. As opposed to “observable” pixels, edges are “unobservable” quan-
tities. These sorts of models appealed to Bayesian statisticians because they are related
to hierarchical models, an idea we will describe in more depth in the next section.

12Geman and Geman were aware of the idea of simulated annealing independently of the work of Kirk-
patrick et al. (Stuart Geman, personal communication).
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Figure 4. Image restoration of a two-color 200 × 200 image using Gibbs sampling on an image degraded with
N(0, 1.52) noise. The leftmost image is the original, the rightmost image is the restoration.

5. MCMC METHODS ENTER STATISTICS: GELFAND AND SMITH, 1990.
The final chapter of our story takes place in 1990 with the appearance of Alan Gelfand
and Adrian Smith’s Sampling-Based Approaches to Calculating Marginal Densities
[25], which heralded the arrival of MCMC methods in statistics. Ostensibly, Gelfand
and Smith’s goal was to compare three different sampling-based approaches: Gibbs
sampling, Tanner and Wong’s data augmentation,13 and Rubin’s importance-sampling
algorithm (originally proposed in the discussion of Tanner and Wong’s work) [62].
Even though in 1970, Hastings saw that the Metropolis algorithm was a general pur-
pose sampling tool, it wasn’t until two decades later that Gelfand and Smith convinced
the statistics community of the power of MCMC methods.

5.1. From Gibbs to Gelfand. The emergence of Gibbs sampling in the statistics
community can be traced to a single conference—the 1986 meeting of the Royal Sta-
tistical Society. At this meeting, Julian Besag presented the suggestively entitled paper
On the Statistical Analysis of Dirty Pictures [4], in which he discussed the state of the
art in the reconstruction of degraded images (i.e., of dirty pictures) to an audience of
leading statisticians, including many leading Bayesians, along with the Geman broth-
ers. He described not only the virtues of Gibbs sampling, but also how it compared to
other techniques for image reconstruction. Interestingly, Besag appreciated Gibbs sam-
pling for its simplicity and effectiveness, but was critical of its computational demands.

In the vigorous discussion that followed the paper, it was clear that a new era in
computational statistics was about to begin. As one participant said, “ . . . we are of-
fered no alternative, as statisticians, to the route of the vast computing power being
pioneered by the Gemans” [4]. Stuart Geman made a particularly poignant comment
about the universality of Gibbs sampling, one reminiscent of Metropolis et al.’s earlier
comment about the potential universality of their original algorithm.

We are able to apply a single computer program to every new problem by merely
changing the subroutine that computes the energy function in the Gibbs repre-
sentation of the posterior distribution. [4]

Around this time, personal computing was becoming available and the effects of
Moore’s law on computational speed and memory were apparent. Besag’s concerns
about the computational demands of Gibbs sampling would soon be swept aside.

13Tanner and Wong’s work also played an important role in the introduction of Gibbs sampling to the
statistics community. In [62] they identified Gibbs sampling as a means of data augmentation but failed to
realize the full potential of its use as a way of generating samples from arbitrary probability distributions.
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Although not at the 1986 meeting, Gelfand and Smith soon became aware of Ge-
man and Geman’s work. They saw that Gibbs sampling could be “mapped” onto many
probability distributions common to statistical models, especially those arising from
a Bayesian approach. Their work was mostly a rearticulation of Geman and Geman’s
Gibbs sampling, although without annealing. The importance of their paper was how
clearly they demonstrated the effectiveness of Gibbs sampling as a statistical tech-
nique.

Gelfand and Smith’s version of Gibbs sampling in statistics can be described as
follows. Start with a joint probability distribution f (x1, x2, . . . , xN ) in which the vari-
ables represent parameters of a statistical model. The goal is to obtain (point and in-
terval) estimates for these parameters.

To fit this into the Gibbs sampling framework, assume that all the single-variable
conditional probability densities

f (xi | x j , j �= i)

are available, that is, are a type for which samples can be obtained using standard
algorithms. Examples of available distributions include the uniform, the normal, the
gamma, the Poisson, and any finite distribution. From Geman and Geman’s perspec-
tive, these are the Gibbs distributions, though with potentially large local neighbor-
hoods. To generate a sequence of samples, select �x 0 = (x0

1 , x0
2 , . . . , x0

N ) arbitrarily
and then create �x 1 = (x1

1 , x1
2 , . . . , x1

N ) as follows.

Generate a sample x1
1 from f (x1 | x0

2 , x0
3 , . . . , x0

N ).

Generate a sample x1
2 from f (x2 | x1

1 , x0
3 , x0

4 , . . . , x0
N ).

Generate a sample x1
3 from f (x3 | x1

1 , x1
2 , x0

4 , x0
5 , . . . , x0

N ).
...

Finally, generate a sample x1
N from f (xN | x1

1 , x1
2 , . . . , x1

N−1).

One cycle (a raster scan of an image) produces a new value �x 1. Repeating this process
M times produces

�x 0, �x 1, �x 2, . . . , �x M

which, as usual, approximates a sample from the joint probability distribution f (x1, x2,

. . . , xN ).
Using this sample, almost any property of the probability distribution can be in-

vestigated. For example, focusing on only the first component of each �xk produces a
sample

x0
1 , x1

1 , x2
1 , . . . , x M

1 (20)

from the marginal probability distribution of the first component, formally given by
the integral

f (x1) =
∫

x2

· · ·
∫

xN

f (x1, x2, . . . , xN ) dxN · · · dx2.

In this light, Gibbs sampling can be thought of as a multi-dimensional numerical inte-
gration algorithm. The expected value of the first component x1,

E[x1] =
∫

x1

x1 f (x1) dx1,
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is estimated by the average of the sample (20). A 95% confidence interval for x1 can
be taken directly from the sample.

Gelfand and Smith, in both [25] and its immediate follow-up [24], applied Gibbs
sampling to a rich collection of statistical models. Most of these were Bayesian hier-
archical models, structurally similar to Geman and Geman’s Bayesian image models
with edge weights.

A simple three-level hierarchical model uses Bayes’ rule to bind together data, X , a
parameter to be estimated, λ, and an additional hyper-parameter, β. Both λ and β can
be vectors.

• At the first level, X is described by its likelihood function f (X | λ), i.e., the proba-
bility of observing X conditioned on λ.

• At the next level, λ is modeled by a probability density function, g(λ | β), condi-
tioned on the parameter β.

• At the third level, the hyper-parameter β is modeled with another density function
h(β). The choice of h(β) reflects the modeler’s prior beliefs about likely values of
β.

The three density functions are stitched together with Bayes’ rule, producing a proba-
bility density function for λ and β conditioned on the data X :

F(λ, β | X) ∝ f (X | λ)g(λ | β)h(β). (21)

The constant of proportionality is the reciprocal of

∫
λ

∫
β

f (X | λ)g(λ | β)h(β) dβ dλ, (22)

which is independent of the parameters λ and β, though dependent on the data X . The
integrals (or sums, in the case of discrete distributions) are over all values of λ and β.
In most cases (22) is impossible to evaluate. Recalling what we’ve seen so far, it is not
surprising that we can comfortably ignore this intimidating-looking expression.

Hierarchical Bayesian models were known to statisticians before 1990. They nat-
urally describe the subtle connections between data, observed parameters, and other
unobserved parameters (sometimes called latent variables). Their utility was limited
by their analytic intractability. Even if a hierarchical model accurately describes the
interplay of data and parameters, it is usually extremely difficult, if not impossible,
to obtain analytical expressions for important quantities such as point or interval es-
timates. Gelfand and Smith showed that many of these hierarchical models fit nicely
into a form suitable for Gibbs sampling.

To see Gibbs sampling in action, let’s consider a model of water pump failure rates
originally described by Gaver and O’Muircheartaigh [23] and used by Gelfand and
Smith in [25]. The data, X , are given by pairs (si , ti ) for i = 1, 2, . . . , 10. Each pair
represents failure information for an individual pump. For each pump, assume that the
number of failures si in time ti is given by a Poisson(λi ti ) distribution, that is,

fi (si | λi ) = (λi ti )si e−λi ti

si ! , i = 1, 2 . . . , 10.
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Assuming the failures occur independently, the product gives the likelihood func-
tion for �λ = (λ1, λ2, . . . , λ10):

f (X | �λ) =
10∏

i=1

(λi ti )si e−λi ti

si ! .

The traditional “frequentist” approach is to use λ̄i = si/ti as the point estimate of
λi for i = 1, 2, . . . , 10. The Bayesian approach is to assume that the individual λi ’s
are linked together by a common distribution. A natural choice in this case, and the
one used by Gelfand and Smith, is a gamma distribution with parameters α and β, so
that the density for the i th parameter is

gi (λi | α, β) = λα−1
i e−λi /β

βα�(α)
, i = 1, 2, . . . , 10.

Gelfand and Smith estimated the “shape” parameter α from the data using the
method of moments and considered β as the hyper-parameter. The product of the
gi (λi | α, β) for i = 1, 2, . . . , 10 gives the second-level density in the hierarchy:

g(�λ | β) =
10∏

i=1

λα−1
i e−λi /β

βα�(α)
.

The remaining hyper-parameter β is described by an inverse gamma distribution
with parameters γ and δ, so that

h(β) = δγ e−δ/β

βγ+1�(γ )
.

The parameters γ and δ are selected so as to make the top-level inverse gamma rea-
sonably diffuse.14

The resulting posterior joint density (21) for the parameters λ1, λ2, . . . , λ10 along
with the scale parameter β is

F(λ1, . . . , λ10, β | X) ∝
[

10∏
i=1

(λi ti )e−λi ti

si !

][
10∏

i=1

λα−1
i e−λi /β

βα�(α)

][
δγ e−δ/β

βδ+1�(γ )

]
. (23)

This complicated-looking joint density possesses the necessary structure for apply-
ing Gibbs sampling. For i = 1, 2, . . . 10, the density for λi conditioned on the other
parameters is proportional to

λ
si +α−1
i e−λi (ti +1/β). (24)

The constant of proportionality is obtained by absorbing all factors independent of λi .
The form of (24) shows that Prob(λi | λ j , j �= i, X, β) is a gamma distribution with
parameters si + α − 1 and 1/(ti + 1/β). Since the gamma distribution is available,
Gibbs sampling can be applied at this step.

14A diffuse distribution tries to convey as little prior information as possible about the parameters. In the
extreme case, a distribution can be “noninformative.” A common example of such a distribution is the uniform
distribution on the parameter space.
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The density for β, conditioned on the other parameters, is proportional to

e(
∑10

i=1 λi +δ)/β

β10α+γ+1
,

showing that Prob(β | λ1, . . . , λ10, X) is an inverse gamma distribution with parame-
ters γ + 10α and

∑10
i=1 λi + δ. Once again, this is an available distribution.

Gelfand and Smith applied Gibbs sampling to the posterior distribution in the pumps
model and obtained marginal posterior distributions for all the λi ’s and for β. The
results were impressive: in relatively few iterations, the posterior samples recreated
results obtained from other more involved integration methods.

Some of the results of using Gibbs sampling with the pumps model are shown in
Figure 5. The histograms show samples for λ2 (s2 = 1 and t2 = 15.72, λ̄2 = s2/t2 =
0.0636) and λ8 (s8 = 1 and t8 = 1.048, λ̄8 = s8/t8 = 0.9542). From the samples we
can estimate the means and 95% confidence intervals. For λ2 the estimate of the mean
is 0.1541 and the 95% confidence interval is (0.0294, 0.3762). For λ8 these are 0.8246
and (0.1459, 2.1453).

Figure 5. Histograms of samples for λ2 and λ8 from the Gelfand and Smith pumps model. From these samples,
estimates of the means and 95% confidence intervals are easily obtained. For λ2 the estimate of the mean is
0.1541 and the 95% confidence interval is (0.0294, 0.3762). For λ8 these are 0.8246 and (0.1459, 2.1453).

The pumps model is an example of a conjugate hierarchical model, that is, one
whose intermediate distributions (in this case, those for the λi and β) are similar to
the original distributions in the hierarchical model. This fits with the Gibbs sampling
requirement that these distributions be available. Bayesians had already identified a
large number of conjugate models, all of which were candidates for Gibbs sampling.

Gelfand and Smith also applied Gibbs sampling (along with the other two algo-
rithms they studied) to other settings, including a multivariate normal model, a vari-
ance component model, and a normal means model. Their conclusions “primed the
pump” for Gibbs sampling to enter computational statistics.

[These algorithms] . . . are all straightforward to implement in several frequently
occurring practical situations, thus avoiding complicated numerical or analytical
approximation exercises (often necessitating intricate attention to reparametriza-
tion and other subtleties requiring case-by-case consideration). For this latter
reason if no other the techniques deserve to be better known and experimented
with for a wide range of problems. [25]

Gelfand and Smith concluded that Gibbs sampling and Tanner and Wong’s data
augmentation worked better than Rubin’s importance sampling algorithm. Because of

408 c© THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 117



evidence that data augmentation could be more computationally efficient, they did not
settle on Gibbs sampling as the overall favorite. Their follow-up paper made a much
stronger statement about the efficacy of Gibbs sampling.

In the previous article, we entered caveats regarding the computational effi-
ciency of such sampling-based approaches, but our continuing investigations
have shown that adaptive, iterative sampling achieved through the Gibbs sampler
(Geman and Geman, 1984) is, in fact, surprisingly efficient, converging remark-
ably quickly for a wide range of problems. [24]

In the years to come, this “surprisingly efficient” algorithm was made even more so by
the remarkable advances in computational power.

An important impact of Gibbs sampling was that it brought Bayesian methods into
mainstream statistics. At last, it was possible to handle the elegant, but analytically
intractable, Bayesian posterior distributions. Gelfand and Smith (and others) showed
that many Bayesian hierarchical models fit perfectly into the Gibbs sampling frame-
work. Even when the conditional distributions were not available, all was not lost. In
these cases, statisticians soon discovered that the more general Metropolis-Hastings
algorithm worked wonderfully. Soon statisticians were applying MCMC methods to a
wide range of important problems.

5.2. MCMC in Statistics after Gelfand and Smith. It is impossible to do justice to
the depth, breadth, and quality of work done with Gibbs sampling and MCMC methods
in statistics since 1990. A good place to start is the set of three discussion papers in The
Journal of the Royal Statistical Society, Series B 55, No. 1, 1993 by Smith and Roberts
[59], Besag and Green [5], and Gilks et al. [29]. Together, these articles attempt to
summarize the impact of Gibbs sampling on the statistics community in the short time
since the appearance of Gelfand and Smith’s paper.

Parallel to the development of applications and the expansion of the theory, there
were numerous papers that focused on simply explaining this “new” theory. Notewor-
thy early expository articles on Gibbs sampling are Gelfand and Smith’s Bayesians
Statistics Without Tears: A Sampling-Resampling Approach [26] and Casella and
George’s Explaining the Gibbs Sampler [8]. A very nice overview of the Metropolis-
Hastings algorithm is Greenberg and Chib’s Understanding the Metropolis-Hastings
Algorithm [10], which has an excellent discussion of both the algorithmic and theo-
retical aspects of Metropolis-Hastings. For a more general, if somewhat idiosyncratic,
overview of Metropolis-Hastings, see Diaconis and Saloff-Coste’s What Do We Know
About the Metropolis Algorithm? [17]. All of these articles contain ample references
for anyone interested in reading more about MCMC methods in statistics.

The 1990s also saw the appearance of a number of books dealing with MCMC
methods and Bayesian statistics. One of the best early overviews is Markov Chain
Monte Carlo Methods in Practice [30], edited by Gilks et al., which contains numerous
examples of MCMC methods applied to problems in areas such as hierarchical mod-
eling, image analysis, longitudinal modeling, genetics, and archaeology, along with
discussions of some of the theoretical issues. A more recent resource is Casella and
George’s Monte Carlo Statistical Methods [54]. Tanner’s Tools for Statistical Infer-
ence [61] does an excellent job of presenting and applying MCMC methods (along
with expectation maximization and data augmentation). For an overview of Bayesian
methods, including MCMC methods, see Gelman et al.’s Bayesian Data Analysis [27]
and Carlin and Louis’s Bayes and Empirical Bayes Methods for Data Analysis [7].
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6. EPILOG. Since the mid-1990s, MCMC methods have appeared in almost ev-
ery area of natural and social science, as well proving to be intrinsically interesting
to mathematicians, especially probabilists. Innovative applications of MCMC meth-
ods appear regularly in computer science, biology (especially genetics), chemistry,
physics, psychology, and neuroscience, as well as in economics, political science, so-
ciology, and almost any area one can think of.15 There are even applications to pure
mathematics—for example, sampling from the symmetric group—for which MCMC
methods work well.

Along with this explosion of applications, there have been theoretical advances in
the understanding of convergence of MCMC methods. Tierney’s 1994 paper Markov
Chains for Exploring Posterior Distributions [63] had the most early influence on
the statistics community’s understanding of convergence. In this, he provides a strong
theoretical framework for MCMC methods, including Gibbs sampling, Metropolis-
Hastings, and even hybrid methods (some steps using Gibbs sampling, others using
Metropolis-Hastings). Tierney addressed a wide range of questions, including the ef-
fects of different types of proposal transitions in Metropolis-Hastings. He also proved
several strong results related to the ergodic nature of the chains, in particular results
that help the practitioner determine run lengths of the Markov chains. Around the same
time, Rosenthal [56] described a method (called minorization) which gives explicit a
priori polynomial bounds on the number of iterations needed to ensure satisfactory
convergence.

There has been much work within the computer science community to understand
the convergence properties of MCMC methods. Of particular note is Jerrum and Sin-
clair’s results on polynomial-time bounds for mixing times for the Metropolis algo-
rithm applied to the Ising model [39], counting [37], and permanents of matrices [40].
The fundamental nature of their work was recognized by the 1996 Gödel prize in com-
puter science.

Diaconis [16] provides an up-to-date survey of the state of affairs regarding his own
work and the work of others on the convergence of the Metropolis algorithm in a va-
riety of settings. For example, Diaconis generalizes the original Metropolis algorithm
applied to hard spheres to higher-dimensional Lipschitz domains. In this case, for a
target distribution p(x) = p̄(x)/Z on a domain � ⊂ Rd , the Metropolis algorithm de-
fines a transition kernel P(x, dy) which is a bounded, self-adjoint operator on L2(p).
For a maximal step size of h, he shows that

∣∣∣∣Pk
x (A) −

∫
A

p(y) dy

∣∣∣∣ ≤ c1e
c2kh2

uniformly in x ∈ � and A ⊂ �. The constant c1 is given explicitly.
Despite the emergence of these sorts of theoretical results, many applications of

MCMC methods do not lend themselves to a priori estimates of convergence time. In
statistics, for example, the focus is on diagnostics of convergence, that is, methods that
help determine if a particular MCMC-generated sequence has come sufficiently close
to the target distribution. Often, these diagnostics are built on the idea of running the
algorithm a number of times with different initial conditions and then checking if the
output is consistent across runs. For more information on these methods, see Cowles
and Carlin’s survey work on MCMC diagnostics [12].

In applications outside of statistics (of which there are many), there is even less
understanding of convergence. As Diaconis notes:

15A simple Google search of the form MCMC “area of interest” will undoubtedly return hundreds of results.

410 c© THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 117



I believe you can take any area of science, from hard to social, and find a bur-
geoning MCMC literature specifically tailored to that area. I note that essentially
none of these applications are accompanied by any kind of practically useful
running time analysis. [16]

7. CONCLUSION. We’ve arrived at a good place to conclude the story of the evo-
lution of Markov chain Monte Carlo methods. It is difficult not to wax poetic about
the algorithm. It is as close to universal as anything in mathematics. It is elegant and
efficient. It arose almost spontaneously in the deserts of New Mexico due to the for-
tunate confluence of people, a problem, and a machine. It grew up hand-in-hand with
advances in computing and made substantial impacts across the mathematical and nat-
ural sciences. There are still questions about why it works and predicting ahead of
time how long it will take to work. Nonetheless, it does work and it works well. After
observing the effectiveness of simulated annealing on the traveling salesman problem,
perhaps Čerńy said it best.

It might be surprising that our simple algorithm worked so well in the examples
described above. We believe that this is caused by the fact that our algorithm
simulates what Nature does in looking for the equilibrium of complex systems.
And Nature often does its job quite efficiently. [9]
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On Some Coverings of the Euclidean Plane
with Pairwise Congruent Circles

A. B. Kharazishvili and T. Sh. Tetunashvili

Many examples are known of subsets of the Euclidean plane R2 which have strange
and, sometimes, very paradoxical geometrical properties. Usually, such sets in R2 are
obtained by using rather delicate set-theoretical techniques. One of the earliest ex-
amples of this kind is due to Mazurkiewicz [7]. Namely, in 1914 he proved the follow-
ing intriguing statement.

Theorem 1. There exists a set X ⊂ R2 such that every line in R2 meets X in exactly
two points.

Any set X ⊂ R2 with the extraordinary property described in Theorem 1 is called a
Mazurkiewicz subset of R2. Actually, the construction of X is essentially nonelemen-
tary: it is heavily based on the axiom of choice. For those readers who are familiar
with the method of transfinite induction, the proof of Theorem 1 is sketched at the end
of this paper.

Later on, W. Sierpiński obtained a certain generalization of Mazurkiewicz’s result.
In particular, according to Sierpiński’s theorem, for any natural number k ≥ 2, there
exists a set Y ⊂ R2 which meets every line of R2 in exactly k points. The proof of
this generalized statement does not need any new ideas and is carried out similarly
to the original argument of Mazurkiewicz. Moreover, replacing the family of all lines
in R2 by the family of all circles in R2, one can establish an analogous result on the
existence of a Mazurkiewicz-type subset of R2 for the latter family. A very similar
result can also be obtained for the family of all circles lying on the two-dimensional
unit sphere S2 ⊂ R3.

Briefly speaking, we have the following statement.

Theorem 2.

(1) For every natural number k ≥ 3, there exists a set Z ⊂ R2 such that any circle
lying in R2 meets Z in precisely k points.

(2) For every natural number k ≥ 3, there exists a set Z ′ ⊂ S2 not containing any
pair of antipodal points of S2 and such that any circle lying on S2 meets Z ′ in
precisely k points.

(3) For every natural number k ≥ 2, there exists a set X ⊂ S2 not containing any
pair of antipodal points of S2 and such that any great circle of S2 meets X in
precisely k points.

The proof of Theorem 2 can be done by using an argument analogous to the proof
of Theorem 1.

In this short paper, we would like to consider some “dual” versions of the results
presented above. Here the duality is meant in the sense of projective geometry, namely,
we require that such a duality should preserve the incidence relation between appro-
priate geometric objects from a given space E . In particular, if E = R2, then instead
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of looking for a set of points such that every line (or circle) meets this set in precisely
k points, for some fixed natural number k, we will be looking for a family of lines
(or circles) such that every point belongs to precisely k members of the family. For
our further purposes, it will be convenient to introduce the notion of a homogeneous
covering of E .

Let {Xi : i ∈ I } be a family of distinct nonempty subsets of E and let k > 0 be
a natural number. We shall say that {Xi : i ∈ I } is a k-homogeneous family (in fact,
covering of E) if, for any point e ∈ E , we have

card({i ∈ I : e ∈ Xi }) = k.

Notice that if k = 1, then the concept of a k-homogeneous covering coincides with the
standard notion of a partition of E .

The family of all horizontal and vertical lines in the plane R2 is clearly a 2-
homogeneous covering of R2. Similarly, for any natural number k > 2, it is easy
to construct a k-homogeneous family of lines in R2. Indeed, fix k distinct lines
{l1, l2, . . . , lk} in R2 passing through the origin of R2 and define

L = {l ⊂ R2 : l is a line parallel to some li , where i ∈ [1, k]}.
A straightforward verification shows that L is the required family. Moreover, the de-
scription of L is effective, i.e., it does not appeal to the axiom of choice. Below, we
shall say that an argument (or construction) is effective if it does not rely on the axiom
of choice, i.e., is carried out within ZF set theory (see [6], [8]). In this context, the
following example seems to be of some interest.

Example 1. Consider the question of whether there exists a family of great circles on
the sphere S2 such that every point of S2 belongs to exactly 2 circles of the family.
In order to answer this question, take the set X ⊂ S2 described in (3) of Theorem 2,
with k = 2. For each x ∈ X , denote by C(x) the great circle of S2 consisting of all
points y ∈ S2 that are orthogonal to x . (We think of each point x ∈ S2 as representing
the vector in R3 from the center of S2 to x .) Notice that since X does not contain any
pair of antipodal points, the circles C(x) for x ∈ X are distinct. We claim that {C(x) :
x ∈ X} is a 2-homogeneous covering of S2. To see why, consider an arbitrary point
y ∈ S2. Clearly, for any x ∈ X , we have y ∈ C(x) if and only if x ∈ C(y). But, by the
definition of X , there are precisely two points x ∈ X such that x ∈ C(y), so there are
precisely two points x ∈ X such that y ∈ C(x). Evidently, a similar construction can
be done for any natural number k ≥ 2.

The argument just presented makes use of Theorem 2, whose proof requires the
axiom of choice, and no effective construction is known of a 2-homogeneous family
of great circles in S2. It would be interesting to investigate the problem of whether such
a construction does exist. Notice that in the case of the existence of such a construction,
we directly obtain (by using the same duality) an effective example of a Mazurkiewicz-
type set on S2.

In this context, it should be noticed that an analogous question for the plane R2 and
for circles in R2 having one and the same radius can be readily solved. The following
simple example shows this.

Example 2. Denote by Z the set of all integers and consider the countable family

{R × {n} : n ∈ Z}
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of horizontal lines in R2. We say that a circle C ⊂ R2 is admissible if there exists
an integer n such that C is tangent to both of the lines R × {n} and R × {n + 1}. It
is readily verified that all admissible circles have diameter 1 and every point of R2

belongs to exactly two admissible circles. Thus, denoting the family of all admissible
circles by C = {Ci : i ∈ I }, we conclude that C is a 2-homogeneous covering of R2.

More generally, fix a natural number k ≥ 2 and consider in R2 the sequence of
vectors

e1 = (0, 1/2), e2 = (0, 1/22), . . . , ek = (0, 1/2k).

Then the family of pairwise congruent circles

(C + e1) ∪ (C + e2) ∪ · · · ∪ (C + ek)

has the property that every point of R2 belongs to precisely 2k circles of the family.
Clearly, this construction is completely effective and elementary.

Now, consider the question of whether there exists a family of pairwise congruent
circles in R2 such that every point of R2 belongs to exactly 3 circles of the family. The
trick of Example 1, modified in an appropriate way, works here, too. So we are going
to solve the problem just formulated by using some kind of duality between the points
of R2 and the circles lying in R2 and having a fixed radius.

For this purpose, let us introduce one auxiliary notion. Let k ≥ 2 be a natural num-
ber and let r > 0 be a real number. We shall say that X ⊂ R2 is a (k, r)-Sierpiński set
if every circle in R2 of diameter r has exactly k common points with X .

It is not difficult to show that the following two statements are effectively equiva-
lent:

(1) there exists a k-homogeneous covering of R2 with circles of diameter 1;
(2) there exists a (k, 1)-Sierpiński subset of R2.

To check this equivalence, suppose that (1) holds true, i.e, there exists a k-
homogeneous covering {Ci : i ∈ I } of R2 such that all Ci are circles of radius 1/2.
Let xi denote the center of Ci for each i ∈ I . We assert that X = {xi : i ∈ I } is a
(k, 1)-Sierpiński set. To see why, let C ⊂ R2 be any circle of diameter 1 and let y
be its center. Then, for any i ∈ I , we have xi ∈ C if and only if y ∈ Ci , and since
{Ci : i ∈ I } is a k-homogeneous covering of R2, there are exactly k values of i for
which xi ∈ C is true. We thus conclude that (2) is valid.

Conversely, suppose that (2) holds true and let X be a (k, 1)-Sierpiński subset of R2.
For each point x ∈ X , denote by C(x) the circle of radius 1/2 whose center coincides
with x . An argument similar to the previous one shows that the family of circles {C(x) :
x ∈ X} forms a k-homogeneous covering of R2. We thus conclude that (1) is valid.

The effective equivalence (1) ⇔ (2) directly indicates that there is a close rela-
tionship (of duality type) between the k-homogeneous coverings of R2 with circles of
diameter 1 and the (k, 1)-Sierpiński sets. By virtue of Example 2, this circumstance
allows us to give an effective construction of a (2k, 1)-Sierpiński set.

In connection with the statement above, let us remark that it is unknown whether
there exists an effective example of a (k, 1)-Sierpiński set (or, equivalently, of a k-
homogeneous covering of R2 by circles of diameter 1) for an odd natural number
k ≥ 3.

On the other hand, it was already mentioned that, by means of the method of trans-
finite induction, a subset Z of R2 can be constructed that meets every circle in R2 in
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precisely k ≥ 3 points (see (1) of Theorem 2). Clearly, such a Z is simultaneously
a (k, 1)-Sierpiński set. Notice that the converse assertion is not true (see, e.g., Exer-
cise 7).

In view of the above remark, it is easy to show the validity of the following state-
ment.

Theorem 3. Let k ≥ 2 be a natural number. There exists a k-homogeneous covering
of R2 with circles of diameter 1.

Proof. The main difficulty here is to establish this statement for odd k ≥ 3, because,
as has already been mentioned, for even k ≥ 2 the corresponding result is effective
and elementary. Take an odd k ≥ 3 and consider any (k, 1)-Sierpiński set X ⊂ R2.
Keeping in mind the equivalence between the statements (1) and (2), we obtain at
once the required result.

Notice that another proof of Theorem 3 can be done directly, by means of a transfi-
nite construction of the desired k-homogeneous covering of R2 with circles of diameter
1 (a more detailed account of constructions of this sort is presented in [5]; compare also
Example 3 below).

It would be interesting to envisage the problem of whether there exists an effective
method of constructing a 3-homogeneous family of pairwise congruent circles in R2.
We have already demonstrated that a concrete 2-homogeneous covering of R2 with
circles of diameter 1 enables us to present an effective example of a 2k-homogeneous
covering of R2 with circles of the same diameter (see Example 2). So the natural
question arises whether the existence of a 3-homogeneous covering of R2 by pairwise
congruent circles effectively implies the existence of a (2k + 1)-homogeneous cover-
ing of R2 by circles of the same radius. This question remains open (compare with
Exercise 9 at the end of the paper).

It is widely known that the first (more or less rigorous) system of axioms for ele-
mentary geometry was formulated by D. Hilbert in his classical work “Foundations of
Geometry” (1899). It should be mentioned that the preliminary version of his system
had a defect, namely, the so-called “completeness axiom” was not included in the list
of axioms, and only later on (after the critical remarks made by H. Poincaré) was the
above-mentioned axiom added to the other ones. But it is also well known that most
of elementary geometry can be developed without appealing to the completeness ax-
iom. In particular, when we deal with various geometric constructions (using only a
compass and a straightedge), then we do not need this axiom at all, because geometric
constructions touch upon only a finite (or at most countable) system of geometric ob-
jects in R2. In any case, from the standpoint of elementary geometry, one may suppose
that the Euclidean plane is not complete and, for instance, contains only those points
of R2 whose coordinates are algebraic real numbers. Let us denote this impoverished
plane by the symbol A2, where A is the field of all algebraic numbers. Obviously, A2

is effectively countably infinite, so its cardinality is ω (= the smallest infinite cardinal
number). The circles in A2 are defined in a natural way: their centers must belong to
A2 and their radii must be algebraic (and, of course, strictly positive). It is not difficult
to verify that every circle in A2 is also countably infinite. Actually, in A2 we have the
following situation.

Example 3. For any natural number k ≥ 2, there exists a k-homogeneous covering of
A2 with pairwise congruent circles. The existence of such a covering holds true without
the axiom of choice. Indeed, this covering can be constructed effectively, by applying
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the method of ordinary induction (instead of the method of transfinite induction). To
show this, denote by {xn : n = 0, 1, . . .} a sequence consisting of all points of A2.
Evidently, we may assume that every point of A2 occurs in this sequence at least k
times. Now, we will define by induction a family {Cn : n = 0, 1, . . .} of distinct circles
in A2 satisfying the following conditions:

(i) all Cn have diameter 1;
(ii) any point of A2 belongs to at most k circles from {Cn : n = 0, 1, . . .};
(iii) for every natural number m, if the point xm belongs to fewer than k circles

from the family {Cn : n < m}, then xm ∈ Cm .

Suppose that, for a natural number m, the partial family of circles {Cn : n < m}
satisfying the above-mentioned conditions has already been determined. For each n <

m, denote by yn the center of Cn and let

Z = {z ∈ A2 : z ∈ Ci ∩ C j for some distinct i < m and j < m}.
Observe that Z is a finite set. Consider the point xm . Only two cases are possible.

Case 1. There are distinct numbers n1 < m, n2 < m, . . . , nk < m such that

xm ∈ Cn1 ∩ Cn2 ∩ · · · ∩ Cnk .

In this case, let y be a point of A2 satisfying the relations

y 
= yn (n = 0, 1, . . . , m − 1),

||y − z|| 
= 1/2 (z ∈ Z).

The existence of y is obvious. Define Cm as the circle with center y and radius 1/2.

Case 2. The point xm belongs to fewer than k circles from the family {Cn : n < m}. In
this case, let y be a point of A2 such that

y 
= yn (n = 0, 1, . . . , m − 1),

||y − z|| 
= 1/2 (z ∈ Z \ {xm}),
||y − xm || = 1/2.

The existence of y follows from the facts that the circle in A2 centered at xm with
radius 1/2 is countably infinite and the first two requirements concerning y rule out
only finitely many points on this circle, so there are infinitely many y satisfying all
three requirements. Again, we define Cm as the circle with center y and radius 1/2.

Notice that in both cases the point y can be picked effectively (e.g., as having the
least index in the sequence {xn : n = 0, 1, . . .}) and, by virtue of the definition of y, we
readily deduce that the conditions (i), (ii), and (iii) remain true for the partial family of
circles {Cn : n ≤ m}.

Proceeding in this way, we will come to the desired k-homogeneous covering {Cn :
n = 0, 1, . . .} of A2.

In particular, taking k = 3, we may conclude the following:

(a) the formulation of the problem of the existence of a 3-homogeneous covering
of the Euclidean plane with pairwise congruent circles belongs to elementary
geometry;
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(b) this problem admits an effective solution if the plane is identified with A2

(which is sufficient for the main purposes of elementary geometry);
(c) for the usual Euclidean plane R2, the above-mentioned problem can be solved

with the aid of the axiom of choice (and, so far, it is unclear whether the use of
this axiom is necessary for solving the problem).

Example 4. The well-known Hopf fibration gives an effective and nice example of a
partition of the three-dimensional unit sphere S3 into great circles. More precisely, the
Hopf fibration is the mapping

φ = (φ1, φ2, φ3) : S3 → S2

defined as follows:

φ1(x1, x2, x3, x4) = x2
1 + x2

2 − x2
3 − x2

4 ,

φ2(x1, x2, x3, x4) = 2(x1x4 + x2x3),

φ3(x1, x2, x3, x4) = 2(x2x4 − x1x3).

Here (x1, x2, x3, x4) is any point of the sphere S3 ⊂ R4. It can readily be checked that
φ maps S3 onto S2 and the preimages of the points of S2 form a partition of S3 into
great circles.

At the same time, by applying the method of transfinite induction, one can construct
many 1-homogeneous coverings of S3 with great circles. Of course, those coverings
are essentially different from the above-mentioned Hopf fibration.

Our last example is again concerned with Mazurkiewicz subsets of R2.

Example 5. It has been proved that there exists a Mazurkiewicz set X ⊂ R2 which
is nowhere dense and has λ2-measure zero, where λ2 denotes the standard two-
dimensional Lebesgue measure on R2 (in this connection, see [3]). On the other hand,
it also has been established that there exists a Mazurkiewicz set Y ⊂ R2 which is thick
with respect to λ2, i.e., Y ∩ B 
= ∅ whenever B ⊂ R2 is a Borel set with λ2(B) > 0
(see again [3]). Obviously, such a Y cannot be measurable with respect to λ2. Indeed,
supposing otherwise, we first derive that Y is not of λ2-measure zero, because it meets
every Borel subset of R2 with strictly positive λ2-measure. But applying to the same Y
the classical Fubini theorem, we conclude that Y must be of λ2-measure zero, which
leads to a contradiction.

These two facts indicate that the descriptive structure of a Mazurkiewicz set can be
different in various cases. At the same time, this structure cannot be rather simple. For
instance, the following statement is valid.

Theorem 4. No Mazurkiewicz set admits a representation in the form of a union of
countably many closed subsets of R2.

Proof. Let X be a Mazurkiewicz set in R2. First, let us show that X does not contain a
simple arc (i.e., X does not contain a homeomorphic image of the closed unit interval
[0, 1]). Suppose otherwise and consider a simple arc L ⊂ X with endpoints a and b.
Let l(a, b) denote the line passing through a and b, and let l be a line in R2 parallel to
l(a, b) having nonempty intersection with L and such that the distance between l and
l(a, b) attains its maximum value. Obviously, we can write

l ∩ X = {a′, b′} (a′ 
= b′).
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Also, it is clear that either a′ ∈ L or b′ ∈ L (or both). We may assume, without loss
of generality, that a′ ∈ L . Then it is not difficult to verify that there exists a line l ′(b′)
passing through b′ and having at least three common points with X , which contradicts
the definition of X . Thus, X cannot contain a simple arc.

Now, fix a point y ∈ X and a circle C(y) ⊂ R2 whose center coincides with y. For
any point x ∈ X \ {y}, consider the ray p(y, x) which passes through x and whose
endpoint is y. Let g(x) denote the point in which p(y, x) meets C(y). A straightfor-
ward verification shows that the mapping

g : X \ {y} → C(y)

is a continuous injection and

g(X \ {y}) ∪ (s ◦ g)(X \ {y}) = C(y),

where s denotes the central symmetry of R2 with respect to y.
Suppose now that X admits a representation in the form of a union of countably

many closed subsets of R2. Then the same must be true for X \ {y}. Consequently, we
come to the equality

X \ {y} = ∪{Fn : n < ω},

where all sets Fn are closed and bounded (i.e., compact) in R2. This implies that

C(y) = (∪{g(Fn) : n < ω}) ∪ (∪{(s ◦ g)(Fn) : n < ω}),

where all sets g(Fn) and (s ◦ g)(Fn) are closed in C(y). By virtue of the classical
Baire theorem, at least one g(Fn) has nonempty interior in C(y), which means that
g(Fn) contains some arc P ⊂ C(y). Keeping in mind the compactness of Fn and the
injectivity of g, we observe that g−1 is continuous on P . Therefore, the set X \ {y}
contains the simple arc g−1(P), which yields a contradiction with the statement above.
This contradiction finishes the proof.

For a more general result, see [1].
To finish our paper, let us sketch the proof of Theorem 1. We have already men-

tioned that the construction of a Mazurkiewicz set X is essentially nonelementary: it
is heavily based on Zermelo’s well-ordering theorem, which is logically equivalent to
the axiom of choice (see, e.g., [6], [8]), and on the method of transfinite induction.
More precisely, in his argument Mazurkiewicz exploits the fact that any set of cardi-
nality continuum (= c) can be well-ordered. He starts with an α-sequence {lξ : ξ < α}
which consists of all distinct lines in R2, where α denotes the smallest ordinal number
of cardinality continuum (this simply means that card(α) = c and card(ξ) < c for each
ordinal ξ < α).

Then it is possible to construct a family {Xξ : ξ < α} of subsets of R2 satisfying the
following relations:

(1) Xζ ⊂ Xξ if ζ < ξ < α;

(2) card(Xξ ) ≤ card(ξ) + ω;

(3) the points of Xξ are in general position (i.e., no three of them belong to a line);

(4) card(Xξ ∩ lξ ) = 2.
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Suppose that, for a ξ < α, the partial family of sets {Xζ : ζ < ξ} satisfying the
above-mentioned relations (1)–(4) has already been defined. Consider the set

D = ∪{Xζ : ζ < ξ}.

The cardinality of D does not exceed card(ξ) + ω, so is strictly less than c. For any
two distinct points x ∈ D and y ∈ D, denote by l(x, y) the line passing through x and
y. The set of lines

L = {l(x, y) : x ∈ D, y ∈ D, x 
= y}

also has cardinality strictly less than c. If lξ ∈ L, then we put Xξ = D. If lξ 
∈ L, then,
taking into account that card(D ∩ lξ ) ≤ 2, we can choose a set D′ ⊂ lξ \ ∪L such that

card((D ∪ D′) ∩ lξ ) = 2.

Then we put Xξ = D ∪ D′. It is not difficult to see that in both cases the relations
(1)–(4) remain valid.

Proceeding in this way, we are able to construct the desired family {Xξ : ξ < α} of
subsets of R2. Finally, putting

X = ∪{Xξ : ξ < α},

we readily conclude that X meets every line in R2 in precisely two points. Theorem 1
has thus been proved.

Below, several exercises are presented, which yield additional information around
the topic discussed in this article (those that are relatively difficult are marked by (*)
and need the method of transfinite induction).

Exercise 1. Show that there exists no 1-homogeneous covering of R2 (respectively,
of S2) with circles. Infer this fact from the more general result stating that there exists
no 1-homogeneous covering of R2 (respectively, of S2) with Jordan curves. (In this
context, let us recall that a Jordan curve is any homeomorphic image of the circle S1.)
On the other hand, show that there exists a partition of A2 into countably many circles.

Exercise 2. Give an effective example of a 1-homogeneous covering of the space R3

with circles.

Let us stress that the circles from Exercise 2 are not required to be of one and the
same radius. A beautiful construction of such a 1-homogeneous covering is presented
in [9].

Exercise 3. Give an effective example of a 1-homogeneous covering of R3 with lines,
no two of which are parallel.

Exercise 4∗. Let I be a set of cardinality continuum and let {ri : i ∈ I } be a family of
strictly positive real numbers. By using the method of transfinite induction, prove that
there exists a partition {Ci : i ∈ I } of R3 such that every Ci is a circle of radius ri .

In particular, putting ri = r > 0 for all i ∈ I , conclude that there exists a partition
of R3 into pairwise congruent circles (see [2], [4]).
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Exercise 5∗. Let r be a nonzero real number not exceeding 1/2. Show that there exists
a partition of the three-dimensional closed unit ball

B3 = {(x1, x2, x3) : x2
1 + x2

2 + x2
3 ≤ 1}

into circles with radius r .

Exercise 6. Give an effective example of a family F of pairwise congruent circles
in R2 such that the set {C ∈ F : x ∈ C} is countably infinite for every point x ∈ R2.
One could call such a family F an ω-homogeneous covering of R2 with pairwise
congruent circles. Also, consider the dual question and give an effective example of a
closed subset of R2 which meets every line of R2 in ω many points.

Exercise 7∗. Let k ≥ 3 be a natural number. Prove that there exists a subset X of R2

satisfying the following conditions:

(a) X is a (k, 1)-Sierpiński set;
(b) the unit circle S1 = {(x1, x2) : x2

1 + x2
2 = 1} has no common points with X .

Exercise 8. Let k be a nonzero natural number. Show effectively that there exist two
sets X ⊂ R2 and Y ⊂ R2 such that both of them are of cardinality continuum and
card( f (X) ∩ g(Y )) = 2k for any two isometries f and g of R2.

By using the method of transfinite induction, Sierpiński was able to prove that there
exist two sets A ⊂ R2 and B ⊂ R2 such that both of them are of cardinality continuum
and card( f (A) ∩ g(B)) = 1 for any two isometries f and g of R2. As far as we know,
the question of whether there exists an effective example of two sets A and B having
the above-mentioned property still remains open.

Exercise 9∗. Prove that there exists a set X ⊂ R2 satisfying the following two condi-
tions:

(a) every line in R2 meets X in exactly two points (i.e., X is a Mazurkiewicz set);
(b) every circle lying in R2 meets X in exactly three points.

Let C denote the 2-homogeneous family of circles described in Example 2. By apply-
ing the conditions (a) and (b), show that there exists a 3-homogeneous family L of
circles in R2 such that:

(c) all circles from L are of radius 1/2;
(d) for any isometric transformation h of R2, the two families h(C) and L have

infinitely many common circles.

The result of Exercise 9 shows that, e.g., a 5-homogeneous covering of R2 with
circles of radius 1/2 cannot be trivially obtained by using a 3-homogeneous covering
of R2 with circles of radius 1/2 and a 2-homogeneous covering of R2 with circles of
the same radius.
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Transversals in Rectangular Arrays

Sherman Stein

1. INTRODUCTION. The main concept in this paper goes back to two works of
Euler: “De Quadratis Magicis” of 1776 [4] and “Recherches sur une Nouvelle Espece
de Quarres Magiques” of 1779 [5]. The first shows how to construct a magic square
with the aid of orthogonal Latin squares, while the much longer work three years later
also relates orthogonal Latin squares to the puzzle of arranging 36 soldiers in a certain
way, and develops several methods for constructing such squares. For a discussion of
this see [7]. The key to his construction is what he called a directrix, which is now
called a transversal.

First, some definitions are needed before we can show why Euler was interested in
transversals. For a positive integer n, an nth-order Latin square consists of n2 cells ar-
ranged in a square with each cell containing one symbol from a given set of n symbols.
Each row and each column contains all n symbols. To put it another way, no symbol is
duplicated in any row or in any column. It is customary to use the integers 1, 2, . . . , n
as the set of symbols.

Two Latin squares of order n are said to be orthogonal if, when one is placed on top
of the other, all n2 possible ordered pairs of symbols appear. Figure 1 shows such a pair
in Euler’s notation, in which one square uses Latin letters, and the other, Greek letters,
which appear as exponents. (The term “Latin square” comes from Euler’s practice of
using Latin letters as symbols. Thus, in this case we might say that we have a Latin
square and a Greek square.)

Figure 1.

aα bβ cγ

bγ cα aβ

cβ aγ bα

The cells in the Latin square corresponding to a specific symbol in the Greek square
come from different rows and different columns, and contain different Latin letters.
Such a set of n cells is what Euler called a directrix, and is now called a transversal.
If a Latin square of order n has n disjoint transversals, then Euler could construct a
Greek square such that the pair of squares are orthogonal. On the other hand, if the
Latin square has no transversal, there is no hope of finding a Greek square orthogonal
to it. That is why Euler was interested in transversals. He observed that some Latin
squares have transversals and some do not. Since then the strongest related correct
result is that any n-by-n Latin square contains at least n − 11.053(ln n)2 cells that are
in different rows and different columns, and contain different symbols [6]. It has been
conjectured that it always contains at least n − 1 cells with those three properties.

In the last three decades Latin squares have been generalized to rectangular arrays
meeting more relaxed conditions. In one generalization it is assumed only that the
entries in each column are distinct. In another, the restriction is further weakened to

doi:10.4169/000298910X485941
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the condition that each symbol appears only a few times anywhere in the array. In both
cases one examines whether the assumption forces the existence of a transversal. We
will focus on the first generalization and touch briefly on the second. In both cases
definitive results have been obtained for a rectangle whose length is much larger than
its width. As we will see, little is known when the length of the rectangle is less than
twice its width.

2. CONJECTURE. For positive integers m and n, an m-by-n array consists of mn
cells arranged in m (horizontal) rows and n (vertical) columns. Thus each column has
m cells and each row has n cells. We number the rows 1, 2, . . . , m, from top to bottom,
and the columns 1, 2, . . . , n, from left to right. The cell where row r crosses column c
we denote (r, c). Each cell contains a symbol, which we will assume, for convenience,
is a positive integer. Assume each column has k symbols, none repeated. Thus m = k.
Later, symbols may appear more than once in a column and also some cells may be
empty. In that case m may be much greater than k.

The number of cells in a set of cells that come from different columns and from
different rows evidently cannot exceed the minimum of m and n. A transversal of an
m-by-n array consists of minimum{m, n} cells such that no two of the cells come from
the same column or the same row, or have the same symbol. A partial transversal
is any set of cells with those three properties. Its length is the number of cells in it.
Thus a single cell is a partial transversal of length 1. A near-transversal is a partial
transversal whose length is one less than the length of a transversal, that is, one less
than the minimum of m and n. A transversal is therefore a partial transversal whose
length is limited only by the dimensions of the array.

From a given array we can obtain others by permuting the rows, permuting the
columns, and changing the symbols (as long as we replace a given symbol by another
symbol consistently throughout the array). These operations do not change the length
of the longest partial transversal or whether there is a transversal or near-transversal.
Euler used this observation in his paper of 1779. The following conjecture, which
covers all possibilities for the number of rows and the number of columns, is new,
though, as we will see, parts of it have already been confirmed.

Conjecture. Let k be a positive integer. Then a k-by-n array in which each column
has k distinct integers has the following properties:

1. If n ≤ k − 1, there is a transversal (of length n).
2. If k ≤ n ≤ 2k − 2, there is a near-transversal (of length k − 1).
3. If n ≥ 2k − 1, there is a transversal (of length k).

A. Drisko [2] in 1998 established 3. In Section 4 we present a slightly different but
simpler proof of his result. E. T. Parker, in personal correspondence, in 1989 showed
by a construction that in case 2 there need not be a transversal. Figure 2 illustrates his
construction for the cases k = 5 and n = 5 and 8. It is easy to check these cases and
extrapolate to the general case. Note that his arrays have near-transversals. Figure 3

Figure 2.

1 1 5 5 5
2 2 1 1 1
3 3 2 2 2
4 4 3 3 3
5 5 4 4 4

1 1 1 1 5 5 5 5
2 2 2 2 1 1 1 1
3 3 3 3 2 2 2 2
4 4 4 4 3 3 3 3
5 5 5 5 4 4 4 4
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Figure 3.

1 2 3 4
4 1 2 3
3 4 1 2
2 3 4 1

2 4 2 1 1
4 1 3 3 4
3 2 4 4 3
1 3 1 2 2

presents two arrays that are not of Parker’s form, but lack a transversal; both have near-
transversals. As we will see, the truth of the conjecture in the special cases n = k − 1
and n = 2k − 1 implies the truth of the conjecture for any number n of columns.
Drisko disposed of the case n = 2k − 1; we have confirmed the conjecture in the case
n = k − 1 for k ≤ 6.

3. THE CASE n < (k + 2)/2. If n is small, less than (k + 2)/2, or large, greater
than 2k − 2, a k-by-n array has a transversal. The proof of the first assertion is short
and well known; we present it in this section. In Section 4 we present a proof of the
second assertion. We show in Section 5 that the case when (k + 2)/2 ≤ n ≤ 2k − 2
would be settled if we knew that the case n = k − 1 holds. In short, the case n = k − 1,
when the number of columns is one less than the number of rows, is the key to all the
unsettled parts of the conjecture.

In the next argument the symbol 4− appears in some cells. It indicates that the
positive integer in the cell is less than or equal to 4. This type of notation will be used
later. For a positive integer p, the symbol p− in a cell indicates that the cell contains
a positive integer less than or equal to p. Similarly, the symbol p+ indicates that the
integer in the cell is greater than or equal to p.

Theorem 1. If n is less than (k + 2)/2, then a k-by-n array in which each column has
k distinct integers has a transversal (of length n).

Proof. We proceed by induction on n. Clearly the theorem is true for n = 1. Now
assume that it is true for n, and consider a k-by-(n + 1) array in which each column
has k distinct integers and n + 1 < (k + 2)/2. We will assume that this array has no
transversal and obtain a contradiction.

To simplify the exposition we will treat the case n = 4 and k = 9, as in Figure 4,
but our argument is completely general. Delete a column, say the right-most one. By
the inductive assumption there is a transversal in the remaining array of 4 columns.

Figure 4.

1

2

3

4

4−
4−
4−
4−
4−
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It is a near-transversal for the array of 5 columns. We can assume that it lies along
a diagonal and contains the integers 1, 2, 3, 4. The symbol 4− is placed in some cells
because if the integer there were greater than 4 there would be a transversal in the array
of five columns. However, because there are at least five cells in the fifth column that
contain 4−, an integer must be repeated in that column, which is a contradiction.

Incidentally, the same conclusion holds for n ≥ 2 if one allows one of the cells to
be empty (hence one column to have only k − 1 distinct integers), and does not permit
it to be part of a transversal. In this case, delete a column that does not have the empty
cell, and argue as in the preceding proof.

4. THE CASE n ≥ 2k − 1. A moment’s thought shows that it suffices to establish
this case when n = 2k − 1.

Theorem 2 (Drisko). A k-by-(2k − 1) array in which each column (of length k) has
k distinct symbols has a transversal (of length k).

Proof. When there are only one or two rows, the theorem is easy to check. Hence-
forth we assume that k ≥ 3 and proceed by induction on k. Again we assume that the
theorem is false and reach a contradiction.

In order to display the idea behind the inductive step without becoming involved
with complex notation, we carry out the induction from k = 6 to k = 7. We assume
the theorem holds for k = 6 and does not hold for k = 7, and obtain a contradiction.

Consider, then, a 7-by-13 array that satisfies the hypothesis of the theorem but not
the conclusion: each of its 13 columns has 7 distinct positive integers but it has no
transversal. The array obtained by deleting columns 12 and 13 and row 7 is a 6-by-11
array for which the theorem holds.

By the inductive assumption, the resulting 6-by-11 array has a transversal, which
we can assume has the integers 1, 2, 3, 4, 5, 6 occupying the diagonal starting at cell
(1, 1), as in Figure 5. Cell (7, 7) and the ones to the right of it in the bottom row must
have 6− since the 7-by-13 array has no transversal. It is no loss of generality to assume
that cell (7, 7) contains 1. It follows that the cells in the top row from column 8 through
column 13 also contain 6−. We have reached Figure 5.

Column 8 must have a symbol greater than 6, which we may call 7+. Without loss
of generality, we place it just above the bottom row in cell (6, 8). This implies that
cells to the right of column 8 that contain 6− cannot contain 6. Otherwise the 7-by-13
array would have a transversal. Such cells must contain 5−, as in Figure 6.

Figure 5.

1 1 6− 6− 6− 6− 6− 6−
2 2

3 3

4 4

5 5

6 6

7 1 6− 6− 6− 6− 6− 6−
1 2 3 4 5 6 7 8 9 10 11 12 13
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Figure 6.

1 1 6− 5− 5− 5− 5− 5−
2 2

3 3

4 4

5 5

6 6 7+
7 1 6− 5− 5− 5− 5− 5−

1 2 3 4 5 6 7 8 9 10 11 12 13

Note that the cell occupied by 6 forms a partial transversal of length 1; so does
the cell occupied by 7+. These two partial transversals, which lie in row 6, share no
integer. This will be exploited in a moment.

Next consider column 9. At least two cells in that column must contain integers
greater than 5. At least one of those cells is not in row 6. Without loss of generality,
we may assume it lies in row 5 and that cell (5, 9) contains 6+, as shown in Figure 7.

Figure 7.

1 1 6− 5− 5− 5− 5− 5−
2 2

3 3

4 4

5 5 6+
6 6 7+
7 1 6− 5− 5− 5− 5− 5−

1 2 3 4 5 6 7 8 9 10 11 12 13

If the cell holding 6+ contains 6, then it and 7+ form a partial transversal of length
two. If, instead, it holds an integer greater than 6, it and the cell holding 6 form such a
partial transversal. Two more partial transversals lying in rows 5 and 6 are formed by
adjoining the cell holding 5 to each of the partial transversals of length one in row 6.
In any case, we now have three partial transversals of length two, situated in rows 5
and 6. Note that no integer appears in all of them.

Consider next the entry 5− in cell (7, 10). If it is 5, then a transversal forms in the
7-by-13 array. It consists of the cells (1, 1), (2, 2), (3, 3), (4, 4), and one of the partial
transversals in rows 5 and 6 that does not contain 5, together with the cell (7, 10). The
cell (7, 10) cannot contain 5; it must contain 4−.

Similar reasoning applies to the cells in the top and bottom rows situated in columns
10 though 13. This brings us to Figure 8.

Column 10 must have at least three entries larger than 4. Consequently we may
place 5+ in a row other than in the rows in which 7+ and 6+ appear. After suitable
relabeling and permuting of rows and of columns, we may place 5+ in cell (4, 10)

as shown in Figure 9. That entry does not appear in at least one of the three partial
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Figure 8.

1 1 6− 5− 4− 4− 4− 4−
2 2

3 3

4 4

5 5 6+
6 6 7+
7 1 6− 5− 4− 4− 4− 4−

1 2 3 4 5 6 7 8 9 10 11 12 13

Figure 9.

1 1 6− 5− 4− 3− 3− 3−
2 2

3 3

4 4 5+
5 5 6+
6 6 7+
7 1 6− 5− 4− 3− 3− 3−

1 2 3 4 5 6 7 8 9 10 11 12 13

transversals found in rows 5 and 6. We adjoin cell (4, 10) to one of the partial transver-
sals that does not contain the integer in (4, 10). Also we adjoin cell (4, 4) to each of the
three partial transversals of length two. We now have four partial transversals, situated
in rows 4, 5, and 6. No integer appears in all of them. With this information we can
replace 4− by 3− in columns 11, 12, and 13. Now we have reached Figure 9.

Similar reasoning brings us in two more steps to Figure 10. The integer 1 appears
twice in column 13, and we have the contradiction that completes the proof that the
7-by-13 array has a transversal.

Figure 10.

1 2 3 4 5 6 7 8 9 10 11 12 13

1 1 6− 5− 4− 3− 2− 1−
2 2 3+
3 3 4+
4 4 5+
5 5 6+
6 6 7+
7 1 6− 5− 4− 3− 2− 1−
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We now have settled the cases n < (k + 2)/2 and n > 2k − 2. The first inequality
is equivalent to k > 2n − 2, which is the second inequality with the roles of n and
k interchanged. This implies that for b > 2a − 2 an a-by-b array has a transversal
if either the symbols in each row are distinct or if the symbols in each column are
distinct.

5. THE KEYSTONE CASE n = k − 1. The conjecture remains open for (k +
2)/2 ≤ n ≤ 2k − 2. But all those cases would be settled if we knew that the conjec-
ture holds for n = k − 1, that is, for a k-by-(k − 1) array in which each of the k − 1
columns has no duplicated symbol. To see why, assume that each such k-by-(k − 1)

array has a transversal (of length k − 1). Consider a k-by-n array with n < k − 1, in
which each of the n columns has no duplicated symbol. Adjoin (k − 1) − n columns
of length k without duplications in each column to produce a k-by-(k − 1) array, which
has a transversal. The part of that transversal that lies in the original k-by-n array is a
transversal for that smaller array.

If, instead, k ≤ n ≤ 2k − 2, consider such a k-by-n array with columns having no
duplications. The array consisting of its first k − 1 columns has a transversal of length
k − 1 (by assumption). This transversal is a near-transversal of the k-by-n array. This
would settle the case k ≤ n ≤ 2k − 2.

But the case of the k-by-(k − 1) array is of special interest for another reason. If it
holds, then a k-by-k Latin square would have a near-transversal: just remove any one of
its k columns to obtain a k-by-(k − 1) array. Incidentally, this shows that such a square
would have at least k near-transversals. We have checked the k-by-(k − 1) case for k
up to 6 by hand. Attempting a proof by induction on k produces an initial diagonal,
as in the previous proofs. For k = 6, the first tedious case, the starting configuration
is shown in Figure 11 if the 6-by-5 case has no transversal. The symbols in the cells
indicate the symbols that may appear there. Choosing one of the symbols starts an
extensive search tree of several hundred arrays. Note that we did not assume that the
symbols in each column are the same: they cannot be assumed to be 1, 2, 3, . . . , k.

Figure 11.

1 1

2 2

3 3

4 4

5 1 3 4 1

6 2 3 4 2

We did not see an orderly pattern to the search, as there was in the k-by-(2k − 1)

case. The case k = 7 leads to a search tree too large to be examined by hand in a
reasonable time. Perhaps, given some easily programmed shortcuts, it is within the
range of a computer.

It should be pointed out that each k-by-(k − 1) array using the symbols 1, 2, 3,

. . . , k in which there is also no duplication of integers in any row extends uniquely to
a Latin square of order k. This follows from the extendibility of Latin rectangles [8,
p. 160], but is easy to establish directly for k-by-(k − 1) arrays. To see this, let ai be
the integer not appearing in the i th row. If two of these integers were the same then
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some integer in the set {1, 2, . . . , k} would not appear as an ai . That implies it appears
in each of the k rows. Therefore it would have to appear more than once in one of the
k − 1 columns. Because each ai appears exactly once, we may use them to form the
kth column by placing ai in cell (i, k). Each transversal of the associated Latin square
of order k determines, by its part in the k-by-(k − 1) array, a transversal in the latter
array.

The minimal number of transversals in Latin squares of order k, according to [12],
seems to grow super-exponentially as a function of k (except for even k, when the
minimum is 0). This is consistent with calculations done by Joseph Jakab for k-by-
(k − 1) arrays for k both odd and even. It seems strange that it is so hard to prove that
a number that presumably grows so rapidly is at least one.

6. GENERALIZATION TO REPEATED SYMBOLS AND EMPTY CELLS.
Again let k, m, and n be positive integers. Assume that in an array of m rows and
n columns each column has at least k different symbols, a symbol may appear more
than once in a column, and there may be empty cells. So now m ≥ k. The empty cells
we denote by E. These cells are not permitted to be part of a partial transversal or
transversal. The existence of a transversal or near-transversal in this more general case
does not seem to follow immediately from the cases considered so far. However, we
can easily remove the condition that symbols may be repeated in a column. To do this,
in each column pick k of the cells that have different symbols. Let all other cells in the
column be empty. So in a column of length m there would be k cells with symbols and
m − k cells with E . The conjecture easily generalizes to these arrays. The proof for
n < (k + 2)/2 goes through almost verbatim. The proof for the case n = 2k − 1 goes
through, but with some small changes. We indicate the first stage in the induction,
assuming that the theorem is true for k = 4 and n = 7. Figure 12 shows the first step
in the k = 5 and n = 9 case.

Figure 12.

1 2 3 4 5 6 7 8 9

1 1 4− E 4− E 4− E 4− E

2 2

3 3

4 4

5 1 4− E 4− E 4− E 4− E

4− E 4− E 4− E 4− E
..
.

..

.
..
.

..

.

The 4− E in a cell indicates that the cell holds 1, 2, 3, or 4 or is empty. The same
symbols below the array indicate that all the cells in the given column but in higher-
numbered rows have 4− E in them. With this modification, the induction goes through
as before. We have checked the more general conjecture, which allows empty cells, for
n = k − 1 and k ≤ 5.

7. COLUMN- AND ROW-FREE GENERALIZATION. If a symbol appears at
most once in a given column, then it can appear at most n times in an m-by-n ar-
ray. Instead of thinking in terms of columns, we can instead focus on how often
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each symbol appears anywhere in the array. Several papers have pursued this ap-
proach ([1], [3], [9], [10], [11]). They examine the function L(m, n), which is the
largest integer z with the property that if each symbol in any m-by-n array appears
at most z times, then such an array has a transversal. Note that L(m, n) = L(n, m).
If m ≤ n, then it is easy to show that L(m, n) ≤ (mn − 1)/(m − 1). It is conjectured
that L(n, n − 1) = n − 1 for n greater than 3, which, again, would imply that every
Latin square has a near-transversal, as well as complete the proof of the conjecture. It
is known that L(n, n − 1) = n − 1 for n equal to 4, 5, and 6. Once again the n-by-
(n − 1) arrays are of special interest. If the array is very wide when compared to its
height, L(m, n) is known. In [1] it was shown that for n > 2m3, L(m, n) is the greatest
integer less than or equal to (mn − 1)/(m − 1). The exponent 3 was reduced to 2.5 in
[9]. Also, L(m, n) is known for m = 2, 3, and 4 and all n ([9], [11]) and in a few other
cases.

8. OTHER QUESTIONS. Working with arrays suggests four other questions:

1. Is there a simple, direct argument that shows that introducing empty cells does
not change the length of the longest partial transversal?

2. The more times a symbol appears, the harder it would seem to be to form
transversals. In particular, if it is known that a k-by-(k − 1) array in which each
symbol appears exactly k − 1 times has a transversal, does it follow that there is
a transversal if each symbol appears at most k − 1 times?

3. In the proof of the k-by-(2k − 1) case, the symbols vary from column to column.
If they were restricted to 1, 2, . . . , k, the induction wouldn’t go through. Would
the truth of the special case, where the symbols are only 1, 2, . . . , k, imply the
general case? (One would expect that in the special case it would be the hardest
for transversals to form.)

4. (Drisko) If a k-by-(2k − 2) array in which each column (of length k) has distinct
symbols has no transversal, must it be essentially given by Parker’s construction?

9. A BOARD GAME. The preceding discussion suggests a board game. The board
consists of c columns in each of which are c + 1 squares. In addition there are c(c + 1)

chips in a pile. Each chip has one color. There are c + 1 colors and c chips of each
color. Players alternate placing a chip on the board, subject only to the condition that a
color is not repeated in a column. The first player to form a transversal loses. We know
that for c = 3, 4, or 5 there will be a loser. Even the game with c = 3 is interesting.
(That a transversal formed before all 12 cells were filled suggested the generalization
of Theorem 1 mentioned after its proof.) However, we hope that someone will play it
with c = 6. If there is a tie, that would mean that the array has no transversal, provid-
ing a counterexample to the conjecture. The game could also be played without the
restriction of no repetition in a column.
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Product Approximations via
Asymptotic Integration

Cristinel Mortici

1. INTRODUCTION. The aim of this paper is to introduce a new approach to the
asymptotic evaluation of products like f (n) = c1c2 · · · cn. As applications, we show
how these theoretical results can be used to deduce the series associated with some
approximation formulas.

Whenever an approximation formula f (n) ∼ g(n) is given, in the sense that the
ratio of f (n) and g(n) tends to 1 as n approaches infinity, there is a desire to improve
it, usually by including new factors, or using an entire series as in the approximation

f (n) ∼ g(n) exp

( ∞∑
k=1

ak

nk

)
. (1)

Such an approximation, sometimes called an asymptotic series, may not and often does
not converge, but, in a truncated form of only a few terms, it provides approximations
to any desired accuracy.

In asymptotic analysis, deriving an asymptotic expansion is generally considered to
be technically difficult. We introduce here a simple strategy based on the natural idea
that when the series (1) is truncated at the mth term, the approximation obtained,

f (n) ∼ g(n) exp

(
m∑

k=1

ak

nk

)
, (2)

should be the most precise possible among all the approximations of the form

f (n) ∼ g(n) exp

(
m∑

k=1

a′
k

nk

)
,

where a′
1, a′

2, . . . , a′
m are any real numbers. One way to compare the accuracy of two

such approximations is to define the sequence (λ(m)
n )n≥1 by the relations

f (n) = g(n) exp

(
m∑

k=1

ak

nk
+ λ(m)

n

)
, n ≥ 1

and to consider an approximation of type (2) to be better when the sequence (λ(m)
n )n≥1

converges to zero faster. Our work is based on the following result:

Lemma. If (xn)n≥1 is convergent to zero and

lim
n→∞ nk(xn − xn+1) = l ∈ [−∞, ∞], (3)

doi:10.4169/000298910X485950
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with k > 1, then

lim
n→∞ nk−1xn = l

k − 1
.

Proof. We consider the case when the limit l is real, because the other cases can be
handled similarly (with the convention that if l = ±∞, then l/(k − 1) = ±∞).

For ε > 0, assume that l − ε ≤ nk(xn − xn+1) ≤ l + ε, for every integer n greater
than or equal to an index n0. By adding the inequalities of the form

(l − ε) · 1

nk
≤ xn − xn+1 ≤ (l + ε) · 1

nk
,

we get

(l − ε)

n+p−1∑
i=n

1

i k
≤ xn − xn+p ≤ (l + ε)

n+p−1∑
i=n

1

i k
,

for every n ≥ n0 and p ≥ 2. By taking the limit as p → ∞, and then multiplying by
nk−1, we obtain

(l − ε) · nk−1

(
ζ(k) −

n−1∑
i=1

1

i k

)
≤ nk−1xn ≤ (l + ε) · nk−1

(
ζ(k) −

n−1∑
i=1

1

i k

)
, (4)

where ζ(k) is the Riemann zeta function. Now, by using the rate of convergence

lim
n→∞ nk−1

(
ζ(k) −

n−1∑
i=1

1

i k

)
= 1

k − 1

(see [1, p. 807]), we can let n → ∞ in (4) to deduce the conclusion.

If there is a value of k such that (3) holds with l ∈ R \ {0}, then the lemma implies
that

lim
n→∞ nk−1xn = l

k − 1
∈ R \ {0}.

In this situation, we will say that the speed of convergence of (xn)n≥1 is n−(k−1). Clearly
the sequence converges more quickly when the value of k is larger.

We are interested in finding the coefficients a1, a2, . . . , am such that the speed of
convergence of the sequence (λ(m)

n )n≥1, explicitly given by

λ(m)
n = ln

f (n)

g(n)
−

m∑
k=1

ak

nk
, (5)

is as great as possible. In order to use the lemma, we calculate the difference

λ(m)
n − λ

(m)

n+1 = ln
f (n)g(n + 1)

g(n) f (n + 1)
−

m∑
k=1

ak

nk
+

m∑
k=1

ak

(n + 1)k
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and develop it in a power series in n−1. First, note that

m∑
k=1

ak

nk
−

m∑
k=1

ak

(n + 1)k
=

m+1∑
k=2

yk

nk
+ O

(
1

nm+2

)
, (6)

where

yk = (−1)k

(
a1 −

(
k − 1

1

)
a2 + · · · + (−1)k

(
k − 1

k − 2

)
ak−1

)
, 2 ≤ k ≤ m + 1.

(7)

This can be deduced, for example, by putting n = z−1 in (6) and developing the result-
ing function as a power series in z. Furthermore, if we assume that

ln
f (n)g(n + 1)

g(n) f (n + 1)
=

∞∑
k=2

xk

nk
, (8)

then

λ(m)
n − λ

(m)

n+1 =
m+1∑
k=2

xk − yk

nk
+ O

(
1

nm+2

)
.

Now, using the lemma, we are in position to conclude the following:

Theorem. Let ( f (n))n≥1 and (g(n))n≥1 be sequences with positive terms such that
the representation (8) holds, and let a1, a2, . . . , am be a sequence of real numbers. Let
(λ(m)

n )n≥1 and (yk)2≤k≤m+1 be given by (5) and (7), respectively. Suppose there is some
k such that 2 ≤ k ≤ m + 1 and xk 
= yk, and let s = min {k | 2 ≤ k ≤ m + 1, xk 
= yk}.
Then

lim
n→∞ ns−1λ(m)

n = xs − ys

s − 1
∈ R \ {0},

and therefore the speed of convergence of (λ(m)
n )n≥1 is n−(s−1).

If s ≥ 3, the conditions xk = yk , for 2 ≤ k ≤ s − 1, are equivalent to the triangular
system

xk = (−1)k

(
a1 −

(
k − 1

1

)
a2 + · · · + (−1)k

(
k − 1

k − 2

)
ak−1

)
, (9)

which defines uniquely the best coefficients ak , 1 ≤ k ≤ s − 2.
If a1, a2, . . . , am is the unique solution of the system (9), with 2 ≤ k ≤ m + 1, then

the approximation

f (n) ∼ g(n) exp

(
m∑

k=1

ak

nk

)

is more accurate than every other approximation of the form

f (n) ∼ g(n) exp

(
m∑

k=1

a′
k

nk

)
.
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To prove this, let us associate to these approximations the sequences (λ(m)
n )n≥1 and

(μ(m)
n )n≥1 by

f (n) = g(n) exp

(
m∑

k=1

ak

nk
+ λ(m)

n

)
, f (n) = g(n) exp

(
m∑

k=1

a′
k

nk
+ μ(m)

n

)
.

As the sequence (a1, a2, . . . , am) is the solution of (9), we have xi = yi whenever
2 ≤ i ≤ m + 1, and consequently

lim
n→∞ nmλ(m)

n = 0.

As a result, the speed of convergence of the sequence (λ(m)
n )n≥1 is at least n−(m+1). We

remark that this fact is the defining property of an asymptotic expansion: the remainder
of the asymptotic series has at least the same order of magnitude as the first neglected
term.

For the different sequence (a′
1, a′

2, . . . , a′
m) there will be an index r ≤ m + 1 such

that xr 
= yr , and if p denotes the smallest such index, then the speed of convergence of
the sequence (μ(m)

n )n≥1 is n−(p−1), lower than n−(m+1). In consequence, if the sequence
(a′

1, a′
2, . . . , a′

m) is used, then we cannot extend the sequence to produce an asymptotic
expansion, since it does not satisfy the basic property that when an asymptotic expan-
sion is truncated at any point, the error is less than the magnitude of the last included
term.

In conclusion, the optimum coefficients, which provide the best approximation of
the form (1), must be the unique solution of the infinite system (9), with k ≥ 2. As we
have explained, these coefficients form the asymptotic expansion we are looking for,
and any other sequence of coefficients leads us to weaker results.

In order to prove the applicability of these theoretical results, we show in the next
sections how the series associated to some famous approximation formulas can be
constructed.

2. STIRLING’S SERIES. Stirling’s formula for estimating large factorials has many
applications in various branches of science and therefore has attracted the attention of
many authors. Although in applied statistics, the formula

n! ∼ √
2πn

(n

e

)n

is satisfactory for high values of n, in pure mathematics, more precise approximations
are required. One of the most well-known improvements is

n! = √
2πn

(n

e

)n
exp

(
1

12n
− 1

360n3
+ 1

1260n5
− 1

1680n7
+ · · ·

)
, (10)

also named Stirling’s series. For proofs and other details, see [1, 17, 19].
A different proof of formula (10) is given in [2, pp. 30–32], where the first step is to

consider an equation involving a numeric series and an improper integral. Other proofs
[3, 12, 14, 15] are based on the Euler-Maclaurin summation formula, or on the Euler
summation formula. We also mention the recent papers [5, 11, 16], where elementary
proofs are given using the Legendre duplication formula, the analytic definition of the
Bernoulli numbers, and derivatives and limits of some elementary functions.
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In order to deduce a good approximation series of the form

n! ∼ √
2πn

(n

e

)n
exp

( ∞∑
k=1

ak

nk

)
,

we use here the theorem, with f (n) = n! and g(n) = √
2πn

(
n
e

)n
. In this case,

ln
f (n)g(n + 1)

g(n) f (n + 1)
=

(
n + 1

2

)
ln

(
1 + 1

n

)
− 1 =

∞∑
k=2

(−1)k k − 1

2k(k + 1)

1

nk
,

and the infinite system (9) becomes

a1 −
(

k − 1

1

)
a2 + · · · + (−1)k

(
k − 1

k − 2

)
ak−1 = k − 1

2k(k + 1)
, k ≥ 2.

Its unique solution a1 = 1/12, a2 = 0, a3 = −1/360, a4 = 0, a5 = 1/1260, a6 = 0,
a7 = −1/1680, . . . defines the Stirling series (10).

3. BURNSIDE’S FORMULA. A slightly more accurate approximation formula
than Stirling’s result is the following, due to W. Burnside [4]:

n! ∼ √
2π

(
n + 1

2

e

)n+ 1
2

.

We also can associate with this formula the approximation series

n! ∼ √
2π

(
n + 1

2

e

)n+ 1
2

exp

( ∞∑
k=1

ak

nk

)

and define f (n) = n! and g(n) = √
2π

( n+1/2
e

)n+1/2
, with

ln
f (n)g(n + 1)

g(n) f (n + 1)
=

(
n + 3

2

)
ln

(
n + 3

2

)
−

(
n + 1

2

)
ln

(
n + 1

2

)
− ln(n + 1) − 1

=
∞∑

k=2

(−1)k

(
1

k
− 3k+1 − 1

k(k + 1)2k+1

)
1

nk
.

The system (9) becomes

a1 −
(

k − 1

1

)
a2 + · · · + (−1)k

(
k − 1

k − 2

)
ak−1 = 1

k
− 3k+1 − 1

k(k + 1)2k+1
, k ≥ 2,

with the solution a1 = −1/24, a2 = 1/48, a3 = −23/2880, a4 = 1/640, . . . , so

n! ∼ √
2π

(
n + 1

2

e

)n+ 1
2

exp

(
− 1

24n
+ 1

48n2
− 23

2880n3
+ 1

640n4
− · · ·

)
. (11)
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4. GLAISHER-KINKELIN CONSTANT. The Glaisher-Kinkelin constant can be
defined as

A = lim
n→∞

112233 · · · nn

nn2/2+n/2+1/12e−n2/4

(see [6, 7, 8, 9, 13]). We introduce the approximation series

112233 · · · nn ∼ A · n
n2+n

2 + 1
12 e−n2/4 exp

( ∞∑
k=1

ak

nk

)

and define f (n) = 112233 · · · nn and g(n) = A · n
n2+n

2 + 1
12 e−n2/4. Then

ln
f (n)g(n + 1)

g(n) f (n + 1)
=

(
n2

2
+ n

2
+ 1

12

)
ln

(
1 + 1

n

)
− 2n + 1

4

=
∞∑

k=2

(−1)k

(
1

2k + 2
− 1

2k + 4
− 1

12k

)
1

nk
.

The system (9) becomes

a1 −
(

k − 1

1

)
a2 + · · · + (−1)k

(
k − 1

k − 2

)
ak−1 = 1

2k + 2
− 1

2k + 4
− 1

12k
, k ≥ 2.

Thus a1 = 0, a2 = 1/720, a3 = 0, a4 = −1/5040, a5 = 0, a6 = 1/10080, . . . , so

112233 · · · nn ∼ A · n
n2+n

2 + 1
12 e−n2/4 exp

(
1

720n2
− 1

5040n4
+ 1

10 080n6
− · · ·

)
.

5. WALLIS’S FORMULA. One of the most well-known formulas for estimating the
number π is the Wallis formula [1, p. 258]

π

2
= lim

n→∞
2 · 2 · 4 · 4 · · · 2n · 2n

1 · 3 · 3 · 5 · · · (2n − 1)(2n + 1)
,

discovered by the English mathematician John Wallis (1616–1703).
If we introduce the approximation series

π

2
∼

(
n∏

j=1

4 j2

4 j2 − 1

)
exp

( ∞∑
k=1

ak

nk

)
,

then f (n) = π

2 and g(n) = ∏n
j=1

4 j2

4 j2−1
, and by some easy computations,

ln
f (n)g(n + 1)

g(n) f (n + 1)
= ln

4(n + 1)2

4(n + 1)2 − 1
=

∞∑
k=2

(−1)k

k

(
3k + 1

2k
− 2

)
· 1

nk
.

The system (9) becomes

a1 −
(

k − 1

1

)
a2 + · · · + (−1)k

(
k − 1

k − 2

)
ak−1 = 1

k

(
3k + 1

2k
− 2

)
, k ≥ 2,
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with the solution a1 = 1/4, a2 = −1/8, a3 = 5/96, a4 = −1/64, . . . , so

π

2
∼

(
n∏

j=1

4 j2

4 j2 − 1

)
exp

(
1

4n
− 1

8n2
+ 5

96n3
− 1

64n4
+ · · ·

)
.

Furthermore, we have

n∏
j=1

4 j2

4 j2 − 1
∼ π

2
exp

(
− 1

4n
+ 1

8n2
− 5

96n3
+ 1

64n4
− · · ·

)
,

and, using ex = 1 + x + x2/2! + x3/3! + · · · , we deduce that

n∏
j=1

4 j2

4 j2 − 1
∼ π

2

(
1 − 1

4n
+ 5

32n2
− 11

128n3
+ 31

768n4
− · · ·

)
.

In fact, this is an extension of a recent result of M. D. Hirschhorn, who stated in [10]
the asymptotic expansion

n∏
j=1

4 j2

4 j2 − 1
∼ π

2
− π

8n
+ O

(
1

n2

)
as n → ∞.

6. CONCLUDING REMARKS. The method we have presented here can be consid-
ered as a common starting point for defining the series associated with many approxi-
mation formulas. It is quite elementary, consisting only in developing some functions
in power series, and then solving a linear, triangular system. Other known proofs use
functions related to the gamma or polygamma functions, or other special functions.

In the series for Stirling’s formula, there is an explicit expression for the kth coeffi-
cient ak; it is well known [1, Rel. 6.1.40, p. 257] that

n! ∼ √
2πnn+ 1

2 e−n exp

{ ∞∑
k=1

Bk+1

k(k + 1)

1

nk

}
, (12)

where Bj denotes the j th Bernoulli number, B0 = 1, B1 = −1/2, B2 = 1/6, B4 =
−1/30, B6 = 1/42, . . . and B2n+1 = 0 for n = 1, 2, 3, . . . . See, for example, [1, p.
804]. Similar results can be established for the other expansions, and we show here the
case of Burnside’s formula. In this case, we have

e− 1
2

(
n + 1

2

n

)n+ 1
2

= exp

{
−1

2
+

(
n + 1

2

)
ln

(
1 + 1

2n

)}

= exp

{ ∞∑
k=1

(−1)k−1

2k+1

1

k(k + 1)

1

nk

}
,

and using (12), we obtain

n!
e− 1

2

(
n+ 1

2
n

)n+ 1
2

∼ √
2πnn+ 1

2 e−n exp

{ ∞∑
k=1

1

k(k + 1)

(
Bk+1 + (−1)k

2k+1

)
1

nk

}
,

440 c© THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 117



or

n! ∼ √
2π

(
n + 1

2

e

)n+ 1
2

exp

{ ∞∑
k=1

1

k(k + 1)

(
Bk+1 + (−1)k

2k+1

)
1

nk

}
,

which is (11).
Finally, we mention that our method can also be used to establish many other similar

results for almost all approximation formulas we deal with. Moreover, our technique is
in some sense related to the Richardson extrapolation method [18], and it is also well
suited to accelerating the computation of numerical integrals.
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cmortici@valahia.ro

May 2010] PRODUCT APPROXIMATIONS VIA ASYMPTOTIC INTEGRATION 441

http://dx.doi.org/10.2307/2323860
http://dx.doi.org/10.1119/1
http://dx.doi.org/10.2307/2322540
http://www-history.mcs.st-andrews.ac.uk/Biographies/Stirling.html
http://www-history.mcs.st-andrews.ac.uk/Biographies/Stirling.html
http://dx.doi.org/10.1098/rsta


NOTES
Edited by Ed Scheinerman

On Riemann’s Rearrangement Theorem for
the Alternating Harmonic Series

Francisco J. Freniche

It is a well-known result by B. Riemann that the terms of a conditionally convergent
series of real numbers can be rearranged in a permutation such that the resulting series
converges to any prescribed sum. A conditionally convergent series is a series that con-
verges but does not converge absolutely. The most familiar example of a conditionally
convergent series is the alternating harmonic series

1 − 1

2
+ 1

3
− 1

4
+ 1

5
− 1

6
+ · · · ,

which converges to log 2.
Let us describe the procedure of Riemann for this series: Given a real number s,

add p1 consecutive positive terms until their sum is greater than s:

1 + 1

3
+ · · · + 1

2p1 − 3
≤ s < 1 + 1

3
+ · · · + 1

2p1 − 1
.

Then subtract q1 consecutive negative terms until the sum drops below s:

1 + · · · + 1

2p1 − 1
− 1

2
− · · · − 1

2(q1 − 1)
≥ s

> 1 + 1

3
+ · · · + 1

2p1 − 1
− 1

2
− · · · − 1

2q1

and continue alternating in this way, adding p2 consecutive positive terms, subtracting
q2 consecutive negative terms, and so on. As the terms converge to zero, it is apparent
that the rearranged series converges to s.

In this paper we consider the problem of computing the numbers pn and qn . It
is clear that log 2 = 1 − 1/2 + 1/3 − 1/4 + · · · is the Riemann rearrangement for
s = log 2; thus pn = qn = 1 for every n in this case. In view of the similarities, we
shall restrict ourselves to the study of the case s > log 2, pointing out that all the
results hold for s < log 2 with some minor changes (see Remark 4).

With the aid of a computer program (see [5, p. 453]), it can be noticed that there
are some fascinating patterns in the sequence pn . For example, if s = log

(
2
√

38/5
)

the sequence pn is 5, 7, 8, 7, 8, 7, 8, 8, 7, 8, 7, 8, . . . in which we notice the rep-
etition of the pattern 8, 7, 8, 7, 8, while if s = log

(
2
√

37/5
)

the sequence pn is
5, 7, 7, 7, 8, 7, 8, 7, 7, 8, 7, 8, . . . in which the pattern is 7, 7, 8, 7, 8.

Where do these patterns come from? Let us observe that 38/5 = 7 + 3/5 and
37/5 = 7 + 2/5. The length of the repeating pattern is the denominator 5, the val-
ues of pn , at least from some n on, are 7 and 8, and the number 8 appears 3 times in

doi:10.4169/000298910X485969
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the pattern of the first example, and 2 times in that of the second one. These are not
coincidences: we shall explain them in Theorem 3.

We shall use the following notations: s will be a real number, s > log 2, and x =
(1/4)e2s , so that we have x > 1 and s = log

(
2
√

x
) = log 2 + (1/2) log x . Also, m =

�x� will be the integer part of x and δ = {x} = x − m its fractional part.
Let us denote by Hn the nth harmonic number:

Hn =
n∑

k=1

1

k
(n ≥ 1)

as well as H0 = 0. By definition of the Euler constant γ , the following estimate for Hn

holds: Hn = γ + log n + o(1) as n → ∞.
Let us define Pn = p1 + · · · + pn and Qn = q1 + · · · + qn . According to Riemann’s

approach, if we define

Un =
Pn∑

k=1

1

2k − 1
−

Qn−1∑
k=1

1

2k

then we have

Un − 1

2Pn − 1
≤ s < Un .

The behavior of the number of negative terms is quite simple:

Theorem 1. For every n, qn = 1.

Proof. Since s > log 2, there exists a first integer r for which

s ≥ 1 − 1

2
+ 1

3
− 1

4
+ · · · − 1

2r − 2
+ 1

2r − 1
.

We have pn = qn = 1 for n < r and pr ≥ 2. Then

Ur − 1

2r
< Ur − 1

2Pr − 1
≤ s

because 2Pr − 1 = 2(r − 1 + pr ) − 1 > 2r . Hence qr = 1. For n > r we get induc-
tively qn = 1. Indeed, if qk = 1 for r ≤ k < n, then Qn−1 = n − 1, and as pk ≥ 1,
we also have Pn ≥ Pr + (n − r). It follows that 2Pn − 1 ≥ 2(Pr + (n − r)) − 1 >

2r + 2(n − r) = 2n, and we obtain as before that qn = 1.

We shall use the fact that the sequence of averages Pn/n is convergent to x . Some
similar facts on the behavior of the ratio Pn/Qn go back to Pringsheim (see [1], [3,
p. 103], [4]). We include here a proof in order to explain the relation between x and s:

Pn∑
k=1

1

2k − 1
−

Qn∑
k=1

1

2k
=

Pn∑
k=1

1

2k − 1
−

n∑
k=1

1

2k

= H2Pn − 1

2
HPn − 1

2
Hn
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= (log 2Pn + γ ) − 1

2
(log Pn + γ ) − 1

2
(log n + γ ) + o(1)

= log 2 + 1

2
log

Pn

n
+ o(1).

As the rearrangement of the series converges to s it follows that

log 2 + (1/2) log(Pn/n) → s,

and hence Pn/n → (1/4)e2s = x .
The behavior of the sequence pn is much more interesting than that of qn . For

example, it is not eventually constant unless x is an integer. Indeed, if pn = m for
large enough n, then the averages Pn/n would converge to m, and hence x = m.

Nevertheless, the sequence pn eventually takes only two values. We can prove this
result now in Theorem 2 for noninteger x , with the values m and m + 1, where, as we
said before, m is the integer part of x . We will later see in Theorem 3 that for integer
x = m, the sequence pn eventually takes only the value m.

Lemma 1. There exists n0 such that |pn − x | ≤ 1 for every n ≥ n0.

Proof. Since

Un−1 − 1

2(n − 1)
+

Pn−1∑
k=Pn−1+1

1

2k − 1
= Un − 1

2Pn − 1
≤ s < Un−1

it follows that

Pn−1∑
k=Pn−1+1

1

2k − 1
<

1

2(n − 1)
.

As pn = Pn − Pn−1 we obtain

pn − 1

2Pn − 3
<

1

2(n − 1)
.

Therefore, as Pn/n → x ,

pn < 1 + 2Pn − 3

2(n − 1)
→ 1 + x

and, since pn is integer, pn ≤ 1 + x if n is large enough.
On the other hand, since

s < Un−1 ≤ s + 1

2Pn−1 − 1
< Un + 1

2Pn−1 − 1

it follows that

0 < Un − Un−1 + 1

2Pn−1 − 1
≤ pn

2Pn−1 + 1
− 1

2(n − 1)
+ 1

2Pn−1 − 1
.
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Therefore, using again that Pn/n → x , we obtain

pn ≥
(

1

2(n − 1)
− 1

2Pn−1 − 1

)
(2Pn−1 + 1) → x − 1

and, as a consequence, pn ≥ x − 1 for large enough n, since pn is an integer.

Theorem 2. If x is not an integer and m = �x�, then there exists n0 such that pn ∈
{m, m + 1} for every n ≥ n0. Moreover, if An is the set of all k ≤ n such that pk =
m + 1, then

lim
n→∞

#(An)

n
= δ.

Proof. As x is not an integer, x − 1 ≤ pn ≤ x + 1 implies pn = m or pn = m + 1, so
the first assertion follows from Lemma 1.

To prove the second assertion, take n0 such that pn = m or pn = m + 1 for every
n ≥ n0. Take δn such that δnn = #({k > n0 : k ∈ An0+n}). Then Pn0+n = Pn0 + (1 −
δn)nm + δnn(m + 1) = Pn0 + nm + δnn. Since (1/n)Pn0+n → x , we obtain δn → δ,
and this implies #(An)/n → δ.

To compute Pn for large enough n, we need the following improved estimate for the
harmonic numbers Hn , proved by DeTemple in [2] (see also [3, p. 76]):

1

24(n + 1)2
< Hn − log(n + 1/2) − γ <

1

24n2
.

Lemma 2. For every ε > 0 there exists an integer n0 such that (n − 1/2)x < Pn <

(n − 1/2)x + 1 + ε, for every n ≥ n0.

Proof. First we prove the inequality (n − 1/2)x < Pn . As we have H2Pn − (1/2)HPn =
Un + (1/2)Hn−1 > s + (1/2)Hn−1, using DeTemple’s estimate for H2Pn , HPn , and
Hn−1, we get the following inequality:

log(2Pn + 1/2) + γ + 1

24(2Pn)2
− 1

2

(
log(Pn + 1/2) + γ + 1

24(Pn + 1)2

)

> log
(
2
√

x
) + 1

2

(
log(n − 1/2) + γ + 1

24n2

)
.

Therefore

f (Pn) > g(n)

where, for y > 0,

f (y) = 2 log(4y + 1) − log(2y + 1) − log 8 + 1

48

(
1

y2
− 2

(y + 1)2

)

and

g(n) = log
(
(n − 1/2)x

) + 1

24n2
.
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It is easy to check that

f ′(y) = 192y7 + 720y6 + 1016y5 + 606y4 + 103y3 − 29y2 − 9y − 1

24y3(y + 1)3(2y + 1)(4y + 1)
,

which shows that f is strictly increasing on the interval y ≥ 1.
We have:

g(n) = log(nx) − 1

2n
− 1

12n2
+ o

(
1

n3

)
,

f ((n − 1/2)x) = log(nx) − 1

2n
+ 1 − 3x2

24x2n2
+ o

(
1

n3

)
,

and hence

g(n) − f ((n − 1/2)x) = x2 − 1

24x2n2
+ o

(
1

n3

)
.

Since x > 1, it follows that there exists n0 such that g(n) > f ((n − 1/2)x) for
every n ≥ n0. As the function f is strictly increasing on y ≥ 1 and f (Pn) > g(n), we
obtain that (n − 1/2)x < Pn . Let us observe that n0 does not depend on ε.

To prove the remaining inequality, we apply DeTemple’s estimate for H2Pn , HPn ,
and Hn−1 in H2Pn − (1/2)HPn − 1/(2Pn − 1) ≤ s + (1/2)Hn−1. We obtain:

log(2Pn + 1/2) + γ + 1

24(2Pn + 1)2
− 1

2

(
log(Pn + 1/2) + γ + 1

24P2
n

)
− 1

2Pn − 1

< log
(
2
√

x
) + 1

2

(
log(n − 1/2) + γ + 1

24(n − 1)2

)
.

Therefore

F(Pn) < G(n)

where, for y > 1/2,

F(y) = 2 log(4y + 1) − log(2y + 1) − log 8 − 2

2y − 1
− 1

24y2
+ 1

12(2y + 1)2

and

G(n) = log ((n − 1/2)x) + 1

24(n − 1)2
.

We have

F ′(y) =
(

8

4y + 1
− 2

2y + 1

)
+ 1

12y3
+

(
4

(2y − 1)2
− 1

3(2y + 1)3

)
> 0;

hence the function F is strictly increasing.
We have:

G(n) = log(nx) − 1

2n
+ o

(
1

n2

)
,

F((n − 1/2)x + 1 + ε) = log(nx) + 2ε − x

2xn
+ o

(
1

n2

)
.
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Therefore we get that

F((n − 1/2)x + 1 + ε) − G(n) = ε

xn
+ o

(
1

n2

)
.

The proof then finishes as before, but it should be noticed that this time n0 does depend
on ε.

Theorem 3. Let x > 1 be a rational number, m = �x�, x − m = r/t with r and t
integers satisfying 0 ≤ r < t .

1. There exists n0 such that Pn = �(n − 1/2)x + 1� for every n ≥ n0.

2. For every n > n0, pn+t = pn, i.e., the sequence pn is eventually periodic with
period t. Moreover, each block pn, pn+1, . . . , pn+t−1 contains exactly r values
with pk = m + 1 and t − r values with pk = m.

3. If x = m ≥ 2 is an integer, then pn = m for every n > n0.

Proof. We apply Lemma 2 with ε = 1/(3t). There exists n0 such that (n − 1/2)x <

Pn < (n − 1/2)x + 1 + 1/(3t) for n ≥ n0. The inequality on the left implies
�(n − 1/2)x + 1� ≤ Pn . On the other hand, we can write

(n − 1/2)x + 1 =
(

n − 1

2

)(
m + r

t

)
+ 1 = a + b

2t

with a, b integers satisfying 0 ≤ b < 2t . Since b/(2t) + 1/(3t) < 1 and Pn < a +
b/(2t) + 1/(3t), it follows that Pn ≤ a. As a = �(n − 1/2)x + 1� we obtain Pn ≤
�(n − 1/2)x + 1�.

We have, for n ≥ n0,

Pn+t = �(n + t − 1/2)(m + r/t) + 1� = Pn + mt + r.

Hence pn+t = Pn+t − Pn+t−1 = Pn+t − Pn−1+t = Pn − Pn−1 = pn for every n > n0.
In particular, the block pn0+1, . . . , pn0+t repeats indefinitely. On the basis of

Theorem 2, if x is not an integer, there is n1, which we assume to satisfy n1 ≥ n0,
such that pk = m or pk = m + 1 for every k ≥ n1. Let us observe that the block
pn1+1, . . . , pn1+t repeats indefinitely as well.

If there are α values in this block with pk = m + 1 then α = r , again from
Theorem 2. Indeed, if An1+ j t = {k ≤ n1 + j t : pk = m + 1} and B = {k ∈ An1+ j t :
k ≤ n1}, then

#(An1+ j t)

n1 + j t
= #(B) + jα

n1 + j t
→ α

t

as j → ∞, and hence α/t = r/t .
If x is an integer, x = m + 0/1, we have Pn = Pn−1 + m for n > n0. Therefore,

pn = m for n > n0.

Let us notice that, conversely, if the sequence pn is eventually periodic, the number
x is rational. Indeed, assume that eventually there exists a repeating block of length
t and the value pk = m + 1 repeats α times. The proof of Theorem 3 gives δ = α/t .
Therefore x = m + α/t is a rational number.
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Remark 1. The following estimate for the number n0 in Theorem 3 can be shown: if
x ≥ 2 is rational, then Pn = �(n − 1/2)x + 1� for every n ≥ 2 + (1/4)xt . In particu-
lar, for x = m > 1 an integer, we obtain pn = m for every n > 2 + (1/4)m.

Remark 2. Let us notice that not every periodic sequence of two consecutive positive
integers can be the tail of some sequence pn . For example, the 5-periodic sequence
7, 7, 8, 8, 8, 7, 7, 8, 8, 8, . . . would be the tail of the sequence pn corresponding to
s = log

(
2
√

7 + 3/5
)
, which, as can be easily computed now with the formula for Pn

obtained in Theorem 3, is 8, 7, 8, 8, 7, 8, 7, 8, 8, 7, . . . .

Remark 3. Regarding the case x irrational, it follows from Lemma 2 that the propor-
tion of Pn’s such that Pn = �(n − 1/2)x + 1� tends to 1. Indeed, given ε > 0 the
proportion of n’s such that {(n − 1/2)x + 1} < 1 − ε tends to 1 − ε. Combine that
with the fact that Pn < (n − 1/2)x + 1 + ε from some n on.

Remark 4. The case s < log 2 can be studied in an analogous way, obtaining similar
results. For instance, the statement of Theorem 1 for s < log 2 is pn = 1. In this case
the relation between x and s is x = 4e−2s . The corresponding version of Theorem 3 is
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Modular Divisor Functions and
Quadratic Reciprocity

Richard Steiner

The ordinary divisor function τ is the function defined on positive integers as follows:
τ(n) is the number of positive integer factors of n. It is well known that n has an integer
square root if and only if τ(n) is odd. Indeed, the factors less than

√
n correspond to

the factors greater than
√

n under the transformation i �→ n/ i , so that there is an even
number of factors distinct from

√
n, and it follows that τ(n) is odd if and only if√

n is an integer. In this note we give a similar characterization for squares modulo
an odd prime number, and we use this characterization to give a proof of the law of
quadratic reciprocity. There are very many proofs of this law (see Lemmermeyer [1,
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2
√

7 + 3/5
)
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obtained in Theorem 3, is 8, 7, 8, 8, 7, 8, 7, 8, 8, 7, . . . .
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Appendix B] for a list), and the proof given here is similar to several earlier ones; in
particular, the calculations are somewhat like those in the proof of Rousseau [2]. But
the proof given here is in a sense more direct than most comparable proofs, because it
bypasses Euler’s criterion; see the remarks at the end of the note.

1. THE BASIC RESULT. Consider the congruence

x2 ≡ a mod p,

where p is an odd prime number and where a is an integer not divisible by p. If
the congruence has an integer solution x , then we say that a is a quadratic residue
modulo p and we write ( a

p ) = 1; if the congruence has no integer solutions then we
say that a is a quadratic nonresidue modulo p and write ( a

p ) = −1. The symbol ( a
p )

is called a Legendre symbol.
We can evaluate the Legendre symbol ( a

p ) by using the desymmetrized congruence
xy ≡ a mod p. To do this, let τ(a, p) be the number of ordered pairs of integers (x, y)

such that

0 < x < 1
2 p, 0 < y < 1

2 p, xy ≡ a mod p;
we think of τ(−, p) as a modular divisor function. We get the following result.

Proposition 1. Let p be an odd prime number and let a be an integer not divisible
by p. Then a is a quadratic residue modulo p if and only if τ(a, p) is odd.

Proof. If (x, y) is a pair counting towards τ(a, p), then (y, x) is also a pair counting
towards τ(a, p). It follows that there is an even number of pairs (x, y) with x 
= y
counting towards τ(a, p). If a is a quadratic residue modulo p, so that a ≡ x2

0 mod p
for some integer x0, then

x2 ≡ a mod p ⇐⇒ x ≡ ±x0 mod p,

so there is a unique integer x with 0 < x < 1
2 p such that x2 ≡ a mod p, and it follows

that τ(a, p) is odd. If a is not a quadratic residue modulo p then there are no integers x
such that x2 ≡ a mod p, and it follows that τ(a, p) is even. This completes the proof.

2. THE LAW OF QUADRATIC RECIPROCITY. The law of quadratic reciprocity
relates two Legendre symbols of the form (

q
p ) and (

p
q ). We will state the law, and then

give a proof based on Proposition 1.

Theorem 2. Let p and q be distinct odd prime numbers, and let

p̃ = 1
2(p − 1), q̃ = 1

2 (q − 1).

Then (
q
p ) = (

p
q ) if and only if p̃q̃ is even.

Proof of Theorem 2. Given an integer n with |n| < 1
2 pq, we define a pair of integers

(ρ(n), ρ ′(n)) as follows: if n is divisible by p then ρ(n) = 0; if n is not divisible by p
then ρ(n) is the unique integer such that

0 < |ρ(n)| < 1
2 p, nρ(n) ≡ q mod p;
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if n is divisible by q then ρ ′(n) = 0; if n is not divisible by q then ρ ′(n) is the unique
integer such that

0 < |ρ ′(n)| < 1
2q, nρ ′(n) ≡ p mod q.

For distinct integers n1 and n2 in the interval (− 1
2 pq, 1

2 pq) we have n1 
≡ n2 mod p
or n1 
≡ n2 mod q, from which it follows that ρ(n1) 
= ρ(n2) or ρ ′(n1) 
= ρ ′(n2). The
pairs

(
ρ(n), ρ ′(n)

)
therefore take distinct values, so they take each of the pq possible

values exactly once. In particular, let S be the set of integers n with |n| < 1
2 pq such

that ρ(n)ρ ′(n) < 0; then S has 2 p̃q̃ members. Clearly n ∈ S if and only if −n ∈ S, so
half of the members of S are positive; thus there are p̃q̃ integers n with 0 < n < 1

2 pq
such that ρ(n)ρ ′(n) < 0.

Now let T be the set of integers n with 0 < n < 1
2 pq such that ρ(n) > 0. Let u

be the number of integers n in T such that ρ ′(n) = 0, let v be the number such that
ρ ′(n) > 0, and let w be the number such that ρ ′(n) < 0, so that T has u + v + w

members all together. We will show that the value of u + v + w determines the value
of (

q
p ). Indeed the members n of T which are less than 1

2 p correspond to the pairs
(x, y) which count towards τ(q, p) (take x = n and y = ρ(n)), so T has τ(q, p)

members less than 1
2 p. On the other hand, the interval ( 1

2 p, 1
2 pq) has length pq̃ , so

the equation ρ(n) = i has q̃ solutions with 1
2 p < n < 1

2 pq for each given integer i
with 1 ≤ i ≤ p̃, and it follows that T has p̃q̃ members greater than 1

2 p. Since T has
u + v + w members all together, this gives us

τ(q, p) + p̃q̃ = u + v + w.

From Proposition 1 we see that (
q
p ) = 1 if and only if u + v + w − p̃q̃ is odd.

Next we show that u is odd. Indeed, u is the number of multiples n of q with
0 < n < 1

2 pq such that ρ(n) > 0. These multiples correspond to the pairs (x, y) which
count towards τ(1, p) (take x = n/q and y = ρ(n)), so u = τ(1, p). Since 1 is a
quadratic residue modulo p, it follows from Proposition 1 that u is odd. Therefore
(

q
p ) = 1 if and only if v + w − p̃q̃ is even.

Analogously, let w′ be the number of integers n with 0 < n < 1
2 pq such that ρ(n) <

0 and ρ ′(n) > 0; then (
p
q ) = 1 if and only if v + w′ − p̃q̃ is even, and it follows that

(
q
p ) = (

p
q ) if and only if w + w′ is even. But w + w′ is the number of integers n

with 0 < n < 1
2 pq such that ρ(n)ρ ′(n) < 0, so w + w′ = p̃q̃ as already observed.

Therefore (
q
p ) = (

p
q ) if and only if p̃q̃ is even. This completes the proof.

3. REMARKS. This section is intended to explain the relationships between some
of the proofs of the law of quadratic reciprocity.

The result of Proposition 1 can be expressed as a formula

( a
p ) = (−1)τ(a,p)−1 (1)

giving the value of the Legendre symbol ( a
p ). We will now derive some other formulae.

First, let Up be the set of nonzero integers n such that |n| < 1
2 p, and let ρa

p be the
permutation of Up given by

iρa
p(i) ≡ a mod p.

We see that Up has τ(a, p) positive members with positive images under ρa
p, so

Up has 1
2(p − 1) − τ(a, p) positive members with negative images under ρa

p. Clearly
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ρa
p(−i) = −ρa

p(i) for all i in Up, so the sign of ρa
p is (−1)[(p−1)/2]−τ(a,p). Writing sgn σ

for the sign of a permutation σ , we see that

( a
p ) = (−1)(p−3)/2 sgn ρa

p. (2)

We could also prove this by observing that ρa
p is an involution of a (p − 1)-element

set with ( a
p ) + 1 fixed points.

Next, let πa
p be the permutation of Up given by

πa
p(i) ≡ ai mod p.

We have πa
p = ρa

pρ
1
p, so sgn πa

p = sgn ρa
p sgn ρ1

p. We also have sgn ρ1
p = (−1)(p−3)/2,

because 1 is a quadratic residue modulo p. This gives us Zolotarev’s lemma,

( a
p ) = sgn πa

p . (3)

Next, let μ(a, p) be the number of integers i in Up such that i > 0 and πa
p(i) < 0.

Then the sign of πa
p is (−1)μ(a,p), because πa

p(−i) = −πa
p(i) for all i . This gives us

Gauss’s lemma,

( a
p ) = (−1)μ(a,p). (4)

We could also get this formula directly from (1) by showing that

μ(a, p) ≡ τ(a, p) + τ(1, p) mod 2.

Finally, we note that the integers πa
p(i) for 0 < i < 1

2 p are obtained by choosing ei-
ther j or − j for 0 < j < 1

2 p, and that the number of negative choices is μ(a, p). Mul-
tiplying these integers together shows that a(p−1)/2 N ≡ (−1)μ(a,p)N mod p, where
N = [ 1

2(p − 1)]!. This gives us Euler’s criterion,

( a
p ) ≡ a(p−1)/2 mod p. (5)

Formulae (1)–(5) all give the same information in different ways, and (3)–(5) are
often proved essentially as consequences of (1). There are many proofs of the law of
quadratic reciprocity based on (3), (4), or (5); see [1, Appendix B]. The proof given
here, based directly on (1), perhaps provides a short cut; at any rate, I hope that it is
illuminating.
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Another Application of Siebeck’s Theorem

Peter R. Mercer

If z1, z2, and z3 are three points in C and p(z) = (z − z1)(z − z2)(z − z3), then the
Gauss-Lucas theorem implies that the zeros of p′ lie in the convex hull of z1, z2, and
z3. A beautiful result due to Siebeck, which has enjoyed considerable attention of late
([2, 3, 8], but see also [5, 9]), states more precisely that if z1, z2, z3 are not collinear,
then the zeros of p′ are the foci of the Steiner ellipse for z1, z2, z3. The Steiner ellipse,
whose existence is not at all obvious, is the unique ellipse inscribed in the triangle
determined by z1, z2, z3 and tangent to the three sides at their midpoints.

Siebeck’s result is in fact a corollary of a special case of his own theorem, as follows
[4, 10].

Theorem 1. The zeros of the partial fraction

m1

z − z1
+ m2

z − z2
+ m3

z − z3
(m1, m2, m3 > 0),

where z1, z2, z3 are distinct noncollinear points in C, are the foci of the ellipse which
touches the line segments [z2, z3], [z3, z1], [z1, z2] at those three points that divide
these segments in ratios m2/m3, m3/m1, and m1/m2 respectively.

Indeed,

p′(z)
p(z)

= 1

z − z1
+ 1

z − z2
+ 1

z − z3
,

and so the ellipse furnished by Theorem 1, with m1 = m2 = m3 = 1, is the Steiner
ellipse.

The derivative of a polynomial of degree n is a polynomial of degree n − 1; an
n × n matrix has characteristic polynomial of degree n, and deleting a row and column
of such a matrix yields a matrix with characteristic polynomial of degree n − 1. It is
this very simple observation, and some of its consequences (e.g., [6, 7]), which led us
to what follows.

We let A be a 3 × 3 normal matrix (A∗ A = AA∗) with eigenvalues λ1, λ2, λ3 and
let P be a 3 × 3 projection matrix (P2 = P = P∗). Then the zeros of the characteristic
polynomial for PAP|PC3 (which is not necessarily normal) lie in the convex hull of λ1,
λ2, λ3—a fact that is obviously evocative of the Gauss-Lucas theorem. To see this, let
λ be such an eigenvalue with normalized eigenvector v in the range of P . Then

λ = λ〈v, v〉 = 〈λv, v〉 = 〈PAPv, v〉 = 〈APv, Pv〉 = 〈Av, v〉,
and so λ lies in the closure of all 〈Av, v〉 with ‖v‖ = 1 (i.e., the closure of the nu-
merical range of A), which is precisely the convex hull of the eigenvalues of A [1,
p. 170].

Here we show that there is an analog of Siebeck’s corollary in this situation as well,
but which uses Theorem 1 in its full generality. We prove the following result.
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Theorem 2. Let A be a 3 × 3 normal matrix with noncollinear eigenvalues λ1, λ2,

λ3 ∈ C and (since A is normal) corresponding mutually orthogonal normalized eigen-
vectors v1, v2, v3. Let u be a unit vector not orthogonal to any of the eigenspaces of
A, and let P be the 3 × 3 matrix of rank 2 which projects C

3 onto u⊥. Then the zeros
of the characteristic polynomial for PAP|PC3 are the foci of the ellipse which touches
the line segments [λ2, λ3], [λ3, λ1], [λ1, λ2] at those three points which divide these
segments in ratios |c2|2/|c3|2, |c3|2/|c1|2, and |c1|2/|c2|2 respectively, where

u = c1v1 + c2v2 + c3v3.

Proof. With u as written above, we see by direct substitution that a solution x = xλ to

(A − λI )x = u (1)

is

x = c1

λ1 − λ
v1 + c2

λ2 − λ
v2 + c3

λ3 − λ
v3,

and that

〈x, u〉 = |c1|2
λ1 − λ

+ |c2|2
λ2 − λ

+ |c3|2
λ3 − λ

.

Since u is not orthogonal to any of the eigenspaces of A, each of c1, c2, and c3 is
nonzero. Therefore 〈x, u〉 has either two (distinct) zeros or one (repeated) zero, as is
the case for the characteristic polynomial for PAP|PC3 .

If 〈x, u〉 = 0 then Px = x. Substituting this into (1) and applying P yields

(PAP − λI )Px = 0,

so λ is an eigenvalue for PAP|PC3 .
If λ0 is a repeated zero of 〈x, u〉 then (evaluated at λ0) we have 〈x, u〉 = 〈x, u〉′ =

〈x′, u〉 = 0, giving Px = x and Px′ = x′. As above, λ0 is an eigenvalue of PAP and

(PAP − λ0 I )Px = 0. (2)

Differentiating (1) and then applying P gives

(PAP − λ0 I )Px′ = Px. (3)

Now if μ 
= λ0 is an eigenvalue of PAP|PC3 , then

(PAP − μI )w = 0 (4)

for some nonzero w ∈ u⊥. It is easy to see that {x, x′} = {Px, Px′} ⊂ u⊥ is linearly
independent, so we may write

w = k1 Px + k2 Px′, (5)

for some k1, k2 ∈ C. Substituting this into (4) we get

PAPk1 Px + PAPk2 Px′ − μw = 0,
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and then using (2) and (3) on the first and second terms we obtain

λ0k1 Px + k2 Px + k2λ0 Px′ − μw = 0,

or

k2 Px = (μ − λ0)w.

Comparing this with (5) we see that we must have k2 = 0. But then μ = λ0, which is
a contradiction.

In summary then, the zeros of 〈x, u〉 are precisely the zeros of the characteristic
polynomial for PAP|PC3 . Finally, an appeal to Theorem 1 completes the proof.

Remarks

(1) If u is a standard basis vector e j (1 ≤ j ≤ 3), then the characteristic polynomial
for PAP has the same zeros as that of the 2 × 2 matrix obtained from A by
deleting its j th row and column.

(2) There is a more general version of Theorem 1, again due to Siebeck [4, 10], in
which the partial fraction can have any number of terms. This generalization
extends the 3 × 3 case to n × n.
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The Fundamental Theorem of Algebra via
the Fourier Inversion Formula

Alan C. Lazer and Mark Leckband

The Fundamental Theorem of Algebra, or “FTA,” has a rich, centuries-old history [6].
The numerous proofs that can be found demonstrate the importance and continuing
interest. Let the number of proofs be N (we can verify N > 80). We provide proofs
N + 1 through N + 4 using the Fourier transform and its inversion formula, or “FIF.”
A few reasons for so many proofs are: to have a proof by the most elementary means,
a proof suitable for a class in math, and a proof by subject area. The FTA is a well-
known consequence of Liouville’s theorem, see [1, p. 122], a topic in complex variable
math courses. This note is completed by showing FIF implies Liouville’s theorem.

Our proofs of the FTA, that is, P(z) = 0 has a solution for any nonconstant poly-
nomial P with complex coefficients, are suitable for a beginning course in Fourier
transforms. Please see [3], [7], and [4] for basic results and an overview of the his-
tory of Fourier analysis. We shall use the following form of the Fourier transform
and inversion formula, the proof of which is contained in the discussion found in [3,
pp. 214–219].

Theorem 1 (FIF). Let f (x) : R → C be a continuous function. If
∫ ∞

−∞ | f (x)| dx <

∞, then the Fourier transform defined as

F(t) =
∫ ∞

−∞
e−2π i xt f (x) dx

is continuous. If
∫ ∞

−∞ |F(t)|dt < ∞, then the inversion formula

f (x) =
∫ ∞

−∞
e2π i xt F(t) dt

holds everywhere.

We shall use the following immediate corollary to FIF to prove the FTA.

Corollary 1. If f (x) satisfies the conditions of Theorem 1 above, then

F(t) ≡ 0 implies f (x) ≡ 0. (1)

1st Proof. We begin by assuming the FTA is false. Clearly, P(z) = 0 has a solution
for any polynomial of degree 1. So let P be a zero-free polynomial with deg(P) ≥ 2.
Then f (z) = 1/P(z) is defined and differentiable for all complex z = x + iy, and
hence analytic. Let F be the Fourier transform of the restriction of f to R.

Let t ≤ 0. To show F(t) = 0 we use Cauchy’s theorem [1, p. 143], over the bound-
ary of the upper half-disk D+ = {x + iy | −L ≤ x ≤ L , 0 ≤ y ≤ √

L2 − x2}. By as-
sumption, f is entire, and hence 0 = ∫

∂D+ e−2π i zt f (z)dz. Expanding the integral gives
us two integrals. To estimate the one along the semicircle, we note that the modulus
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of e−2π i zt f (z) is equal to e2πyt | f (z)| which is less than or equal to | f (z)|, which is
O(1/|z|2) as the modulus of z tends to infinity. Since the length of the semicircle is
π L , this integral is O(1/L) as L tends to infinity. Thus,

0 =
∫ L

−L
e−2π i xt f (x) dx + O(1/L).

Now let L go to ∞ to get F(t) = 0 for t ≤ 0. The case F(t) = 0 for t ≥ 0 is handled
similarly by integrating over the boundary of the lower half-disk. This proves F(t) ≡
0, and hence we have the FTA by contradiction of Corollary 1.

2nd through 4th Proofs of the FTA. The function f (x + iy) = 1/P(x + iy), for fixed
y, satisfies Theorem 1. Set

F(t, y) =
∫ ∞

−∞
e−2π i xt f (x + iy) dx . (2)

The following assertion is motivated (not proved) by the integral technique of u-
substitution. It is true only in special circumstances such as our assumptions on f . We
provide three different proofs of it later.

F(t, y) = e−2πyt F(t, 0). (3)

Assume (3). We observe that |1/P(x + iy)| ≤ C/(1 + |x |2) gives |F(t, y)| ≤ Cπ .
For fixed t < 0, F(t, 0)e−2πyt is unbounded for y > 0 unless F(t, 0) = 0. Similarly,
we obtain F(t, 0) = 0 for all t > 0. Continuity of F(t, 0) gives F(0, 0) = 0. Thus,
F(t, 0) ≡ 0 and we have the FTA by contradiction of Corollary 1.

Our first two proofs of equation (3) are very basic. One uses only the Cauchy-
Riemann equations, see [1, p. 25], and the second follows from Cauchy’s theorem for
a rectangle.

(I) Differentiating F(t, y) inside the integral [5, p. 392] gives us

Fy(t, y) =
∫ ∞

−∞
e−2π i xt ∂

∂y
f (x + iy) dx

=
∫ ∞

−∞
e−2π i xt(i)

∂

∂x
f (x + iy) dx

= −2π t F(t, y),

where the second equality follows from the Cauchy-Riemann equations and
the last equality is from integration by parts.

For fixed t , multiplying Fy(t, y) + 2π t F(t, y) = 0 by e2πyt , and integrating
from 0 with respect to y, completes the proof of (3).

(II) Fix y > 0. We use Cauchy’s theorem on the integrand e−2π i zt f (z) over the
boundary of the rectangle R = {x + iv | −L ≤ x ≤ L , 0 ≤ v ≤ y}. Expand
the integral into four integrals. The two at x = ±L are of order O(1/L), and so

0 =
∫ L

−L
e−2π i xt f (x)dx +

∫ −L

L
e−2π i(x+iy)t f (x + iy)dx + O(1/L).

Now let L go to ∞ to get 0 = F(t, 0) − e2πyt F(t, y). For y < 0 we use
Cauchy’s theorem for the rectangle that is the reflection of R about the real
axis.
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(III) Our final proof of (3) uses more complex analysis but is more direct. We note
that an entire function is uniquely determined by its values for real numbers;
see [1, p. 127] and [2, p. 286]. For all real numbers s,∫ ∞

−∞
e−2π i xt f (x + s) dx = e2π ist

∫ ∞

−∞
e−2π i xt f (x) dx .

The above are both analytic functions of s and so must be identically the same.
Setting s = iy completes the proof of equation (3).

Proof of Liouville’s Theorem. Let g : C → C be a bounded entire function. Liou-
ville’s theorem states that g(z) must be a constant. Any of the arguments discussed
above in (I), (II), and (III) can be modified to show FIF implies Liouville’s theorem.
We modify the second proof of equation (3) given in (II).

We begin by letting f (z) = (
g(z)−g(0)

z )2 for z 	= 0 and f (0) = (g′(0))2. Then, f is
analytic except possibly at zero (it actually is analytic there) and continuous every-
where. We claim if F(t, y) is defined by equation (2), then equation (3) still holds.
Let y > 0 and ε > 0. Set R(ε) = {x + iv | −L < x < L and ε ≤ v ≤ y}. Cauchy’s
theorem gives

0 =
∫

∂ R(ε)

e−2π i zt f (z) dz.

Letting ε tend to 0, we conclude that the integral over the boundary of R = R(0) is
zero. For y < 0, we argue similarly using reflections of R(ε) and R about the real axis.
The fact that f (z) is O(1/|z|2) allows the same estimates and subsequent sequence of
conclusions as in our proof of the FTA. That is, equation (3) holds for f , F(t, y) is
bounded, F(t, 0) ≡ 0, F(t, y) ≡ 0, and hence f (x + iy) ≡ 0 by the corollary to FIF.

We see that the corollary to FIF gives f (z) ≡ 0, and hence g(z) is constant. Li-
ouville’s theorem gives the FTA by setting g(z) = 1/P(z), where P(z) is a zero-free
polynomial.
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Proposed problems and solutions should be sent in duplicate to the MONTHLY

problems address on the inside front cover. Submitted solutions should arrive at
that address before September 30, 2010. Additional information, such as gen-
eralizations and references, is welcome. The problem number and the solver’s
name and address should appear on each solution. An asterisk (*) after the num-
ber of a problem or a part of a problem indicates that no solution is currently
available.

PROBLEMS

11502. Proposed by Pál Péter Dályay, Deák Ferenc High School, Szeged, Hungary.
For a triangle with area F , semiperimeter s, inradius r , circumradius R, and heights
ha , hb, and hc, show that

5(ha + hb + hc) ≥ 2Fs

Rr
+ 18r ≥ 10r(5R − r)

R
.

11503. Proposed by K. S. Bhanu, Institute of Science, Nagpur, India, and M. N. Desh-
pande, Nagpur, India. We toss an unbiased coin to obtain a sequence of heads and tails,
continuing until r heads have occurred. In this sequence, there will be some number R
of runs (runs of heads or runs of tails) and some number X of isolated heads. (Thus,
with r = 4, the sequence H H T H T T H yields R = 5 and X = 2.) Find the covariance
of R and X in terms of r .

11504. Proposed by Finbarr Holland, University College Cork, Cork, Ireland. Let N
be a positive integer and x a positive real number. Prove that

N∑
m=0

1

m!

(
N−m+1∑

k=1

xk

k

)m

≥ 1 + x + · · · + x N .

11505. Proposed by Bruce Burdick, Roger Williams University, Bristol, RI. Define {an}
to be the periodic sequence given by a1 = a3 = 1, a2 = 2, a4 = a6 = −1, a5 = −2,
and an = an−6 for n ≥ 7. Let {Fn} be the Fibonacci sequence with F1 = F2 = 1. Show
that

∞∑
k=1

ak Fk F2k−1

2k − 1

∞∑
n=0

(−1)kn

Fkn+2k−1 Fkn+3k−1
= π

4
.

doi:10.4169/000298910X486003
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11506. Proposed by M. L. Glasser, Clarkson University, Potsdam, NY. Show that for
positive integers m and n with m + n < mn, and for positive a and b,

sin
(π

n

) ∫ ∞

x=0

x1/n

x + a

b1/m − x1/m

b − x
dx = sin

(π

m

) ∫ ∞

x=0

x1/m

x + b

a1/n − x1/n

a − x
dx .

11507. Proposed by Marius Cavachi, “Ovidius” University of Constanta, Constanta,
Romania. Let n be a positive integer and let R be a plane region of perimeter 1. Inside
R there are a finite number of line segments the sum of whose lengths is greater than
n. Prove that there exists a line that intersects at least 2n + 1 of the segments.

11508. Proposed by Mihály Bencze, Brasov, Romania. Prove that for all positive inte-
gers k there are infinitely many positive integers n such that kn + 1 and (k + 1)n + 1
are both perfect squares.

SOLUTIONS

Special Divisors of Factorials

11358 [2008, 365]. Proposed by Marian Tetiva, National College “Gheorghe Roşca
Codreanu,” Bârlad, Romania. Let d be a square-free positive integer greater than 1.
Show that there are infinitely many positive integers n such that dn2 + 1 divides n!.
Solution I by O. P. Lossers, Technical University of Eindhoven, Eindhoven, The Nether-
lands. The condition that d is square-free is unnecessary. Consider the following fac-
torization: x105 + 1 = p(x)q(x)r(x) (obtained from the factorization of x210 − 1 in
irreducible cyclotomic polynomials), where

p(x) = 1 + x − x5 − x6 − x7 − x8 + x10 + x11 + x12 + x13

+ x14 − x16 − x17 − x18 − x19 + x23 + x24,

q(x) = 1 − x3 + x6 − x9 + x12 + x21 − x24 + x27 − x30 + x33,

r(x) = 1 − x + x2 + x5 − x6 + 2x7 − x8 + x9 + x12 − x13 + x14 − x15

+ x16 − x17 − x20 − x22 − x24 − x26 − x28 − x31 + x32 − x33

+ x34 − x35 + x36 + x39 − x40 + 2x41 − x42 + x43 + x46 − x47 + x48.

For x ≥ 2, we have p(x) < x25 < q(x) < x34 < r(x) < x52. Taking n = a105d52,
where a ≥ 1 is any integer, we have

dn2 + 1 = (da2)105 + 1 = p(da2)q(da2)q(da2).

This product divides n!, since the three factors are different and all three are less than
a104d52, which is at most n.

Solution II by João Guerreiro, student, Insituto Superior Técnico, Lisbon, Portugal.
We prove the claim for every positive integer d. Let

n = dk2(d + 1)2 + k(d + 1) + 1,

where k is a positive integer greater than 1. We claim that all such n have the prop-
erty that dn2 + 1 divides n!. With n so defined, we put m = dn2 + 1 and factor the
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expression for m, obtaining

m = d[dk2(d + 1)2 + k(d + 1) + 1]2 + 1

= [dk2(d + 1)2 + 1][d2k2(d + 1)2 + d + 2dk(d + 1)] + dk2(d + 1)2 + 1

= [dk2(d + 1)2 + 1](d + 1)[d2k2(d + 1) + 2dk + 1]
For k > 1, we also have

d + 1 < d2k2(d + 1) + 2dk + 1 < dk2(d + 1)2 + 1 < n.

Since these quantities are distinct integers less than n, their product m divides n!.
Solution III by GCHQ Problem Solving Group, Cheltenham, U. K. The Pell equation
y2 − dn2 = 1 has infinitely many positive integer solutions (y, n). If (Y, N ) is any
solution, then an infinite family of solutions is generated using (y − n

√
d) = (Y −

N
√

d)r for r ∈ N. This follows immediately from the standard result that, if (y0, n0)

is the smallest positive solution, then (y − n
√

d) = (y0 − n0

√
d)k for k ∈ N generates

all positive solutions.
For some solution (Y, N ) with Y > 3

√
d, generate solutions (yr , nr) as above. Use

only odd r , so that Y divides yr . Also make r large enough so that yr > 2Y 2.
Let (y, n) be the solution given by any such r . Let s = y/Y , so s > 2Y . Since

y2 = dn2 + 1 < 9
4 dn2, we have y < 3

2 n
√

d. Dividing by Y and using Y > 3
√

d yields
s < n/2.

Since y2 = Y 2s2, we have (dn2 + 1) | Y · 2Y · s · 2s. Since 2Y < s < n/2, these
four factors are distinct and less than n. Thus their product divides n!.
Editorial comment. Most solvers used solutions to the Pell equation. John P. Robert-
son proved a more general result: whenever d and c are integers not both 0, there are
infinitely many positive integers n such that dn2 + c divides n!. The proposer gener-
alized this further: if a, b, and c are not all 0, then there are infinitely many positive
integers n such that an2 + bn + c divides n!. The proposer asks whether the result
extends to polynomials of higher degree.

Also solved by S. Casey (Ireland), R. Chapman (U. K.), K. Dale (Norway), P. W. Lindstrom, U. Milutinović
(Slovenia), J. P. Robertson, B. Schmuland (Canada), N. C. Singer, A. Stadler (Switzerland), R. Stong, Mi-
crosoft Research Problems Group, and the proposer.

A Weighted Sum in a Triangle

11368 [2008, 462]. Proposed by Wei-Dong Jiang, Weihai Vocational College, Weihai,
ShanDong, China. For a triangle of area 1, let a, b, c be the lengths of its sides. Let
s = (a + b + c)/2. Show that the weighted average of (s − a)2, (s − b)2, and (s − c)2,
weighted by the angles opposite a, b, and c respectively, is at least 1/

√
3.

Solution by Richard Stong. We begin with a computational lemma.

Lemma. If x, y, z > 0 and xy + yz + zx = 1, then

yz arctan x

x
+ zx arctan y

y
+ xy arctan z

z
≥ 2π√

3
. (1)

Proof. Let α = (2π
√

3 − 3)/8 ≈ 0.98, β = α − 3/4 > 0. Calculus shows that for
t ≥ 0, we have (arctan t)/t ≥ α − βt2. Using this, we conclude that the left side of (1)
is at least (xy + yz + zx)α − (x2 yz + y2zx + z2xy)β. Applying

(a + b + c)2 = a2 + b2 + c2 + 2(ab + bc + ca) ≥ 3(ab + bc + ca)
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(a corollary of the Cauchy–Schwarz inequality), we get

x2 yz + y2zx + z2xy = (xy)(xz) + (yz)(yx) + (zx)(zy) ≤ 1

3
(xy + yz + zx)2.

Since xy + yz + zx = 1, the left side of (1) is at least α − β/3 = 2π/
√

3.

Now consider a triangle 	ABC . Let a, b, c be the lengths of the sides opposite
A, B, C , respectively. Let x = r/(s − a), y = r/(a − b), and z = r/(s − c), where
r is the inradius. The tangents to the incircle from vertex A have length s − a, so
A = 2 arctan x , and symmetrically for the other two vertices. By Heron’s formula, the
area K is given by K 2 = s(s − a)(s − b)(s − c). But also K = rs, so

yz

x
= r(s − a)

(s − b)(s − c)
= rs(s − a)2

K 2
= (s − a)2,

and two other similar equations. Thus the desired inequality follows from the lemma.

Editorial comment. Some solvers pointed out that the problem concerns a weighted
sum not a weighted average, and that the weighted average version is false.

Also solved by J. Grivaux (France), K. McInturff, Con Amore Problem Group (Denmark), GCHQ Problem
Solving Group (U. K.), and the proposer.

Glaisher–Kinkelin Infinite Product

11371 [2008, 567]. Proposed by Ovidiu Furdui, University of Toledo, Toledo, OH. Let
A denote the Glaisher-Kinkelin constant, given by

A = lim
n→∞ n−n2/2−n/2−1/12en2/4

n∏
k=1

kk = 1.2824 · · · .

Evaluate in closed form

A6
∞∏

n=1

(
e−1(1 + 1/n)n

)(−1)n

.

Solution by Richard Stong, Center for Communications Research, San Diego CA. The
terms in the infinite product tend to 1, so it suffices to show that the even-numbered
partial products converge. Using Stirling’s formula and the definition of A, we obtain

N∑
k=1

log k = log N ! = N log N − N + 1

2
log N + 1

2
log(2π) + O(1/N ),

N∑
k=1

k log k = N (N + 1)

2
log N − N 2

4
+ 1

12
log N + log A + O(1/N ).

Therefore
2N∑
k=1

(−1)k log k = 2
N∑

k=1

log(2k) −
2N∑
k=1

log k = 1

2
log N + 1

2
log π + O(1/N ),

2N∑
k=1

(−1)kk log k = 2
N∑

k=1

2k log(2k) −
2N∑
k=1

k log k

= N log N + N log 2 + 1

4
log N − 1

12
log 2 + 3 log A + O(1/N ).
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Subtracting twice the second equation from the first yields
∑2N

k=1(−1)k−1(2k −
1) log k = −2N log(2N ) − 6 log A + 1

6 log(2π3) + O(1/N ). Therefore

log

⎡
⎣ 2N∏

k=1

(
e−1

(
1 + 1

k

)k
)(−1)k ⎤

⎦ =
2N∑
k=1

(−1)k
(
k log(k + 1) − k log k − 1

)

=
2N∑
k=1

(−1)k
(
k log(k + 1) − k log k

)

= 2N log(2N + 1) +
2N∑
k=1

(−1)k−1(2k − 1) log k

= 2N log

(
2N + 1

2N

)
− 6 log A + 1

6
log(2π3) + O(1/N ).

The first term on the right tends to 1. Exponentiate both sides and multiply this result
by A6 to see that the desired limit is 21/6e

√
π .

Also solved by J. Borwein (Canada), B. Bradie, B. S. Burdick, R. Chapman (U. K.), P. P. Dályay (Hungary),
G. C. Greubel, J. Grivaux (France), O. Kouba (Syria), J. H. Lindsey II, W. R. Livingston, P. Perfetti (Italy),
A. Stadler (Switzerland), M. Tetiva (Romania), GCHQ Problem Solving Group (U. K.), Microsoft Research
Problems Group, and the proposer.

Fibonacci Fixed Points

11373 [2008, 568]. Proposed by Emeric Deutsch, Polytechnic University, Brooklyn,
NY. Let Sn be the symmetric group on {1, . . . , n}. By the canonical cycle decomposi-
tion of an element π of Sn, we mean the cycle decomposition of π in which the largest
entry of each cycle is at the beginning of that cycle, and the cycles are arranged in
increasing order of their first elements.

Let ψn : Sn → Sn be the mapping that associates to each π ∈ Sn the permuta-
tion whose one-line representation is obtained by removing the parentheses from the
canonical cycle decomposition of π . (Thus the permutation

( 12345
34521

)
has one-line repre-

sentation 34521 and canonical cycle representation (42)(513) and is mapped by ψ5 to
42513.) Describe the fixed points of ψn and find their number.

Solution by John H. Lindsey II, Cambridge, MA. Let f (n) be the number of fixed
points of ψn .

If π is a fixed point of ψn such that π(n) = n, where n ≥ 1, then π |{1,...,n−1} is a
fixed point of ψn−1. Conversely, every fixed point π of ψn−1 may be extended to a
fixed point of ψn by setting π(n) = n. Hence there are f (n − 1) fixed points π of ψn

with π(n) = n.
Let π be a fixed point of ψn such that π(n) < n, where n ≥ 2. Since n is the

largest element of its cycle, this cycle in the canonical representation appears as
(n, π(n), . . . ). Thus the one-line representation of ψn(π) ends with n, π(n), . . . .
Since π is a fixed point of ψn and the one-line representation of π ends with π(n), it
must end with n, π(n). Thus π(n − 1) = n, and the cycle of π containing n has only
the two elements n and n − 1. Furthermore, π |{1,...,n−2} is a fixed point of ψn−2, and
conversely every fixed point of ψn−2 yields a fixed point of ψn by adding the cycle
(n, n − 1).

Thus f (n) = f (n − 1) + f (n − 2) for n ≥ 2, with f (0) = f (1) = 1, so f (n) is
the (n + 1)st Fibonacci number, and the fixed points of ψn are products of disjoint
transpositions of consecutive integers.
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Editorial comment. Marian Tetiva pointed out that a related problem, also proposed
by Emeric Deutsch, appeared as problem 1525 in the June 1997 issue of Mathematics
Magazine, solved by José Nieto on pages 227–228 of the June 1998 issue (volume 71).
That problem asks about the fixed points for a similar mapping in which the canonical
representation for permutations puts the smallest entry of each cycle last, with the
cycles in increasing order. There are 2n−1 fixed points for that mapping.

Also solved by R. Bagby, D. Beckwith, J. C. Binz (Switzerland), R. Chapman (U. K.), M. T. Clay, P. Corn,
C. Curtis, P. P. Dályay (Hungary), K. David & P. Fricano, M. N. Deshpande & K. Laghale (India), A. Incog-
nito, C. Lanski, O. P. Lossers (Netherlands), R. Martin (Germany), J. H. Nieto (Venezuela), R. Pratt, M. Reid,
K. Schilling, E. Schmeichel, B. Schmuland (Canada), P. Spanoudakis (U. K.), R. Stong, J. Swenson, R. Tauraso
(Italy), M. Tetiva (Romania), BSI Problems Group (Germany), Szeged Problem Group “Fejéntaláltuka” (Hun-
gary), GCHQ Problem Solving Group (U. K.), Houghton College Problem Solving Group, Missouri State
University Problem Solving Group, NSA Problems Group, and the proposer.

Circle Radii Related to a Triangle

11386 [2008, 757]. Proposed by Greg Markowsky, Somerville, MA. Consider a tri-
angle ABC . Let O be the circumcircle of ABC , r the radius of the incircle, and s
the semiperimeter. Let arc (BC) be the arc of O opposite A, and define arc (C A) and
arc (AB) similarly. Let OA be the circle tangent to AB and AC and internally tangent
to O along arc (BC), and let RA be its radius. Define OB , OC , RB , and RC similarly.
Show that

1

aRA
+ 1

bRB
+ 1

cRC
= s2

rabc
.

Solution by George Apostolopoulos, Greece.
Let K be the center of OA, so
AK = RA/ sin(A/2). Also
AO = R, O K = R − RA, and
� O AK = ( � B − � C)/2.

O

K

A2
 

RA

RA

A

B C

The law of cosines gives O K 2 = AO2 + AK 2 − 2 · O A · AK · cos � O AK , or put
another way,

(R − RA)2 = R2 + R2
A

sin2(A/2)
− 2R

RA

sin(A/2)
cos

B − C

2
.

Therefore

−2R + RA = RA

sin2(A/2)
− 2R cos((B − C)/2)

cos((B + C)/2)
.

Equivalently,

RA = 4R sin(A/2) sin(B/2) sin(C/2)

cos2(A/2)
= r

cos2(A/2)
= rbc

s(s − a)
.
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Similarly, RB = rca/(s(s − b)) and RC = rab/(s(s − c)). Thus

1

aRA
+ 1

bRB
+ 1

cRC
= s(s − a)

rabc
+ s(s − b)

rabc
+ s(s − c)

rabc

= 3s2 − s(a + b + c)

rabc
= s2

rabc
.

Also solved by B. T. Bae (Spain), D. Baralı́c (Serbia), M. Bataille (France), M. Can, C. Curtis, P. P. Dályay
(Hungary), P. De (India), Y. Dumont (France), O. Faynshteyn (Germany), V. V. Garcı́a (Spain), M. Goldenberg
& M. Kaplan, J. Grivaux (France), J. G. Heuver (Canada), E. J. Ionascu, B. T. Iordache (Romania), O. Kouba
(Syria), J. H. Lindsey II, A. Nijenhuis, P. Nüesch (Switzerland), V. Schindler (Germany), E. A. Smith, A.
Stadler (Switzerland), R. Stong, M. Tetiva (Romania), G. Tsapakidis (Greece), D. Vacaru (Romania), Z. Vörös
(Hungary), M. Vowe (Switzerland), J. B. Zacharias & K. Greeson, L. Zhou, Szeged Problem Solving Group
“Fejéntaláltuka” (Hungary), GCHQ Problem Solving Group (U. K.), and the proposer.

Complex Hermitian Matrix

11396 [2008, 856]. Proposed by Gérard Letac, Université Paul Sabatier, Toulouse,
France. For complex z, let Hn(z) denote the n × n Hermitian matrix whose diagonal
elements all equal 1 and whose above-diagonal elements all equal z. For n ≥ 2, find
all z such that Hn(z) is positive semi-definite.

Solution by Mark Wildon, University of Bristol, Bristol, U. K. If z is real, then
∑n

1 ek

is an eigenvector of Hn(z) with corresponding eigenvalue 1 + (n − 1)z, while for k ∈
{2, . . . , n}, e1 − ek is an eigenvector of Hn(z) with corresponding eigenvalue 1 − z.
This shows that 1 + (n − 1)z and 1 − z are the only eigenvalues of Hn(z). Hence Hn(z)
is positive semi-definite if and only if

− 1

n − 1
≤ z ≤ 1.

Now suppose that z is not real. By replacing Hn(z) with its transpose, we may
assume that Im z > 0. Under this assumption, we shall prove that Hn(z) is positive
semi-definite if and only if

arg(z − 1) ≥ arg z

n
+ (n − 1)π

n

(where for Im z > 0 we take 0 < arg z < π).
We first claim that Hn(z) is singular if and only if(

1 − z

1 − z

)n

= z

z
.

Let w = (1 − z)/(1 − z) and v ∈ C
n . The difference between the i th and (i + 1)st

components of vHn(z) is (1 − z)vi − (1 − z)vi+1. Hence vHn(z) has constant compo-
nents if and only if v is a scalar multiple of the vector (1, w, w2, . . . , wn−1). The first
component of (1, w, w2, . . . , wn−1)Hn(z) is

1 + z(w + w2 + · · · + wn−1) = z(wn − w) + w − 1

w − 1
= zwn − z

w − 1
.

This vanishes if and only if wn = z/z, which proves the claim.
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If λ ∈ R is an eigenvalue of Hn(z) then (provided λ �= 1), the matrix Hn(z/(1 − λ))

is singular. Hence Hn(z) has an eigenvalue less than zero if and only if there exists a
λ < 0 such that (

1 − λ − z

1 − λ − z

)n

= z

z
,

or equivalently, if and only if

arg(z + λ − 1) = arg z

n
+ kπ

n

for some λ < 0 and k ∈ Z. As λ decreases from 0 to −∞, the argument of z + λ − 1
increases from arg(z − 1) to π . Hence if this equation has a solution, it has one with
k = n − 1 and a solution exists if and only if

arg(z − 1) <
arg z

n
+ (n − 1)π

n
.

This proves our claimed criterion for Hn(z) to be positive semi-definite.

Also solved by R. Chapman (U. K.), P. P. Dályay (Hungary), A. Stadler (Switzerland), R. Stong, T. Tam, S. E.
Thiel, F. Vial (Chile), E. I. Verriest, BSI Problems Group (Germany), GCHQ Problem Solving Group (U. K.),
and the proposer.

A Max and Min Inequality

11397 [2008, 948]. Proposed by Grahame Bennett, Indiana University, Bloomington,
IN. Suppose a, b, c, x, y, z are positive numbers such that a + b + c = x + y + z
and abc = xyz. Show that if max{x, y, z} ≥ max{a, b, c}, then min{x, y, z} ≥
min{a, b, c}.
Solution by Marian Tetiva, Bı̂rlad, Romania. For q = ab + ac + bc and r = xy +
xz + yz, the identity

(t − a)(t − b)(t − c) − (t − x)(t − y)(t − z) = (q − r)t (1)

follows from the hypotheses. If x = max{x, y, z} and z = min{x, y, z}, for example,
and we replace t in (1) by x and z, then we obtain

(x − a)(x − b)(x − c) = (q − r)x, (z − a)(z − b)(z − c) = (q − r)z,

respectively. Since x ≥ max{a, b, c}, it follows that q − r = (x − a)(x − b)(x −
c)/x ≥ 0, which implies (z − a)(z − b)(z − c) = (q − r)z ≥ 0. This implies that
z ≥ min{a, b, c}.
Editorial comment. Richard Stong remarked that if a ≤ b ≤ c and x ≤ y ≤ z, then
a ≤ x ≤ y ≤ b ≤ c ≤ z.

Also solved by B. M. Abrego, M. Afshar (Iran), K. Andersen (Canada), D. Beckwith, D. Borwein (Canada), R.
Brase, P. Budney, R. Chapman (U. K.), J. Christopher, P. Corn, C. Curtis, L. W. Cusick, P. P. Dályay (Hungary),
Y. Dumont (France), D. Fleischman, T. Forgács, J. Freeman, D. Grinberg, J. Grivaux (France), E. Hysnelaj &
E. Bojaxhiu (Australia & Albania), B.-T. Iordache (Romania), K.-W. Lau (China), J. H. Lindsey II, O. P.
Lossers (Netherlands), M. Nyenhuis (Canada), E. Pité (France), C. Pohoata (Romania), M. A. Prasad (India),
R. E. Rogers, J. Schaer (Canada), B. Schmuland (Canada), R. A. Simón (Chile), A. Stadler (Switzerland), J.
Steinig (Switzerland), R. Stong, S. E. Thiel, V. Verdiyan (Armenia), E. I. Verriest, J. Vinuesa (Spain), Z. Vörös
(Hungary), S. Wagon, H. Widmer (Switzerland), Y. Yu, J. B. Zacharias, Armstrong Problem Solvers, GCHQ
Problem Solving Group (U. K.), Microsoft Research Problems Group, NSA Problems Group, Northwestern
University Math Problem Solving Group, and the proposer.
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REVIEWS
Edited by Jeffrey Nunemacher

Mathematics and Computer Science, Ohio Wesleyan University, Delaware, OH 43015

Elementary Functional Analysis. By Barbara D. MacCluer. Springer, New York, 2009, x +
207 pp., ISBN 978-0-387-85528-8, $49.95.

Reviewed by Carol S. Schumacher

The strength of mathematics lies in its ability to subject intuitive ideas to rigorous anal-
ysis by the process of abstraction and generalization. We start with simple notions and,
by enormously long chains of reasoning, gain amazing insights into the way things
are. Unfortunately, all too often the beautiful and powerful universe of abstract math-
ematics seems forbidding or, worse, irrelevant to our students. Many talented students
are thereby turned off by abstract mathematics. To what extent do we, as mathemati-
cians and educators, bear responsibility for this reaction, and what can we do about
it? Because this is a review of a textbook, I will confine my remarks to ways in which
mathematics textbooks can help, but I hope that some of what I say will speak more
broadly to the teaching of mathematics.

Consider for a moment the advice given to authors by the editors of the MAA’s
journals. In the MONTHLY we expect articles that “inform, stimulate, challenge, [and]
enlighten” us. The College Mathematics Journal encourages authors to “write in an
inviting, captivating style” that will “stimulate readers to learn more about a topic.”
Editors for Mathematics Magazine indicate that “the best contributions provide a
context for the mathematics they deliver, with examples, applications, illustrations,
and historical background.” It is especially good, they observe, to “draw connections
among various branches of the mathematical sciences, or connect mathematics to
other disciplines.” This is what we as a mathematical community expect from our
best expository writing. I think that the same spirit can and should imbue the writing
of textbooks, which is, after all, some of the most important expository writing we
do. Unfortunately, often it doesn’t. Few textbooks written 25 or 30 years ago made
much effort to go beyond a fairly dry definition/theorem/proof format. In recent years,
the best textbooks are doing much better; but most still fall short, especially with the
kind of advice given by the editors of Mathematics Magazine. What about Barbara D.
MacCluer’s recent textbook Elementary Functional Analysis?

MacCluer’s book is, for the most part, a wonderful introduction to functional analy-
sis. It is a well-written text that tells a coherent and interesting mathematical story, and
does so very well. Though Elementary Functional Analysis does pay some attention
to general Banach spaces, the focus of the book is on Hilbert spaces and their asso-
ciated linear operators. It culminates in a fine treatment of spectral theory. The book
is fairly thin, but the choice of topics demonstrates careful thought about how best to
“start with the basics and still travel a path through some significant parts of mod-
ern functional analysis.” The proofs are clear and are presented with the right level of
detail. The narrative is peppered with well-chosen comments and thought-provoking
questions that are left for the reader. The many engaging exercises do a good job of

doi:10.4169/000298910X486012
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guiding the reader to explore the main ideas further. In short, I was quite taken with
MacCluer’s book. (Moreover, I remarked to my husband—a theoretical physicist who
proves theorems for a living and spends much of his scholarly life in a Hilbert space—
that he really needs a copy of this book.) The next time I teach functional analysis, I
will definitely use MacCluer’s text, though I will feel the need to support my students’
reading of the text in some fairly substantial ways. The reason for this is that, in spite
of all the praiseworthy things about Elementary Functional Analysis, I found it lacking
when I tried to consider it from the point of view of a student—the intended audience
for the book.

The students using this as a textbook will typically be first-year mathematics grad-
uate students or advanced undergraduates. So MacCluer does not need to worry about
“selling” her readers on the beauty and importance of abstract mathematics. Never-
theless, this is their first encounter with the subject of functional analysis, and that
presents some special challenges. Functional analysis is a magnificent example of the
way that abstraction allows us to build mathematical skyscrapers to dizzying heights.
The subject as we know it today goes well beyond the imaginings of—and might be
unrecognizable to—early practitioners like Fréchet, Riesz, Fischer, and Hilbert. (Mac-
Cluer illustrates this in an amusing way by recounting some well-known “anecdotes,
of dubious validity.” An aging Hilbert is rumored to have said something like: “You
must tell me one thing, whatever is a Hilbert space?”) In part because it is such an old
and well-developed subject, modern functional analysis is extremely abstract.

This level of abstraction imposes responsibilities on the conscientious expositor.
Imagine a student who is able to follow all the abstract arguments and competently
work out proofs of the theorems. Without additional guidance, this student may
nonetheless have no clear sense what the subject is really about. Yet the main themes
and objects of functional analysis generalize concrete settings that are relatively easy
to describe. It is not too difficult to motivate the abstract definitions and to provide a
context for the questions asked by functional analysts. MacCluer makes serious efforts
at this throughout the text. She is pretty successful in the later parts of the book. But I
believe that she is less so near the beginning.

Consider, for instance, the very start of the book. As she introduces the “main char-
acters” in the story (normed linear spaces, Banach and Hilbert spaces, linear function-
als, orthogonal bases, etc.), MacCluer gives examples of abstract spaces of various
types. This has the good intention, and some of the good effect, of giving the reader a
lot of “toys” to play with. But, rather than finding the examples enlightening, I found
this portion of the book to be daunting and dispiriting. This is true despite the fact
that I wrote a Ph.D. thesis in Banach space theory and have the benefit of 20 years
as a practicing mathematician. How do you think a student will react to this opening
barrage of examples?

Many of the exercises at the end of the chapter are meant to reinforce the students’
understanding of the examples. But they will not entirely resolve the problem for our
hypothetical student who can hack through the abstract thicket without much idea of
the lay of the land. I am certainly not suggesting that the author should have omitted
the examples. I am suggesting she should have made more out of them. For instance,
the author defines the Hilbert space L2[0, 2π] and gives the sequence of functions eint

(n ∈ N) as an example of an orthonormal set; yet she never mentions Fourier series!
A paragraph on Fourier series along with some well-chosen diagrams would go a long
way toward “stimulat[ing] the reader to learn more about the topic.” This need not be
a long detour into harmonic analysis. But a heuristic discussion will help the reader to
see why anyone would choose to think about L2[0, 2π] in the first place. Practitioners
of the subject all know this example and often use it to gain intuition, to draw useful
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pictures, and to help them think about their research problems. Supplying budding
functional analysts with this insight can only help them. In summary, I believe the
beginning of the book would have been improved by an explanation of why the student
should be interested in the various examples that are discussed and (consequently) in
functional analysis itself.

Since the ultimate goal of this book is to discuss spectral theory, it is not surprising
that the author includes a thorough treatment of adjoint operators in Hilbert spaces.
Again, this is well done: the writing is engaging, the development is well organized,
the arguments are clear. All those who know what is coming clearly understand why
the author is spending so much time on these operators. But the first-timer does not
know what is coming. It would be better to motivate the discussion of adjoints with a
“big picture” discussion of the finite-dimensional case. This is a wonderful opportunity
to foreshadow the “big finish” of the book, by pointing out that all the eigenvalues of
self-adjoint matrices are real and discussing the significance of this fact. Then, armed
with a general understanding of the principles captured by the abstract definitions, the
student reader will be more engaged when the generalizations make their appearance.
(MacCluer does refer to the finite-dimensional situation much later in the book, but
I believe it would be more fruitful to discuss the ideas early in the treatment of the
subject.)

MacCluer takes the time to weave “a certain amount of historical commentary into
the text.” This, she says, “reflects [her] belief that some understanding of the historical
development of any field in mathematics both deepens and enlivens one’s appreciation
of the subject.” This is very true. I loved the anecdotes about interesting characters,
especially the discussion of Banach and the Scottish cafe. But in some cases, I really
wanted to know more about the mathematical aims of the mathematicians involved.
In addition to observing that Fréchet proved something in 1907, it would be nice to
inform the reader why Fréchet proved it. What motivated the question in the first place?
Admittedly, this may be difficult to do succinctly in some cases, but in others it is quite
possible and would be a lovely addition to the book.

I believe that students with an interest in mathematics can often be turned off by
abstract theory because we as a community have not made it a priority to explain the
importance and usefulness of our abstractions. The central abstractions in mathematics
capture important intuitive ideas or generalize significant special cases. More impor-
tantly, they often capture commonalities that are shared by many different examples of
interest. It is this fact that makes the abstraction interesting in the first place. Textbooks
that make a serious attempt to engage these issues are unfortunately all too rare; even
some of our best textbooks—like MacCluer’s—do not do this well enough. It is, of
course, possible to go overboard in anything. The desire to motivate can lead us into
digressions from the main mathematical story. But, on a whole, I think we contextu-
alize our abstractions far too little. Why? Do we worry that it will “dumb down the
subject” and make us seem less serious about our mathematics? Do we think it will
be a distraction? I think the opposite is true. MacCluer does, in fact, make an effort to
engage the reader and to lay things out nicely so that a good story develops. Neverthe-
less, I worry that students will come away from her book with a less rich understanding
than they might, had the author made a more purposeful attempt to initiate them into
the fascinating context from which the abstractions arose.

ACKNOWLEDGMENTS. I would like to thank Marie Snipes and Benjamin Schumacher for some very
penetrating suggestions. Thanks to them, the review is much improved.

Kenyon College, Gambier, OH 43022
SchumacherC@kenyon.edu
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EDITOR’S ENDNOTES

Idris D. Mercer (Toronto, Ontario) sent in these comments about his note in the April
2009 issue:

My note “On Furstenberg’s Proof of the Infinitude of Primes” gave a ver-
sion of Furstenberg’s proof that avoided topological terminology. I have been
informed that a topology-free version of Furstenberg’s proof appeared earlier
and independently in the article “Math Bite: A Novel Proof of the Infinitude of
Primes, Revisited” by Daniel Cass and Gerald Wildenberg in the June 2003 issue
of Mathematics Magazine.

Kevin Beanland (Virginia Commonwealth University), James W. Roberts (University
of South Carolina), and Craig Stevenson (Virginia Commonwealth University) sub-
mitted this update on their note in the June–July 2009 issue:

After our paper was published, we received correspondence from several au-
thors who published some of the results earlier. We regret not referencing the
articles listed below and warmly recommend them as a supplement to ours. As it
happens, the question of differentiability of modifications of Thomae’s function
has been considered quite a few times in past MONTHLY articles. In particular,
results very similar to our Propositions 3.1 and 4.1 appear in the literature.

In 1951, M. K. Fort [2] proved that a function on R with a dense set of dis-
continuities can only be differentiable on a set of first category. This implies that
for every Thomae-type function there will be many irrationals on which it is not
differentiable. The fact that Thomae’s function is not differentiable anywhere is
originally due to G. J. Porter [7]. The initial investigations into the differentiabil-
ity of powers of the Thomae function are due to G. A. Heuer and an undergrad-
uate group [4]. In this article, they prove results related to our Proposition 4.2
and Corollary 3.2. A few years later, J. E. Nymann [6] also considered powers of
the Thomae function and obtained results comparable to those in [4]. A. Norton
[5] studied the differentiability of the modification of Thomae’s function sending
m/n to 1/2n , and R. B. Darst and G. D. Taylor [1] and M. Frantz [3] studied the
differentiability of the modification sending m/n to 1/n p (for p > 2).
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John H. Conway (Princeton University), Heidi Burgiel (Bridgewater State College),
and Chaim Goodman-Strauss (University of Arkansas) submitted this response to a
review of their book The Symmetries of Things in the June–July 2009 issue:

We were saddened and chastened to read Branko Grünbaum’s review of our
book The Symmetries of Things. Grünbaum has many criticisms, which are
mostly along two lines—we have few references to the literature, and there are
many careless errors.

We have to admit that many of his charges are justified. It is a pity that our
demonstration of the superiority of the McBeath-Thurston idea of using orbifolds
to enumerate groups has been marred by our not getting all the answers right.

Of course it was important not to look at the literature while reworking the
theory. The re-enumerations were so easy that hubris led us to believe they were
correct, which explains, though it does not excuse, how the errors came about.
We should obviously have checked our enumerations against previous ones, and
fully intended to, but this vital check got lost among a host of less important
ones.

Some of Grünbaum’s criticisms overstate the case. For example, he compares
our assertedly complete “architectonic” list of 13 particular uniform tessella-
tions with Andreini’s list of 28, without noticing that we listed only those with
“prime” symmetry groups. Our enumeration of the relative archimedean square
tilings, we believe, is correct—uniform colorings are not the same as relative
archimedeans, colored merely to indicate distinct group actions. Nor did we in-
tend to claim to classify the “pseudo-platonic” polyhedra.

But we do acknowledge much of the substance of the review; the orbifold idea
is a wonderful way to study discrete geometrical groups, and we regret that this
great message may have been obscured by our carelessness.

Nate Eldredge (Cornell University) sent in the following remarks about an item in the
October 2009 issue:

The October 2009 issue of the American Mathematical Monthly contains an
illustration by Robert Haas [1] of a sign for a math department parking lot di-
vided into areas labeled “Full-Size” and “Compact,” with the latter bearing the
addendum “Please be sure your car is closed!” Unfortunately, the author has
omitted the necessary assumption that the parking lot be Hausdorff. For example,
if the parking lot is an infinite space equipped with the finite complement topol-
ogy (see examples 18 and 19 of [2]), an infinite car would be incapable of being
closed, yet would still be a compact car.

On the other hand, the Hausdorff condition is a natural assumption. Without
it, it could happen that cars parked at distinct points would be impossible to
separate later, which would no doubt be distressing to the respective owners and
their insurance companies.

REFERENCES

1. R. Haas, Math dept. parking (illustration), Amer. Math. Monthly 116 (2009) 758.
2. L. A. Steen and J. A. Seebach, Jr., Counterexamples in Topology, Dover Publications, Mineola,

NY, 1995.

Daniel J. Velleman, Editor
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That student is taught the best who is 
told the least.

—R. L. Moore, 1966
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Definitions and Nondefinability in Geometry1

James T. Smith

Abstract. Around 1900 some noted mathematicians published works developing geometry
from its very beginning. They wanted to supplant approaches, based on Euclid’s, which han-
dled some basic concepts awkwardly and imprecisely. They would introduce precision re-
quired for generalization and application to new, delicate problems in higher mathematics.
Their work was controversial: they departed from tradition, criticized standards of rigor, and
addressed fundamental questions in philosophy. This paper follows the problem, Which geo-
metric concepts are most elementary? It describes a false start, some successful solutions, and
an argument that one of those is optimal. It’s about axioms, definitions, and definability, and
emphasizes contributions of Mario Pieri (1860–1913) and Alfred Tarski (1901–1983). By fol-
lowing this thread of ideas and personalities to the present, the author hopes to kindle interest
in a fascinating research area and an exciting era in the history of mathematics.

1. INTRODUCTION. Around 1900 several noted mathematicians published major
works on a subject familiar to us from school: developing geometry from the very
beginning. They wanted to supplant the established approaches, which were based on
Euclid’s, but which handled awkwardly and imprecisely some concepts that Euclid did
not treat fully. They would present geometry with the precision required for general-
ization and applications to new, delicate problems in higher mathematics—precision
beyond the norm for most elementary classes. Work in this area was controversial:
these mathematicians departed from tradition, criticized previous standards of rigor,
and addressed fundamental questions in logic and philosophy of mathematics.2

After establishing background, this paper tells a story about research into the ques-
tion, Which geometric concepts are most elementary? It describes a false start, some
successful solutions, and a demonstration that one of those is in a sense optimal. The
story is about

• Euclidean geometry as an axiomatic system,
• definitions and
• definability in geometry, and emphasizes
• contributions of Mario Pieri and Alfred Tarski.

The story follows a thread of related mathematical ideas and personalities for more
than a century, to the present, and includes a glimpse of ongoing historical work. With
it the author hopes to kindle readers’ interest not only in a fascinating area of geomet-
rical and logical research, but also in studies of a particularly exciting era in the history
of mathematics.

doi:10.4169/000298910X492781
1This paper was adapted from and expands on material in [23]. A shorter version was presented to the

October 2008 congress, Giuseppe Peano and His School between Mathematics, Logic, and Interlingua, in
Turin. Some of the text in Section 2 was adapted from [46, Chap. 2].

2In his 1960/1961 paper [6] and its translated version [7], Hans Freudenthal discussed controversies that
seethed throughout the nineteenth century.
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2. THE AXIOMATIC METHOD. For centuries, mathematicians agreed that geom-
etry should be an applied science, the study of certain aspects of physical space. They
regarded as valid those propositions commonly believed to follow from Euclid’s pos-
tulates and definitions: the theorems of Euclidean geometry. This was based on their
deep trust in the deductions, and the strong agreement between these theorems and
observable phenomena that they described. Euclidean geometry was so successful in
explaining and predicting properties of the physical world that for two millenia no
alternative system was considered. Euclidean geometry was considered correct, not
simply accurate and useful. A geometry whose theorems contradicted Euclid’s would
be regarded as incorrect and therefore useless. Analyzing Euclid’s use of the parallel
postulate and related issues, mathematicians eventually began to consider alternatives
that did contradict that postulate. This generated controversy, as mentioned earlier,
and scientists wrestled with the idea of a geometric postulate system as a correct de-
scription of physical space. Late in the nineteenth century, to facilitate that study, they
began to reexamine the axiomatic method that Euclid used to construct his system.

The method’s most memorable aspect is its derivation of theorems from others
proved earlier, which were derived from others yet more basic, which were. . . , and
so on. The most basic principles, necessarily left unproved, are called axioms. This
deductive organization was described by Aristotle [1] around 350 B.C.E. Euclid fa-
mously but imperfectly employed it in his Elements [3] around 300 B.C.E. Filling the
gaps required investigation of steps that Euclid and his successors for two millennia
evidently regarded as not needing proof. In some cases that amounted to formulating
axioms that they assumed but did not state. In particular, Euclid’s reasoning about the
sides of lines in a plane left so many gaps that one can imitate him closely and derive
nonsense.3

The theorems of an axiomatic theory are about concepts, some defined in terms
of others considered earlier, which were defined in terms of others yet more basic,
which were. . . , and so on. The most basic concepts, necessarily left undefined, are
called primitive. Aristotle also described this organization. But Euclid didn’t employ
it fully. He did define precisely most of the concepts he used, in terms of a few he
introduced at the beginnings of his presentations. However, his “definitions” of those
most basic concepts were not definitions in our sense, but vague, circular discussions.
Nevertheless, Euclid’s work gained such prestige that Aristotle’s definitional technique
was rarely mentioned again until the late 1800s.

At that time the relationship of various geometric theories was becoming involved
and confusing. Mathematicians studied hyperbolic non-Euclidean geometry as deeply
as Euclidean, and showed how to extend each to a projective geometry by introducing
“ideal points at infinity.” They could establish the use of homogeneous coordinates in
the projective geometry and employ them with a polar system to measure distance.
(To understand this story, readers need not know details of projective geometry—but
only that sophisticated mathematical devices were used for this purpose.) Hyperbolic
or Euclidean geometry could be reconstructed from the projective by using different
polar systems. Felix Klein provided a comparative framework with his 1872 Erlanger
program [18], which regarded projective geometry as the most basic. He also empha-
sized the study of the automorphisms of a geometry: the transformations that preserve
its basic notions.

That complexity and the new projective methods used in algebraic geometry, the
study of solutions of systems of multivariate algebraic equations, led to a new emphasis
on the axiomatic method, in Aristotle’s original form.

3David Hilbert noted this in 1897/1898: see [53, Sec. 4.2]. For an English discussion, see [46, Sec. 2.2].
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3. PASCH. Moritz Pasch (1843–1930) was born to a merchant family in Breslau,
Prussia (now Wrocław, Poland). He studied at the university there, earned the doctorate
in 1865, and pursued an academic career in Giessen, Germany. Pasch wrote research
papers and some influential texts, and served with great distinction as an administra-
tor. His early research was in algebraic geometry, but he soon turned to foundations of
analysis and geometry. He saw the need to repair faults in classical Euclidean geome-
try, particularly in reasoning about the sides of a line in a plane, and to firmly ground
the powerful projective methods presented in 1847 by G. K. C. von Staudt [47]. To
this end, Pasch published in 1882 the first completely rigorous axiomatic presentation
of a geometric theory.4

Pasch noted that, in contrast to earlier practice, he would discuss certain concepts
without definition. Determining which he actually left undefined requires close read-
ing. They are

• point,
• segment between two points,
• coplanarity of a point set,
• congruence of point sets.

He defined all other geometric notions from those. For example, Pasch called three
points collinear if they are not distinct or one lies between the other two, and de-
fined the line determined by two distinct points to be the set of points collinear with
them. Those definitions rely on logic: the words not, distinct, or, and set appear there.
Arithmetic is not really required: one, two, and three could be avoided through use of
variables and more logic.

As example axioms, consider a simple one, that there exist three noncoplanar points,
and the famous, more complicated, Pasch axiom illustrated by Figure 1. These involve
even more logic: if, any, and exist. The Pasch axiom directly implies transitivity of the
relation satisfied by points A and B when they lie on the same side of a given line DF.
(Let this mean that no point on DF should lie between A and B. If A and B lay on
different sides of DF, then by the Pasch axiom, either A and C , or else B and C , would
lie on different sides.)

C

A

D

F

B

Figure 1. The Pasch axiom: If A, B, and C are distinct coplanar points and F is a point between A and B,
then there exists on any line DF some point of segment AC or of BC.

Pasch developed the geometry of incidence, betweenness, and congruence, ex-
tended that to projective space, and then showed how to select a polar system to

4Heinrich Schröter supervised Pasch’s doctoral study. In his autobiography [32, pp. 9–12], Pasch wrote
that he could not continue working in higher mathematics until he settled questions about its foundations. The
traditional presentations provided him no support, so he wrote his 1882 books [29] and [30] on foundations of
analysis and geometry.
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develop Euclidean or hyperbolic geometry. In spite of the abstract nature of his pre-
sentation, Pasch clearly indicated, as he introduced his axioms, that he regarded his
system as a description of the physical world:

In contrast to the propositions justified by proofs. . . there remains a group of
propositions from which all others follow. . . based directly on observations. . . .5

4. PEANO. The next character in this story stemmed from a very different milieu: a
small farm near Cuneo in the Piedmont region of the Kingdom of Sardinia. Giuseppe
Peano (1858–1932) was schooled in Cuneo and in the regional capital, Turin. By then
this region was part of a unified Italy. Peano earned the doctorate in 1880 at the Uni-
versity of Turin and spent his career there and at the adjacent military academy. As
a junior professor Peano undertook to reformulate with utmost precision all of pure
mathematics! His 1889 booklet [33] on foundations of geometry contained some tech-
nical improvements over Moritz Pasch’s book [30].6 More importantly, Peano departed
from Pasch’s then prevalent approach by divorcing that discipline from the study of the
physical world:

Depending on the significance attributed to the undefined symbols. . . the axioms
can be satisfied or not. If a certain group of axioms is verified, then all the propo-
sitions that are deduced from them will be equally true. . . [33, §1, note].

This freedom to consider various interpretations of the undefined, or primitive, con-
cepts, and the distinction between syntactic properties of symbols and their semantic
relationships to the objects they denote, were essential for all later studies of defin-
ability. Moreover, in that publication Peano was introducing logical symbolism that
quickly became famous for its precision and infamous for its opacity. Over decades it
was transformed into the familiar notation used later in the present paper.

Peano became a center of mathematical controversy. He pointed out and corrected
errors and oversights in various texts, and introduced a number of our now standard
delicate arguments in analysis. In 1891 he published a polemical interchange with the
noted Turin algebraic geometer Corrado Segre about rigor in geometry. Segre favored
leniency, to foster intuitive discovery and formulation of general results, leaving ex-
ceptional cases to later study. Peano roared that a seemingly general statement that
is sometimes false cannot be a mathematical theorem. Bertrand Russell reported that
Peano always got the best of the arguments following papers presented at the 1900
Paris congress of philosophers. In the introduction to his 1894 paper [35], to be dis-
cussed next, Peano railed about geometry texts that began with vague descriptions
of numerous concepts such as space, homogeneity, and unboundedness. There and in
closing, Peano indicated the relevance of his work for improving elementary instruc-
tion.7

In [35] Peano introduced the use of direct motion to replace congruence as a prim-
itive concept in Euclidean geometry. A geometric transformation, this sort of motion

5[30, p. 17]; see also [14, §6].
6The identity of the supervisor of Peano’s doctoral study seems uncertain. In [33] Peano defined coplanarity

in terms of collinearity, and thus avoided listing it as a primitive notion. He introduced notation and terminology
that enabled him to analyze such ideas more deeply than Pasch.

7See [16, Chaps. 3–5], [22], [13], and [43, pp. 232–233]. Russell wrote that his encounter with Peano
changed his intellectual life; later he achieved worldwide renown in logic and philosophy. Pasch also com-
plained in his 1894 celebratory address [31, pp. 12, 17] that most textbooks were still inadequate. He empha-
sized their vague treatment of concepts such as space and dimension. In 1899, Peano’s associate Giuseppe
Ingrami published an elementary text [12] based on Peano’s approach to geometry.
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does not involve time: only the initial and final positions of a figure are relevant. Mo-
tions are isometries: they preserve distance. Those that also preserve orientation are
called direct. Figures can be defined as congruent if some direct motion maps one to
the other. (In contrast, indirect motions reverse orientation; figures related by indirect
motions can be called anticongruent.) Some of Peano’s axioms stated geometric prop-
erties of motions: for example, should A and B be distinct points, P a point between
them, and m a motion, then the image mP must lie between mA and mB. Others, how-
ever, would now be called group-theoretic: the identity should be a motion, motions
should be bijective, and their inverses should be motions.

5. PIERI AND MOTIONS. Mario Pieri was the third of eight children of a lawyer
in Lucca, Italy. He was schooled there and in Bologna. Pieri attended university in
Bologna and Pisa, where he earned the doctorate in 1884 in algebraic and differential
geometry, under the supervision of Luigi Bianchi. Two years later, Pieri became pro-
fessor of projective and descriptive geometry at the Royal Military Academy in Turin.
In 1888 he was also appointed assistant at the nearby university. Soon after, Corrado
Segre suggested that Pieri translate G. K. C. von Staudt’s fundamental 1847 work [47]
on the projective geometry that underlies those subjects. Pieri published that in 1889.
Evidently he, like Pasch, became intrigued with its logic: he returned to study it again
and again. Pieri also continued to work in algebraic geometry, and became particularly
noted in that field for his methods of enumerating solutions of systems of algebraic
equations.

Pieri’s senior colleague Giuseppe Peano was already investigating deep questions
in foundations, and in an 1890 paper [34] repaired a lapse in Staudt’s work. During the
next two decades, in several major studies in foundations of geometry, Pieri used, re-
fined, and publicized Peano’s logical techniques. A series of Pieri’s papers culminated
in the 1898 memoir [37], the first full axiomatization of projective geometry. This
employed as primitive only the concepts of point and of the line joining two points,
and it covered all dimensions.8 Pieri presented that work and later axiomatic stud-
ies as hypothetical-deductive systems. He and Peano’s collaborator Alessandro Padoa
formally introduced in 1900 this explicit formulation of Peano’s idea that the primi-
tive concepts may be interpreted arbitrarily, as long as the interpretations satisfy the
axioms. That framework was adopted by postulate theorists during 1900–1925, partic-
ularly Edward V. Huntington, who precisely echoed the Italians’ formulation. Recent
historical analysis has confirmed that this approach turned into today’s version of the
axiomatic method.9

Following Peano’s lead, Pieri pursued deeply the use of direct motion as a prim-
itive concept. His 1900 Point and Motion memoir [39] axiomatized a large part of
three-dimensional geometry common to the Euclidean and hyperbolic. He employed
only two primitive concepts, point and direct motion. The following definitions were
central:

8Segre had suggested in 1892 that an axiomatic study was needed to establish a synthetic approach to
higher-dimensional projective geometry. Pieri’s colleague Gino Fano indicated then [4, p. 106] that it was nec-
essary to determine what properties of flat subspaces were critical for that development. Pieri started an 1896
paper [36] with the comment that higher-dimensional projective geometry was still a controversial subject.

9See [39, Preface], [40, §III], [24], [11, pp. 288–290], [14, §6], and [44, §2]. Born in Venice, Padoa (1868–
1937) earned the doctorate from the University of Turin in 1895 under Peano’s supervision, with a dissertation
on foundations of geometry. An especially effective expositor, Padoa remained one of Peano’s closest collab-
orators. His career included various positions in middle schools, universities, and the naval institute, mostly in
Genoa.
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Figure 2. Mario Pieri (1860–1913).

• Three points are called collinear if they are fixed by some nontrivial direct motion.
(Think of an axial rotation.)

• Points M and P are called equidistant from a point O if some direct motion maps
M to P but leaves O fixed.

• A point is said to lie midway between two others if it is collinear with and equidistant
from them.

• A point Q is said to lie somewhere between two points P and R if it is collinear with
them and lies midway between two points M and N such that the pairs M, P and
N , P are equidistant from a point O midway between P and R. Figure 3 displays
this ingenious definition.

RP

N

Q

M

O

Figure 3. Pieri’s 1900 definition of Q lies somewhere between P and R.

Pieri adapted his definition of collinearity from the 1679 work of G. W. Leibniz [20,
p. 147], which was then under serious study by scholars in Peano’s group. Pieri for-
mulated complicated axioms in terms of these primitive concepts, and provided full
proofs of all his theorems. He did not include axioms about completeness of lines, and
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thus stopped short of proving that the points on a given line enjoy all the properties of
the real numbers.10

6. INTERLUDE. Mario Pieri’s Point and Motion memoir [39] was published almost
simultaneously with David Hilbert’s 1899 masterpiece, Foundations of Geometry [10],
the most famous treatment of this subject. The two were independent and very differ-
ent. With a single introductory sentence, “. . . [this work] is tantamount to the logical
analysis of our intuition of space,” Hilbert claimed that his underlying philosophy
agreed with that of Moritz Pasch, as described here in Section 3. But the abstract ap-
proach he actually followed was like the Italians’. Reviewing Hilbert’s book, Hans
Freudenthal wrote, “What was expressly formulated by [Pieri and] Padoa was tied up
in Hilbert’s work with the mathematically important facts. . . .” Freudenthal lauded “the
convincing power of a philosophy that is not preached as a program, but is only the
silent background. . . . This thoroughly and profoundly elaborated piece of axiomatic
workmanship was infinitely more persuasive than programmatic and philosophical
speculations on space and axioms could ever be.” Hilbert formulated some axioms
in terms of defined concepts, which permitted simple exposition. He presented proofs
in familiar style, with much left unsaid—readers could supply that if they wished.
Pieri showed how to formulate axioms, no matter how complicated, solely in terms of
the primitive concepts, and how to provide all details of proofs. Hilbert’s presentation
popularized the subject. Pieri’s never attracted great acclaim but, as you will see, it
provided a path for significant later research.11

In 1904 Oswald Veblen proposed an axiomatization [54] of Euclidean geometry
that regarded only point and betweenness as primitive concepts. His axioms were
simpler than Pieri’s or Hilbert’s. Veblen followed Pasch [30] in using a projective
polar system to define Euclidean congruence and then equidistance and motion. In
1907, however, Federigo Enriques noted [2, §6] that Veblen’s polar system was not
uniquely determined: it seemed also to be undefined, and thus a very complicated prim-
itive concept. In 1911, Veblen published another axiomatization [55] that avoided this
problem.12

7. PIERI’S POINT AND SPHERE MEMOIR. After a long struggle Mario Pieri
obtained appointment as university professor in 1900 at Catania on the Italian is-
land of Sicily. There he completed his 1908 Point and Sphere memoir [41], a full
axiomatization of Euclidean geometry based solely on the primitive concepts point
and equidistance of two points N and P from a third point O , written ON = OP. He

10Introducing [39], and in his 1900 Paris address [40, §III], Pieri quoted Pasch’s 1894 comment. Pieri con-
trasted Pasch’s and Peano’s incisive work with the proliferation of unexplained concepts in Wilhelm Killing’s
1893–1898 text [17], including space, occupying a space, and so on. Pieri displayed considerable interest in
reforming elementary instruction, particularly in his review [38] of Giuseppe Ingrami’s text and in the intro-
duction and appendix to his 1908 Point and Sphere memoir [41].

11[10, Intro.], [7, pp. 618–621]; see also [53, Sec. 6.1]. Hilbert (1862–1943) was born near Königsberg,
Prussia (now Kaliningrad, Russia); his father was a judge. Hilbert earned the Ph.D. at the university there in
1884 under the supervision of Ferdinand von Lindemann. By 1899 Hilbert was a senior professor at Göttingen
and had achieved worldwide acclaim. Freudenthal reported that Hilbert’s book did attract some controversy,
but not for long.

12Veblen (1880–1960) was born in Decorah, Iowa; his father was a professor. Veblen earned the Ph.D. at
the University of Chicago in 1903 under the supervision of Eliakim H. Moore, the leader of the American
postulate theorists. Veblen’s 1904 paper stemmed from his dissertation. Later, Veblen would play a leading
role in the development of American mathematics.
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had suggested this possibility already in 1900 [39, Preface].13 Pieri used the following
definitions (letters N to R may refer to points in Figure 4):

• N is said to lie on the sphere PO through P about O if ON = OP.
• If O �= Q, then P is called collinear with O and Q if PO intersects PQ only at P .

(Pieri adapted this definition from G. W. Leibniz [20, Part IV, pp. 185, 189].)
• Q is called a reflection of O over P , and P is said to lie midway between O and Q,

if PO = PQ and Q is collinear with O and P .
• Two spheres are called congruent if the points on one are related to those on the

other by reflection over some single point.
• Point pairs O, P and Q, R are called congruent if R lies on a sphere about Q con-

gruent to PO .
• An isometry is a point transformation that preserves congruence of pairs.
• A direct motion is the composition of an isometry with itself.14

Pieri then proceeded as in [39]. In particular, he adopted verbatim his earlier definition
of betweenness, thus achieving one solely in terms of equidistance of two points from
a third. His axioms were frightfully complicated. But except for his Archimedean and
continuity axioms, they would now be called first-order: they can be phrased solely
in terms of the primitive concepts without using any set theory. Further, Pieri again
published all details of his proofs: the translation in [23, Chap. 3] is 111 pages long!
But his memoir, overshadowed by David Hilbert’s book [10], received little acclaim,
not even one review.

O Q

R′

P

R
N

Figure 4. Pieri’s 1908 definition of collinearity: P is collinear with O and Q; R is not.

Pieri’s untimely death in 1913 and the following decades of war and economic and
political turmoil probably contributed to this neglect. Point and Sphere shined through
that fog once in 1915, as a Polish translation, and a decade later in the work of the

13Using ternary equidistance ON = OP as primitive rather than quaternary segment congruence MN = OP
occurred to Alessandro Padoa independently at about the same time. He understood Pieri’s intention only in
Paris, just before his own talk [25] to the International Congress of Mathematicians. That preliminary report
explicitly mentioned only segment congruence. But close reading reveals that Padoa employed ternary equidis-
tance wherever he could. In a 1901 letter [26], Padoa explained this situation to Pieri with great deference. In
effect, Padoa ceded this research area to Pieri.

14In the intended interpretation, an isometry is a direct motion just when it is a “square.” To see this, recall
that some isometries may be indirect, reversing orientation; their “squares” must be direct. Moreover, every
direct motion is a screw—a composition of a rotation about an axis and a translation along it—and hence is
the “square” of the screw with half the angle and half the vector.
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Polish logician Alfred Tarski. The present author does not know exactly how the thread
of this story wound in that direction. Ongoing historical research suggests that this was
due to the influence of Giuseppe Peano among some Polish mathematicians.

8. TARSKI’S SYSTEM OF GEOMETRY. Alfred Tarski was born in Warsaw,
Poland, then part of Russia. The family was Jewish and secular, involved in business.
There were two children: Alfred had a younger brother. Schooled during World War I,
Alfred became a Polish nationalist. He entered the university in Warsaw afterward, and
in 1924 earned the doctorate in logic under the supervision of Stanisław Leśniewski.
The economy and antisemitism made it hard to find a job. In 1926, starting on the path
to become one of the world’s top logicians, Alfred Tarski was a university assistant
and high-school teacher in Warsaw.15

At this time, Tarski’s research emphasis included application of logical techniques
to geometric problems. Studying axiomatic presentations of geometry, he adopted
the refinements of the axiomatic method introduced by Giuseppe Peano, Alessandro
Padoa, and Mario Pieri.16 Tarski was also beginning to emphasize first-order logic.
This framework employs just the logical symbols for equality, Boolean connectives,
variables ranging over individuals in a specific domain, the existential and universal
quantifiers ∃ and ∀, and selected constants, relations, and operations in and on that
domain. Thus it minimizes the use of set-theoretic notions in the logical framework.
Pieri’s 1908 Point and Sphere memoir fit into that framework. Reporting a conversa-
tion with Tarski, Steven Givant wrote,

Tarski was critical of Hilbert’s axiom system [10]. . . [and] preferred Pieri’s sys-
tem [41], where the logical structure and the complexity of the axioms were more
transparent.

Tarski developed and presented his own axiomatization in a 1926–1927 course at War-
saw University. According to his later collaborator Lesław Szczerba, “the system that
Tarski presented in this course was designed after” Pieri’s 1908 memoir.17

Tarski’s primitive concepts were point and two relations among points, the ternary
relation expressing betweenness and the quaternary one expressing congruence of
point pairs. Oswald Veblen had completed an axiomatization [55] based on those three
concepts in 1911. With these slightly more complex primitives, Tarski was able to
greatly simplify Pieri’s 1908 axioms. Tarski’s axioms were two-dimensional, but he
noted that they could be easily modified for use in three or higher dimensions with-
out loss of simplicity.18 As continuity axioms, Tarski used all first-order instances
of Pieri’s second-order axiom. All Tarski’s axioms except those for continuity had
∀ ∃ form, with all quantifiers at the beginning, universal preceding existential. Their
total length was less than that of Pieri’s single most complicated axiom. That one,
Pieri’s version of the Pasch axiom, had form ∀ ∃ ∀ ∃. (A standard procedure will con-
vert any first-order sentence to a logically equivalent form with all quantifiers at the

15For biographical information, consult [5]. Before 1936, Tarski published several works about high-school
geometry or addressed to high-school teachers [23, Sec. 5.2]. Their relationship to Tarski’s mathematical re-
search is under investigation by Andrew McFarland and the present author.

16See [14] and [44].
17See [8, p. 50] and [48, p. 908]. Whether Tarski consulted Pieri’s original memoir [41] or its 1915 Polish

translation is an open historical question. In the latter case, Tarski’s work would be linked directly to the
Polish Mianowski foundation, which supported the translation, and probably to Peano’s contacts with Polish
intellectuals during 1900–1915.

18See [50, Sec. 3.6], and [51, footnote 5].
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Figure 5. Alfred Tarski (1901–1983).

beginning. The number of alternations of quantifier types then provides a measure of
complexity.19)

Tarski proved that the structures satisfying his axioms are those isomorphic with
coordinate planes over real-closed ordered fields—ordered fields in which every poly-
nomial with odd degree has a root, and whose nonnegative elements are all squares.
Because of economic and political turmoil and war, Tarski’s system was not broadly
publicized until his 1959 summary [51], What Is Elementary Geometry? In lectures,
Tarski followed Pieri’s practice of full disclosure of all proofs, but they remained un-
published commercially until the appearance of [45] in 1983.20 The earlier formulation
of the system, though, enabled much deeper research into provability, decidability, and
definability in geometry.

9. NONDEFINABILITY. Consider elementary geometry based on congruence δ of
point pairs and betweenness β of triples, like Alfred Tarski’s system. Formulas such
as βABC and δABCD should be read, “B lies between A and C” and “pairs A, B and
C, D are congruent.” As described here, Mario Pieri had shown in [41] how to con-
struct a formula ϕABC involving just δ, and to prove (∀ A, B, C)[βABC ⇔ ϕABC].
That is, ϕ characterizes β, and β is definable from δ; it could thus be eliminated from
the list of primitive concepts. In [54] Oswald Veblen had claimed the reverse: that
he had defined δ from β. But in [2] Federigo Enriques had objected: Veblen had not.
Could δ be defined from β at all?

Settling this question required a precise definition of definition. That was achieved
by first adopting as standard some axiom system such as Tarski’s, assumed consistent.
If ν is a concept and � a family of concepts defined in that system, then a first-order
phrase mentioning only the concepts in � should be called a definition of ν in terms

19See [19]. In 2008 Victor Pambuccian [28] showed how to construct an axiom system equivalent to Pieri’s,
with the same two primitives, in which all axioms except those for continuity have ∀ ∃ form. He also referred
there to others’ recent work on equivalent systems with those primitives.

20Many of Tarski’s students and colleagues contributed to proofs published there.
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of � if it provably characterizes ν in the standard system. In the 1935 study [49,
§1], after considering definitions in general, Tarski noted that indeed, betweenness β

cannot serve as the sole primitive relation in an axiomatization of elementary geometry
with variables ranging over points. His discussion suggests the following argument,
based on a technique introduced in 1900 by Alessandro Padoa [24, Sec. 16]: any affine
transformation that is not a similarity would preserve β, and thus also any concept
defined by a first-order phrase solely in terms of β, but it would not preserve the
congruence relation δ.

To make that argument precise, consider such a transformation A � A′ that is rep-
resented by a formula αAA′ of the standard system. A convenient choice is the shear
that would be described by the equations x ′ = x + y and y′ = y using a Cartesian
coordinate system based on an origin O and some unit points X and Y . The formula
α should include the clause δOXOY and the requirement that ∠XOY be a right angle.
(The simplest α might describe a construction of A′ from A using �XOY and various
other triangles.) These formulas can then be proved (see Figure 6):

αO O ′ & αX X ′ & αY Y ′ ⇒ O = O ′ & X = X ′ & δOXOY & ¬ δOXOY ′ (1)

αAA′ & αB B ′ & αCC ′ ⇒ (βABC ⇔ β A′ B ′C ′). (2)

Now suppose δ were definable from β: for some formula ϕ involving just β the sen-
tence ∀ ABCD(ϕABCD ⇔ δABCD) should be provable. Rules of logic would yield a
proof of the analog of (2) with ϕ in place of β, and thus of

αAA′ & αB B ′ & αCC ′ & αDD′ ⇒ (δABCD ⇔ δA′ B ′C ′ D′). (3)

Substituting O, X, O, Y for A, B, C, D would then yield a formula that contradicts
(1).

Y Y ′

X = X ′
O = O ′

OX ′ = OY ′/

Figure 6. Shear α: O, X, Y � O ′, X ′, Y ′.

That same year, Adolf Lindenbaum and Tarski presented a related argument that
has the following consequence: no family �, however large, of binary relations de-
finable in the standard system can serve as the family of all primitive concepts. Thus
Pieri’s selection of ternary equidistance as the sole primitive concept was in a sense
optimal. The argument proceeded by reasoning about the real Euclidean plane R

2,
with the usual betweenness and congruence relations. It is a model of the standard
system of geometry. The same symbols are used for formulas in the system and for
their interpretations in the model. The argument is based on the automorphism group,
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emphasized by Felix Klein, as mentioned in Section 2; the group consists of the simi-
larity transformations.21

First, consider a binary relation on R
2 represented by a formula ρ AB. It must be

invariant under any similarity A � Aσ of R
2, because the betweenness and congru-

ence relations are invariant. That is, for any A, B ∈ R
2, statements ρ AB and ρ Aσ Bσ

are equivalent: either both true or both false. Now, given two pairs A, B and A′, B ′ of
points in R

2, either both coincident or both distinct, there is a similarity σ such that
Aσ = A′ and Bσ = B ′. Consequently, statements ρ AA and ρ A′ A′ are equivalent, as
are ρ AB and ρ A′ B ′. Thus, either (1) ρ AA is true for all A ∈ R

2 or (2) it is false for
all such A; and moreover, either (a) ρ AB is true for all pairs A, B of distinct points
in R

2, or (b) it is false for all such pairs. In the four cases (1a), (1b), (2a), and (2b), ρ

represents the universal, equality, inequality, and empty relation, respectively. There-
fore, a set � of representable binary relations on R

2 can contain only those four. But
they are invariant under every transformation. Since neither the betweenness nor the
congruence relation has that property, these cannot be defined solely in terms of the
formulas representing relations in �.

Tarski’s work has led to related studies, many reported in [45]: for example, what
other ternary relations suffice as the sole primitive relation? More recently, Victor Pam-
buccian has investigated the effect of strengthening the underlying logic to permit con-
junctions &m,nϕm,n of infinite families of open sentences ϕm,n that depend on natural
numbers m, n. In 1990 he discovered a startling fact [27]: with that logic, a single bi-
nary relation υ can be used as the sole primitive relation for a system of geometry very
closely related to Tarski’s! This relation vP Q holds for points P and Q just when the
distance PQ is equal to 1. Incorporating υ into Tarski’s system adds theorems about
specific distances, and restricts the automorphisms to the group of isometries.22

Pambuccian considered for each m, n the auxiliary relation vm,nPQ that says PQ =
m/2n . This relation can be defined solely in terms of vP Q by a complicated first-
order formula that describes some familiar geometric constructions. He then proved
that P, Q is congruent to another point pair R, S just when

&m,n

[[∃ T [vm,n PT & vm,n QT ] ⇒ ∃ U [vm,n RU & vm,n SU ]]

&
[∃T [vm,n RT & vm,n ST ] ⇒ ∃ U [vm,n PU & vm,n QU ]]

]
.

The first implication fails for some m, n just when PQ < RS: see Figure 7. The formula
just displayed is a definition, in the strengthened logical system, of congruence of point
pairs. That yields a definition of Pieri’s single primitive relation, ternary equidistance,
solely in terms of v. Therefore, with the new logic, v can also serve as the single
primitive relation. But the geometry is not new: the constructions that Pambuccian
employed in 1990 to define vm,n in terms of v had already been used by Pieri in 1908
to analyze the continuity of a line!23

21See [21, §1]. The argument in the following paragraph is adapted from [45, pp. 285–287]. This result
would still hold should � also contain singulary relations σ , or properties: just replace each such σ by a new
binary relation ρ such that ρ P Q stands for σ P .

22Thus, the preceding paragraph’s argument, that the primitive relations cannot all be binary, fails for the
augmented system. But Raphael M. Robinson proved in [42], by a different method, that the result still holds,
provided the underlying logic remains standard.

23See [41, §IV, proposition P18, and §VIII, proposition P21ff.]. For information on logic with infinite con-
junctions, consult [15]. The displayed sentence says that the following statement holds for all natural numbers
m and n: whenever there is a point T at distance m/2n from each of P, Q then there is a point U at that distance
from each of R and S, and conversely. Victor Pambuccian (1959– ) earned the doctorate from the University
of Michigan in 1993 under the supervision of Andreas Blass, with a dissertation on foundations of geometry.
He is the author of many axiomatic studies related to questions in the present paper.
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1
2 PQ < m/2n < 1

2 RS

∃ intersection T ¬ ∃ intersection U

T

P Q

m/2n
U

R S

/

Figure 7. Pambuccian’s 1990–1991 definition of P Q < RS.

10. CONCLUSION. The pioneering work of Giuseppe Peano during 1889–1894 on
the logic underlying geometry and on the use of direct motion as a fundamental geo-
metric idea led from the systems of Euclid and Moritz Pasch straight to Mario Pieri’s
detailed 1900 and 1908 axiomatizations of geometry. Pieri formalized his presenta-
tions as hypothetical-deductive systems, which became our familiar setting for ax-
iomatic studies. His choice of primitive concepts was spare, he relied on set theory
only for continuity considerations, and he published all details of his proofs. During
the 1920s Alfred Tarski followed Pieri’s approach to achieve a surprisingly efficient
first-order axiomatization of Euclidean geometry, which has become a standard of
comparison for work in foundations of geometry. Tarski formulated in the 1930s a the-
ory of first-order definitions, with which he showed that Pieri’s choice of primitives
was in a sense optimal. In the 1990s, Victor Pambuccian, using geometry that would
have been familiar to Pieri, showed that some greater economy could be achieved, but
only by strengthening the underlying logic and slightly changing the geometry under
consideration. Research in this field continues today.
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schluss ihrer Anwendungen, vol. 3, Geometrie, part 1, half 1, art. III A, B 1, F. Meyer and H. Mohrmann,
eds., B. G. Teubner, Leipzig, 1907, 1–129.

3. Euclid, The Thirteen Books of Euclid’s Elements (trans. T. L. Heath from the text of Heiberg, with intro-
duction and commentary), three vols., 2nd ed., Dover, New York, 1956.

4. G. Fano, Sui postulati fondamentali della geometria proiettiva in uno spazio lineare a un numero
qualunque di dimensioni, Giornale di matematiche 30 (1892) 106–132.

5. A. B. Feferman and S. Feferman, Alfred Tarski: Life and Logic, Cambridge University Press, Cambridge,
2004.

6. H. Freudenthal, Die Grundlagen der Geometrie um die Wende des 19. Jahrhunderts, Mathematisch-
Physikalische Semesterberichte 7 (1960/1961) 2–25.

7. , The main trends in the foundations of geometry in the 19th century, in Logic, Methodology and
Philosophy of Science: Proceedings of the 1960 International Congress, E. Nagel, P. Suppes, and A.
Tarski, eds., Stanford University Press, Stanford, 1962, 613–621.

8. S. R. Givant, Unifying threads in Alfred Tarski’s work, Math. Intelligencer 21(1) (1999) 47–58. doi:
10.1007/BF03024832

June–July 2010] DEFINITIONS AND NONDEFINABILITY IN GEOMETRY 487

http://dx.doi.org/10.1007/BF03024832
http://dx.doi.org/10.1007/BF03024832


9. L. Henkin, P. Suppes, and A. Tarski, eds., The Axiomatic Method with Special Reference to Geometry
and Physics: Proceedings of an International Symposium Held at the University of California, Berkeley,
December 26, 1957–January 4, 1958, North-Holland, Amsterdam, 1959.

10. D. Hilbert, Grundlagen der Geometrie, Verlag von B. G. Teubner, Leipzig, 1899; English trans. E. J.
Townsend, Foundations of Geometry, reprint ed., Open Court, LaSalle, IL, 1959.

11. E. V. Huntington, Sets of independent postulates for the algebra of logic, Trans. Amer. Math. Soc. 5
(1904) 288–309. doi:10.2307/1986459

12. G. Ingrami, Elementi di Geometria per le scuole secondarie superiori, Tipografia Cenerelli, Bologna,
1899.
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38. , review of [12], Revue de mathématiques (Rivista di matematica) 6 (1899) 178–182; summarized

in [23, pp. 394–395].
39. , Della geometria elementare come sistema ipotetico deduttivo: Monografia del punto e del moto,

Memorie della Reale Accademia delle Scienze di Torino (series 2) 49 (1900) 173–222.
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Volterra Functional Differential Equations:
Existence, Uniqueness, and
Continuation of Solutions

Hartmut Logemann and Eugene P. Ryan

Abstract. The initial-value problem for a class of Volterra functional differential equations—
of sufficient generality to encompass, as special cases, ordinary differential equations, retarded
differential equations, integro-differential equations, and hysteretic differential equations—
is studied. A self-contained and elementary treatment of this over-arching problem is pro-
vided, in which a unifying theory of existence, uniqueness, and continuation of solutions is
developed. As an illustrative example, a controlled differential equation with hysteresis is
considered.

1. INTRODUCTION. Initial-value problems for systems of differential equations
permeate many areas of mathematics: such problems arise naturally in modelling the
evolution of dynamical processes in economics, engineering, and the physical and bi-
ological sciences. As a starting point, consider an ordinary differential equation in
R

N :

u′(t) = f (t, u(t)), (1.1)

where f is some suitably regular function, and the independent variable t carries the
connotation of “time.” Loosely speaking, such a formulation is appropriate in applica-
tions wherein the forward-time, or future, behaviour of the process under investigation
depends only on the current state u(t) (at current time t) and, in particular, is inde-
pendent of its past u(s), s < t , and future u(s), s > t , states. Adopting the standpoint
that the processes under investigation are “real-world” phenomena, it is reasonable
to assume independence with respect to future states (and this we do throughout, via
an assumption of causality or non-anticipativity); however, there are many situations
wherein the process may “remember” the past and so its future behaviour depends,
not only on the current state, but also on its past states. The simplest example of such
dependence on the past is a differential equation with a point delay of length h > 0:

u′(t) = f (t, u(t), u(t − h)). (1.2)

System (1.2) may be embedded in the class of retarded differential equations of the
form

u′(t) = f (t, ut), (1.3)

where, for a continuous function u on some interval I containing [−h, 0] and t ∈ I
with t ≥ 0, ut denotes the continuous function on [−h, 0] defined by ut(s) := u(t + s).

Another commonly encountered class of systems which exhibit dependence on the
past is comprised of integro-differential equations of the form

u′(t) =
∫ t

0
k(t, s)g(s, u(s)) ds. (1.4)

doi:10.4169/000298910X492790
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As a final class of systems with memory, consider hysteretic differential equations of
the form

u′(t) = f (t, u(t), (H(u))(t)), (1.5)

where H is a hysteresis operator (that is, an operator which is causal and rate inde-
pendent in a sense to be made precise in due course). As a prototype, consider a scalar
nonlinear mechanical system with hysteretic restoring force

y′′(t) + g(t, y(t), y′(t))y′(t) + (P(y))(t) = 0,

where P is the play or backlash operator, the action of which is captured in Figure 1,
wherein z = P(y) (we will return later to such an operator, with full details).

y

z

−σ

σ

Figure 1. Play hysteresis.

Writing u(t) = (u1(t), u2(t)) := (y(t), y′(t)) and defining f : R+ × R
2 × R by

f (t, v, w) = f (t, (v1, v2), w) := (v2, −g(t, v1, v2)v2 − w),

this system takes the form (1.5) with H(u) = P(u1).
Notwithstanding an outward appearance of diversity, the above examples (1.1)–

(1.5) can be subsumed (as we shall see) in a common formulation, expressed as an
initial-value problem for a functional differential equation of the form

u′(t) = (F(u))(t), t ≥ 0, u|[−h,0] = ϕ, (1.6)

with h ≥ 0 and ϕ continuous. The operator F is assumed to be causal or non-
anticipative (loosely speaking, F is causal if, whenever functions u and v are such
that their values u(t) and v(t) coincide up to t = τ , (F(u))(t) and (F(v))(t) also
coincide up to t = τ : a precise definition is contained in hypothesis (H1) in Section
3 below). This paper provides an elementary, self-contained, and tutorial treatment of
this over-arching problem: a unifying theory of existence, uniqueness, and continua-
tion of solutions is developed which, when specialized, applies in the context of each
of the systems (1.1)–(1.5) outlined above.

For clarity of exposition, proofs of only the main results (viz., Proposition 3.5, The-
orem 3.6, Theorem 3.7, and Corollary 3.8) are contained in the main body of the text:
proofs of auxiliary technical propositions and lemmas are provided in the appendix.

We close the introduction with a brief list of some standard references: for ordinary
differential equations, see [1, 15]; for functional equations with causal operators, see
[3, 4, 8]; for retarded differential equations of the form (1.3), see [5, 6, 9]; for integro-
differential equations of the form (1.4), see [3, 8]; for systems with hysteresis of the
form (1.5), see [2, 12].
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Notation. The vector space of continuous functions defined on an interval I with
values in R

N is denoted by C(I ). If I is compact, then, endowed with the norm

‖u‖C(I ) := sup{‖u(t)‖: t ∈ I }, (1.7)

where ‖ · ‖ denotes the Euclidean norm in R
N , C(I ) is a Banach space. For u ∈ C(I ),

define gr u, the graph of u, by gr u := {(t, u(t)) : t ∈ I } ⊂ R × R
N . Finally, if I is an

interval, then I+ := I ∩ R+, where R+ := [0, ∞).

2. PRELIMINARIES: ABSOLUTELY CONTINUOUS FUNCTIONS AND THE
SOBOLEV SPACE W1,1. Let a < b. A function u : [a, b] → R

N is said to be abso-
lutely continuous if, for all ε > 0, there exists δ > 0 such that, for any finite collection
of disjoint open intervals (a1, b1), . . . , (an, bn) contained in [a, b],

n∑
i=1

(bi − ai ) ≤ δ ⇒
n∑

i=1

‖u(bi ) − u(ai )‖ ≤ ε.

The importance of the concept of absolute continuity stems from the fact that ab-
solutely continuous functions are precisely the functions for which the fundamen-
tal theorem of calculus (in the context of Lebesgue integration) is valid: a function
u : [a, b] → R

N is absolutely continuous if, and only if, u is differentiable at almost
every t ∈ [a, b], u′ ∈ L1[a, b], and u(t) = u(a) + ∫ t

a u′(s) ds for all t ∈ [a, b]; see, for
example, [7, 11]. We define

W 1,1[a, b] := {
u : [a, b] → R

N | u is absolutely continuous
}
.

It is well known that, endowed with the norm ‖u‖W 1,1 := ‖u‖L1 + ‖u′‖L1 , the space
W 1,1[a, b] is complete, and hence a Banach space. Usually, W 1,1[a, b] is referred to as
a Sobolev space. An alternative, and sometimes more convenient, norm on W 1,1[a, b]
is the BV-norm (where BV stands for bounded variation) defined by

‖u‖BV := ‖u(a)‖ + ‖u′‖L1 .

The total variation of a function u : [a, b] → R
N is given by sup

{∑n
k=1 ‖u(tk) −

u(tk−1)‖: n ∈ N, a = t0 < t1 < · · · < tn = b
}

and, if this quantity is finite, u is said
to be of bounded variation. As is well known, an absolutely continuous function u is
of bounded variation and its total variation is equal to ‖u′‖L1 : this fact motivates the
name “BV-norm.”

Proposition 2.1. There exist k1, k2 > 0 such that

k1‖u‖W 1,1 ≤ ‖u‖BV ≤ k2‖u‖W 1,1 ∀ u ∈ W 1,1[a, b],

that is, the norms ‖ · ‖W 1,1 and ‖ · ‖BV are equivalent. Consequently, W 1,1[a, b] is
complete with respect to the BV-norm.

The proof of Proposition 2.1 can be found in the appendix. For an arbitrary (not
necessarily compact) interval I ⊂ R and arbitrary p ∈ [1, ∞], we define

L p
loc(I ) := {u : I → R

N | u|[a,b] ∈ L p[a, b] for all a, b ∈ I , a < b}
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and

W 1,1
loc (I ) := {u : I → R

N | u|[a,b] ∈ W 1,1[a, b] for all a, b ∈ I , a < b}.

Clearly, if I is compact, then L p
loc(I ) = L p(I ) and W 1,1

loc (I ) = W 1,1(I ).

3. VOLTERRA FUNCTIONAL DIFFERENTIAL EQUATIONS. The focus of
our study is an initial-value problem of the form

u′(t) = (F(u))(t), t ≥ 0; u|[−h,0] = ϕ ∈ C[−h, 0], gr ϕ ⊂ �, (3.1)

with h ≥ 0 and � ⊂ [−h, ∞) × R
N , and where F is an operator acting on suitable

spaces of functions u defined on intervals of the form [−h, η] or [−h, η) (where η > 0)
and with gr u ⊂ �. Throughout, we assume that

• � is open relative to [−h, ∞) × R
N , that is, there exists an open set D ⊂ R

N+1 such
that � = D ∩ ([−h, ∞) × R

N );
• {u ∈ C[−h, 0] : gr u ⊂ �} �= ∅.

The following convention is adopted: in the case h = 0, C[−h, 0] should be interpreted
as R

N and the second of the above assumptions is equivalent to

�0 := {x ∈ R
N : (0, x) ∈ �} �= ∅.

We proceed to describe the nature of the operator F in (3.1). For each interval I (pos-
sibly singleton), we define

W�(I ) := {u ∈ C(I ) : u|I+ ∈ W 1,1
loc (I+), gr u ⊂ �}.

Note that

W�[−h, 0] = {u ∈ C[−h, 0] : gr u ⊂ �},
and, by convention, in the case h = 0 we have W�({0}) = �0. As will shortly be
precisely defined, a solution of (3.1) is a function in W�(I ) for some interval I of the
form [−h, η] (where 0 < η < ∞) or [−h, η) (where 0 < η ≤ ∞). In the following,
I denotes the set of all such intervals I with the property that W�(I ) �= ∅. Thus, I
contains all possible domains of solutions of the functional differential equation. From
the assumptions imposed on �, it follows that [−h, α] ∈ I for all sufficiently small
α > 0, or equivalently,

T := sup{α > 0 : W�[−h, α] �= ∅} > 0.

We are now in a position to make precise the nature of the operator F in (3.1) and the
concept of a solution of the initial-value problem. We assume that, for every I ∈ I, the
operator F (in general, nonlinear) maps W�(I ) to L1

loc(I+). In particular, the domain of
F is ∪I∈IW�(I ) and the range of F is contained in ∪I∈IL1

loc(I+). We say that u : I →
R

N is a solution of (3.1) (on the interval I ) if I ∈ I, u ∈ W�(I ), u|[−h,0] = ϕ, and u
satisfies the differential equation in (3.1) for almost every t ∈ I+.

If w ∈ W�[−h, α] is a solution, then it is natural to ask if this solution can be
extended to a solution u on [−h, β] with β > α. We will be especially interested in
extensions u which are “well behaved” in the sense that, for given γ > 0, they satisfy
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∫ β

α
‖u′(s)‖ ds ≤ γ (so that, in particular, ‖u(s) − w(α)‖ ≤ γ for all s ∈ [α, β]). This

and other technical reasons lead to the consideration of a suitable space of extensions
of functions w ∈ W�[−h, α]. Specifically, let 0 ≤ α < T , β > α, γ > 0, and w ∈
W�[−h, α], and define

W(w; α, β, γ ) :=
{

u ∈ C[−h, β] : u|[−h,α] = w, u|[α,β] ∈ W 1,1[α, β],
∫ β

α

‖u′(s)‖ ds ≤ γ

}
.

It is clear that, for all u ∈ W(w; α, β, γ ), u|[0,β] ∈ W 1,1[0, β]. We equip the space
W(w; α, β, γ ) with the metric μ given by

μ(u, v) =
∫ β

α

∥∥u′(s) − v′(s)
∥∥ ds.

A routine argument, invoking Proposition 2.1, yields the following lemma (see ap-
pendix for details).

Lemma 3.1. For every α ∈ [0, T ), β > α, γ > 0, and w ∈ W�[−h, α], the metric
space W(w; α, β, γ ) is complete.

Observe that some elements of W(w; α, β, γ ) may not be in W�[−h, β]: such ele-
ments do not qualify as candidate solutions extending the solution w. This observation
motivates the following definition. Given α ∈ [0, T ) and w ∈ W�[−h, α], we define

A(w; α) := {(β, γ ) ∈ (α, T ) × (0, ∞) : W(w; α, β, γ ) ⊂ W�[−h, β]}.
It is clear that (β, γ ) ∈ (α, T ) × (0, ∞) is in A(w; α) if and only if gr u ⊂ � for all
u ∈ W(w; α, β, γ ). Important properties of the set A(w; α) are given in the following
lemma, the proof of which is relegated to the appendix.

Lemma 3.2. If α ∈ [0, T ) and w ∈ W�[−h, α], then the following statements hold.

(1) The set A(w; α) is nonempty.

(2) If (β, γ ) ∈ A(w; α), then (b, c) ∈ A(w; α) for all b ∈ (α, β] and all c ∈ (0, γ ].
If α ∈ [0, T ), w ∈ W�[−h, α], (β, γ ) ∈ A(w; α), b ∈ (α, β], and c ∈ (0, γ ], then it
follows from Lemma 3.2 that W(w; α, b, c) ⊂ W�[−h, b], implying that F(u) is well
defined for all u ∈ W(w; α, b, c). This fact will be used freely throughout.

We assemble the following hypotheses on F which will be variously invoked in the
theory developed below.

(H1) Causality: if I, J ∈ I, then, for all τ ∈ (I+ ∩ J+) \ {0}, all u ∈ W�(I ), and all
v ∈ W�(J ),

u|[−h,τ ] = v|[−h,τ ] ⇒ F(u)|[0,τ ] = F(v)|[0,τ ].

(H2) Local Lipschitz-type condition: for every α ∈ [0, T ) and every function w ∈
W�[−h, α], there exists λ ∈ (0, 1) and (β, γ ) ∈ A(w; α) such that

‖F(u) − F(v)‖L1[α,β] ≤ λμ(u, v) ∀ u, v ∈ W(w; α, β, γ ). (3.2)
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(H3) Integrability condition: for every I ∈ I and every u ∈ W�(I ) such that gr u is
compact and contained in �, the function F(u) is integrable, that is, F(u) ∈ L1(I+).

The causality condition in (H1) is also referred to as non-anticipativity or as the
Volterra property. Furthermore, in the literature, the term Volterra operator is some-
times used for a causal (or non-anticipative) operator. If (H1) holds, then the differen-
tial equation in (3.1) is often referred to as a Volterra functional differential equation
or an abstract Volterra integro-differential equation (see, for example, [3, 8]). The
essence of (H3) is that it encompasses all I ∈ I (including noncompact intervals): if I
is compact, then obviously, even without (H3) being satisfied, F(u) ∈ L1(I+) for all
u ∈ W�(I ), since L1

loc(I+) = L1(I+).
The following lemma records a particular consequence of hypotheses (H1) and

(H2), which will be invoked in the later analysis. A proof of the lemma is provided
in the appendix.

Lemma 3.3. Assume that (H1) and (H2) hold. Then, for every α ∈ [0, T ) and every
w ∈ W�[−h, α], there exist λ ∈ (0, 1) and (β, γ ) ∈ A(w; α) such that, for every b ∈
(α, β] and every c ∈ (0, γ ],

‖F(u) − F(v)‖L1[α,b] ≤ λ

∫ b

α

‖u′(s) − v′(s)‖ ds, ∀ u, v ∈ W(w; α, b, c).

On first encounter, it may seem that, in hypothesis (H2), the requirement that λ < 1
is quite restrictive. We proceed to show that this is not the case. To this end, assume
that, for every I ∈ I, F(W�(I )) ⊂ L p

loc(I+) for some p ∈ (1, ∞] and consider the
following hypothesis.

(H2′) For every α ∈ [0, T ) and every w ∈ W�[−h, α], there exists ρ > 0 and (β, γ ) ∈
A(w; α) such that

‖F(u) − F(v)‖L p[α,β] ≤ ρμ(u, v) ∀ u, v ∈ W(w; α, β, γ ). (3.3)

Note that, in (H2′), the Lipschitz constant ρ is not required to be smaller than 1.

Proposition 3.4. Assume that there exists p ∈ (1, ∞] such that F(W�(I )) ⊂ L p
loc(I+)

for every I ∈ I. If (H1) and (H2′) are satisfied, then (H2) holds.

A proof of this proposition is contained in the appendix.
In order to study the problems of existence, uniqueness, and continuation of solu-

tions, it is convenient to consider the following initial-value problem which is slightly
more general than (3.1):

u′(t) = (F(u))(t), t ≥ α; u|[−h,α] = ψ ∈ W�[−h, α], α ∈ [0, T ). (3.4)

Trivially, the original initial-value problem (3.1) can be recovered from (3.4) by setting
α = 0.

We say that u : I → R
N is a solution of (3.4) (on the interval I ) if I ∈ I with

sup I > α, u ∈ W�(I ), u|[−h,α] = ψ , and u satisfies the differential equation in (3.4)
for almost every t ∈ I ∩ [α, ∞).

We now arrive at the first of three core results.
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Proposition 3.5. Assume that the operator F satisfies (H1) and (H2), and let α ∈
[0, T ) and ψ ∈ W�[−h, α]. There exists η > α such that (3.4) has precisely one solu-
tion u on the interval [−h, η]; moreover, for every I ∈ I such that α < sup I ≤ η, the
function u|I is the only solution of (3.4) on I .

Proof. Let α ∈ [0, T ) and ψ ∈ W�[−h, α]. We proceed in two steps.

Step 1. Existence and uniqueness in W(ψ; α, β, γ ) for small β − α > 0. First, we
convert (3.4) into an integral equation. To this end, for each β ∈ (α, T ), define an
operator Gβ on W�[−h, β] by

(Gβ(u))(t) :=
{

ψ(t), t ∈ [−h, α]
ψ(α) + ∫ t

α
(F(u))(s) ds, t ∈ (α, β].

It is clear that u ∈ W�[−h, β] is a solution of (3.4) if and only if Gβ(u) = u.
We claim that there exist β∗ > α and γ > 0 such that (3.4) has a solution u ∈
W(ψ; α, β∗, γ ), and moreover, for every β ∈ (α, β∗], u|[−h,β] is the only solution of
(3.4) in W(ψ; α, β, γ ). Invoking the completeness of W(ψ; α, β, γ ) (guaranteed by
Lemma 3.1) and the contraction-mapping theorem, it is sufficient to show that there
exist (β∗, γ ) ∈ A(w; α) and λ ∈ (0, 1) such that

Gβ(W(ψ; α, β, γ )) ⊂ W(ψ; α, β, γ ) ∀ β ∈ (α, β∗] (3.5)

and, moreover,

μ(Gβ(u), Gβ(v)) ≤ λμ(u, v) ∀ u, v ∈ W(ψ; α, β, γ ), ∀ β ∈ (α, β∗]. (3.6)

We proceed to establish (3.5) and (3.6).
Using Lemma 3.3, we conclude that there exist λ ∈ (0, 1) and (β�, γ ) ∈ A(w; α)

such that, for every β ∈ (α, β�],

‖F(u) − F(v)‖L1[α,β] ≤ λμ(u, v) ∀ u, v ∈ W(ψ; α, β, γ ). (3.7)

Let β ∈ (α, β�]. To show that Gβ(W(ψ; α, β, γ )) ⊂ W(ψ; α, β, γ ), let u ∈
W(ψ; α, β, γ ) and note that, by the definition of Gβ , we have that Gβ(u) ∈ C[−h, β],
(Gβ(u))|[−h,α] = ψ , and (Gβ(u))|[α,β] ∈ W 1,1[α, β]. It remains to show that∫ β

α
‖(Gβ(u))′(s)‖ ds ≤ γ . To this end, define a function ψ̃ : [−h, β] → R

N by

ψ̃(t) =
{

ψ(t), t ∈ [−h, α]
ψ(α), t ∈ (α, β].

Clearly, ψ̃ ∈ W(ψ; α, β, γ ). By Lemma 3.2, (β, γ ) ∈ A(w; α), so that ψ̃ ∈
W�[−h, β]. Consequently, F(ψ̃) is well defined, and, furthermore, invoking (3.7),

∫ β

α

‖(Gβ(u))′(s)‖ ds ≤
∫ β

α

‖(F(u))(s) − (F(ψ̃))(s)‖ ds +
∫ β

α

‖(F(ψ̃)(s)‖ ds

≤ λ

∫ β

α

‖u′(s) − ψ̃ ′(s)‖ ds +
∫ β

α

‖(F(ψ̃))(s)‖ ds.
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Since ψ̃ ′(s) = 0 for all s ∈ [α, β], we obtain

∫ β

α

‖(Gβ(u))′(s)‖ ds ≤ λγ +
∫ β

α

‖(F(ψ̃))(s)‖ ds.

Now choose β∗ ∈ (α, β�] such that

∫ β∗

α

‖(F(ψ̃))(s)‖ ds ≤ γ (1 − λ).

Then
∫ β

α
‖(Gβ(u))′(s)‖ds ≤ γ for every β ∈ (α, β∗], so that (3.5) follows. Further-

more, (3.6) is an immediate consequence of (3.7) (in which λ < 1) and the fact that,
for all β ∈ (α, β∗],

μ(Gβ(u), Gβ(v)) =
∫ β

α

‖(F(u))(s) − (F(v))(s)‖ ds ∀ u, v ∈ W(ψ; α, β, γ ).

Step 2. Uniqueness in W�[−h, β] for small β − α > 0. By Step 1, there exists β∗ >

α such that (3.4) has a solution u ∈ W(ψ; α, β∗, γ ), and moreover, for every β ∈
(α, β∗], u|[−h,β] is the only solution of (3.4) in W(ψ; α, β, γ ). Choosing η ∈ (α, β∗]
such that

∫ η

α

‖u′(s)‖ ds < γ, (3.8)

let I ∈ I be such that α < sup I ≤ η and let v ∈ W�(I ) be a solution of (3.4). Setting
σ := sup I , we claim that

∫ σ

α

‖v′(s)‖ ds ≤ γ. (3.9)

Seeking a contradiction, suppose that this is not true. Then there exists τ ∈ (α, σ ) such
that

∫ τ

α

‖v′(s)‖ ds = γ. (3.10)

In particular, v ∈ W(w; α, τ, γ ), so that, by Step 1, v[−h,τ ] = u|[−h,τ ]. Consequently,
by (3.8),

∫ τ

α
‖v′(s)‖ ds < γ , contradicting (3.10). We conclude that (3.9) holds, and

thus, for every β ∈ (α, σ ), v ∈ W(w; α, β, γ ). Invoking Step 1 again, we obtain that
v[−h,β] = u|[−h,β] for every β ∈ (α, σ ), implying that v = u|I .

We now use Proposition 3.5 to prove the following result relating to the initial-value
problem (3.1).

Theorem 3.6. Assume that F satisfies (H1) and (H2).

(1) The initial-value problem (3.1) has a solution u : [−h, η] → R
N for sufficiently

small η > 0.

(2) Given an interval I ∈ I, there exists at most one solution u : I → R
N of the

initial-value problem (3.1).
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Proof. (1) The claim follows immediately from an application of Proposition 3.5 with
α = 0.

(2) Let I ∈ I. Suppose that u1 and u2 are solutions of (3.1) defined on I . Define

τ := sup{t ∈ I+ : u1(s) = u2(s) ∀s ∈ [0, t]}.
Note that an application of Proposition 3.5 with α = 0 shows that τ > 0. It is sufficient
to show that τ = sup I = sup I+. Seeking a contradiction, suppose that τ < sup I .
Defining ψ : [−h, τ ] → R

N by

ψ(t) =
{

ϕ(t), −h ≤ t ≤ 0
u1(t), 0 < t ≤ τ,

it is clear that ψ ∈ W�[−h, τ ] and

u1(t) = u2(t) = ψ(t) ∀ t ∈ [−h, τ ].
Applying Proposition 3.5 again, now with α = τ , yields the existence of an ε > 0 such
that u1(t) = u2(t) for all t ∈ [0, τ + ε], contradicting the definition of τ .

Let I ∈ I and assume that u ∈ W�(I ) is a solution of the initial-value problem (3.1).
We say that the interval I is a maximal interval of existence, and u is a maximally
defined solution, if u does not have a proper extension which is also a solution of (3.1),
that is, there does not exist Ĩ ∈ I and a solution ũ ∈ W�( Ĩ ) of (3.1) such that I ⊂ Ĩ ,
I �= Ĩ , and u(t) = ũ(t) for all t ∈ I .

Theorem 3.7. Assume that F satisfies (H1) and (H2). Then there exists a unique max-
imally defined solution u of (3.1). The associated maximal interval of existence is of
the form [−h, τ ), where 0 < τ ≤ ∞. If τ < ∞ and, in addition, F satisfies (H3),
then, for every compact set � ⊂ � and every σ ∈ (0, τ ), there exists t ∈ (σ, τ ) such
that (t, u(t)) �∈ �.

If F satisfies (H1)–(H3) and if u : [−h, τ ) → R
N is the unique maximally defined

solution of (3.1), then the last assertion of the above theorem implies the following
two statements:

(i) if τ < ∞, then there exists a sequence (tn) in [0, τ ) such that tn → τ as n → ∞
and at least one of the following two properties holds:
(a) limn→∞ ‖u(tn)‖ = ∞, (b) (tn, u(tn)) approaches ∂� as n → ∞;

(ii) if u is bounded and gr u ⊂ �, then τ = ∞.

Proof of Theorem 3.7. Set

τ := sup{η ≥ 0 : there exists a solution of (3.1) on [−h, η]}
By Theorem 3.6, τ > 0, and, for every η ∈ (0, τ ), there exists a unique solution uη ∈
W�[−h, η] of (3.1). We define u : [−h, τ ) → R

N by

u(t) = uη(t) −h ≤ t ≤ η, for every η ∈ (0, τ ).

It follows from statement (2) of Theorem 3.6 that u is well defined. Moreover, it is clear
that u ∈ W�[−h, τ ) and that u solves (3.1). We claim that u is a maximally defined
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solution on the maximal interval of existence [−h, τ ). If τ = ∞, then there is nothing
to prove. So without loss of generality assume that τ < ∞. Seeking a contradiction,
suppose that there exists an extension ũ of u, ũ ∈ W�[−h, τ̃ ] with τ̃ ≥ τ , and such
that ũ solves (3.1). From the definition of τ it follows immediately that τ̃ = τ . An
application of Proposition 3.5, with α = τ = τ̃ and ψ = ũ, shows that there exist
τ ∗ > τ and a (proper) extension u∗ ∈ W�[−h, τ ∗] of ũ which also solves (3.1); this
contradicts the definition of τ . Uniqueness of u follows from statement (2) of Theorem
3.6.

Now assume that τ < ∞ and F satisfies (H3). Seeking a contradiction, suppose
there exist a compact set � ⊂ � and σ ∈ (0, τ ) such that (t, u(t)) ∈ � for all t ∈
(σ, τ ). Then

gr u ⊂ {(t, u(t)) : t ∈ [−h, σ ]} ∪ �,

and consequently, gr u is compact and contained in �. Invoking (H3), together with
the identity

u(t) = u(0) +
∫ t

0
(F(u))(s) ds, ∀ t ∈ [0, τ ),

shows that the limit l := limt↑τ u(t) exists. Obviously, (τ, l) ∈ gr u, and thus, (τ, l) ∈
�. This implies that the function ũ : [−h, τ ] → R

N defined by

ũ(t) =
{

u(t), −h ≤ t < τ

l, t = τ

is in W�[−h, τ ], is a solution of (3.1), and is a proper extension of the solution u. This
contradicts the fact that u is a maximally defined solution.

Example: A Controlled Differential Equation with Hysteresis. Consider a forced
system with forcing input (control) v subject to hysteresis H :

my′′(t) + cy′(t) + ky(t) + (H(v))(t) = 0, y(0) = y0, y′(0) = y1. (3.11)

In a mechanical context, y(t) represents displacement at time t ∈ R+, m > 0 and c
are the mass and the damping constant, and k is a linear spring constant: the function
v is interpreted as a control (which is open to choice and may be generated by feed-
back of y) and the operator H models hysteretic actuation. Such hysteretic effects arise
in, for example, micro-positioning control problems using piezo-electric actuators or
smart actuators, as investigated in, for example, [13]; general treatments of hysteresis
phenomena can be found in, for example, [2], [12], and [14]. We deem an operator
H : C(R+) → C(R+) to be a hysteresis operator if it is both causal and rate indepen-
dent. By rate independence we mean that H(y ◦ ζ ) = H(y) ◦ ζ for every y ∈ C(R+)

and every time transformation ζ : R+ → R+ (that is, a continuous, nondecreasing, and
surjective function).

The control objective is to generate the input function v in such a way that the
displacement y(t) tends, as t → ∞, to some desired value r ∈ R. In view of this
objective, it is natural to seek to generate the input by feedback of the error y(t) − r .
Proportional-integral-derivative (PID) feedback control action is ubiquitous in control
theory and practice and takes the form

v(t) = kp(y(t) − r) + ki

∫ t

0
(y(τ ) − r) dτ + kd y′(t), (3.12)
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the control objective being reduced to that of determining the parameter values
kp, ki , kd ∈ R so as to cause the variable y to approach asymptotically the prescribed
constant value r . This methodology, applied in the context of (3.11), is depicted in
Figure 2. Introducing the variables

u1(t) =
∫ t

0
(y(τ ) − r) dt, u2(t) = y(t) − r, u3(t) = y′(t),

the feedback system given by (3.11) and (3.12) may be expressed as

u′
1(t) = u2(t), u′

2(t) = u3(t),

mu′
3 + cu3(t) + k(u2(t) + r) + (H(ki u1 + kpu2 + kdu3))(t) = 0,

u1(0) = 0, u2(0) = y0 − r, u3(0) = y1.

⎫⎪⎬
⎪⎭

(3.13)

Therefore, central to any study (see [10], for example) of the efficacy of the PID feed-
back structure is the initial-value problem (3.13) which we proceed to show is sub-
sumed by (3.1). Writing u := (u1, u2, u3) and defining an operator F by

F(u) = (
u2, u3, −cm−1u3 − km−1(u2 + r) − m−1 H(ki u1 + kpu2 + kdu3)

)
,

(3.14)

we see that the initial-value problem (3.13) may be expressed as

u′ = F(u), u(0) = ϕ := (0, y0 − r, y1), (3.15)

which has the form (3.1) with h = 0 and � = R+ × R
3. In particular, I consists of all

intervals of the form [0, η] (where 0 < η < ∞) or [0, η) (where 0 < η < ∞). Clearly,
for every I ∈ I, the operator F maps W�(I ) = W 1,1

loc (I ) to L1
loc(I ).

my′′ + cy′ + ky + z = 0H
v z

PID − r

y

y − r

Figure 2. System (3.11) under PID control action.

Many commonly-encountered hysteresis operators H satisfy a global Lipschitz
condition in the sense that there exists a Lipschitz constant L > 0 such that

sup
t∈R+

|(H(y1))(t) − (H(y2))(t)| ≤ L sup
t∈R+

|y1(t) − y2(t)| ∀ y1, y2 ∈ C(R+).

Corollary 3.8. Assume that the hysteresis operator H satisfies a global Lipschitz con-
dition. Then the operator F given by (3.14) satisfies (H1)–(H3) and, for every initial
condition ϕ, the equation (3.15) has a unique maximally defined solution with maximal
interval of existence R+.

Proof. Since H is a hysteresis operator, H is causal, whence causality of F follows.
Therefore hypothesis (H1) holds. The global Lipschitz condition for H clearly implies
that F is globally Lipschitz and hence, (H2) is satisfied. Moreover, it follows easily
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from the rate independence of H that H(0) (where 0 denotes the zero function on
R+) is a constant function, implying that the function F(0) is constant. Denoting this
constant by c and using the global Lipschitz property of F , a routine argument yields

‖(F(u))(t)‖ ≤ c + L F‖u(t)‖ ∀ u ∈ W 1,1
loc [0, η), ∀ η ∈ (0, ∞), (3.16)

where L F denotes the Lipschitz constant of F . It follows that (H3) also holds. Conse-
quently, Theorem 3.7 applies. Let u : [0, τ ) → R

3 be a maximally defined solution of
(3.15). To complete the proof, we have to show that τ = ∞. Seeking a contradiction,
suppose that τ < ∞. Since � = R+ × R

3, it then follows from Theorem 3.7 that u is
unbounded. Integrating (3.15) from 0 to t and invoking (3.16) leads to

‖u(t)‖ ≤ ‖u(0)‖ + ct + L F

∫ t

0
‖u(s)‖ ds ∀ t ∈ [0, τ ).

An application of Gronwall’s lemma (see, for example, [1, Lemma 6.1]) now yields
that

‖u(t)‖ ≤ (‖u(0)‖ + cτ
)
eL F τ ∀ t ∈ [0, τ ),

which is in contradiction to the unboundedness of u.

There follows an illustrative example of hysteresis with the requisite Lipschitz prop-
erty.

Play and Prandtl Hysteresis. A basic hysteresis operator is the play operator (already
alluded to in the introduction). A detailed discussion of the play operator (also called
the backlash operator) can be found in, for example, [2, 12, 14]. Intuitively, the play
operator describes the input-output behaviour of a simple mechanical play between
two mechanical elements as shown in Figure 3, where the input y is the position of the
vertical component of element I and the output z is the the position of the midpoint of
element II. The resulting input-output diagram is shown in Figure 1. The output value
z(t) at time t ∈ R+ depends not only on the input value y(t) but also on the past history
of the input. To aid in the characterization of this dependence, it is convenient to restrict
initially to piecewise monotone input functions y. We seek an operator Pσ,ζ such that,
given a piecewise monotone function y, the corresponding output function is given by
z = Pσ, ζ (y). Here the parameter ζ ∈ R plays the role of an “initial state,” determining
the initial output value z(0) ∈ [y(0) − σ, y(0) + σ ]. To give a formal definition of the
play operator, let σ ∈ R+ and introduce the function pσ : R

2 → R given by

pσ (v1, v2) := max
{
v1 − σ, min{v1 + σ, v2}

}

=

⎧⎪⎨
⎪⎩

v1 − σ, if v2 < v1 − σ

v2, if v2 ∈ [v1 − σ, v1 + σ ]
v1 + σ, if v2 > v1 + σ.

Let Cpm(R+) denote the space of continuous piecewise monotone functions defined
on R+. For all σ ∈ R+ and ζ ∈ R, define the operator Pσ, ζ : Cpm(R+) → C(R+) by

(Pσ, ζ (y))(t) =
{

pσ (y(0), ζ ) for t = 0,
pσ (y(t), (Pσ, ζ (y))(ti )) for ti < t ≤ ti+1, i = 0, 1, 2, . . . ,
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y

z

2σ

I

II

Figure 3. Mechanical play.

where 0 = t0 < t1 < t2 < · · · , limn→∞ tn = ∞, and u is monotone on each interval
[ti , ti+1]. It is not difficult to show that the definition is independent of the choice of the
partition (ti ). It is well known that Pσ, ζ extends to a hysteresis operator on C(R+), the
so-called play operator, which we shall denote by the same symbol Pσ, ζ ; furthermore,
Pσ, ζ is globally Lipschitz with Lipschitz constant L = 1 (see [2] for details).

We are now in a position to model more complex hysteretic effects (displaying, for
example, nested hysteresis loops) by using the play operator as a basic building block.
To this end, let ξ : R+ → R be a compactly supported and globally Lipschitz function
with Lipschitz constant 1 and let m ∈ L1(R+). The operator Pξ : C(R+) → C(R+)

defined by

(Pξ (y))(t) =
∫ ∞

0
(Pσ, ξ(σ )(y))(t)m(σ ) dσ ∀ y ∈ C(R+), ∀ t ∈ R+,

is called a Prandtl operator. It is clear that Pξ is a hysteresis operator (this follows from
the fact that Pσ, ξ(σ ) is a hysteresis operator for every σ ≥ 0). Moreover, Pξ is gob-
ally Lipschitz with Lipschitz constant L = ‖m‖L1 (see [2]). For ξ = 0 and m = I[0,5]
(where I[0,5] denotes the indicator function of the interval [0, 5]), the Prandtl operator
is illustrated in Figure 4.

10
−20
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0

40

t

P0(y)

y

−5 10
−20

0

40

P
0
(y

)

y

Figure 4. Example of Prandtl hysteresis.

4. RETARDED DIFFERENTIAL EQUATIONS. Let h ≥ 0 and let I be an interval
containing [−h, 0]. For u ∈ C(I ) and t ∈ I+, ut ∈ C[−h, 0] is defined by ut (s) :=
u(t + s) for all s ∈ [−h, 0]. Let � ⊂ [−h, ∞) × R

N be a relatively open set with the
property that the set {u ∈ C[−h, 0] : gr u ⊂ �} is nonempty. As before, let I be the set
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of all intervals I of the form [−h, η] (with 0 < η < ∞) or [−h, η) (with 0 < η ≤ ∞)
such that W�(I ) �= ∅ and recall that T := sup{α > 0 : W�[−h, α] �= ∅} > 0. Define

D� := {(t, u) ∈ R+ × C[−h, 0] : (t + s, u(s)) ∈ � ∀ s ∈ [−h, 0]}.
It is readily verified that D� is nonempty and is open relative to R+ × C[−h, 0], where
C[−h, 0] is endowed with the topology induced by the supremum norm (1.7). More-
over, for I ∈ I and u ∈ C(I ), we have

gr u ⊂ � ⇔ (t, ut) ∈ D� ∀ t ∈ I+.

If � is a Cartesian product, that is, � = [−h, α) × G, where 0 < α ≤ ∞ and G ⊂ R
N

is open, then D� is also a Cartesian product, namely D� = [0, α) × C([−h, 0], G),
where C([−h, 0], G) is the subset of all functions in C[−h, 0] with values in G.

Consider the initial-value problem

u′(t) = f (t, ut), u|[−h,0] = ϕ ∈ C[−h, 0], gr ϕ ⊂ �, (4.1)

where f : D� → R
N . By a solution of (4.1), we mean a function u ∈ W�(I ), with

I ∈ I, such that u|[−h,0] = ϕ and u′(t) = f (t, ut) for almost every t ∈ I+. We impose
the following hypotheses on f .

(RDE1) For every (t, w) ∈ D� there exist a relatively open interval I ⊂ R+ contain-
ing t , an open ball B ⊂ C[−h, 0] containing w, and a function l ∈ L1(I ) such that
I × B ⊂ D� and

‖ f (s, u) − f (s, v)‖ ≤ l(s) ‖u − v‖C[−h,0] ∀ s ∈ I, ∀ u, v ∈ B.

(RDE2) For every I ∈ I and every u ∈ W�(I ) such that gr u is a compact subset of
�, the function I+ → R

N , t �→ f (t, ut) is in L1(I+).
For each I ∈ I, define the operator F on W�(I ) by

(F(v))(t) := f (t, vt) ∀ t ∈ I+.

Let I ∈ I and v ∈ W�(I ) be arbitrary. Let τ > 0 be such that J := [−h, τ ] ⊂ I and
write u := v|J . Then gr u is a compact subset of � and so, by (RDE2), the function
F(u) is in L1(J+). It follows that the function F(v) is in L1

loc(I+). Therefore, for each
I ∈ I, F maps W�(I ) to L1

loc(I+) and, in view of (RDE2), F satisfies the integrabil-
ity hypothesis (H3). It is evident that the causality hypothesis (H1) is also valid. We
proceed to show that F satisfies the local Lipschitz hypothesis (H2). Let α ∈ [0, T )

and w ∈ W�[−h, α] be arbitrary. By (RDE1), there exist a relatively open interval
I ⊂ R+ containing α, an open ball B ⊂ C[−h, 0] containing wα, and l ∈ L1(I ) such
that I × B ⊂ D� and

‖ f (t, x) − f (t, y)‖ ≤ l(t)‖x − y‖C[−h,0] ∀ t ∈ I, ∀ x, y ∈ B, (4.2)

A routine argument (see appendix for details) then yields the following.

Lemma 4.1. There exists γ > 0 such that

λ := ∫ α+γ

α
l(t) dt < 1,

vt ∈ B ∀ v ∈ W(w; α, α + γ, γ ), ∀ t ∈ [α, α + γ ].

}
(4.3)
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By Lemma 4.1, there exists γ > 0 such that (4.3) holds. Set β := α + γ and let
u, v ∈ W(w; α, β, γ ) be arbitrary. Then, by (4.2) and (4.3), we have

‖(F(u))(t) − (F(v))(t)‖ = ‖ f (t, ut) − f (t, vt)‖
≤ l(t)‖ut − vt‖C[−h,0] ≤ l(t)‖u − v‖C[α,β]

≤ l(t)
∫ β

α

‖u′(s) − v′(s)‖ ds ∀ t ∈ [α, β].

Integrating from α to β = α + γ yields

‖F(u) − F(v)‖L1[α,β] ≤ λ

∫ β

α

‖u′(s) − v′(s)‖ ds.

Therefore, the local Lipschitz hypothesis (H2) holds.
We may now infer that, if (RDE1) and (RDE2) hold, then the assertions of Theo-

rems 3.6 and 3.7 are valid in the context of the initial-value problem (4.1).

5. ORDINARY DIFFERENTIAL EQUATIONS. Let G ⊂ R+ × R
N be a rela-

tively open set with G0 := {x ∈ R
N : (0, x) ∈ G} �= ∅. In this section, we consider

the initial-value problem for an ordinary differential equation of the form

u′(t) = f (t, u(t)), u(0) = u0 ∈ G0, (5.1)

where f : G → R
N . Let I be the set of all intervals I of the form [0, α] (with 0 < α <

∞) or [0, α) (with 0 < α ≤ ∞) such that WG(I ) = {u ∈ W 1,1
loc (I ) : gr u ⊂ G} �= ∅. By

a solution of (5.1), we mean a function u ∈ WG(I ), with I ∈ I, such that u(0) = u0

and u′(t) = f (t, u(t)) for almost all t ∈ I . We impose the following hypothesis on f .

(ODE) For every (t, z) ∈ G, there exists a relatively open interval I ⊂ R+ containing
t , an open ball B ⊂ R

N containing z, and a function l ∈ L1(I ) such that I × B ⊂ G,

‖ f (s, x) − f (s, y)‖ ≤ l(s)‖x − y‖ ∀ s ∈ I, ∀ x, y ∈ B,

and, moreover, the function I → R
N , s �→ f (s, x) is measurable for all x ∈ B and is

in L1(I ) for some x ∈ B.
The following proposition shows that, under this hypothesis, the initial-value prob-

lem (5.1) is subsumed by the theory of retarded differential equations developed in
the previous section specialized to the situation h = 0, in which case C[−h, 0] = R

N ,
� = D� = G, and the initial-value problems (4.1) and (5.1) coincide.

Proposition 5.1. If (ODE) is satisfied, then (RDE1) and (RDE2) hold with h = 0.

Proposition 5.1 (a proof of which may be found in the appendix), together with the
conclusion of Section 4, imply that, if hypothesis (ODE) is satisfied, then Theorems
3.6 and 3.7 apply to the initial-value problem (5.1).

6. INTEGRO-DIFFERENTIAL EQUATIONS. In this section, we apply the theory
developed in Section 3 to initial-value problems associated with integro-differential
equations (also called Volterra integro-differential equations), that is,

u′(t) =
∫ t

0
k(t, s)g(s, u(s)) ds, t ≥ 0; u(0) = u0. (6.1)
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Here k ∈ L p
loc(J × J, R

N×M) and g : G → R
M , where p ∈ [1, ∞], J = [0, a) for

some a satisfying 0 < a ≤ ∞, R
N×M is the set of all N × M matrices with real entries,

and G ⊂ R+ × R
N is relatively open. It is assumed that G0 := {x ∈ R

N : (0, x) ∈
G} �= ∅ and u0 ∈ G0.

To apply the theory developed in Section 3 to the initial-value problem (6.1), we
set h := 0 and � := (J × R

N ) ∩ G. Note that �0 = G0 and, moreover, since h =
0, I+ = I for all I ∈ I. Trivially, if I ∈ I is such that W�(I ) �= ∅, then I ⊂ J and
W�(I ) = WG(I ). By a solution of (6.1), we mean a function u ∈ W�(I ), with I ∈ I,
such that u(0) = u0 and u′(t) = ∫ t

0 k(t, s)g(s, u(s)) ds for almost every t ∈ I .
Defining, for each I ∈ I, the operator F on W�(I ) by

(F(v))(t) =
∫ t

0
k(t, s)g(s, v(s)) ds ∀ t ∈ I, (6.2)

the initial-value problem (6.1) can be written in the form (3.1).
Set q := p/(p − 1). We impose the following hypothesis on g.

(IDE) For every (t, z) ∈ G, there exist a relatively open interval I ⊂ R+ containing
t , an open ball B ⊂ R

N containing z, and a nonnegative function l ∈ Lq(I ) such that
I × B ⊂ G, the function I → R

M , s �→ g(s, x) is measurable for all x ∈ B and is in
Lq(I ) for some x ∈ B, and moreover,

‖g(s, x) − g(s, y)‖ ≤ l(s)‖x − y‖ ∀ s ∈ I, ∀ x, y ∈ B. (6.3)

Proposition 6.1. Assume that (IDE) holds and that F is given by (6.2). Then, for all
I ∈ I, F maps W�(I ) to L1

loc(I ) and F satisfies (H1), (H2), and (H3).

Proposition 6.1, a proof of which may be found in the appendix, implies that if
hypothesis (IDE) is satisfied, then Theorems 3.6 and 3.7 apply to the initial-value
problem (6.1).

7. APPENDIX.

Proof of Proposition 2.1. Let u ∈ W 1,1[a, b]. Since u(t) = u(a) + ∫ t
a u′(s) ds for all

t ∈ [a, b], it is clear that

‖u‖∞ := max
t∈[a,b]

‖u(t)‖ ≤ ‖u‖BV .

Consequently,

‖u‖W 1,1 ≤ (b − a)‖u‖∞ + ‖u′‖L1 ≤ (
(b − a) + 1

)‖u‖BV ,

and so, setting k1 := (
(b − a) + 1

)−1
, it follows that k1‖u‖W 1,1 ≤ ‖u‖BV for all u ∈

W 1,1[a, b].
Furthermore, denoting the components of u by u j , the mean value theorem for

integrals guarantees the existence of c j ∈ [a, b] such that

u j (c j ) = 1

b − a

∫ b

a
u j (s) ds j = 1, . . . , N .
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Consequently, for j = 1, . . . , N ,

|u j (a)| ≤ |u j (a) − u j (c j )| + |u j (c j )| ≤
∫ b

a
|u′

j (s)| ds + 1

b − a

∫ b

a
|u j (s)| ds,

and thus, by a routine calculation,

‖u(a)‖ =
√√√√ N∑

j=1

|u j (a)|2 ≤ (1 + b − a)
√

N

b − a
‖u‖W 1,1 .

Therefore, setting k2 := 1 + (1 + b − a)
√

N/(b − a), it follows that ‖u‖BV ≤
k2‖u‖W 1,1 for all u ∈ W 1,1[a, b].
Proof of Lemma 3.1. It is clear that μ is a metric on W(w; α, β, γ ). Let (un) be
a Cauchy sequence in W(w; α, β, γ ) and set vn = un|[α,β]. Then vn ∈ W 1,1[α, β],
vn(α) = w(α), and

‖vn − vm‖BV =
∫ β

α

‖u′
n(s) − u′

m(s)‖ ds = μ(un, um),

showing that (vn) is a Cauchy sequence in W 1,1[α, β] with respect to the norm ‖ · ‖BV .
By Proposition 2.1, W 1,1[α, β] is complete with respect to the BV-norm and so there
exists v ∈ W 1,1[α, β] such that

‖v(α) − w(α)‖ +
∫ β

α

‖v′(s) − v′
n(s)‖ ds = ‖v − vn‖BV → 0 as n → ∞.

Thus, v(α) = w(α),
∫ β

α
‖v′(s) − v′

n(s)‖ ds → 0 as n → ∞, and
∫ β

α
‖v′(s)‖ ds ≤ γ .

Therefore, defining

u(t) :=
{

w(t), t ∈ [−h, α]
v(t), t ∈ (α, β],

it follows that u ∈ W(w; α, β, γ ) and μ(u, un) → 0 as n → ∞, completing the proof.

Proof of Lemma 3.2. (1) Since (α, w(α)) ∈ �, it follows from the assumptions im-
posed on � that there exists β > α and γ > 0 such that [α, β] × Bγ ⊂ �, where
Bγ denotes the closed ball of radius γ > 0 centered at w(α) ∈ R

N . We claim that
(β, γ ) ∈ A(w; α). To this end, let u ∈ W(w; α, β, γ ). Then,

‖u(t) − w(α)‖ = ‖u(t) − u(α)‖ ≤
∫ β

α

‖u′(s)‖ ds ≤ γ ∀ t ∈ [α, β].

Consequently, (t, u(t)) ∈ [α, β] × Bγ ⊂ � for all t ∈ [α, β], implying that gr u ⊂ �.
Since u ∈ W(w; α, β, γ ) was arbitrary, it follows that (β, γ ) ∈ A(w; α).

(2) Let (β, γ ) ∈ A(w; α), b ∈ (α, β], and c ∈ (0, γ ], and let u ∈ W(w; α, b, c). It
is sufficient to show that gr u ⊂ �. To this end, define an extension ũ : [−h, β] → R

N

of u by

ũ(t) :=
{

u(t), t ∈ [−h, b]
u(b), t ∈ (b, β].
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Clearly, ũ ∈ W(w; α, β, γ ), and hence, by the admissibility of (α, β), gr ũ ⊂ �. Since
ũ is an extension of u, we have that gr u ⊂ gr ũ, and so gr u ⊂ �.

Proof of Lemma 3.3. Let α ∈ [0, T ) and w ∈ W�[−h, α]. Then, by (H2), there exist
λ ∈ (0, 1) and (β, γ ) ∈ A(w; α) such that (3.2) holds. Let b ∈ (α, β], c ∈ (0, γ ], and
u, v ∈ W(w; α, b, c). Define ũ, ṽ ∈ W(w; α, β, γ ) by

ũ(t) :=
{

u(t), t ∈ [−h, b]
u(b), t ∈ (b, β], ṽ(t) :=

{
v(t), t ∈ [−h, b]
v(b), t ∈ (b, β].

By (H1), F(ũ)|[0,b] = F(u)|[0,b] and F(ṽ)|[0,b] = F(v)|[0,b], so that, by (3.2),

‖F(u) − F(v)‖L1[α,b] ≤ ‖F(ũ) − F(ṽ)‖L1[α,β] ≤ λ

∫ β

α

‖ũ′(s) − ṽ′(s)‖ ds.

The claim now follows, since
∫ β

α
‖ũ′(s) − ṽ′(s)‖ ds = ∫ b

α
‖u′(s) − v′(s)‖ ds.

Proof of Proposition 3.4. Let α ∈ [0, T ) and w ∈ W�[−h, α]. Since (H2′) is satisfied,
there exists ρ > 0 and (β, γ ) ∈ A(w; α) such that (3.3) holds. Invoking (H1), the
argument employed in the proof of Lemma 3.3 applies mutatis mutandis to yield that,
for every b ∈ (α, β],

‖F(u) − F(v)‖L p[α,b] ≤ ρ

∫ b

α

‖u′(s) − v′(s)‖ ds ∀ u, v ∈ W(w; α, b, γ ).

Hence, setting q := p/(p − 1) ∈ [1, ∞), it follows from Hölder’s inequality that, for
every b ∈ (α, β] and all u, v ∈ W(w; α, b, γ ),

‖F(u) − F(v)‖L1[α,b] ≤ (b − α)1/q‖F(u) − F(v)‖L p[α,b]

≤ ρ(b − α)1/q

∫ b

α

‖u′(s) − v′(s)‖ ds.

Choosing b ∈ (α, β] sufficiently close to α, so that ρ(b − α)1/q < 1, and noting that,
by Lemma 3.2, (b, γ ) ∈ A(w; α), we conclude that (H2) holds with λ = ρ(b − α)1/q .

Proof of Lemma 4.1. To show that there exists γ > 0 such that (4.3) holds, recall that
α ∈ [0, T ), w ∈ W�[−h, α], I ⊂ R+ is a relatively open interval containing α, and
B ⊂ C[−h, 0] is an open ball containing wα. Without loss of generality we may as-
sume that B is centered at wα. Let ρ denote the radius of B.

By Lemma 3.2, the set A(w; α) is nonempty. Let (β∗, γ ∗) ∈ A(w; α) and define
w̃ ∈ C[−h, β∗] by

w̃(t) :=
{

w(t), t ∈ [−h, α]
w(α), t ∈ (α, β∗].

By uniform continuity of w, there exists δ > 0 such that

s, t ∈ [−h, α], |s − t | < δ �⇒ ‖w(s) − w(t)‖ <
ρ

2
.
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Now choose γ > 0 sufficiently small so that

γ < min{β∗ − α, γ ∗, δ, ρ/2}, [α, α + γ ] ⊂ I, λ :=
∫ α+γ

α

l(t) dt < 1

and define β := α + γ . By Lemma 3.2, (β, γ ) ∈ A(w; α). Let t ∈ [α, β] and v ∈
W(w; α, β, γ ) be arbitrary. Observe that

s ∈ [−h, 0], t + s ≤ α �⇒ |(α + s) − (t + s)| = t − α ≤ β − α = γ < δ

and so

s ∈ [−h, 0], t + s ≤ α �⇒ ‖w(α + s) − v(t + s)‖ = ‖w(α + s) − w(t + s)‖ <
ρ

2
.

Furthermore,

s ∈ [−h, 0], t + s > α �⇒ |(α + s) − α| = |s| < t − α ≤ β − α = γ < δ

and so, for s ∈ [−h, 0] such that t + s > α it follows that

‖w(α + s) − v(t + s)‖ ≤ ‖w(α + s) − w̃(t + s)‖ + ‖w̃(t + s) − v(t + s)‖

= ‖w(α + s) − w(α)‖ + ∥∥w(α) − v(α) −
∫ t+s

α

v′(σ ) dσ
∥∥

<
ρ

2
+

∫ β

α

‖v′(σ )‖ dσ ≤ ρ

2
+ γ <

ρ

2
+ ρ

2
= ρ.

Thus,

s ∈ [−h, 0], t + s > α �⇒ ‖w(α + s) − v(t + s)‖ < ρ.

We have now shown that

‖w(α + s) − v(t + s)‖ < ρ ∀ v ∈ W(w; α, β, γ ), ∀ s ∈ [−h, 0], ∀ t ∈ [α, β].
Consequently, vt ∈ B for all v ∈ W(w; α, α + γ, γ ) and for all t ∈ [α, α + γ ], com-
pleting the proof.

To facilitate the proofs of Propositions 5.1 and 6.1, we state and prove the following
lemma.

Lemma 7.1. Let G ⊂ R+ × R
N be a relatively open set and let 1 ≤ q ≤ ∞. Assume

that g : G → R
M is such that, for every (t, z) ∈ G, there exist a relatively open interval

I ∈ R+ containing t, an open ball B ⊂ R
N containing z, and a function l ∈ Lq(I )

such that I × B ⊂ G,

‖g(s, x) − g(s, y)‖ ≤ l(s)‖x − y‖ ∀ s ∈ I, ∀ x, y ∈ B, (7.1)

and the function I → R
M , s �→ g(s, x) is measurable for all x ∈ B and is in Lq(I )

for some x ∈ B. Then the following statements hold.

(1) If I ⊂ R+ is an interval and v ∈ C(I ) is such that gr v ⊂ G, then the function
I → R

M , s �→ g(s, v(s)) is measurable.
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(2) For every (t, z) ∈ G, there exist a relatively open interval I ∈ R+ containing t,
an open ball B ⊂ R

N containing z, and a function b ∈ Lq(I ) such that I × B ⊂
G and ‖g(s, x)‖ ≤ b(s) for all (s, x) ∈ I × B.

(3) If I ⊂ R+ is an interval and v ∈ C(I ) is such that gr v is a compact subset of
G, then the function I → R

M , s �→ g(s, v(s)) is in Lq(I ).

Proof. (1) It is sufficient to show that, for every compact subinterval K ⊂ I , the func-
tion K → R

M , s �→ g(s, v(s)) is measurable. To this end, let K ⊂ I be a compact
subinterval. Then gr(v|K ) is compact and contained in G. It follows from the hy-
pothesis that there exist finitely many relatively open intervals I1, . . . , Im in R+ and
open balls B1, . . . , Bm in R

N such that gr(v|K ) ⊂ ∪m
i=1 Ii × Bi and, for i = 1, . . . , m,

v(Ii ) ⊂ Bi , Ii × Bi ⊂ G, and the function Ii → R
M , s �→ g(s, x) is measurable for

every x ∈ Bi . Setting Ki := Ii ∩ K it follows that K = ∪m
i=1 Ki . Let i ∈ {1, . . . , m}

be arbitrary, let J1, . . . , Jn be any finite disjoint family of subintervals of Ki such that
Ki = ∪n

j=1 Jj , and let x1, . . . , xn ∈ Bi . Since Ki → R
M , s �→ g(s, x j ) is measurable

for each j , it follows that the function

Ki → R
M , s �→

n∑
j=1

g(s, x j )IJ j (s) (7.2)

is measurable, where IJ j denotes the characteristic function of Jj . Since, for fixed
s ∈ Ki , the function Bi → R

M , x �→ g(s, x) is continuous and v|Ki is continuous with
v(Ki ) ⊂ Bi , it follows that the function Ki → R

M , s �→ g(s, v(s)) is the pointwise
limit of functions of the form (7.2) and hence is measurable. Since i ∈ {1, . . . , m} is
arbitrary and K = ∪m

i=1 Ki , the function K → R
M , s �→ g(s, v(s)) is measurable.

(2) Let (t, z) ∈ G. Then there exist a relatively open interval I ⊂ R+ containing t ,
an open ball B ⊂ R

N containing z, and l ∈ Lq(I ) such that I × B ⊂ G, (7.1) holds,
and, moreover, the function I → R

M , s �→ g(s, y) is in Lq(I ) for some y ∈ B. There-
fore,

‖g(s, x)‖ ≤ ‖g(s, x) − g(s, y)‖ + ‖g(s, y)‖ ≤ l(s)‖x − y‖ + ‖g(s, y)‖
≤ l(s) sup

x∈B
‖x − y‖ + ‖g(s, y)‖ =: b(s) ∀ s ∈ I, ∀ x ∈ B.

Since l ∈ Lq(I ) and g(·, y) ∈ Lq(I ), it follows that b ∈ Lq(I ).
(3) By compactness of gr v and statement (2), there exist finitely many relatively

open intervals I1, . . . , Im in R+, open balls B1, . . . , Bm in R
N , and functions bi ∈

Lq(Ii), i = 1, . . . , m, such that Ii × Bi ⊂ G, i = 1, . . . , m, gr v ⊂ ∪m
i=1 Ii × Bi , and

‖g(s, x)‖ ≤ bi (s) for all (s, x) ∈ Ii × Bi , i = 1, . . . , m. Defining b̃i : I → R+ by

b̃i (s) :=
{

bi (s), s ∈ Ii ∩ I
0, s ∈ I\Ii ,

it follows that ‖g(s, x)‖ ≤ ∑
i b̃i (s) for all (s, x) ∈ gr v. Therefore, since

∑
i b̃i ∈

Lq(I ) and since the function s �→ g(s, v(s)) is measurable (by statement (1)), the
result follows.

Proof of Proposition 5.1. We make the following connections with the notation of
Section 4: for h = 0, we set C[−h, 0] = R

N and � = D� = G. Then the initial-
value problems (4.1) and (5.1) coincide. Furthermore note that, for all I ∈ I, I+ = I .
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By (ODE), we see that (RDE1) holds (with h = 0). It remains only to show that
(RDE2) also holds (with h = 0). Let I ∈ I and v ∈ WG(I ) be such that gr v is a com-
pact subset of G. In view of (ODE), we see that the hypotheses of Lemma 7.1 hold
with M = N , q = 1, and g = f . By assertion (3) of Lemma 7.1, we may infer that
I → R

N , t �→ f (t, v(t)) is in L1(I ). Therefore, (RDE2) holds.

Proof of Proposition 6.1. In view of (IDE), we see that the hypotheses of Lemma 7.1
hold. Let I ∈ I and v ∈ W�(I ). Invoking statement (3) of Lemma 7.1, we conclude
that the function s �→ g(s, v(s)) is in Lq

loc(I ). It follows now from a routine argument
based on Fubini’s theorem (see, for example, [7, 11]) that F(v) ∈ L1

loc(I ). Similarly,
under the additional assumption that gr v is compact and contained in �, statement (3)
of Lemma 7.1 guarantees that the function s �→ g(s, v(s)) is in Lq(I ) and the same
routine argument based on Fubini’s theorem yields F(v) ∈ L1(I ), showing that (H3) is
valid. Moreover, it is trivial that (H1) holds, and therefore, it only remains to show that
(H2) is satisfied. To this end, let α > 0, w ∈ W�[0, α], and (β0, γ0) ∈ A(w; α). Then
(α, w(α)) ∈ � ⊂ G and, by (IDE), there exist β1 ∈ (α, β0], an open ball B ⊂ R

N , and
l ∈ Lq [α, β1] such that w(α) ∈ B, [α, β1] × B ⊂ � ⊂ G, and

‖g(s, x) − g(s, y)‖ ≤ l(s)‖x − y‖ ∀ s ∈ [α, β1], ∀ x, y ∈ B.

Let Bγ denote the closed ball of radius γ centered at w(α). Choose β ∈ (α, β1] and
γ ∈ (0, γ0] such that

λ :=
∫ β

α

∫ t

0
‖k(s, t)‖l(s) ds dt < 1 and Bγ ⊂ B.

Let u, v ∈ W(w; α, β, γ ). Then, u(s), v(s) ∈ Bγ ⊂ B for all s ∈ [α, β], and, more-
over,

‖F(u) − F(v)‖L1[α,β] ≤
∫ β

α

∫ t

0
‖k(s, t)‖‖g(s, u(s)) − g(s, v(s))‖ ds dt

≤
∫ β

α

∫ t

0
‖k(s, t)‖l(s)‖u(s) − v(s)‖ ds dt

≤ λ sup
s∈[α,β]

‖u(s) − v(s)‖ ≤ λ

∫ β

α

‖u′(s) − v′(s)‖ ds,

completing the proof.
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Finite Quantum Measure Spaces

Stan Gudder

Abstract. Quantum measure spaces possess a certain “quantum weirdness” and lack some of
the simplicity and intuitive nature of their classical counterparts. Much of this unusual be-
havior is due to a phenomenon called quantum interference, which is a recurrent theme in the
present article. Because of this interference, quantum measures need not be additive but satisfy
a more general condition called grade-2 additivity. Examples of quantum measure spaces such
as “quantum coins” and particle-antiparticle pairs are considered. Even more general spaces
called super-quantum measure spaces are discussed. You don’t need quantum mechanics or
measure theory to understand this article.

1. INTRODUCTION. Measure and integration theory is a well-established field of
mathematics that is over a hundred years old. The theory possesses many deep and ele-
gant theorems and has important applications in functional analysis, probability theory,
and theoretical physics. Measure theory can be applied whenever you are measuring
something, whether it be length, volume, probabilities, mass, energy, etc. Although fi-
nite measure theory, in which the measure space has only a finite number of elements,
is much simpler than the general theory, it also has important applications to proba-
bility theory, combinatorics, and computer science. In this article we shall discuss a
generalization called finite quantum measure spaces. Just as quantum mechanics pos-
sesses a certain “quantum weirdness,” these spaces lack some of the simplicity and
intuitive nature of their classical counterparts. Although there is a general theory of
quantum measure spaces, we shall consider only finite spaces to keep technicalities to
a minimum. Nevertheless, these finite spaces still convey the flavor of the subject and
exhibit some of the unusual properties of quantum objects. Much of this unusual be-
havior is due to a phenomenon called quantum interference which is a recurrent theme
in the present article.

2. CLASSICAL AND QUANTUM WORLDS. We first discuss finite measure the-
ory in the classical world. Let X = {x1, . . . , xn} be a finite nonempty set and denote
the power set of X , consisting of all subsets of X , by P(X). For A, B ∈ P(X) we
use the notation A ·∪ B for A ∪ B whenever A ∩ B = ∅. Denoting the set of nonnega-
tive real numbers by R

+, a measure on P(X) is a map ν : P(X) → R
+ satisfying the

additivity condition

ν(A ·∪ B) = ν(A) + ν(B) (2.1)

for all disjoint A, B ∈ P(X). No matter what we are measuring, the reason for (2.1) is
intuitively clear. We call the pair (X, ν) a finite measure space. It immediately follows
from (2.1) that ν(∅) = 0 and

ν

(
·
m⋃

i=1

Ai

)
=

m∑
i=1

ν(Ai ). (2.2)

doi:10.4169/000298910X492808
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If ν : P(X) → R satisfies (2.1) we call ν a signed measure and if ν : P(X) → C

satisfies (2.1) we call ν a complex measure. For all types of measures we use the
shorthand notation ν(xi ) = ν ({xi }).

Denoting the complement of a set A by A′, since

A = (A ∩ B) ·∪ (A ∩ B ′),

we have that ν(A ∩ B ′) = ν(A) − ν(A ∩ B) for all of the previous types of measure.
Also,

A ∪ B = (A ∩ B ′) ·∪ (A ∩ B) ·∪ (B ∩ A′),

so we obtain the inclusion-exclusion formula

ν(A ∪ B) = ν(A) + ν(B) − ν(A ∩ B). (2.3)

A probability measure is a measure ν that satisfies ν(X) = 1. In this case, the
elements xi ∈ S are interpreted as sample points or elementary events and the sets
A ∈ P(X) are interpreted as events. Then ν(A) is the probability that the event A oc-
curs. For example, suppose we flip a fair coin twice. Denoting heads and tails by H
and T , respectively, the sample space becomes

X = {H H, H T , T H, T T } .

The probability measure ν satisfies

ν(H H) = ν(H T ) = ν(T H) = ν(T T ) = 1/4.

The event that at least one head occurs is given by A = {H H, H T , T H} and it follows
from (2.2) that ν(A) = 3/4.

We conclude from (2.2) that a measure ν is determined by its values ν(xi ), i =
1, . . . , n. In fact, we have

ν
({

xi1, . . . , xim

}) =
m∑

j=1

ν(xi j ).

Conversely, given any nonnegative numbers pi , i = 1, . . . , n, we obtain a measure ν

given by

ν(A) =
∑

{pi : xi ∈ A} .

This same observation applies to signed and complex measures.
Up to this point we have been discussing the classical world, in which life is simple

and intuitive. But along comes quantum mechanics and our desire to explain it math-
ematically. It turns out that quantum measures need not satisfy additivity (2.1) and
are therefore not really measures. But if (2.1) is so intuitively clear, how can it not
hold in a physical theory like quantum mechanics? The reason is because of a phe-
nomenon called quantum interference. If the points of X represent quantum objects,
they can interfere with each other both constructively and destructively. For example,
suppose x1 and x2 represent subatomic particles and μ is a measure of mass. Then we
could have μ(x1) > 0 and μ(x2) > 0, but x1 and x2 could be a particle-antiparticle pair
that annihilate each other producing pure energy (fission). Taken together we would
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have μ ({x1, x2}) = 0. Hence, μ ({x1, x2}) 	= μ(x1) + μ(x2) and additivity fails. On
the other hand, two particles colliding at high kinetic energy can convert some of
this energy to mass and combine (fusion) to form a single particle, in which case
μ ({x1, x2}) > μ(x1) + μ(x2).

For another example, suppose a beam of subatomic particles such as electrons or
photons impinges on a screen containing two closely spaced narrow slits. The particles
that pass through the slits hit a black target screen and produce small white dots at their
points of absorption. It is well known experimentally that this results in a diffraction
pattern consisting of many light and dark strips. Why do the particles accumulate in
the light regions and not in the dark regions? It seems as though the particles commu-
nicate with each other to conspire to land along the white strips. Let X = {x1, . . . , xn}
represent this set of particles and let R be a region of the target screen. For A ⊆ X ,
let μ(A) measure the propensity for the particles in A to hit a point in R. Now it
can happen that μ(x1), μ(x2) > 0 and μ ({x1, x2}) = 0. More generally, we can have
μ ({x1, x2}) > μ(x1) + μ(x) or μ ({x1, x2}) < μ(x1) + μ(x2). We then say that the
particles interfere constructively or destructively, respectively.

In a deeper analysis, the points of X represent particle paths, and it is the paths that
interfere. In this case, a single particle results in two possible paths, one through each
of the slits, and these paths interfere. The standard explanation for this phenomenon
is called wave-particle duality. The diffraction pattern is easily explained for waves.
Two waves interfere constructively if they combine with crests close together and de-
structively if they combine with a crest close to a trough. In wave-particle duality, an
unobserved subatomic particle behaves like a wave. When the wave impinges upon the
first screen, it divides into two subwaves each going through one of the two slits. These
subwaves combine, interfere, and then hit the target screen. It is then observed (as a
small white dot) at which point it acts like a particle. Whether you like this explanation
or not (and some don’t), the mathematics of quantum mechanics accurately describes
the diffraction pattern.

3. QUANTUM MEASURES. We have seen in Section 2 that quantum measures
need not be additive. To find the properties that they do possess, we examine some
of the mathematics of quantum mechanics. Let X = {x1, . . . , xn} be a set of quantum
objects. In various quantum formalisms an important role is played by a decoherence
function D : P(X) × P(X) → C [3, 4]. This function (or at least its real part) repre-
sents the amount of interference between pairs of subsets of X and has the following
properties:

D (A ·∪ B, C) = D(A, C) + D(B, C); (3.1)

D(A, B) = D(B, A); (3.2)

D(A, A) ≥ 0; (3.3)

|D(A, B)|2 ≤ D(A, A)D(B, B). (3.4)

In (3.2), the bar is complex conjugation, and (3.1) and (3.2) imply that D is additive
in one of the arguments when the other argument is fixed. An example of a quantum
measure is defined by μ(A) = D(A, A), and μ is a measure of the inference of A
with itself. A simple example of a decoherence function is D(A, B) = ν(A)ν(B),
where ν is a complex measure on P(X). In this case ν is called an amplitude (which
comes from the analogy with waves) and we have μ(A) = |ν(A)|2. In fact, quantum
probabilities are frequently computed by taking the modulus squared of a complex
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amplitude. This example illustrates the nonadditivity of μ because

μ(A ·∪ B) = |ν(A ·∪ B)|2 = |ν(A) + ν(B)|2 = μ(A) + μ(B) + 2Re
[
ν(A)ν(B)

]
.

Hence, μ(A ·∪ B) = μ(A) + μ(B) if and only if Re
[
ν(A)ν(B)

]
= 0. In this case we

say that A and B do not interfere or A and B are compatible.

Theorem 3.1. Let D : P(X) × P(X) → C be a decoherence function and define
μ(A) = D(A, A). Then μ : P(X) → R

+ has the following properties:

μ(A ·∪ B ·∪ C)

= μ(A ·∪ B) + μ(A ·∪ C) + μ(B ·∪ C) − μ(A) − μ(B) − μ(C); (3.5)

if μ(A) = 0,

then μ(A ·∪ B) = μ(B) for all B ∈ P(X) with B ∩ A = ∅; (3.6)

if μ(A ·∪ B) = 0, then μ(A) = μ(B). (3.7)

Proof. To prove (3.5), let R be the right side of (3.5) and apply (3.1) and (3.2) to obtain

R = D(A ·∪ B, A ·∪ B) + D(A ·∪ C, A ·∪ C) + D(B ·∪ C, B ·∪ C)

− μ(A) − μ(B) − μ(C)

= 2[D(A, A)+D(B, B)+D(C, C)+ReD(A, B)+ReD(A, C)+ReD(B, C)]

− μ(A) − μ(B) − μ(C)

= D(A, A) + D(B, B) + D(C, C)

+ 2 [ReD(A, B) + ReD(A, C) + ReD(B, C)]

= D(A ·∪ B ·∪ C, A ·∪ B ·∪ C) = μ(A ·∪ B ·∪ C).

To prove (3.6), apply (3.1) and (3.2) to obtain

μ(A ·∪ B) = D(A ·∪ B, A ·∪ B) = μ(A) + μ(B) + 2ReD(A, B).

By (3.4) if μ(A) = 0, then D(A, B)=0 so that μ(A ·∪ B) = μ(B). To prove (3.7),
applying (3.1)–(3.4) we have

μ(A ·∪ B) = μ(A) + μ(B) + 2ReD(A, B) ≥ μ(A) + μ(B) − 2 |D(A, B)|
≥ μ(A) + μ(B) − 2μ(A)1/2μ(B)1/2 = [

μ(A)1/2 − μ(B)1/2
]2

.

Hence, μ(A ·∪ B) = 0 implies that μ(A) = μ(B).

Condition (3.5) is a generalized additivity that we call grade-2 additivity. The
usual additivity (2.1) is called grade-1 additivity. Of course, grade-1 additivity implies
grade-2 additivity, but the converse does not hold. Conditions (3.6) and (3.7) do not
follow from (3.5), and a map satisfying (3.6) and (3.7) is called regular. A grade-2
additive map μ : P(X) → R

+ is a grade-2 measure, and a regular grade-2 measure
is a quantum measure (or q-measure, for short) [6, 7]. If μ is a q-measure we call
(X, μ) a q-measure space. We have seen that if μ(A) = D(A, A) for a decoherence
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function D, then μ is a q-measure. We will later exhibit more general q-measures that
do not have this form. Simple examples of q-measures are μ(A) = ν(A)2, where ν is
a signed measure. It follows from (3.5) that any q-measure μ satisfies μ(∅) = 0.

Example 1. Let (X, ν) be the probability space of our fair coin example. But now
we have a quantum coin with q-measure μ(A) = ν(A)2. Then the sample points have
“quantum probability” 1/16 and the certain event X has “quantum probability” 1 as it
should. The event A that at least one head appears has “quantum probability” 9/16.

Example 2. Let X = {x1, x2} and define μ(x1) = μ(x2) = 1, μ(∅) = 0, and μ(X) =
6. Then (X, μ) is a q-measure space, but μ does not have the form μ(A) = D(A, A)

for a decoherence function D. Indeed, if such a D existed we would have

2D(x1, x2) + D(x1, x1) + D(x2, x2) = D(X, X) = μ(X) = 6.

Hence, D(x1, x2) = 2. But then (3.4) is not satisfied, which is a contradiction.

Example 3. Let X = {x1, x2, x3} with μ(∅) = μ(x1) = 0 and μ(A) = 1 for all other
A ∈ P(X). Then (X, μ) is a q-measure space.

Example 4. Let X = {x1, . . . , xm, y1, . . . , ym, z1, . . . , zn} and call (xi , yi ), i =
1, . . . , m, destructive pairs (or particle-antiparticle pairs). Denoting the cardinal-
ity of a set B by |B|, we define

μ(A) = |A| − 2 |{(xi , yi ) : xi , yi ∈ A}| (3.8)

for every A ∈ P(X). For instance μ ({x1, y1, z1}) = 1 and μ ({x1, y1, y2, z1}) = 2. We
now check that μ is a q-measure on X . If μ(A) = 0, then A = ∅ or A has the form

A = {
xi1, yi1, . . . , xi j , yi j

}
.

If in addition B ∈ P(X) with A ∩ B = ∅, then

μ(A ·∪ B) = |A| + |B| − 2 |{(xi , yi ) : xi , yi ∈ A}| − 2 |{(xi , yi ) : xi , yi ∈ B}|
= |B| − 2 |{(xi , yi ) : xi , yi ∈ B}| = μ(B).

Hence, (3.6) holds. To show that (3.7) holds, suppose μ(A ·∪ B) = 0. Then zi 	∈ A ·∪ B,
i = 1, . . . , n. If xi ∈ A then yi ∈ A ·∪ B, and if yi ∈ A then xi ∈ A ·∪ B. Hence,

μ(A) = |{xi ∈ A : yi ∈ B}| + |{yi ∈ A : xi ∈ B}|
= |{yi ∈ B : xi ∈ A}| + |{xi ∈ B : yi ∈ A}| = μ(B).

We conclude that μ is regular. To prove grade-2 additivity (3.5), let A1, A2, A3 ∈ P(X)

be mutually disjoint. If xi ∈ Ar and yi ∈ As , r, s = 1, 2, 3, we call (xi , yi ) an rs-pair.
We then have

μ(A1 ·∪ A2) + μ(A1 ·∪ A3) + μ(A2 ·∪ A3) − μ(A1) − μ(A2) − μ(A3)

= |A1| + |A2| − 2 |{rs-pairs, r, s = 1, 2}| + |A1| + |A3|
− 2 |{rs-pairs, r, s = 1, 3}| + |A2| + |A3| − 2 |{rs-pairs, r, s = 2, 3}|
− |A1| + 2 |{11-pairs}| − |A2| + 2 |{22-pairs}| − |A3| + 2 |{33-pairs}|
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= |A1 ·∪ A2 ·∪ A3| − 2 |{rs-pairs, r, s = 1, 2, 3}|
= μ(A1 ·∪ A2 ·∪ A3).

We conclude that (X, μ) is a q-measure space.

The next result shows that grade-2 additivity is equivalent to a generalization of
(2.3). The symmetric difference of A and B is A  B = (A ∩ B ′) ∪ (A′ ∩ B).

Theorem 3.2. A map μ : P(X) → R
+ is grade-2 additive if and only if μ satisfies

μ(A ∪ B) = μ(A) + μ(B) − μ(A ∩ B) + μ(A  B) − μ(A ∩ B ′) − μ(A′ ∩ B).

(3.9)

Proof. If μ is grade-2 additive, we have

μ(A ∪ B) = μ
[
(A ∩ B ′) ·∪ (A′ ∩ B) ·∪ (A ∩ B)

]

= μ(A  B) + μ(A) + μ(B) − μ(A ∩ B ′) − μ(A′ ∩ B) − μ(A ∩ B),

which is (3.9). Conversely, if (3.9) holds, then letting A1 = A ·∪ C , B1 = B ·∪ C we
have

μ(A ·∪ B ·∪ C) = μ(A1 ∪ B1)

= μ(A1) + μ(B1) − μ(A1 ∩ B1) + μ(A1  B1)

− μ(A1 ∩ B ′
1) − μ(A′

1 ∩ B1)

= μ(A ·∪ C) + μ(B ·∪ C) − μ(C) + μ(A ·∪ B) − μ(A) − μ(B),

which is grade-2 additivity.

We now show that grade-2 additivity can be extended to more than three mutually
disjoint sets [5].

Theorem 3.3. If μ : P(X) → R
+ is grade-2 additive, then for any m ≥ 3 we have

μ

(
·
m⋃

i=1

Ai

)
=

m∑
i< j=1

μ(Ai ·∪ A j ) − (m − 2)

m∑
i=1

μ(Ai ). (3.10)

Proof. We prove the result by induction on m The result holds for m = 3. Assuming
the result holds for m − 1 ≥ 3 we have

μ

(
·
m⋃

i=1

Ai

)
= μ [A1 ·∪ · · · ·∪ (Am−1 ·∪ Am)]

=
m−2∑

i< j=1

μ(Ai ·∪ A j ) +
m−2∑
i=1

μ [Ai ·∪ (Am−1 ·∪ Am)]

− (m − 3)

[
m−2∑
i=1

μ(Ai) + μ(Am−1 ·∪ Am)

]
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=
m−2∑

i< j=1

μ(Ai ·∪ A j ) +
m−2∑
i=1

μ(Ai ·∪ Am−1) +
m−2∑
i=1

μ(Ai ·∪ Am)

+ (m − 2)μ(Am−1 ·∪ Am) −
m−2∑
i=1

μ(Ai) − (m − 2)μ(Am−1)

− (m − 2)μ(Am) − (m − 3)

[
m−2∑
i=1

μ(Ai) + μ(Am−1 ·∪ Am)

]

=
m∑

i< j=1

μ(Ai ·∪ A j ) − (m − 2)

m∑
i=1

μ(Ai).

The result follows by induction.

Notice that Theorem 3.3 also holds for signed and complex grade-2 additive mea-
sures.

4. QUANTUM INTERFERENCE. Unlike a measure on P(X), a q-measure μ is
not determined by its values on singleton sets. However, by Theorem 3.3, μ is de-
termined by its values on singleton and doubleton sets. Thus, if pi ≥ 0 and qi j ≥ 0,
i, j = 1, . . . , n, satisfy qi j = q ji and

∑
i, j∈A
i< j

qi j − (|A| − 2)
∑
i∈A

pi ≥ 0

for A ⊆ {1, . . . , n} with |A| ≥ 3, then there exists a unique q-measure μ on X =
{x1, . . . , xn} such that μ(xi ) = pi and μ

({
xi , x j

}) = qi j , i, j = 1, . . . , n. Conversely,
given a q-measure μ on X , then pi = μ(xi ), qi j = μ

({
xi , x j

})
have these properties.

We now introduce a physically relevant parameter called quantum interference that
can also be used to determine a q-measure.

For a q-measure μ on X = {x1, . . . , xn} we define the quantum interference func-
tion Iμ : X × X → R by

Iμ(xi , x j ) = μ
({

xi , x j

}) − μ(xi ) − μ(x j )

if i 	= j and Iμ(xi , xi ) = 0, i, j = 1, . . . , n. The function Iμ gives the deviation of μ

from being a measure on the sets
{

xi , x j

}
and hence is an indicator of the interference

between xi and x j . Notice that Iμ can have positive or negative values. For instance, in
Example 3, Iμ(x2, x3) = −1, while in Example 2, Iμ(x1, x2) = 4. By Theorem 3.3, μ

is determined by the numbers μ(xi ) and Iμ(xi , x j ), i, j = 1, . . . , n. We extend Iμ to a
signed measure λμ on P(X × X) by defining

λμ(B) =
∑ {

Iμ(xi , x j ) : (xi , x j ) ∈ B
}
.

Since Iμ(xi , x j ) = Iμ(x j , xi ) it follows that λμ is symmetric in the sense that λμ(A ×
B) = λμ(B × A) for all A, B ∈ P(X). The classical part of μ is defined to be the
unique measure νμ on P(X) that satisfies νμ(xi ) = μ(xi ), i = 1, . . . , n. The next
result shows that we can always decompose μ into its classical part and its interference
part.
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Theorem 4.1. If μ is a q-measure on X = {x1, . . . , xn}, then for any A ∈ P(X) we
have

μ(A) = νμ(A) + 1

2
λμ(A × A). (4.1)

Proof. We first prove that δ(A) = λμ(A × A) is a grade-2 signed measure on P(X).
To show this we compute

δ(A ·∪ B) + δ(A ·∪ C) + δ(B ·∪ C) − δ(A) − δ(B) − δ(C)

= λμ(A ·∪ B × A ·∪ B) + λμ(A ·∪ C × A ·∪ C) + λμ(B ·∪ C × B ·∪ C)

− λμ(A × A) − λμ(B × B) − λμ(C × C)

= λμ(A × A) + 2λμ(A × B) + λμ(B × B) + λμ(A × A) + 2λμ(A × C)

+ λμ(C × C) + λμ(B × B) + 2λμ(B × C) + λμ(C × C) − λμ(A × A)

− λμ(B × B) − λμ(C × C)

= λμ(A × A) + λμ(B × B) + λμ(C × C)

+ 2
[
λμ(A × B) + λμ(A × C) + λμ(B × C)

]

= λμ(A ·∪ B ·∪ C × A ·∪ B ·∪ C) = δ(A ·∪ B ·∪ C).

Hence, νμ(A) + 1
2λμ(A × A) is a grade-2 signed measure. Now

νμ(xi ) + 1

2
λμ ({xi } × {xi }) = νμ(xi ) + 1

2
Iμ(xi , xi )

= νμ(xi ) = μ(xi ),

and for i 	= j we have

νμ

({
xi , x j

}) + 1

2
λμ

({
xi , x j

} × {
xi , x j

})

= νμ(xi ) + νμ(x j ) + Iμ(xi , x j )

= μ(xi ) + μ(x j ) + μ
({

xi , x j

}) − μ(xi ) − μ(x j )

= μ
({

xi , x j

})
.

Since μ and A �→ νμ(A) + 1
2 (A × A) are both grade-2 signed measures that agree on

singleton and doubleton sets, it follows from Theorem 3.3 that they coincide.

Notice that (4.1) can be written

μ(A) = νμ(A) + 1

2

∑ {
Iμ(xi , x j ) : xi , x j ∈ A

}
. (4.2)

We shall now illustrate (4.2) in some examples. In Example 1 we have that νμ(xi ) =
1/16 and Iμ(xi , x j ) = 1/8 for i 	= j . By (4.2) we have for all A ∈ P(X) that

μ(A) = 1

16
|A| + 1

16
|A| (|A| − 1) = 1

16
|A|2 .
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In Example 4 we have νμ(xi ) = 1, Iμ(xi , yi ) = Iμ(yi , xi ) = −2, and Iμ vanishes for all
other pairs. Hence, (4.2) agrees with (3.8). We can use (4.2) to construct q-measures.
For example, letting ν(xi ) = 0 for all i and I (xi , x j ) = 1 for i 	= j we conclude from
(4.2) that

μ(A) =
(|A|

2

)
= 1

2
|A| (|A| − 1) .

For another example, let X = {x1, . . . , x2n+1}, ν(xi ) = n for all i , and I (xi , x j ) = −1
for all i 	= j . Applying (4.2) gives

μ(A) = n |A| −
(|A|

2

)
= 1

2
|A| (|X | − |A|) .

5. COMPATIBILITY AND THE CENTER. Let (X, μ) be a quantum measure
space. We say that A, B ∈ P(X) are μ-compatible and write AμB if

μ(A ∪ B) = μ(A) + μ(B) − μ(A ∩ B).

Recalling (2.3) we see that μ acts like a measure on A ∪ B, so in some weak sense
A and B do not interfere with each other. For example, {x} and {y} are μ-compatible
if and only if Iμ(x, y) = 0. This analogy is not completely accurate because AμA for
all A ∈ P(X) and certainly points of A can interfere with each other. It follows from
(3.9) that AμB if and only if

μ(A  B) = μ(A ∩ B ′) + μ(A′ ∩ B). (5.1)

The μ-center of P(X) is

Zμ = {A ∈ P(X) : AμB for all B ∈ P(X)} .

The elements of Zμ are called macroscopic sets because they behave like large objects
at the human scale [7].

Lemma 5.1.

(i) If A ⊆ B, then AμB.

(ii) If AμB, then A′μB ′.
(iii) ∅, X ∈ Zμ.

(iv) If A ∈ Zμ, then A′ ∈ Zμ.

Proof. (i) If A ⊆ B, then

μ(A ∪ B) = μ(B) = μ(A) + μ(B) − μ(A ∩ B).

Hence, AμB. (ii) If AμB, then by (5.1)

μ(A′  B ′) = μ(A  B) = μ(A ∩ B ′) + μ(A′ ∩ B)

= μ
[
(A′)′ ∩ B ′] + μ

[
A′ ∩ (B ′)′] .

Hence, by (5.1), A′μB ′. (iii) follows from (i), and (iv) follows from (ii).
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A set A ∈ P(X) is μ-splitting if μ(B) = μ(B ∩ A) + μ(B ∩ A′) for all B ∈ P(X).

Lemma 5.2. A is μ-splitting if and only if A ∈ Zμ.

Proof. Suppose A is μ-splitting. Then for every B ∈ P(X) we have

μ(A ∪ B) = μ [(A ∪ B) ∩ A] + μ
[
(A ∪ B) ∩ A′]

= μ(A) + μ(B ∩ A′) = μ(A) + μ(B) − μ(A ∩ B).

Hence, A ∈ Zμ. Conversely, suppose A ∈ Zμ. Then for every B ∈ P(X) we have

μ(A ∪ B) = μ
[
A ·∪ (B ∩ A′)

] = μ(A) + μ(B ∩ A′).

Thus,

μ(B) = μ(A ∪ B) − μ(A) + μ(A ∩ B) = μ(B ∩ A) + μ(B ∩ A′),

so A is μ-splitting.

A Boolean subalgebra of P(X) is a collection of sets A ⊆ P(X) such that X ∈ A,
A ∈ A implies A′ ∈ A, and A, B ∈ A implies A ∪ B ∈ A. A measure on A is defined
just as it was on P(X).

Theorem 5.3. Zμ is a Boolean subalgebra of P(X) and the restriction μ | Zμ of μ to
Zμ is a measure. Moreover, if Ai ∈ Zμ are mutually disjoint, then for every B ∈ P(X)

we have

μ [ ·∪ (B ∩ Ai)] =
∑

μ(B ∩ Ai ).

Proof. By Lemma 5.1, X ∈ Zμ, and A′ ∈ Zμ whenever A ∈ Zμ. Now suppose A, B ∈
Zμ and C ∈ P(X). Since A is μ-splitting we have

μ [C ∩ (A ∪ B)] = μ [(C ∩ A) ∩ (A ∪ B)] + μ
[
(C ∩ A′) ∩ (A ∪ B)

]

= μ(C ∩ A) + μ(C ∩ A′ ∩ B).

Hence, since B is μ-splitting we conclude that

μ(C) = μ(C ∩ A) + μ(C ∩ A′) = μ(C ∩ A) + μ(C ∩ A′ ∩ B) + μ(C ∩ A′ ∩ B ′)

= μ [C ∩ (A ∪ B)] + μ
[
C ∩ (A ∪ B)′] .

It follows that A ∪ B is μ-splitting, so A ∪ B ∈ Zμ. Hence, Zμ is a Boolean subalgebra
of P(X). Moreover, μ | Zμ is a measure because if A, B ∈ Zμ with A ∩ B = ∅, since
AμB we have μ(A ·∪ B) = μ(A) + μ(B). To prove the last statement, let Ai ∈ Zμ be
mutually disjoint, i = 1, . . . , m, and let Sr = ·∪ r

i=1 Ai , r ≤ m. We prove by induction
on r that for B ∈ P(X) we have

μ(B ∩ Sr ) =
r∑

i=1

μ(B ∩ Ai ).
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The case r = 1 is obvious. Suppose the result is true for r < m. Since Sr ∈ Zμ we
have

μ(B ∩ Sr+1) = μ(B ∩ Sr+1 ∩ Sr ) + μ(B ∩ Sr+1 ∩ S′
r )

= μ(B ∩ Sr ) + μ(B ∩ Ar+1)

=
r∑

i=1

μ(B ∩ Ai ) + μ(B ∩ Ar+1) =
r+1∑
i=1

μ(B ∩ Ai ).

By induction, the result holds for r = m, so that

μ

[
·
m⋃

i=1

(B ∩ Ai )

]
= μ(B ∩ Sm) =

m∑
i=1

μ(B ∩ Ai ).

We now illustrate these ideas in Example 4. All the results in the rest of this section
apply to the quantum measure space (X, μ) of Example 4.

Theorem 5.4. AμB if and only if xi ∈ A ∩ B ′ implies that yi 	∈ B ∩ A′ and yi ∈ A ∩
B ′ implies that xi 	∈ B ∩ A′.

Proof. The condition is equivalent to the following: if {xi , yi } ⊆ A  B, then {xi , yi }
⊆ A ∩ B ′ or {xi , yi } ⊆ B ∩ A′. Suppose the condition holds. We may assume without
loss of generality that

{x1, y1, . . . , xr , yr } ⊆ A ∩ B ′,

{xr+1, yr+1, . . . , xs, ys} ⊆ B ∩ A′,

and there are no other destructive pairs in A  B. Then

μ(A  B) = |A  B| − 2s = ∣∣A ∩ B ′∣∣ − 2r + ∣∣B ∩ A′∣∣ − 2(s − r)

= μ(A ∩ B ′) + μ(B ∩ A′).

By Theorem 3.2, AμB. Conversely, suppose AμB. Again, without loss of generality
we can assume that {x1, y1, . . . , xr , yr } are all the destructive pairs in A ∩ B ′ and
{xr+1, yr+1, . . . , xs, ys} are all the destructive pairs in B ∩ A′. Assume that

S = {xs+1, ys+1, . . . , xt , yt} ⊆ A  B.

Then

|A  B| − 2t = μ(A  B) = μ(A ∩ B ′) + μ(B ∩ A′)

= ∣∣A ∩ B ′∣∣ − 2r + ∣∣B ∩ A′∣∣ − 2(s − r).

It follows that t = s so that S = ∅. Hence, all the destructive pairs in A  B are in
A ∩ B ′ or B ∩ A′.

Corollary 5.5. A ∈ Zμ if and only if for i = 1, . . . , m, either {xi , yi } ⊆ A or
{xi , yi } ⊆ A′.
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Proof. If A ∈ Zμ, then AμA′. By Theorem 5.4, if xi ∈ A then yi 	∈ A′ and hence
yi ∈ A, and similarly if yi ∈ A then xi ∈ A. Conversely, suppose the condition holds
and B ∈ P(X). Then

μ(B ∩ A′) + μ(B ∩ A) = |B ∩ A| − 2 |{(xi , yi ) : {xi , yi } ⊆ B ∩ A}|
+ ∣∣B ∩ A′∣∣ − 2

∣∣{(xi , yi ) : {xi , yi } ⊆ B ∩ A′}∣∣
= |B| − 2 |{(xi , yi ) : {xi , yi } ⊆ B}| = μ(B).

By Lemma 5.2, A ∈ Zμ.

Corollary 5.6. The following statements are equivalent:

(i) AμA′.
(ii) A ∈ Zμ.

(iii) μ(X) = μ(A) + μ(A′).

Proof. (i) ⇒ (ii) follows from Theorem 5.4 and Corollary 5.5. (ii) ⇒ (iii) ⇒ (i) is
trivial.

It follows from Theorem 5.3 that μ | Zμ is a measure. In fact, by Corollary 5.5 we
have for every B ∈ Zμ that μ(B) = |{zi : zi ∈ B}|, and this is clearly a measure.

6. QUANTUM COVERS. A q-measure μ on X = {x1, . . . , xn} is called a q-
probability if μ(X) = 1. Of course, a q-probability would give a very strange probabil-
ity because it need not be additive and we could have μ(A) > 1 for some A ∈ P(X).
Nevertheless, q-probabilities have been studied and have been useful for certain appli-
cations. If μ is a q-measure on X for which μ(X) 	= 0, then μ can be “normalized” by
forming the q-probability μ1 = μ/μ(X). Another reason for wanting to know whether
μ(X) 	= 0 is that this would mean that “X happens.” Why can’t we just check to see
whether μ(X) = 0 or not? This may be difficult when X is a large, complicated sys-
tem. For example, in some applications of this work, X represents the entire physical
universe! In this case, q-measures are used to study the evolution of the universe going
back to the big bang [1, 2, 6, 7]. More specifically, X is the set of possible “histories”
of the universe and for A ∈ P(X), μ(A) gives the “propensity” that the true history
is an element of A; this is studied in the field of quantum gravity and cosmology. To
check whether μ(X) = 0 we could test simpler subsets of X to see if they have zero
q-measure. If many of these sets have zero q-measure it would be an indication (but
not a guarantee) that μ(X) = 0. The quantum covers that we shall consider give a
guarantee.

A collection of sets Ai ∈ P(X) is a cover for X if ∪Ai = X . If ν is an ordinary
measure, then applying additivity we conclude that ν(X) 	= 0 if and only if X does
not have a cover consisting of sets with ν-measure zero. But this doesn’t work for
q-measures. For example, let X = {x1, x2, x3} and define μ ({x2, x3}) = 4 and

μ(∅) = μ ({x1, x2}) = μ ({x1, x3}) = 0,

μ ({x1}) = μ ({x2}) = μ ({x3}) = μ(X) = 1.

It is easy to check that μ is a q-measure on X . Now the sets {x1, x2} and {x1, x3} cover
X and have μ-measure zero, but μ(X) 	= 0. We call a cover {Ai } for X a quantum
cover if μ(Ai) = 0 for all i implies that μ(X) = 0 for every q-measure μ on X [8].
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Notice that a quantum cover applies to all q-measures. This is because in quantum me-
chanics, the q-measures correspond to physical states of the system and one frequently
needs to consider many states simultaneously.

A cover {Ai } for X is a partition if Ai ∩ A j = ∅ for i 	= j . An arbitrary partition
{A1, . . . , Am} for X is an example of a quantum cover. Indeed, let μ be a q-measure
on X and suppose that μ(Ai) = 0, i = 1, . . . , m. Then by regularity we have

μ(X) = μ(A1 ·∪ · · · ·∪ Am) = μ(A2 ·∪ · · · ·∪ Am) = · · · = μ(Am) = 0.

We now show that there are other types of quantum covers. A subset A ⊆ X is a k-set
if |A| = k. The k-set cover for X is the collection of all k sets in X . Thus, the 1-set
cover is the collection of singleton sets in X and the 2-set cover is the collection of
all doubleton sets in X . The next result appears in [8] and uses a nice combinatorial
argument.

Theorem 6.1. The k-set cover is a quantum cover.

Proof. The result is true for k = 1 since the 1-set cover is a partition. Let 2 ≤ k ≤ n
and assume that every k-set has μ-measure zero. By Theorem 3.3 for any distinct
i1, . . . , ik ∈ {1, . . . , n} we have

(2 − k)

k∑
j=1

μ(xi j ) +
k∑

r<s=1

μ
({

xir , xis

}) = μ
({

xi1, . . . , xik

}) = 0.

Adding up the
(n

k

)
possible k-sets, since xi j appears in

(n−1
k−1

)
k-sets and

{
xir xis

}
is a

subset of
(n−2

k−2

)
k-sets we have

(
n − 1

k − 1

)
(2 − k)

n∑
j=1

μ(x j ) +
(

n − 2

k − 2

) n∑
r<s=1

({xr , xs}) = 0.

Since

(k − 2)

(
n − 1

k − 1

)/(
n − 2

k − 2

)
= (n − 1)(k − 2)

k − 1

we conclude that

n∑
r<s=1

μ ({xr , xs}) = (n − 1)(k − 2)

k − 1

n∑
j=1

μ(x j ).

Since k ≤ n we have by Theorem 3.3 that

μ(X) = μ ({x1, . . . , xn}) =
n∑

r<s=1

μ ({xr , xs}) − (n − 2)

n∑
j=1

μ(x j )

= k − n

k − 1

n∑
j=1

μ(x j ) ≤ 0.

Hence μ(X) = 0, so the k-set cover is a quantum cover.
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We now briefly consider a generalization of the k-set cover that has physical sig-
nificance [8]. An antichain in P(X) is a nonempty collection of sets {A1, . . . , Am}
in P(X) that are incomparable. That is, Ai 	⊆ A j for i 	= j , i, j = 1, . . . , m. An an-
tichain {A1, . . . , Am} is maximal if it is not contained in a strictly larger antichain.
That is, for any B ∈ P(X) either B ⊆ Ai or Ai ⊆ B for some i . Notice that a max-
imal antichain {A1, . . . , Am} forms a cover for X . Indeed, for any x ∈ X there is an
Ai such that {x} ⊆ Ai . Thus ∪Ai = X . The k-set cover Ck is an example of a maxi-
mal antichain. To see this, first notice that two different k-sets are incomparable, so Ck

forms an antichain. To show maximality, let B ∈ P(X). If |B| < k, then there exists
an A ∈ Ck such that B ⊆ A, while if |B| ≥ k, then there exists an A ∈ Ck such that
A ⊆ B. We conclude that maximal antichains generalize the k-set cover, k = 1, . . . , n.
It is conjectured in [8] that every maximal antichain is a quantum cover. This is an in-
teresting unsolved problem that the reader is invited to investigate.

7. SUPER-QUANTUM MEASURE SPACES. We say that a map μ : P(X) → R
+

is a grade-m measure if μ satisfies the grade-m additivity condition

μ(A1 ·∪ · · · ·∪ Am+1)

=
m+1∑

i1<···<im=1

μ(Ai1
·∪ · · · ·∪ Aim ) −

m+1∑
i1<···<im−1=1

μ(Ai1
·∪ · · · ·∪ Aim−1)

+ · · · + (−1)m+1
m+1∑
i=1

μ(Ai). (7.1)

Grade-m measures for m ≥ 3 correspond to super-quantum measures and these may
describe theories that are more general than quantum mechanics. It can be shown by
induction that a grade-m measure is a grade-(m + 1) measure [5]. Thus, we have a
hierarchy of measure grades with each grade contained in all higher grades. Instead
of giving the induction proof we will just check that any grade-2 measure μ is also a
grade-3 measure. Indeed by Theorem 3.3 we have

4∑
i< j<k=1

μ(Ai ·∪ A j ·∪ Ak) −
4∑

i< j=1

μ(Ai ·∪ A j ) +
4∑

i=1

μ(Ai)

= 2
4∑

i< j=1

μ(Ai ·∪ A j ) − 3
4∑

i=1

μ(Ai ) −
4∑

i< j=1

μ(Ai ·∪ A j ) +
4∑

i=1

μ(Ai)

=
4∑

i< j=1

μ(Ai ·∪ A j ) − 2
4∑

i=1

μ(Ai ) = μ(A1 ·∪ A2 ·∪ A3 ·∪ A4).

Of course, if μ : P(X) → R is grade-m additive, we call μ a grade-m signed mea-
sure. We denote the Cartesian product of a set A with itself m times by Am . As in
Section 4, we say that a signed measure λ on P(X 2) is symmetric if λ(A1 × A2) =
λ(A2 × A1) for all A1, A2 ∈ P(X). More generally, we say that a signed measure λ on
P(X m) is symmetric if

λ(A1 × · · · × Am) = λ
(
Aπ(1) × · · · × Aπ(m)

)

for any A1, . . . , Am ∈ P(X) and any permutation π : {1, . . . , m} → {1, . . . , m}. The
next result gives a general method of generating grade-m signed measures. The proof
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for the case m = 2 is given in Theorem 4.1 and we leave the proof for general m to the
reader.

Theorem 7.1. If λ is a symmetric signed measure on P(X m), then μ(A) = λ(Am) is
a grade-m signed measure on P(X).

Let μ be a grade-3 measure on P(X). We define the classical part λ1
μ = νμ and the

two-point interference function I 2
μ = Iμ just as we did in Section 4. We now define the

three-point interference function by

I 3
μ(xi , x j , xk) = μ

({
xi , x j , xk

}) − μ
({

xi , x j

}) − μ
({

xi , xk

}) − μ
({

x j , xk

})

+ μ(xi ) + μ(x j ) + μ(xk)

if i , j , and k are distinct, and I 3
μ = 0 otherwise. Of course, I 3

μ = 0 for quantum mea-
sures and so this term introduces a new type of phenomenon that does not seem to
occur in quantum mechanics. We next define the symmetric signed measures λ2

μ, λ3
μ

on P(X 2) and P(X 3), respectively by

λ2
μ(B) =

∑{
I 2
μ(xi , x j ) : (xi , x j ) ∈ B

}
,

λ3
μ(B) =

∑{
I 3
μ(xi , x j , xk) : (xi , x j , xk) ∈ B

}
.

The next result extends Theorem 4.1.

Theorem 7.2. If μ is a grade-3 measure, then for every B ∈ P(X) we have

μ(B) = λ1
μ(B) + 1

2!λ
2
μ(B2) + 1

3!λ
3
μ(B3). (7.2)

Proof. It follows from Theorem 7.1 that the right side of (7.2) is a grade-3 signed mea-
sure. As in Theorem 4.1, we are finished if we show that this grade-3 signed measure
coincides with μ for k-sets, k = 1, 2, 3. They clearly agree for 1-sets, and they agree
on 2-sets as in the proof of Theorem 4.1. Finally, if B = {x1, x2, x3}, we have

λ1
μ(B) + 1

2! λ2
μ(B2) + 1

3! λ3
μ(B3) = μ(x1) + μ(x2) + μ(x3) + I 2

μ(x1, x2)

+ I 2
μ(x1, x3) + I 2

μ(x2, x3) + I 3
μ(x1, x2, x3).

Expanding I 2
μ and I 3

μ in terms of their definitions, the right side becomes μ({x1, x2, x3}).

Of course, Theorem 7.2 can be generalized to grade-m measures to obtain

μ(B) =
m∑

i=1

1

i !λ
i
μ(Bi ). (7.3)

In this last paragraph, let your imagination take flight and don’t worry about tech-
nicalities. If we consider the vector space V of complex-valued functions on X =
{x1, . . . , xn} with the natural inner product, then V is isomorphic to C

n . In a sim-
ilar way, the vector space of complex-valued functions on X × X is isomorphic to
C

n ⊗ C
n . We now form the inner product space

H = C
n ⊕ (Cn ⊗ C

n) ⊕ · · · ⊕ (Cn)⊗m,
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where the last summand is the m-fold tensor product. The measure λi
μ in (7.3) provides

a linear functional on (Cn)⊗i via its integral and hence is itself a member of (Cn)⊗i .
The q-measure μ in (7.3) is given by some kind of “collapse” of these vectors. For
those who know about these sorts of things, this is beginning to look like a Fock space
in quantum field theory. But this is a new story that has not yet been told. In any case,
the subject of quantum and super-quantum measure spaces may usher in a whole new
world for mathematicians to explore.

REFERENCES

1. M. Gell-Mann and J. B. Hartle, Classical equations for quantum systems, Phys. Rev. D 47 (1993) 3345–
3382. doi:10.1103/PhysRevD.47.3345

2. R. B. Griffiths, Consistent histories and the interpretation of quantum mechanics, J. Stat. Phys. 36 (1984)
219–272. doi:10.1007/BF01015734

3. S. Gudder, A histories approach to quantum mechanics, J. Math. Phys. 39 (1998) 5772–5788. doi:10.
1063/1.532592

4. O. Rudolf and J. D. Wright, Homogeneous decoherence functionals in standard and history quantum
mechanics, Commun. Math. Phys. 204 (1999) 249–267. doi:10.1007/s002200050645

5. R. Salgado, Some identities for the quantum measure and its generalizations, Mod. Phys. Lett. A 17 (2002)
711–728. doi:10.1142/S0217732302007041

6. R. Sorkin, Quantum mechanics as quantum measure theory, Mod. Phys. Lett. A 9 (1994) 3119–3127. doi:
10.1142/S021773239400294X

7. , Quantum mechanics without the wave function, J. Phys. A 40 (2007) 3207–3231. doi:10.1088/
1751-8113/40/12/S20

8. S. Surya and P. Wallden, Quantum covers in quantum measure theory (2008), available at http://arxiv.
org/abs/0809.1951.

STAN GUDDER received his B.S. from Washington University in 1958 and his Ph.D. from the University
of Illinois at Champaign-Urbana in 1964. He taught at the University of Wisconsin–Madison from 1964 to
1969. Since 1969 he has taught at the University of Denver where he is currently the John Evans Emeritus
Professor of Mathematics. He is the author of four books and over 250 research articles most of which concern
the foundations of quantum mechanics. His other interests include mathematical art, skiing, primary school
mathematics enrichment, and spending time with his grandchildren and the rest of his extended family.
Department of Mathematics, University of Denver, Denver, CO 80208
sgudder@math.du.edu

June–July 2010] FINITE QUANTUM MEASURE SPACES 527

http://www.ingentaconnect.com/content/external-references?article=0556-2821(1993)47L.3345[aid=248950]
http://www.ingentaconnect.com/content/external-references?article=0010-3616(1999)204L.249[aid=9208421]
http://arxiv.org/abs/0809.1951
http://arxiv.org/abs/0809.1951
http://dx.doi.org/10.1103/PhysRevD.47.3345
http://dx.doi.org/10.1007/BF01015734
http://dx.doi.org/10.1007/s002200050645
http://dx.doi.org/10.1142/S0217732302007041
http://dx.doi.org/10.1142/S021773239400294X
http://dx.doi.org/10.1142/S021773239400294X
http://dx.doi.org/10.1088/1751-8113/40/12/S20
http://dx.doi.org/10.1088/1751-8113/40/12/S20
http://dx.doi.org/10.1063/1.532592
http://dx.doi.org/10.1063/1.532592


Lp Norms and the Sinc Function

David Borwein, Jonathan M. Borwein, and Isaac E. Leonard

Abstract. It’s everywhere! It’s everywhere! . . .

In this note we give elementary proofs of some of the striking asymptotic properties of
the p-norm of the ubiquitous sinc function. Based on experimental evidence we conjecture
some enticing further properties of the p-norm as a function of p. See, for example, http:
//www.carma.newcastle.edu.au/~jb616/oscillatory.pdf.

1. INTRODUCTION. The sinc function is a real-valued function defined on the real
line R by the following expression:

sinc(x) =

⎧⎪⎨
⎪⎩

sin x

x
if x �= 0,

1 otherwise.

This function is important in many areas of computing science, approximation theory,
and numerical analysis. For example, it is used in interpolation and approximation of
functions and approximate evaluation of transforms (e.g., Hilbert, Fourier, Laplace,
Hankel, and Mellon transforms as well as the fast Fourier transform). It is used in find-
ing approximate solutions of differential and integral equations, in image processing
(it is the Fourier transform of the box filter and central to the understanding of the
Gibbs phenomenon [12]), and in signal processing and information theory. Much of
this is nicely described in [7].

The first explicit appearance of the sinc function in approximation theory was prob-
ably in the use of the Whittaker cardinal functions C( f, h) to approximate functions
analytic on an interval or on a contour. Given a function f which is defined on the real
line R, the function C( f, h) is defined by

C( f, h) =
∞∑

k=−∞
f (kh)S(k, h)

whenever the series converges, where the step size h is positive and where

S(k, h)(x) = sin (π(x − kh)/h)

π(x − kh)/h
,

that is, S(k, h)(x) = sinc (π(x − kh)/h) . See, for example, [11].
The object of this note is to study the behavior and properties of the function

I (p) = √
p

∫ ∞

0

∣∣∣∣
sin x

x

∣∣∣∣
p

dx

doi:10.4169/000298910X492817
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for 1 < p < ∞. Note that this function is only defined for p > 1, since
∫ ∞

0 (sin x)/x dx
is conditionally convergent. Indeed

∫ ∞

0

sin x

x
dx = π

2
while

∫ ∞

0

∣∣∣∣
sin x

x

∣∣∣∣ dx = +∞;

see [12].
This integral arises, for example, in the L p-approximation of real-valued functions

by Whittaker cardinal functions, and is important in estimating the error made in the
approximation. It also arises in many other computational problems, and it is surprising
that so little is known about it.

Various properties of the function I (p) are known. For example, the behavior of
I (p) for large p is known:

lim
p→∞ I (p) = lim

p→∞
√

p
∫ ∞

0

∣∣∣∣
sin x

x

∣∣∣∣
p

dx =
√

3π

2
.

This result, obtained independently by A. Meir and I. E. Leonard, is in principle not
new (see equation (3)). We provide a self-contained proof below as part of our more
general result in Theorem 1.

Also, for integer p, the integral

∫ ∞

0

(
sin x

x

)p

dx

can be calculated explicitly. In fact, for n ≥ 1 we have

∫ ∞

0

(
sin x

x

)n

dx = 1

(n − 1)! · π

2n
·

�n/2	∑
k=0

(−1)k

(
n

k

)(
n − 2k

)n−1
.

This result is most definitely not new; it can be found in Bromwich [4, Exercise 22, p.
518], where it is attributed to Wolstenholme, and in many other places—including two
relatively recent articles on integrals of more general products of sinc functions [2, 3].

Thus, if p is an even integer, then we have a closed-form expression for I (p), and
in this case the values of I (p) can be calculated exactly:

I (p) = √
p

∫ ∞

0

(
sin x

x

)p

dx = √
p · 1

(p − 1)! · π

2p
·

p/2∑
k=0

(−1)k

(
p

k

)
(p − 2k)p−1.

(1)

In particular I (2) = π/
√

2, I (4) = 2π/3, and I (6) = 11
√

6π/40. That said, this sum
is very difficult to use numerically for large p. Not only are the rational factors grow-
ing rapidly, but it contains extremely large terms of alternating sign and consequently
dramatic cancelations. For example

I (36) = 731509401860533204925821188658871713

1063081066500632194410149314560000000
π,

and I (10) = Q100 π, where Q100 is a rational number whose numerator and denomina-
tor both have roughly 150 digits. Similarly I (12) = Q144 π, where Q144 is comprised
of 240-digit integers. We also note that numerical integration of I (p) even to single
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precision is not easy and so (1) provides a very good confirmation of numerical inte-
gration results. We challenge the reader to numerically confirm the limit at infinity to
8 places.

The behavior of I (p) for intermediate values of p is not fully established. It had
been conjectured that I (p) has a global minimum at p = 4. However, (very) recent
computations using both Maple and Mathematica suggest that the global minimum,
and unique critical point, is at approximately p = 3.36 . . . , as illustrated in Figure 1.

2 3 4 5 6 7 8 9 10

2.10

2.12

2.14

2.16

2.18

2.20

Figure 1. The function I on [2, 10].

Although it is known that limp→1+ I (p) = +∞, and that limp→∞ I (p) =
√

3π

2 ,

it is not known precisely how the asymptote y =
√

3π

2 is approached, although both
numerical and graphical evidence strongly suggest the following conjecture:

Conjecture. I is increasing for p above the conjectured global minimum near 3.36
and concave for p above an inflection point near 4.469.

This is shown in Figure 2, in which the dashed line has height
√

3π

2 . Moreover, in
Theorem 2 we shall prove

I (p) >

√
3π

2

2p

2p + 1
>

√
3π

2

(
1 − 1

2p

)
, (2)

for all p > 1.
We conclude this introduction by observing that one can derive the existence of an

asymptotic expansion for I (p) from a general result of Olver [10] on asymptotics of
integrals using critical point theory and contour integration. Specialized to our case,
[10, Theorem 7.1, p. 127] (with q = 1 and p = log(sin(x)/x) on [−π, π]) establishes
the existence of real constants cs such that

I (p) ∼ 1

2

√
p

∫ π

−π

∣∣∣∣
sin(x)

x

∣∣∣∣
p

dx

∼
√

3π

2
− 3

20

√
3π

2

1

p
+

∞∑
s=2

cs
1

ps
+ · · · (3)
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Figure 2. The function I and its limiting value on [2, 100].

as p → ∞. From this one may deduce that I (p) is concave and increasing for suf-
ficiently large values of p—consistent with our stronger conjecture—as (3) may be
differentiated termwise.

2. OUR MAIN RESULTS. In order to study the properties of the function I (p), we
consider first the functions

ϕn(p) =
∫ ∞

0

(
log

∣∣∣∣
sin x

x

∣∣∣∣
)n

·
∣∣∣∣
sin x

x

∣∣∣∣
p

dx

for p > 1 and n a nonnegative integer. We write

ϕ(p) = ϕ0(p) =
∫ ∞

0

∣∣∣∣
sin x

x

∣∣∣∣
p

dx .

In Lemma 1 below we confirm that ϕ(p) is analytic in a region containing (1, ∞)

and that its nth derivative for p > 1 is given by ϕ(n)(p) = ϕn(p).
Then in Theorem 1 we shall use induction to prove the following result for n a

nonnegative integer:

lim
p→∞ pn+ 1

2 ϕ(n)(p) = (−1)n

√
3

2
�

(
n + 1

2

)
.

The base case, n = 0, for our induction is established in Lemma 2 below. It uses
Laplace’s method for determining asymptotic behavior of an integral for large values
of a parameter p; see, e.g., [6, p. 60].

Lemma 1. For p − 1 > z > 1 − p,

ϕ(p − z) =
∞∑

n=0

(−1)nϕn(p)
zn

n! .

In particular, ϕ(p) is analytic in a region containing (1, ∞) and its nth derivative for
p > 1 is given by

ϕ(n)(p) = ϕn(p).
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Proof. We have

ϕ(p − z) =
∫ ∞

0

∣∣∣∣
sin x

x

∣∣∣∣
p−z

dx =
∫ ∞

0
dx

∞∑
n=0

(
− log

∣∣∣∣
sin x

x

∣∣∣∣
)n

·
∣∣∣∣
sin x

x

∣∣∣∣
p zn

n! (4)

=
∞∑

n=0

∫ ∞

0

(
− log

∣∣∣∣
sin x

x

∣∣∣∣
)n

·
∣∣∣∣
sin x

x

∣∣∣∣
p zn

n! dx =
∞∑

n=0

(−1)nϕn(p)
zn

n! , (5)

the inversion of sum and integral in (4) being justified as follows:

Case i. p − 1 > z ≥ 0. All the terms involved are nonnegative.

Case ii. 0 > z > 1 − p. By Case i

ϕ(p − |z|) =
∫ ∞

0
dx

∞∑
n=0

(
− log

∣∣∣∣
sin x

x

∣∣∣∣
)n

·
∣∣∣∣
sin x

x

∣∣∣∣
p |z|n

n! < ∞.

Thus (5) yields the Taylor series for ϕ(p − z) at z = 0, and the final conclusion
follows.

Lemma 2.

lim
p→∞ I (p) = lim

p→∞
√

p ϕ(p) =
√

3π

2
. (6)

Proof. Let a > 0. Then for p > 1 we have

I (p) = √
p

∫ ∞

0

∣∣∣∣
sin x

x

∣∣∣∣
p

dx = √
p

∫ a

0

∣∣∣∣
sin x

x

∣∣∣∣
p

dx + √
p

∫ ∞

a

∣∣∣∣
sin x

x

∣∣∣∣
p

dx .

We show first that

lim
p→∞

√
p

∫ ∞

a

∣∣∣∣
sin x

x

∣∣∣∣
p

dx = 0. (7)

It suffices to consider the case 0 < a < 1, since for a ≥ 1 we have

√
p

∫ ∞

a

∣∣∣∣
sin x

x

∣∣∣∣
p

dx ≤ lim
b→∞

√
p

∫ b

a

1

x p
dx =

√
p

p − 1
· 1

a p−1
−→ 0

as p → ∞.
Now, for a < x < 1, we have

0 <
sin x

x
<

sin a

a
< 1,

and it follows that

0 <
√

p
∫ ∞

a

∣∣∣∣
sin x

x

∣∣∣∣
p

dx ≤ √
p

∫ 1

a

∣∣∣∣
sin x

x

∣∣∣∣
p

dx + √
p

∫ ∞

1

∣∣∣∣
sin x

x

∣∣∣∣
p

dx

≤ (1 − a)
√

p

∣∣∣∣
sin a

a

∣∣∣∣
p

+
√

p

p − 1
−→ 0

as p → ∞. This establishes (7).
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We next use the following easily proved results [9, 8]:

1 − x2

6
≤ sin x

x
≤ 1 − x2

6
+ x4

120
for all real x, (8)

and
∫ 1

0
(1 − u2)p du =

√
π

2

�(p + 1)

�
(

p + 3
2

) , (9)

where the equality is a special case of a beta-function evaluation (see also [12, Theo-
rem 7.69]). It follows from (8) and (9) that

∫ √
6

0

∣∣∣∣
sin x

x

∣∣∣∣
p

dx ≥ √
6

∫ 1

0
(1 − u2)p du =

√
3π

2

�(p + 1)

�
(

p + 3
2

) , (10)

and hence that

lim inf
p→∞ I (p) ≥ lim

p→∞

√
3π

2

√
p �(p + 1)

�
(

p + 3
2

) . (11)

Now, in order to get an appropriate inequality for the limsup, we note that for any
w > 1, if we let

W = 2
√

5

√(
1 − 1

w

)
,

then we have

sin x

x
≤ 1 − x2

6
+ x4

120
≤ 1 − x2

6w
for 0 < x < W. (12)

If, in addition, w ≤ 10/7, then W ≤ √
6, whence

∫ W

0

∣∣∣∣
sin x

x

∣∣∣∣
p

dx ≤ √
6w

∫ W√
6w

0
(1 − u2)p du

≤ √
6w

∫ 1

0
(1 − u2)p du =

√
3πw

2

�(p + 1)

�
(

p + 3
2

) . (13)

It follows from (7) and (13) that

lim sup
p→∞

I (p) ≤ lim
p→∞

√
3πw

2

√
p �(p + 1)

�
(

p + 3
2

) , (14)

and therefore from (11) and (14), for w ∈ (1, 10/7] we have

lim
p→∞

√
3π

2

√
p �(p + 1)

�
(

p + 3
2

) ≤ lim inf
p→∞ I (p) ≤ lim sup

p→∞
I (p)

≤ lim
p→∞

√
3πw

2

√
p �(p + 1)

�
(

p + 3
2

) . (15)
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Since we have

lim
a→∞

√
a �

(
a + 1

2

)

�(a + 1)
= 1

from [8, Problem 2, p. 45] or (23), letting p → ∞ in (15), we obtain

√
3π

2
≤ lim inf

p→∞ I (p) ≤ lim sup
p→∞

I (p) ≤
√

3πw

2
, (16)

for all w ∈ (1, 10/7]. Finally, letting w → 1+, we get the desired equation (6).

We are now ready for our more general result.

Theorem 1. For all natural numbers n we have

lim
p→∞ pn+ 1

2 ϕ(n)(p) = lim
p→∞ pn+ 1

2

∫ ∞

0

(
log

∣∣∣∣
sin x

x

∣∣∣∣
)n

·
∣∣∣∣
sin x

x

∣∣∣∣
p

dx

= (−1)n

√
3

2
�

(
n + 1

2

)
. (17)

Proof. The first equality was noted above. We proceed to establish equation (17) by
induction. The proof of the base case was given in Lemma 2.

For the inductive step of the proof, we assume that for a given nonnegative integer
n, we have

lim
p→∞ pn+ 1

2 ϕ(n)(p) = (−1)n

√
3

2
�

(
n + 1

2

)
.

It is easily verified that x < − log(1 − x) < x
1−x for 0 < x < 1, and setting x = 1 −∣∣ sin t

t

∣∣p
, that

1 −
∣∣∣∣
sin t

t

∣∣∣∣
p

< − log

∣∣∣∣
sin t

t

∣∣∣∣
p

<
1 − ∣∣ sin t

t

∣∣p

∣∣ sin t
t

∣∣p

for all but countably many values of t .
For q > p + 1, multiplying these inequalities by the nonnegative term

(−1)n

(
log

∣∣∣∣
sin t

t

∣∣∣∣
)n

·
∣∣∣∣
sin t

t

∣∣∣∣
q

,

we have

0 ≤ (−1)n

(
log

∣∣∣∣
sin t

t

∣∣∣∣
)n (∣∣∣∣

sin t

t

∣∣∣∣
q

−
∣∣∣∣
sin t

t

∣∣∣∣
p+q)

< −(−1)n p

(
log

∣∣∣∣
sin t

t

∣∣∣∣
)n+1

·
∣∣∣∣
sin t

t

∣∣∣∣
q

< (−1)n

(
log

∣∣∣∣
sin t

t

∣∣∣∣
)n (∣∣∣∣

sin t

t

∣∣∣∣
q−p

−
∣∣∣∣
sin t

t

∣∣∣∣
q)
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for the same values of t, and integrating over (0, ∞) yields

(−1)n

(
ϕ(n)(q) − ϕ(n)(p + q)

)
≤ −(−1)n p ϕ(n+1)(q)

≤ (−1)n

(
ϕ(n)(q − p) − ϕ(n)(q)

)
,

and hence

(−1)n

⎛
⎝qn+ 1

2 ϕ(n)(q)

p qn+ 1
2

− (p + q)
n+ 1

2 ϕ(n)(p + q)

p (p + q)
n+ 1

2

⎞
⎠

≤ −(−1)n qn+1+ 1
2 ϕ(n+1)(q)

qn+1+ 1
2

≤ (−1)n

⎛
⎝ (q − p)

n+ 1
2 ϕ(n)(q − p)

p (q − p)
n+ 1

2

− qn+ 1
2 ϕ(n)(q)

p qn+ 1
2

⎞
⎠ . (18)

Now let q = kp, where k > 2 is fixed; then (18) becomes

(−1)n

⎛
⎝k qn+ 1

2 ϕ(n)(q) − k (p + q)
n+ 1

2 ϕ(n)(p + q)

(1 + 1
k )

n+ 1
2

⎞
⎠

≤ −(−1)nqn+1+ 1
2 ϕ(n+1)(q)

≤ (−1)n

⎛
⎝k

(q − p)
n+ 1

2 ϕ(n)(q − p)

(1 − 1
k )

n+ 1
2

− k qn+ 1
2 ϕ(n)(q)

⎞
⎠ .

Next let q → ∞, keeping k > 2 fixed, so that p → ∞ and q − p = (k − 1)p →
∞. It follows from the inductive hypothesis that

lim
q→∞ qn+ 1

2 ϕ(n)(q) = lim
q→∞(p + q)

n+ 1
2 ϕ(n)(p + q) = lim

q→∞(q − p)
n+ 1

2 ϕ(n)(q − p)

= (−1)n

√
3

2
�

(
n + 1

2

)
,

and therefore
⎛
⎝k − k

(
1 + 1

k

)n+ 1
2

⎞
⎠

√
3

2
�

(
n + 1

2

)
≤ lim inf

q→∞ (−1)n+1qn+1+ 1
2 ϕ(n+1)(q)

≤ lim sup
q→∞

(−1)n+1qn+1+ 1
2 ϕ(n+1)(q)

≤
⎛
⎝ k

(
1 − 1

k

)n+ 1
2

− k

⎞
⎠

√
3

2
�

(
n + 1

2

)
. (19)
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Since

lim
k→∞

⎛
⎝k − k

(
1 + 1

k

)n+ 1
2

⎞
⎠ = lim

k→∞

⎛
⎝ k

(
1 − 1

k

)n+ 1
2

− k

⎞
⎠

= lim
t→0

1 − (1 + t)−n− 1
2

t
= n + 1

2
,

it follows from (19) that

lim
q→∞(−1)n+1qn+1+ 1

2 ϕ(n+1)(q) =
√

3

2

(
n + 1

2

)
�

(
n + 1

2

)
=

√
3

2
�

(
n + 1 + 1

2

)
,

and this completes the proof of the inductive step.

3. FINAL REMARKS. Our proof of Theorem 1 shows both that

lim
p→∞ pn+ 1

2 ϕ(n)(p) = an (20)

exists and determines the value of an . If we know in advance that the limit exists for
every nonnegative integer n, then we can use Lemmas 1 and 2 to write

lim
p→∞

√
p ϕ(p(1 + x)) = lim

p→∞

∞∑
n=0

pn+ 1
2 ϕ(n)(p)

xn

n! =
√

3π/2√
1 + x

for 1 − 1
p > x > 1

p − 1, and then justify the exchange of limit and sum, and expand
the final term to obtain

∞∑
n=0

an
xn

n! =
∞∑

n=0

√
3

2
(−1)n�

(
n + 1

2

) xn

n! .

Comparing coefficients of the above two exponential generating functions yields the
desired valuation

an =
√

3

2
(−1)n�

(
n + 1

2

)
. (21)

In fact, to justify the exchange by means of the series version of Lebesgue’s theorem
on dominated convergence one needs to establish something like

∣∣∣∣∣∣
pn+ 1

2 ϕ(n)(p)

n!

∣∣∣∣∣∣
≤ M

with M a positive constant independent of n and p, and this requires an inequality such
as the right-hand side of (19) (with q replaced by p and n by n − 1) used in the given
proof of Theorem 1.
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Another way of determining the value of an in (20), if we know it exists for every
n, is to proceed via L’Hospital’s rule as follows:

an−1 = lim
p→∞

ϕ(n−1)(p)

p−n+ 1
2

= lim
p→∞

ϕ(n)(p)

−(n − 1
2 )p−n− 1

2

= − an

n − 1
2

,

whence, by Lemma 2,

an = (−1)na0

n∏
k=1

(
k − 1

2

)
=

√
3

2
(−1)n�

(
n + 1

2

)
,

which is (20) again.
One advantage of our explicit proof of Lemma 2 over Olver’s asymptotic result in

(3) is that it is easily exploited to establish (2).

Theorem 2. For all p > 1 we have

I (p) >

√
3π

2

2p

2p + 1
>

√
3π

2

(
1 − 1

2p

)
. (22)

Proof. For x > 0 and 0 < s < 1, Abromowitz and Stegun [1] records (as (5.6.4) in
the new web version) that

x1−s <
�(x + 1)

�(x + s)
< (x + 1)1−s. (23)

Hence, from (10) and (23) we obtain for p > 1 that

I (p) >
√

p

√
3π

2

�(p + 1)

�
(

p + 3
2

) =
√

3π

2

2
√

p

2p + 1

�(p + 1)

�
(

p + 1
2

)

>

√
3π

2

2p

2p + 1
>

√
3π

2

(
1 − 1

2p

)
.

Here, for the penultimate inequality, we have used the left-hand inequality in (23) with
x = p, s = 1/2.

Note that (22) implies that

‖sinc‖p >

(
2
√

6p π

2p + 1

)1/p

when sinc is viewed as a function in L p([−∞, ∞]). We finish by observing that the
lower bound is asymptotically of the correct order, and leave as an open question
whether similar explicit techniques to those in Theorem 1 can be used to establish the
second-order term in the asymptotic expansion (3) or the concavity properties conjec-
tured in the introduction.

Finally, we note that a much more accurate computation of the critical and inflection
points can be found at http://www.carma.newcastle.edu.au/~jb616/oscillatory.pdf,
and the values are as shown below:
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• p at critical point (conjectured minimum):
3.36354876022451532816334301553541106982340973010200
93393024274526853624322808822111780630522743546839
65168546672961485462827077846841786411218613089950
8745727158152731

• I (p) at critical point (conjectured minimum):
2.09002860269180412254956491550781177353834974949186
75161558946115770419271274624491776411344314758189
93461306711846030747363223735023118868888017902470
29802232734781888386061734850631082243846394257215
38511911622108100945818827513170410889481080593453
364388301851618971531246883340068963419076

• p at inflection point:
4.46987788658564578917780820674988693171596919867299
11634253975525983837941459705451646979509928424279
4233718363336416486397093
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Most Unlikely Breakfast Table Conversation by a 13-Year-Old High
School Freshman and his Mother

The following exchange occurs in the 2008 Australian movie “Hey Hey It’s
Esther Blueburger,” written and directed by Cathy Randall:

Jacob Blueburger: “Mom, do the trigonometric functions form a complete basis
for the space of all continuous functions?”

Grace Blueburger: “Yes, but the functions must have compact support.”

No dialogue before or after this in the movie is even remotely like the above
exchange, which seems to come out of the blue (no pun intended).

—Submitted by Frederick G. Schmitt, College of Marin, Kentfield, CA
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Edited by Ed Scheinerman

Indefinite Quadratic Forms
and the Invariance of the Interval

in Special Relativity

John H. Elton

Abstract. In this note, a simple theorem on proportionality of indefinite real quadratic forms
is proved, and is used to clarify the proof of the invariance of the interval in special relativity
from Einstein’s postulate on the universality of the speed of light; students are often rightfully
confused by the incomplete or incorrect proofs given in many texts. The result is illuminated
and generalized using Hilbert’s Nullstellensatz, allowing one form to be a homogeneous poly-
nomial which is not necessarily quadratic. Also a condition for simultaneous diagonalizability
of semi-definite real quadratic forms is given.

1. INTRODUCTION. In the special theory of relativity, an event is a point in space-
time whose coordinates with respect to an inertial reference frame correspond to some
point (t, x, y, z) in R

4. Coordinates of events in different inertial reference frames are
assumed to be connected by linear transformations, based on the assumption of homo-
geneity and isotropy of space-time. A famous postulate of Einstein is the universality
of the speed of light: the speed of light in a vacuum is the same in all inertial reference
frames, independent of the motion of the source. One can use the postulate of the uni-
versality of the speed of light, together with the assumption that changes of coordinates
are linear, to determine what changes of coordinates are possible. The idea is to use
this postulate to directly show the invariance of a certain quadratic function of the co-
ordinates, which can in turn be used to determine the linear transformations connecting
the coordinates (called Lorentz transformations). Defining the Lorentz transformations
as the group of linear transformations which leave this quadratic function invariant is
geometrically very appealing. To be most satisfying, and not circular, the invariance of
the quadratic function should be shown to be a simple and immediate consequence of
the postulates; the Lorentz transformations should only then be developed after that.

Suppose points in space-time are specified by (t, x, y, z) in one inertial reference
frame K , and by (t ′, x ′, y′, z′) in a second inertial reference frame K ′ whose origin
coincides with the first (that is, t = 0, x = 0, y = 0, z = 0 in K corresponds to the
same event as t ′ = 0, x ′ = 0, y′ = 0, z′ = 0 in K ′). Let a pulse of light be emit-
ted at this common event. Then events on the wave front have coordinates satisfying
x2 + y2 + z2 − c2t2 = 0 in system K , and also x ′2 + y′2 + z′2 − c2t ′2 = 0 in system
K ′, where c, the speed of light, is the same in both systems. This is from Einstein’s
postulate.

In 1966 the author was taking a course in “modern” physics, and remembers being
puzzled by the next step taken in the text [8, p. 58]. The text simply assumed without
further ado that x2 + y2 + z2 − c2t2 = x ′2 + y′2 + z′2 − c2t ′2 for all events (not just
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those on the wave front of the pulse, when both expressions are zero) and proceeded to
use that for a derivation of the form of the Lorentz transformations. Looking in some
other texts, we found the same “unconscious” assumption of the invariance of the
interval x2 + y2 + z2 − c2t2. In [6, p. 90], it is even stated that “(3.27) x2 + y2 + z2 −
c2t2 = 0”; “(3.28) x ′2 + y′2 + z′2 − c2t ′2 = 0”; and then the amazing statement “. . .
equating lines 3.27 and 3.28, we conclude x2 + y2 + z2 − c2t2 = x ′2 + y′2 + z′2 −
c2t ′2.” So our confusion remained unresolved for the moment, puzzled by the logic of
“things that are equal when zero are always equal” that seemed to be used in these
books.

Next semester the author took a course in classical mechanics using the text by
J. B. Marion [2]. Appendix G of that book has a demonstration of the invariance of
the interval arguing directly from Einstein’s postulates, acknowledging the issue that
concerned us. (This text is still popular today.) Here is the beginning of the proof given
in Appendix G, p. 558, of that book:

(∗) The wave front is described by x2 + y2 + z2 − c2t2 = s2 = 0 in K , and x ′2 +
y′2 + z′2 − c2t ′2 = s ′2 = 0 in K ′. “The equations of the transformation that con-
nect the coordinates (t, x, y, z) in K and (t ′, x ′, y′, z′) in K must themselves be
linear. In such a case the quadratic forms s2 and s ′2 can be connected by, at
most, a proportionality factor: s ′2 = κs2.” (It is then shown by further argu-
ments using homogeneity, isotropy, and continuity that in fact κ = 1.)

We are of the opinion that the statement above about the reason for the proportion-
ality of the quadratic forms would be misleading to many readers. It is not generally
true that if one quadratic form is the result of making a linear change of variables
in another quadratic form, and the two quadratic forms have the same zero set, then
they must be proportional (even when this zero set has infinitely many points). Here
is a somewhat arbitrary example with three variables: Let s2 = 2x2 + 2y2 + z2 −
2xz − 2yz, and let s ′2 = 2x ′2 + 2y′2 + z′2 − 2x ′z′ − 2y′z′, where x ′ = −2x − 2y + z,
y′ = 2y − 2z, and z′ = −2z, so the coordinates are connected by a linear transforma-
tion. Algebra shows that s ′2 = 8x2 + 16y2 + 10z2 + 16xy − 16xz − 24yz, which is
clearly not proportional to s2. Yet both quadratic forms are zero on the same infinite
set {(x, y, z) ∈ R

3 : z = x + y, x = y}, which is apparent after we reveal that actually
s2 = (x + y − z)2 + (x − y)2 and s ′2 = 8(x + y − z)2 + 2(2y − z)2, noting that if
x + y = z, then x = y if and only if 2y = z. For another sort of example (not really
related to the statement in Marion but relevant later in this paper), in two variables, let
s2 = x2 + y2 − 2xy and s ′2 = x2 − y2. Then s2 = 0 ⇒ s ′2 = 0, yet these quadratic
forms are not even simultaneously diagonalizable.

So it would seem the statement about proportionality of the quadratic forms could
use further explanation. The author fashioned a proof for himself, but remained puz-
zled why the books seemed unconcerned about the logical gap.

Fast-forwarding 43 years, we recently had occasion, after not thinking about physics
since being an undergraduate, to come upon this topic again. The 1985 text on general
relativity by Schutz [7, p. 32] gives a logically correct argument for the proportionality
of the quadratic forms in (∗). But this does not seem to have been propagated to the
community of physics students and textbook writers. From the 2006 relativity text
[3], we find on page 10 essentially the same puzzling statements that occurred in the
1964 text [6] mentioned above: “c2t2 − x2 − y2 − z2 = 0”; “c2t ′2 − x ′2 − y′2 + z′2 =
0”; “These are equal, so c2t2 − x2 − y2 − z2 = c2t ′2 − x ′2 − y′2 + z′2.” And we have
evidence, from the Physics Forums [5], that indeed other physics students are still
finding themselves confused by exactly the same thing that we found unexplained
so long ago! The answers we saw given by other students there were unfortunately
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not correct and were essentially on the level of the “unconscious” proofs of some of
those texts, along with some rather arrogant statements about the students who didn’t
understand the “proofs” they saw in their books.

So we decided this time to fill in the gap, for the benefit of others who might be
confused, by stating and proving a more general but very simple result about indefinite
quadratic functions that settles the matter. This result about containment of zero sets
suggests a more general result, proved using Hilbert’s Nullstellensatz. Also we prove a
simple result about simultaneous diagonalization of semidefinite quadratic forms and
containment of zero sets.

2. A THEOREM ON INDEFINITE QUADRATIC FORMS. A function q :
R

n → R is a real quadratic form if there is a symmetric bilinear function q̃ :
R

n × R
n → R such that q(x) = q̃(x, x). In matrix language, this means there is a

symmetric n × n matrix Q = [Qi j ] of real numbers such that q(x1, . . . , xn) = q(x) =∑n
i=1

∑n
j=1 Qi j xi x j , i.e., q(x) = xt Qx for x ∈ R

n . The elements of the matrix Q are
the components of q̃ in the standard basis.

A real quadratic form q is indefinite if it takes both positive and negative values;
this is equivalent to the matrix Q having at least one positive eigenvalue and at least
one negative eigenvalue. See [4] for example, or any book on linear algebra.

For a real quadratic form q, define Zq = {x ∈ R
n : q(x) = 0}; this is the zero set

of q.

Theorem 1. Let q be an indefinite real quadratic form on R
n, and let r be a real

quadratic form on R
n such that Zq ⊂ Zr ; that is, q(x) = 0 ⇒ r(x) = 0. Then r is

proportional to q; that is, there exists a real number α such that r(x) = αq(x) for all
x. If α is not zero, then r is also indefinite and has the same zero set as q.

Proof. There exists a basis {v1, . . . , vn} for R
n such that the matrix Qi j = q̃(vi , v j )

representing q in this basis is diagonal, with only 1’s, −1’s, and 0’s on the diagonal, and
Qii = 1 for 1 ≤ i ≤ k; Qii = −1 for k + 1 ≤ i ≤ k + m; Qii = 0 for k + m + 1 ≤
i ≤ n; and Qi j = 0 for i 
= j . The numbers k and m here are unique: k is the number
of positive eigenvalues and m is the number of negative eigenvalues of any matrix
representing q (Sylvester’s law of inertia; see [4, p. 202]). Since q is indefinite, k > 0
and m > 0. So without loss of generality, in the proof which follows we will just
assume that Q is a diagonal matrix with k ones and m negative ones and the rest
(if any) zeroes on the diagonal, in order, as described above. (In the application to
invariance of the interval which motivated this discussion, Q is already of this form,
but we wanted to treat the general case.) Let R be the symmetric matrix representing
r in this basis.

The idea is to make judicious choices of points where q is zero, and to conclude
that R must also be diagonal and that the on-diagonal elements of R are a common
multiple of those of Q.

To that end, let j be an integer such that k + 1 ≤ j ≤ k + m. Let x have compo-
nents x1 = 1, x j = 1, and all other components zero. Then q(x) = Q11x2

1 + Q j j x2
j =

1 − 1 = 0, so r(x) = R11x2
1 + R j j x2

j + 2R1 j x1x j = R11 + R j j + 2R1 j = 0, by hy-
pothesis. Now change the sign of the j th component of x so that x j = −1 but leave
the other components of x unchanged; then q(x) = 0 still, so r(x) = R11x2

1 + R j j x2
j +

2R1 j x1x j = R11 + R j j − 2R1 j = 0 also. These two equations together imply R1 j = 0
and then R j j = −R11. Then for 1 < i ≤ k, using i in place of 1 in the argument above
shows Rii = −R j j = R11, and Ri j = 0.
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Next let j be an integer (if any) such that m + k + 1 ≤ j ≤ n. First let x be
the vector with x j = 1 and all other components zero. Then q(x) = Q j j = 0, so
r(x) = R j j = 0. Next let 1 < i ≤ k, k + 1 ≤ l ≤ k + m, and let x be the vector
with components xi = 1, xl = 1, x j = 1, and all other components zero. Then q(x) =
Qii + Qll + Q j j = 1 − 1 + 0 = 0, so r(x) = Rii + Rll + R j j + 2Ril + 2Ri j + 2Rl j =
2Ri j + 2Rl j = 0 also. Changing x so that xi = −1 and x is otherwise unchanged leads
to −2Ri j + 2Rl j = 0. This implies that Ri j = 0, and then Rl j = 0.

Suppose that k ≥ 2. Let 1 ≤ i < j ≤ k, k + 1 ≤ l ≤ k + m, and let x be the vec-
tor with components xi = 3, x j = 4, xl = 5, and all other components zero. Then
q(x) = Qii x2

i + Q j j x2
j + Qll x2

l = 9 + 16 − 25 = 0, so r(x) = Rii x2
i + R j j x2

j +
Rll x2

l + 2Ri j xi x j + 2Ril xi xl + 2R jl x j xl = R11(9 + 16 − 25) + 2Ri j (12) = 0 also
(note we have already shown that Ril = R jl = 0 and the proportionality of the di-
agonal elements). This proves Ri j = 0. Similarly, if m ≥ 2 or n − (k + m) ≥ 2, the
corresponding off-diagonal terms of R are zero.

This completes the proof that R = R11 Q, and the proof of the theorem.

3. AN ALTERNATE PROOF USING HILBERT’S NULLSTELLENSATZ,
AND A STRONGER RESULT. The containment of zero sets in the hypothesis
of Theorem 1 suggests Hilbert’s Nullstellensatz [1, p. 254], of importance in alge-
braic geometry. We can also prove Theorem 1 using this theorem rather than using
diagonalization and bases as we did above; and although the proof above is certainly
simple enough, there is some insight to be gained from this alternate proof, and a more
general result can be proved this way as well. The Nullstellensatz concerns zero sets
of ideals in the ring of polynomials in several variables over an algebraically closed
field. For our application the ideal in question will be simply the principal ideal gen-
erated by a single polynomial q. If the reader is not familiar with ideal theory and the
Nullstellensatz, it will not matter because we shall use only the following immediate
consequence of Hilbert’s theorem:

If q(x) and r(x) are complex polynomials in n variables such that x ∈ C
n and

q(x) = 0 implies r(x) = 0, then r p(x) = q(x)s(x) for some polynomial s(x) and pos-
itive integer p. If q is square-free (that is, the irreducible factors of q occur only to the
first power), p can be taken to be one.

In Theorem 1, q and r are quadratic forms with real coefficients, q is indefinite, and
the real zeroes of q are assumed to be zeros of r by hypothesis. If q were not square-
free, it would be the square of a linear polynomial or the negative of such a square,
contrary to the indefiniteness of q, so we can take p to be one in our application (it is
easy to see that q is actually irreducible when its rank exceeds two, but we don’t need
that). Thus all we need to do is to show that, as a consequence of the indefiniteness of
q, the complex zeroes of q are also zeroes of r , and the conclusion of Theorem 1 will
follow from the Nullstellensatz, since the degrees of q and r being two requires s to
be constant.

To that end, suppose q(x + iy) = 0, for some x, y ∈ R
n , so q(x) − q(y) = 0 and

q̃(x, y) = 0. If q(x) = 0 (hence q(y) = 0) then q(x + y) = 0, so r(x) = r(y) = r(x +
y) = 0, which implies r̃(x, y) = 0 and so r(x + iy) = 0.

Suppose then that q(x) > 0 (the opposite case would be handled similarly); by
rescaling assume q(x) = 1. Since q is indefinite, there is u ∈ R

n such that q(u) <

0. Let w = u − q̃(u, x)x − q̃(u, y)y, so q̃(w, x) = 0 and q̃(w, y) = 0 (a “Gram-
Schmidt” construction). Now q(w) = q̃(w, u) = q(u) − q̃(u, x)2 − q̃(u, y)2 < 0. By
rescaling we may assume that q(w) = −1, q̃(w, x) = 0, and q̃(w, y) = 0. Thus q(w +
αx + βy) = −1 + α2 + β2 = 0 whenever α2 + β2 = 1, so by hypothesis r(w +
αx + βy) = r(w) + α2r(x) + β2r(y) + 2αr̃(w, x) + 2βr̃(w, y) + 2αβr̃(x, y) = 0
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also for α2 + β2 = 1. Taking α = ±1, β = 0, we conclude that r̃(w, x) = 0, and sim-
ilarly r̃(w, y) = 0. Then choosing α = 2−1/2, β = ±α, we conclude that r̃(x, y) = 0.
Then choosing α = 1, β = 0 and α = 0, β = 1, we see that r(x) = r(y), and thus
r(x + iy) = 0, concluding the proof.

This proof from the Nullstellensatz is perhaps slightly cleaner than the first proof
of Theorem 1. But also one can prove more this way, with a little more work. The
quadratic form r is a polynomial in n variables in which each term has degree 2. In
general, a polynomial in n variables for which each term has the same degree d is
called a homogeneous polynomial of degree d.

Theorem 2. Suppose r is a homogeneous real polynomial in n variables, not neces-
sarily a quadratic form, with the other hypotheses of Theorem 1 unchanged. Then q is
a factor of r; that is, r(x) = q(x)s(x) for some polynomial s(x).

Proof. We only need to show that any complex zeroes of q are zeroes of r . Suppose
q(x + iy) = 0, and suppose that q(x) > 0. As above, we can assume that q(x) =
q(y) = 1, q̃(x, y) = 0, and there is w such that q(w) = −1, w is q-orthogonal to x
and y, and q(w + αx + βy) = 0, so r(w + αx + βy) = 0 also, whenever α2 + β2 = 1.
Suppose that r has even degree 2m. Now r(γ w + αx + βy) is a homogeneous polyno-
mial of degree 2m in the variables α, β, and γ that is zero when γ = 1 and α2 + β2 =
1. We may write r(γ w + αx + βy) = ∑

j+k≤2m α jβkγ 2m− j−kc( j, k) where the indices
j and k are nonnegative. By changing the signs of α and β separately, and then to-
gether, we see that for γ = 1 and α2 + β2 = 1,

∑
j+k≤2m, j odd, k even

α jβkc( j, k) = 0,

∑
j+k≤2m, j even, k odd

α jβkc( j, k) = 0,

∑
j+k≤2m, j and k odd

α jβkc( j, k) = 0,

and ∑
j+k≤2m, j and k even

α jβkc( j, k) = 0.

Consider the last expression above (with both indices even), which can be rewritten
with a change of indices as

∑
j+k≤m

(α2) j (1 − α2)kc(2 j, 2k) = 0

for α2 ≤ 1. This is a polynomial of degree 2m in α; the coefficient of the highest power
term α2m must be zero because of the constancy of the polynomial on an infinite set,
so

∑
j≤m

(−1)m− j c(2 j, 2m − 2 j) = 0.

Next consider the next-to-last expression (with both indices odd) which can be rewrit-
ten

αβ
∑

j+k≤m−1

(α2) j (1 − α2)kc(2 j + 1, 2k + 1) = 0,
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so for 0 < α2 < 1,
∑

j+k≤m−1

(α2) j (1 − α2)kc(2 j + 1, 2k + 1) = 0.

Setting the coefficient of the highest power term in the polynomial in α (which occurs
when k = m − j − 1) to zero, we get

∑
j≤m−1

(−1)m− j−1c(2 j + 1, 2m − 2 j − 1) = 0.

Since r is homogeneous of degree 2m,

r(x + iy) = r(0w + 1x + iy)

=
∑
j≤m

(−1)m− j c(2 j, 2m − 2 j)

+ i
∑

j≤m−1

(−1)m− j−1c(2 j + 1, 2m − 2 j − 1),

because i2m−2 j = (−1)m− j and i2m−2 j−1 = (−1)m− j−1i . The results just proved show
this is zero, completing the proof of the theorem when the degree of r is even and
q(x) > 0.

Now suppose r has odd degree 2m − 1. Then

r(γ w + αx + βy) =
∑

j+k≤2m−1

α jβkγ 2m−1− j−kc( j, k),

and this breaks into four sums equaling zero when γ = 1 and α2 + β2 = 1 as before,
depending on the parities of the indices. Consider first the sum corresponding to j odd
and k even; this can be rewritten

α
∑

j+k≤m−1

(α2) j (1 − α2)kc(2 j + 1, 2k) = 0

for α2 ≤ 1. Setting the coefficient of the highest power to zero gives
∑

j≤m−1

(−1)m− j−1c(2 j + 1, 2m − 2 j − 2) = 0.

Now consider the sum corresponding to j even and k odd, which can be rewritten

β
∑

j+k≤m−1

(α2) j (1 − α2)kc(2 j, 2k + 1) = 0,

so
∑

j+k≤m−1

(α2) j (1 − α2)kc(2 j, 2k + 1) = 0

for α2 < 1, which implies
∑

j≤m−1

(−1)m− j−1c(2 j, 2m − 2 j − 1) = 0.
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But

r(x + iy) = r(0w + 1x + iy)

=
∑

j≤m−1

(−1)m− j−1c(2 j + 1, 2m − 2 j − 2)

+ i
∑

j≤m−1

(−1)m− j−1c(2 j, 2m − 2 j − 1),

so this is zero, and the proof is concluded when r is of odd degree and q(x) > 0.
The case q(x) < 0 is handled in a similar way. Finally, if q(x + iy) = 0 and q(x) =

0, then since q(y) = 0 and q̃(x, y) = 0, q(x + αy) = 0 and thus r(x + αy) = 0 for all
real numbers α. Now r(x + αy) is a polynomial in α which is identically zero, so all
its coefficients are zero, and this clearly implies that r(x + iy) = 0, which concludes
the proof of Theorem 2.

4. SIMULTANEOUS DIAGONALIZATION OF QUADRATIC FORMS. Theo-
rem 1 implies a result on simultaneous diagonalizability: if q is an indefinite real
quadratic form on R

n and r is a real quadratic form on R
n such that Zq ⊂ Zr , then

q and r are simultaneously diagonalizable (meaning there is a basis in which the ma-
trices representing q and r are both diagonal).

However, if q is a semi-definite real quadratic form on R
n (semi-definite means

q(x) ≥ 0 for all x or q(x) ≤ 0 for all x), and r is a real quadratic form on R
n such

that Zq ⊂ Zr , then q and r are not necessarily simultaneously diagonalizable. For
an example in R

2, let q(x) = (x − y)2 and let r(x) = x2 − y2; this example (already
mentioned in the introduction) satisfies the conditions and it is easy to see these are
not simultaneously diagonalizable.

But if q and r are both assumed semi-definite, there is a similar (and similarly easy)
result on containment of zero sets implying simultaneous diagonalizability.

Theorem 3. Let q and r be semi-definite real quadratic forms on R
n such that Zq ⊂

Zr . Then r and q are simultaneously diagonalizable.

Proof. Without loss of generality assume they are both positive semi-definite. First ob-
serve that the zero sets are subspaces: Let q(x) = 0 and q(y) = 0; then q(ax + by) =
a2q(x) + b2q(y) + 2abq̃(x, y) = 2abq̃(x, y) ≥ 0 for all real numbers a, b implies
q̃(x, y) = 0, so q(ax + by) = 0. This is quite different from the indefinite case where
the zero sets are cones and not subspaces.

There is a subspace M such that R
n = M ⊕ Zq (choose any basis for Zq and ex-

tend it to a basis for R
n , and M is the span of those added-on basis vectors). Let

x = y + z with y ∈ M and z ∈ Zq . Then q(y + αz) = q(y) + 2αq̃(y, z) + α2q(z) =
q(y) + 2αq̃(y, z) ≥ 0 for all real α implies q̃(x, y) = 0, so q(y + z) = q(y). Similarly,
r(y + z) = r(y) for y ∈ M and z ∈ Zq , since Zq ⊂ Zr .

Thus q and r may be considered as positive semi-definite quadratic forms on M ,
and in fact q is positive definite on M , because if y ∈ M and q(y) = 0, then y ∈ Zq

by definition, so y = 0. By a well-known theorem [4, p. 218], this implies q and r are
simultaneously diagonalizable on M , and they are then simultaneously diagonalizable
on R

n = M ⊕ Zq , with zeroes on the diagonal corresponding to the basis vectors for
Zq .
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5. APPLICATION TO THE PROOF OF INVARIANCE OF THE INTERVAL.
Suppose the coordinates x = (t, x, y, z) in K and x′ = (t ′, x ′, y′, z′) in K ′ are con-
nected by a linear transformation, so x′ = Lx for some 4 × 4 matrix L . Let q(x) =
−c2t2 + x2 + y2 + z2 = xt Qx, where Q is the diagonal matrix with diagonal en-
tries (−c2, 1, 1, 1). Let r(x) = −c2t ′2 + x ′2 + y′2 + z′2 = (Lx)t QLx = xt(Lt QL)x,
so r(x) = xt Rx, where R = Lt QL . Now q is indefinite, and r(x) = 0 precisely when
q(x) = 0, from (∗) above. So the conditions of Theorem 1 are in force, and we may
conclude that r is proportional to q, which is equivalent to the statement from (∗) that
we wanted to prove, namely that s ′2 is proportional to s2.
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lensatz for a connection with the topic in this note.
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Monotone Convergence Theorem
for the Riemann Integral

Brian S. Thomson

Abstract. The monotone convergence theorem holds for the Riemann integral, provided (of
course) it is assumed that the limit function is Riemann integrable. It might be thought, though,
that this would be difficult to prove and inappropriate for an undergraduate course. In fact the
identity is elementary: in the Lebesgue theory it is only the integrability of the limit function
that is deep. This article shows how to prove the monotone convergence theorem for Riemann
integrals using a simple compactness argument (i.e., invoking Cousin’s lemma). This material
could reasonably and appropriately be used in classroom presentations where the students are
indoctrinated on this antiquated, but still popular, integration theory.

The monotone convergence theorem is usually stated and proved for the Lebesgue in-
tegral, but there is little difficulty in formulating and proving a version for the Riemann
integral.
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conclude that r is proportional to q, which is equivalent to the statement from (∗) that
we wanted to prove, namely that s ′2 is proportional to s2.
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Monotone Convergence Theorem
for the Riemann Integral

Brian S. Thomson

Abstract. The monotone convergence theorem holds for the Riemann integral, provided (of
course) it is assumed that the limit function is Riemann integrable. It might be thought, though,
that this would be difficult to prove and inappropriate for an undergraduate course. In fact the
identity is elementary: in the Lebesgue theory it is only the integrability of the limit function
that is deep. This article shows how to prove the monotone convergence theorem for Riemann
integrals using a simple compactness argument (i.e., invoking Cousin’s lemma). This material
could reasonably and appropriately be used in classroom presentations where the students are
indoctrinated on this antiquated, but still popular, integration theory.

The monotone convergence theorem is usually stated and proved for the Lebesgue in-
tegral, but there is little difficulty in formulating and proving a version for the Riemann
integral.
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Monotone Convergence Theorem. Let { fn} be a nondecreasing sequence of Rie-
mann integrable functions on the interval [a, b]. Suppose that

f (x) = lim
n→∞ fn(x)

for every x in [a, b]. Then, provided f is also Riemann integrable on [a, b],
∫ b

a
f (x) dx = lim

n→∞

∫ b

a
fn(x) dx . (1)

This theorem should have been useful in many calculus presentations, but it does not
appear in any of the usual textbooks. Perhaps the reason is that, because the Lebesgue
version of the theorem is deep, it might follow that this version too is at some deeper
level than the students should be taken. But it is not the identity (1) that is deep in
Lebesgue’s theory, but his conclusion that such a function must be integrable. Here we
are assuming integrability so the theorem is entirely elementary.

Teaching this theorem offers the instructor some real opportunities. First is the
chance to introduce a major theorem of integration theory at an elementary level and
discuss its importance and how it must be improved. Second is the occasion (always
tempting) to launch a polemic against the Riemann integral. The unfortunate hypoth-
esis that the limit function is integrable is essential here, but reduces the theorem to a
curiosity: in most applications we would know nothing more about the limit function
than that it is a pointwise limit of integrable functions and would have serious difficulty
finding some property that would assure Riemann integrability.

The proof is nothing but some manipulations of Riemann sums and surely as acces-
sible as any of the other theorems proved in Riemann integration theory.

We need a few preliminaries. By a partition of an interval [a, b] we mean a collec-
tion

π = {([ui , vi ], wi ) : i = 1, 2, . . . , n}
of interval-point pairs for which each wi ∈ [ui , vi ] and the intervals form a collection
of nonoverlapping intervals whose union is [a, b]. Any subset of a partition is a sub-
partition. The use of the Greek letter π to denote a partition will, no doubt, distress a
calculus class but I am addicted to it.

The Riemann integral, defined as a limit of Riemann sums, possesses also this ap-
parently stronger property:

(�) If the function f is integrable in the Riemann sense on an interval [a, b] then,
for every ε > 0, there is a δ > 0 so that

∑
([u,v],w)∈π

∣∣∣∣
∫ v

u
f (x) dx − f (w)(v − u)

∣∣∣∣ < ε (2)

whenever π is a partition or subpartition of the interval [a, b] such that v − u <

δ for every pair ([u, v], w) ∈ π .

This well-known property is seldom proved in calculus courses although it is only a
simple computation using Riemann sums. It should be proved in any case since, from
(2), one immediately deduces

∑
([u,v],w)∈π

ω f ([u, v])(v − u) < 2ε (3)
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which is Riemann’s famous characterization of integrability expressed in terms of the
oscillation ω f of the function f on subintervals. That, in turn, allowed Lebesgue to
easily formulate his more famous characterization. Thus there is a lot of narrative
potential in (�).

While the proof of (�) is elementary it is sufficiently subtle that a student might
have trouble attempting it without coaching. The method in [2, p. 77] works here and
can be attributed to Saks [3] who used it in his study of the Burkill integral.

Now we may present the proof of the monotone convergence theorem. For each
integer n, let gn = f − fn . The sequence of integrable functions {gn} is nonnegative
and monotone decreasing with limn→∞ gn(x) = 0 at each x .

Let ε > 0 and write η = ε/(b − a + 1). For each integer n, use (�) to choose a
positive number δn so that

∑
([u,v],w)∈π

∣∣∣∣
∫ v

u
gn(x) dx − gn(w)(v − u)

∣∣∣∣ < η2−n

whenever π is a partition of the interval [a, b] such that v − u < δn for every pair
([u, v], w) ∈ π . Choose, for each x ∈ [a, b], the first integer N (x) so that

gn(x) < η for all integers n ≥ N (x)

and, for j = 1, 2, 3, . . . , let

E j = {x ∈ [a, b] : N (x) = j}.

We use these sets to define δ(x) = δ j whenever x belongs to the corresponding set E j .
Take any partition π of the interval [a, b] for which v − u < δ(w) for every pair

([u, v], w) ∈ π . That such partitions exist is the conclusion of Cousin’s lemma. That
lemma plays the same role as, and is equivalent to, the nested interval property on the
real line. Many of the theorems of the calculus can conveniently use either argument.
(See the discussions in [1], [4], and [5].)

Let N be the largest value of N (w) for the finite collection of pairs ([u, v], w) in π .
We carve the partition π into a finite number of disjoint subsets by writing

π j = {([u, v], w) ∈ π : w ∈ E j }

for integers j = 1, 2, 3, . . . , N . Note that π = π1 ∪ π2 ∪ · · · ∪ πN and that these col-
lections are pairwise disjoint.

Now let m be any integer greater than N . We compute

0 ≤
∫ b

a
gm(x) dx =

∑
([u,v],w)∈π

(∫ v

u
gm(x) dx

)

=
N∑

j=1

⎛
⎝ ∑

([u,v],w)∈π j

(∫ v

u
gm(x) dx

)⎞
⎠ ≤

N∑
j=1

⎛
⎝ ∑

([u,v],w)∈π j

(∫ v

u
g j (x) dx

)⎞
⎠

≤
N∑

j=1

⎡
⎣ ∑

([u,v],w)∈π j

g j (w)(v − u) + η2− j

⎤
⎦
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<

N∑
j=1

⎡
⎣ ∑

([u,v],w)∈π j

η(v − u) + η2− j

⎤
⎦ < η(b − a + 1) = ε.

The identity

∫ b

a
f (x) dx − lim

n→∞

∫ b

a
fn(x) dx = lim

n→∞

∫ b

a
gn(x) dx = 0

follows.
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A Proof of a Version of a Theorem of Hartogs

Marco Manetti

Abstract. It is proved that a formal power series in s complex variables is convergent, if it is
convergent on each line through the origin.

A formal power series in s variables

f =
∑

i1,... ,is≥0

ai1,... ,is zi1
1 · · · zis

s

with complex coefficients ai1,... ,is ∈ C is called convergent if is absolutely convergent
in a neighbourhood of 0. This means that there exists a positive real number r such
that

f =
∑

i1,... ,is≥0

|ai1,... ,is |r i1+···+is =
+∞∑
n=0

( ∑
i1+···+is=n

|ai1,... ,is |
)

r n < +∞.

The aim of this note is to prove that the convergence of a formal power series can
be established by checking convergence only on the lines passing through the origin
of C

s .
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Theorem 1. A formal power series f = ∑
i1,... ,is

ai1,... ,is zi1
1 · · · zis

s is convergent if and
only if for every α1, . . . , αs ∈ C, the formal power series in one variable

f (α1t, . . . , αs t) =
∑

n

( ∑
i1+···+is=n

ai1,... ,is α
i1
1 · · · αis

s

)
tn

is convergent in some interval containing 0.

Proof. The “only if” part is clear; we prove the “if” part of the theorem. According to
Abel’s lemma [4, 1.5.8], a power series f = ∑

i1,... ,is
ai1,... ,is zi1

1 · · · zis
s is convergent if

and only if there exists a positive real number m such that

|ai1,... ,is | ≤ mi1+···+is

for every i1, . . . , is ≥ 0 such that i1 + · · · + is > 0. Equivalently, the series f is not
convergent if and only if for every m > 0 there exists i1, . . . , is ≥ 0 such that i1 +
· · · + is > 0 and |ai1,... ,is | > mi1+···+is .

Denote by fn the homogeneous component of degree n of f , i.e.,

f =
∑
n≥0

fn, fn =
∑

i1+···+is=n

ai1,... ,is zi1
1 · · · zis

s .

Since the function C
s → R, z �→ | fn(z)|, is continuous for every n, for every integer

m > 0 the subset

Cm = {z ∈ C
s | | fn(z)| ≤ mn for every n > 0} =

⋂
n>0

{z ∈ C
s | | fn(z)| ≤ mn}

is closed in C
s ; clearly Cm ⊂ Cl for every l ≥ m. We claim that if the set Cm has

nonempty interior part for some m > 0, then f is convergent. To see this assume that
for some point v = (v1, . . . , vs) ∈ C

s and some real positive number t we have

{z ∈ C
s | max |zi − vi | ≤ t} ⊂ Cm .

Fix a sequence of nonnegative integers i1, . . . , is , let n = i1 + · · · + is , choose a prime
number p such that p > n, and denote by μp ⊂ C the cyclic group of pth roots of 1.
Since

∑
ξ∈μp

ξ k = ∑
ξ∈μp

ξ−k = 0 for every k such that 0 < k < p, for every sequence
of integers j1, . . . , js ≥ 0 such that j1 + · · · + js ≤ n we have

∑
ξ1,... ,ξs∈μp

ξ
j1

1 · · · ξ js
s

ξ
i1
1 · · · ξ is

s

=
s∏

h=1

(∑
ξ∈μp

ξ jh−ih

)
=

{
ps if i1 = j1, . . . , is = js,
0 otherwise.

Moreover fn(v1 + tξ1, . . . , vs + tξs) is a polynomial in ξ1, . . . , ξs of degree n whose
coefficient of ξ

i1
1 · · · ξ is

s is tnai1,... ,is . Therefore

∑
ξ1,... ,ξs∈μp

fn(v1 + tξ1, . . . , vs + tξs)

ξ
i1
1 · · · ξ is

s

= tn psai1,... ,is ,

and then, by the triangle inequality,

|ai1,... ,is | ≤ 1

tn ps

∑
ξ1,... ,ξs∈μp

| fn(v1 + tξ1, . . . , vs + tξs)| ≤
(m

t

)n
.
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We are now ready to prove the theorem: more precisely we show that if f is not
convergent then there exists a dense subset U ⊂ C

s such that for every (α1, . . . , αs) ∈
U the series f (α1t, . . . , αs t) is not convergent.

Assume that f is not convergent; under this assumption the closed sets Cm , m > 0,
have no interior part, and by the Baire theorem [3, Ch. 8] the subset

⋃
m∈N, m>0

Cm

has no interior part in C
s and its complement U = C

s − ∪mCm is dense.
For every vector (α1, . . . , αs) ∈ U and for every m > 0 there exists n such that

| fn(α1, . . . , αs)| > mn; since fn(α1, . . . , αs) is the coefficient of tn in the formal
power series f (α1t, . . . , αs t), this series is not convergent.

As an application of Theorem 1 we give an elementary proof of the following result.

Corollary 2. The ring of convergent power series is integrally closed in the ring of
formal power series.

In other words, Corollary 2 says that if p(z1, . . . , zs, t) is a monic polynomial
in t with coefficient in the ring C{z1, . . . , zs} of convergent power series, and
φ(z1, . . . , zs) is a formal power series such that

p(z1, . . . , zs, φ(z1, . . . , zs)) = 0,

then φ is convergent. Notice that if φ(0) is a simple root of the polynomial
p(0, . . . , 0, t) then the convergence of φ is a easy consequence of the Weierstrass
preparation theorem. The corollary is also a rather easy consequence of the (non-
trivial) theorem of M. Artin on the solution of analytic equations [1].

Proof. By Theorem 1 it is sufficient to consider the case s = 1. Assume therefore that
p(z, t) ∈ C{z}[t] is a monic polynomial in t and let φ(z) be a formal power series
such that p(z, φ(z)) = 0. According to the Newton-Puiseux theorem [2] there exists
a positive integer N such that every root of the polynomial p(zN , t) belongs to C{z}.
Therefore φ(zN ) is convergent and then also φ(z) is convergent.
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Discovering and Proving that π Is Irrational

Timothy W. Jones

Abstract. Ivan Niven’s proof of the irrationality of π is often cited because it is brief and uses
only calculus. However it is not well motivated. Using the concept that a quadratic function
with the same symmetric properties as sine should when multiplied by sine and integrated obey
upper and lower bounds for the integral, a contradiction is generated for rational candidate
values of π . This simplifying concept yields a more motivated proof of the irrationality of π

and π 2.

Charles Hermite proved that e is transcendental in 1873 using a polynomial that is the
sum of derivatives of another polynomial [7]. Ivan Niven in 1947 found a way to use
Hermite’s technique to prove that π is irrational [12]. Lambert in 1767 had proven
this result in a twelve-page article using continued fractions [10]. Niven’s half-page
proof, using only algebra and calculus, is frequently cited and sometimes reproduced
in textbooks [14, 9, 15, 4, 6]. Although his proof is brief and uses ostensibly simple
mathematics, it begins by defining functions as in the technique of Hermite without any
motivation. In this article a simplifying concept is used that provides a more motivated
and straightforward proof than Niven’s. Using this concept, we, as it were, discover
that π might be irrational and then confirm that it is with a proof.

1. A MOTIVATED APPROACH. We seek to combine a known falsity with a known
truth and then to derive a contradiction from the combination. If π is assumed to be
rational, π = p/q with p and q natural numbers, then the maximum of sin x occurs
at p/2q. The quadratic −qx2 + px = x(p − qx) will have its maximum at the same
point, as will the product of the two functions. If we have a blender that allows infer-
ences from this statement we might be able to derive a contradiction.

Such a blender exists in a definite integral. A definite integral allows for evaluations
that might contradict upper or lower bounds. We have

0 <

∫ p/q

0
x(p − qx) sin x dx ≤ p2

4q
· p

q
= p3

4q2
, (1)

where the lower bound holds as the integrand is always positive,1 and the upper bound
is formed from the length of the interval of integration multiplied by the maximum
value of the integrand [16, Property 8, p. 389].

For a polynomial f (x), repeated integration by parts2 gives the indefinite integral
pattern
∫

f (x) sin x dx = − f (x) cos x − f ′(x) sin x + f ′′(x) cos x + f ′′′(x) sin x − · · · .

(2)

doi:10.4169/000298910X492853
1To see that the inequality is strict, consider:

∫ p/4q

0
x(p − qx) sin x dx +

∫ 3p/4q

p/4q
x(p − qx) sin x dx +

∫ p/q

3p/4q
x(p − qx) sin x dx .

2Tabular integration by parts (see [11, p. 532] and [5]) is especially well suited for integrals of the type
given in (1).
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For the function f (x) = x(p − qx), as f (k)(x) = 0 for k ≥ 3, we have
∫ p/q

0
f (x) sin x dx = {− f (x) cos x − f ′(x) sin x + f ′′(x) cos x}

∣∣∣
p/q

0
(3)

and the odd term drops out (sin p/q = sin 0 = 0) leaving an alternating sum of even
derivatives of f (x) evaluated at the endpoints:

∫ p/q

0
f (x) sin x dx = f (p/q) + f (0) − f ′′(p/q) − f ′′(0). (4)

This sum is 4q. Combining (1) and (4) we have

0 < 4q ≤ p3

4q2
. (5)

2. DISCOVERING π IS IRRATIONAL.

2.1. Candidate π Values. The inequalities in (5) show π does not equal 1 or 2. For
π = 7/2, this n = 1 case of the general polynomial xn(p − qx)n does not give a con-
tradiction. We will try the n = 2 case and see if it works for this rational. This is
possible as the same reasoning about x(p − qx) applies to xn(p − qx)n : it is symmet-
ric like sin x on [0, p/q] and xn(p − qx)n sin x when integrated in that interval should
have a value consistent with the integral’s upper and lower bounds.

2.2. The n = 2 Case. With f (x) = x2(p − qx)2, repeated integration by parts gives
∫ p/q

0
f (x) sin x dx = f (0)(p/q, 0) − f (2)(p/q, 0) + f (4)(p/q, 0), (6)

where f (k)(p/q, 0) = f (k)(p/q) + f (k)(0). Multiplying out f (x), we have

f (x) = x2(p − qx)2 = q2x4 − 2pqx3 + p2x2. (7)

Derivatives for this function are easily computed. The values of these derivatives at the
endpoints 0 and p/q are given in Table 1.

Table 1. Derivatives of x2(p − qx)2.

k f (k)(0) f (k)(p/q)

0 0 0

1 0 0

2 2! · p2 2! · p2

3 −3! · 2pq 3! · 2pq

4 4! · q2 4! · q2

Using Table 1, with the same logic used for the inequalities in (5), we form the
inequality

0 < −4p2 + 48q2 ≤ p

q

(
p2

4q

)2

(8)
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and letting p = 7 and q = 2 we get −4p2 + 48q2 = −4, a contradiction of the lower
bound.

2.3. The n = 3, 4 Cases. Similar calculations can be carried out for the n = 3 and
n = 4 cases. The inequalities for each are

0 < −144p2q + 1440q3 ≤ p

q

(
p2

4q2

)3

(9)

and

0 < 48p4 − 8640p2q2 + 80640q4 ≤ p

q

(
p2

4q

)4

, (10)

respectively.3

For the n = 3 case, when p/q equals 3/1, 13/4, 16/5, and 19/6 the upper or lower
bound of (9) is contradicted. We discover that 22/7 is not π using (10), the n = 4 case.

We have evidence that our method can be used to prove π is irrational.

3. PROVING π IS IRRATIONAL.

3.1. The General Case. Referring to Table 1, it is likely that f (x) = xn(p − qx)n

will be such that the alternating sum of its even derivatives evaluated at the endpoints
0 and p/q will be divisible by n!. If the integral in

0 <

∫ p/q

0
xn(p − qx)n sin x dx ≤ p

q

(
p2

4q2

)n

< p2n+1 (11)

is divisible by n!, then the upper bound in (11) can be used to prove π is irrational.
This follows as the integral is increasing with n factorially, but the upper bound has
polynomial growth. We know factorial growth exceeds polynomial—see [16, Equation
10, p. 764]; [3, Example 2, p. 86] gives a direct proof of this result.

3.2. Proving the General Case. The lower and upper bounds of (11) follow from the
properties of the integrand. Repeated integration by parts establishes that

∫ p/q

0
xn(p − qx)n sin x dx =

n∑
k=0

(−1)k f (2k)(p/q, 0). (12)

Consequently, we need only prove that the right-hand side of (12) is divisible by n!.
First, symmetry of f (x) allows us to consider only the left endpoint in this

sum. This follows as the equation f (x) = f (p/q − x), differentiated repeatedly,
gives f ′(x) = − f ′(p/q − x), f ′′(x) = f ′′(p/q − x), and, by induction, f (k)(x) =
(−1)k f (k)(p/q − x). So f (k)(0) = (−1)k f (k)(p/q). For the even derivatives, with
which we are concerned, we have f (2k)(0) = f (2k)(p/q).

3Leibniz’s formula [1, Problem 4, p. 222] gives a means of calculating nth derivatives of a product of
two functions. In the case of the product of two polynomials, all derivatives can be calculated by placing the
derivatives of one polynomial along the top row of a table, the derivatives of the other polynomial along the
left column, and forming a Pascal’s triangle in the interior of the table. After forming products of these row
and column entries with the binomial coefficients of Pascal’s triangle, all derivatives are given by sums along
interior diagonals of the table.
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Next, f (x) when expanded will have the form an x2n + · · · + a0xn . For k < n,
f (k)(0) = 0, and for k ≥ n, f (k)(0) is divisible by k! and therefore n!. We have es-
tablished that the sum in (12) is divisible by n! and that π must be irrational.

4. CONCLUSION. Niven gives two proofs of the irrationality of π . One has been
cited in the introduction. The other occurs in his book on irrational numbers [13]; there
he shows the irrationality of π2. We will re-examine these proofs.

Looking at Hermite’s transcendence of e proof [8, p. 152], one sees definitions of
two functions f (x) and F(x) with the derivatives of f (x) being used in the definition
of F(x). An integral is then used with the integrand having e−x in it. In Niven’s π and
π2 proofs he defines one function as the sum of derivatives of the other, as Hermite
does. The manipulations Niven performs are to obtain forms like Hermite’s. In both ar-
ticles the integral of one function equals an expression involving the other. To someone
unsteeped in Hermite’s technique the motivation for the proof must be unclear.

In this note a concept motivates the introduction of the polynomial Niven defines.
The concept is that if π is rational then the evaluation of a definite integral comprised
of the product of two functions symmetric about x = π/2 should be consistent with
bounds for the integral. This being shown not to be the case, a contradiction occurs
and π is proven irrational. The graphs of sin x , x(p − qx), and their product give the
concept—visually.

The same logic used for π can be applied to π2. Assume a/b = π2. We have

0 <

∫ a/b

0
xn(a − bx)n sin

x√
a/b

dx ≤ a

b

(
a2

4b

)n

, (13)

with the same reasoning as before: the integrand by assumption is a symmetric func-
tion with its maximum at x = a/2b. The integral, using repeated integration by parts,
evaluates to

n∑
k=0

(−1)k(
√

a/b)2k+1( f (2k)(p/q) + f (2k)(0)) (14)

where f (x) = xn(a − bx)n . With some factoring, this sum is

π

bn

n∑
k=0

(−1)kbn−kak( f (2k)(p/q) + f (2k)(0)). (15)

With a multiplication by bn/π to clear π/bn from this sum, we have then

0 <
bn

π

∫ a/b

0
xn(a − bx)n sin

x√
a/b

dx = n!Rn ≤ bn

π

a

b

(
a2

4b

)n

< a3n+1, (16)

which gives a contradiction.
Note: reproductions of older articles by Hermite [8] and others can be found in [2].

ACKNOWLEDGMENTS. I would like to thank E. F. for helping me to believe that one can spell π without
an e. Thanks also go to Richard Foote of the University of Vermont for his patience with me over the years.
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PROBLEMS AND SOLUTIONS

Edited by Gerald A. Edgar, Doug Hensley, Douglas B. West
with the collaboration of Itshak Borosh, Paul Bracken, Ezra A. Brown, Randall
Dougherty, Tamás Erdélyi, Zachary Franco, Christian Friesen, Ira M. Gessel, László
Lipták, Frederick W. Luttmann, Vania Mascioni, Frank B. Miles, Bogdan Petrenko,
Richard Pfiefer, Cecil C. Rousseau, Leonard Smiley, Kenneth Stolarsky, Richard
Stong, Walter Stromquist, Daniel Ullman, Charles Vanden Eynden, Sam Vandervelde,
and Fuzhen Zhang.

Proposed problems and solutions should be sent in duplicate to the MONTHLY

problems address on the inside front cover. Submitted solutions should arrive at
that address before October 31, 2010. Additional information, such as general-
izations and references, is welcome. The problem number and the solver’s name
and address should appear on each solution. An asterisk (*) after the number of
a problem or a part of a problem indicates that no solution is currently available.

PROBLEMS

11496 (April, 2010, p. 370) Correction: On the left, square s(AAT ) and s(B BT ).

11509. Proposed by William Stanford, University of Illinois-Chicago, Chicago, IL. Let
m be a positive integer. Prove that

m2−m+1∑
k=m

(m2−2m+1
k−m

)

k
(m2

k

) = 1

m
(2m−1

m

) .

11510. Proposed by Vlad Matei, student, University of Bucharest, Bucharest, Roma-
nia. Prove that if I is the n-by-n identity matrix, A is an n-by-n matrix with rational
entries, A �= I , p is prime with p ≡ 3 (mod 4), and p > n + 1, then Ap + A �= 2I .

11511. Proposed by Retkes Zoltan, Szeged, Hungary. For a triangle ABC , let fA denote
the distance from A to the intersection of the line bisecting angle B AC with edge
BC , and define fB and fC similarly. Prove that ABC is equilateral if and only if
f A = fB = fC .

11512. Proposed by Finbarr Holland, University College Cork, Cork, Ireland. Let N
be a nonnegative integer. For x ≥ 0, prove that

N∑
m=0

1

m!

(
N−m+1∑

k=1

xk

k

)m

≥ 1 + x + · · · + x N .

11513. Proposed by Pál Péter Dályay, Szeged, Hungary. For a triangle with area F ,
semiperimeter s, inradius r , circumradius R, and heights ha, hb, and hc, show that

5(ha + hb + hc) ≥ 2s F

Rr
+ 18r ≥ 10r(5R − r)

R
.

doi:10.4169/000298910X492862
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11514. Proposed by Mihaly Bencze, Brasov, Romania. Let k be a positive integer, and
let a1, . . . , an be positive numbers such that

∑n
i=1 ak

i = 1. Show that
n∑

i=1

ai + 1∏n
i=1 ai

≥ n1−1/k + nn/k .

11515. Proposed by Estelle L. Basor, American Institute of Mathematics, Palo Alto,
CA, Steven N. Evans, University of California, Berkeley, CA, and Kent E. Morrison,
California Polytechnic State University, San Luis Obispo, CA. Find a closed-form ex-
pression for

∞∑
n=1

4n sin4
(
2−nθ

)
.

SOLUTIONS

An Old Four-Squares Chestnut

11374 [2008, 568]. Proposed by Harley Flanders and Hugh L. Montgomery, Univer-
sity of Michigan, Ann Arbor, MI. Let a, b, c, and m be positive integers such that
abcm = 1 + a2 + b2 + c2. Show that m = 4.

Solution by Afonso Bandeira and Joel Moreira, Universidade de Coimbra, Portugal,
and João Guerreiro, Instituto Superior Técnico, Portugal. Viewing the equation mod-
ulo 4 shows that 4 divides m. Let n = m/4. Now suppose there is a solution with
n > 1. Let (a, b, c) be such a solution where a + b + c is minimal. Name the values
so that a ≥ b ≥ c.

Now a is a solution to the quadratic equation x2 − x(4bcn) + (b2 + c2 + 1) = 0.
By Vieta’s formula, another solution is a′, where a′ = 4bcn − a. If a′ ≥ a, then a2 +
b2 + c2 + 1 = 4abcn ≥ 2a2, and so a2 ≤ b2 + c2 + 1 ≤ 2b2 + 1. Now a2 < a2 + 1 ≤
2b2 + 2 ≤ 4b2, so a < 2b. This yields 4abcn > 2a2cn ≥ 4a2 ≥ a2 + b2 + c2 + 1,
which contradicts (a, b, c) being a solution.

Thus (a′, b, c) is a solution that contradicts the minimality of a + b + c. We con-
clude that n > 1 is impossible, so n = 1 and m = 4.

Editorial comment. We print this proof because of its brevity. A. Hurwitz showed in
Über eine Aufgabe der unbestimmten Analysis, Arch. Math. Phys. 3 (1907) 185–196,
that x2

1 + x2
2 + · · · + x2

n = kx1x2 . . . xn has no solution in positive integers if k > n,
from which the present claim follows directly. This reference was supplied by each
of S. Gao, W. C. Jagy, J. H. Jaroma, and J. P. Robertson. A new proof of Hurwitz’s
theorem may be found in S. Gao, C. Caliskan, and S. Rong, Some properties of n-
dimensional generalized Markoff equation, Congr. Numer. 177 (2005) 217–221.

Also solved by R. Chapman (U.K.), J. Christopher, P. Corn, S. Gao, H. S. Hwang & K. J. Kim (Korea),
I. M. Isaacs, W. C. Jagy, J. H. Jaroma, O. Kouba (Syria), O. P. Lossers (Netherlands), É. Pité (France),
C. R. Pranesachar (India), J. P. Robertson, B. Schmuland (Canada), N. C. Singer, R. Stong, H. T. Tang,
M. Tetiva (Romania), Fisher Problem Group, Szeged Problem Solving Group “Fejéntaláltuka” (Hungary),
GCHQ Problem Solving Group (U.K.), Microsoft Research Problems Group, NSA Problems Group, and the
proposers.

Perpendicular Half-Area

11392 [2008, 855]. Proposed by Omran Kouba, Higher Institute for Applied Science
and Technology, Damascus, Syria. Let the consecutive vertices of a regular n-gon P
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be denoted A0, . . . , An−1, in order, and let An = A0. Let M be a point such that for
0 ≤ k < n the perpendicular projections of M onto each line Ak Ak+1 lie interior to the
segment (Ak, Ak+1). Let Bk be the projection of M onto Ak Ak+1. Show that

n−1∑
k=0

Area(	(M Ak Bk)) = 1

2
Area(P).

Solution by Pál Péter Dályay, Szeged, Hungary.
Select as unit of length the
radius of the circumcircle of
the regular n-gon. Use the
coordinate system x Oy in the
plane so that vertex Ak has
coordinates (xk, yk) with
xk = cos(2kπ/n) and
yk = sin(2kπ/n) for
0 ≤ k ≤ n. Let M have
coordinates (ρ cos φ, ρ sin φ).
Fix one index k. If the axes of
coordinate system x Oy are
rotated by the angle(
(2k + 1)π

)
/n − π , then we

obtain the axes of a new
coordinate system X OY . Note

Ak

Ak+1

M

x

y

X
Y

A0

O

Ck

Bk

� X O M = φ − (
(2k + 1)π

)
/n + π . Let Hk be the point where Bk M crosses OY , and

let Ck be the midpoint of the segment Ak Ak+1. Since the axes of the coordinate system
X OY are parallel to Bk M and Ak Ak+1, respectively, we have

Ak Bk = AkCk − BkCk = 1

2
Ak Ak+1 − ρ sin

(
φ − (2k + 1)π

n
+ π

)

= sin
(π

n

)
+ ρ sin

(
φ − (2k + 1)π

n

)
,

Bk M = Ck O + Hk M = Ck O + ρ cos

(
φ − (2k + 1)π

n
+ π

)

= cos
(π

n

)
− ρ cos

(
φ − (2k + 1)π

n

)
.

Therefore,

2 Area
(	(M Ak Bk)

) = Ak Bk · Bk M

=
(

sin
(π

n

)
+ ρ sin

(
φ − (2k + 1)π

n

))(
cos

(π

n

)
− ρ cos

(
φ − (2k + 1)π

n

))

= 1

2
sin

(
2π

n

)
+ ρ sin

(
φ − 2(k + 1)π

n

)
− ρ2

2
sin

(
2φ − 2(2k + 1)π

n

)
. (1)

Recall that for α, β ∈ R and β �= 2sπ with s ∈ Z,

n−1∑
k=0

sin(α + kβ) = sin(nβ/2)

sin(β/2)
sin

(
α + 1

2
(n − 1)β

)
.
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Thus, since n ≥ 3 implies that 2π/n �= 2sπ with s ∈ Z, and since φ − 2(k + 1)π/n =
(φ − 2π/n) − 2kπ/n, we have

n−1∑
k=0

sin

((
φ − 2(k + 1)π

n

))
= 0 =

n−1∑
k=0

sin

(
2φ − 2(2k + 1)π

n

)
.

Summing both sides of (1) over k, we obtain the required result:

2
n−1∑
k=0

Area
(	(M Ak Bk)

) = n

2
sin

(
2π

n

)
,

and this last expression gives the area of P .

Also solved by M. Bataille (France), D. Beckwith, R. Chapman (U.K.), C. Curtis, J. Freeman, D. Grinberg, J.-P.
Grivaux (France), K. Hanes, E. A. Herman, S. Hitotumatu (Japan), E. J. Ionascu, L. R. King, P. T. Krasopoulos
(Greece), J. H. Lindsey II, O. P. Lossers (Netherlands), V. Mihai (Canada), C. R. Pranesachar (India), M. A.
Prasad (India), R. A. Russell, A. Stadler (Switzerland), R. Stong, M. Tetiva (Romania), J. Vinuesa (Spain),
A. Vorobyov, Z. Vörös (Hungary), M. Vowe (Switzerland), GCHQ Problem Solving Group (U.K.), Microsoft
Research Problems Group, and the proposer.

Concurrent Lines

11393 [2008, 856]. Proposed by Cosmin Pohoata, student, National College “Tudor
Vianu,” Bucharest, Romania. In triangle ABC, let M and Q be points on segment
AB, and similarly let N and R be points on AC, and P and S, points on BC. Let
d1 be the line through M , N , d2 the line through P , Q, and d3 the line through
R, S. Let ρ(X, Y, Z) denote the ratio of the length of XZ to that of XY . Let m =
ρ(M, A, B), n = ρ(N , A, C), p = ρ(P, B, C), q = ρ(Q, B, A), r = ρ(R, C, A),
and s = ρ(S, C, B). Prove that the lines (d1, d2, d3) are concurrent if and only if
mpr + nqs + mq + nr + ps = 1.

Solution by Michel Bataille, Rouen, France. We use barycentric coordinates rela-
tive to (A, B, C), and accordingly we write U(u1, u2, u3) as an abbreviation for
“U = (u1 A + u2 B + u3C)/(u1 + u2 + u3).” (When u1 + u2 + u3 = 0 we obtain a
“point at infinity”). With this convention we have M(m, 1, 0), N (n, 0, 1), P(0, p, 1),
Q(1, q, 0), R(1, 0, r), and S(0, 1, s). The equation of line d1 is

∣∣∣∣∣∣
x m n
y 1 0
z 0 1

∣∣∣∣∣∣
= 0, that is, x = my + nz.

Similarly, the equation of line d2 is y = pz + qx , and the equation of line d3 is z =
r x + sy. These three lines are parallel (concurrent at a point at infinity) or concurrent
(literally) if and only if

∣∣∣∣∣∣
−1 q r
m −1 s
n p −1

∣∣∣∣∣∣
= 0.

This can be rewritten as

mpr + nqs + mq + nr + ps = 1, (∗)

so this is a necessary condition for concurrence of d1, d2, d3.
Conversely, suppose that (∗) holds. If d1, d2, d3 were parallel, then the point at in-

finity on d1, namely (n − m, −1 − n, 1 + m), would also lie on d2 and d3. This means
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mq = 1 + n + p + mp + qn and nr = 1 + s + m + sn + rm. Since m, n, q, r, s are
nonnegative, it follows that mq + nr ≥ 2. But mq + nr ≤ 1 follows from (∗). This
contradiction shows that d1, d2, d3 cannot be parallel, and must instead be concurrent.

Also solved by R. Chapman (U.K.), P. P. Dályay (Hungary), M. Goldenberg & M. Kaplan, D. Grinberg, J. Gri-
vaux (France), S. Hitotumatu (Japan), B.-T. Iordache (Romania), O. Kouba (Syria), J. H. Lindsey II, R. Nandan,
C. R. Pranesachar (India), R. Stong, M. Tetiva (Romania), R. S. Tiberio, A. Vorobyov, Z. Vörös (Hungary),
J. B. Zacharias, GCHQ Problem Solving Group (U.K.), and the proposer.

Jensenoid Inequalities

11399 [2008, 948]. Proposed by Biaggi Ricceri, University of Catania, Catania, Italy.
Let (�,F , μ) be a measure space with finite nonzero measure M , and let p > 0.
Let f be a lower semicontinuous function on R with the property that f has no global
minimum, but for each λ > 0, the function t �→ f (t) + λ|t |p does have a unique global
minimum. Show that exactly one of the two following assertions holds:
(a) For every u ∈ L p(�) that is not essentially constant,

M f

((
1

M

∫

�

|u(x)|p dμ

)1/p
)

<

∫

�

f (u(x)) dμ,

and f (t) < f (s) whenever t > 0 and −t ≤ s < t .
(b) For every u ∈ L p(�) that is not essentially constant,

M f

(
−

(
1

M

∫

�

|u(x)|p dμ

)1/p
)

<

∫

�

f (u(x)) dμ,

and f (−t) < f (s) whenever t > 0 and −t < s ≤ t .

Solution by Julien Grivaux, student, Université Pierre et Marie Curie, Paris, France.
First note that we may assume that p = 1. Indeed, let θ : R → R be defined by θ(t) =
signum(t)|t |p, and let f̃ (t) = f (θ−1(t)) and ũ(t) = θ(u(t)). Then

∫

�

f̃
(̃
u(t)

) =
∫

�

f
(
u(t)

)
and f̃

(
±

∫

�

∣∣̃u∣∣
)

= f

(
±

(∫

�

|u|p

)1/p
)

.

We may also assume without loss of generality that M = 1.
For λ > 0, let φ(λ) be the unique value where the function t �→ f (t) + λ|t | reaches

its minimum.

Lemma 1. The function φ is continuous on (0, ∞).

Proof. Let λ be positive and let 〈λn〉 be a sequence of positive numbers converging
to λ. Letting tn = φ(λn), we have f (t) + λn|t | ≥ f (tn) + λn|tn|. Let λ0 be such that
0 < λ0 < λ and m = infR( f (t) + λ0|t |). Now

f (tn) + λn|tn| = f (tn) + λ0|tn| + (λn − λ0)|tn| ≥ m + (λn − λ0)|tn|.
This proves that for all t , (λn − λ0)|tn| ≤ f (t) + λn|t | − m, so that for n large enough
that λn − λ0 > 1

2(λ − λ0), taking t = 0 gives |tn| < 2( f (0) − m)/(λ − λ0). Thus 〈tn〉
is bounded. Let t ′ be a limit point of 〈tn〉. There exists a subsequence 〈tψ(n)〉 which
converges to t ′. For all t in R, f (t) + λn|t | ≥ f (tn) + λn|tn|. By lower semicontinuity,
for all t ,

f (t) + λ|t | = lim inf
[

f (t) + λψ(n)|t |
] ≥ lim inf

[
f (tψ(n)) + λψ(n)

∣∣tψ(n)

∣∣]

= lim inf f (tψ(n)) + λ|t ′| ≥ f (t ′) + λ|t ′|.
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By the uniqueness of the minimum, t ′ = φ(λ). Since 〈tn〉 is bounded we conclude that
〈tn〉 converges to φ(λ). This shows that φ is continuous.

Lemma 2. limλ→+∞ φ(λ) = 0 and limλ→0+ |φ(λ)| = +∞.

Proof. Let 〈λn〉 be a sequence such that limn→∞ λn = +∞, and let tn = φ(λn). For
t ∈ R, we have f (tn)/λn + |tn| ≤ f (t)/λn + |t |, and in particular f (tn)/λn + |tn| ≤
f (0)/λn. Let λ0 be a fixed positive value, and let m = infR[ f (t) + λ0|t |]. Now f (tn) ≥
m − λ0|tn|, so (1 − λ0/λn)|tn| ≤ (

f (0) − m
)
/λn. Therefore limn→∞ tn = 0.

For the other claim of the lemma, let 〈λn〉 be a positive sequence that tends to zero,
let tn = φ(λn), and let t ′ be a limit point of 〈tn〉 (if one exists). The argument of Lemma
1 proves that for any real t , f (t) ≥ f (t ′). That makes f (t ′) a global minimum for f ,
contrary to the hypothesis. Since 〈tn〉 has no limit point, limn→∞ |tn| = +∞.

From these two lemmas, we see that the range of φ contains (0, ∞) or (−∞, 0)

(but not both). We will show that in the first case conclusion (a) holds. Similarly, the
second case leads to (b).

Assume the range contains (0, ∞), and let m(λ) = infR

(
f (t) + λ|t |). Now f (t) ≥

supλ

(
m(λ) − λ|t |). If t = φ(λ), then f (φ(λ)) = m(λ) − λ|φ(λ)|. Thus f is the point-

wise supremum of a family of affine functions on (0, ∞), so f is convex there. We
claim that f is actually strictly convex. Indeed, if f is affine on some interval [a, b]
with 0 < a < b, then we can choose λ such that the function fλ given by fλ(t) =
f (t) + λ|t | reaches its infimum at a point of (a, b). Since fλ is is affine on this in-
terval, it is minimized at an interior point only if it is constant on that interval, which
contradicts the uniqueness of the minimum point.

Let s, t be given with t > 0 and −t ≤ s < t . There exists λ such that t = φ(λ).
Thus

f (s) + λ|s| > f (t) + λ|t | ≥ f (t) + λ|s|.
We obtain f (s) > f (t). (If −t ≤ s ≤ t , we obtain f (s) ≥ f (t).) For the integral
inequality, we have −|u(x)| ≤ u(x) ≤ |u(x)|. So f (u(x)) ≥ f

(|u(x)|). Since f is
convex, Jensen’s inequality yields

∫

�

f (u) ≥
∫

�

f
(|u|) ≥ f

(∫

�

|u|
)

.

It is a strict inequality since u is not essentially constant and f is strictly convex.

Also solved by R. Stong.

Squares On Graphs

11402 [2008, 949]. Proposed by Doru Catalin Barboianu, Infarom Publishing,
Craiova, Romania Let f : [0, 1] → [0, ∞) be a continuous function such that
f (0) = f (1) = 0 and f (x) > 0 for 0 < x < 1. Show that there exists a square
with two vertices in the interval (0,1) on the x-axis and the other two vertices on the
graph of f .

Solution by Byron Schmuland and Peter Hooper, University of Alberta, Edmonton, AB,
Canada. Extend f by letting f (x) = 0 for x ≥ 1. Define g(x) = f (x + f (x)) − f (x)

for x ≥ 0. If there exists x ∈ (0, 1) with g(x) = 0, then a square as required exists with
vertices

(x, 0), (x + f (x), 0), (x, f (x)), (x + f (x), f (x)).
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Now g is continuous, so to show that such x exists we will show that y, z ∈ (0, 1)

exist with g(y) ≥ 0 and g(z) ≤ 0. Let z be a value where f takes its maximum. Then
f (z) ≥ f (z + f (z)), so that g(z) ≤ 0. Since 0 + f (0) = 0 < z < z + f (z), by conti-
nuity there is a value y ∈ (0, z) so that y + f (y) = z. Hence g(y) = f (y + f (y)) −
f (y) = f (z) − f (y) ≥ 0.

Editorial comment. Pál Péter Dályay (Hungary) noted a generalization: Given any
p > 0, there exists a rectangle with base-to-height ratio p having two vertices on the
x-axis and the other two vertices on the graph of f .

Also solved by B. M. Ábrego & S. Fernández-Merchant, F. D. Ancel, K. F. Andersen (Canada), R. Bagby,
N. Caro (Brazil), D. Chakerian, R. Chapman (U.K.), B. Cipra, P. Corn, C. Curtis, P. P. Dályay (Hungary), C.
Diminnie & R. Zarnowski, P. J. Fitzsimmons, D. Fleischman, T. Forgács, O. Geupel (Germany), D. Grinberg, J.
Grivaux (France), J. M. Groah, E. A. Herman, S. J. Herschkorn, E. J. Ionascu, A. Kumar & C. Gibbard (U.S.A.
& Canada), S. C. Locke, O. P. Lossers (Netherlands), R. Martin (Germany), K. McInturff, M. McMullen,
M. D. Meyerson R. Mortini M. J. Nielsen, M. Nyenhuis (Canada), Á. Plaza & S. Falcón (Spain), K. A. Ross,
T. Rucker, J. Schaer (Canada), K. Schilling, E. Shrader, A. Stadler (Switzerland), R. Stong, B. Taber, M. Tetiva
(Romania), T. Thomas (U.K.), J. B. Zacharias & K. Greeson, BSI Problems Group (Germany), GCHQ Problem
Solving Group (U.K.), Lafayette College Problem Group, Microsoft Research Problems Group, Missouri State
University Problem Solving Group, Northwestern University Math Problem Solving Group, NSA Problems
Group, and the proposer.

A Trig Series Rate

11410 [2009, 83]. Proposed by Omran Kouba, Higher Institute for Applied Sciences
and Technology, Damascus, Syria. For 0 < φ < π/2, find

lim
x→0

x−2

(
1

2
log cos φ +

∞∑
n=1

(−1)n−1

n

sin2(nx)

(nx)2
sin2(nφ)

)
.

Solution by Otto B. Ruehr, Michigan Technological University, Houghton, MI. We be-
gin with three elementary identities. The first is

∞∑
n=1

r n sin2 nφ = r(r + 1) sin2 φ

(1 − r)
[
(1 − r)2 + 4r sin2 φ

] . (i)

This is derived by writing sin2 nφ in terms of exponentials and summing the resulting
geometric series. Now divide (i) by r and integrate with respect to r to get

∞∑
n=1

r n

n
sin2 nφ = 1

4
log

[
(1 − r)2 + 4r sin2 φ

(1 − r)2

]
. (ii)

Differentiate (i) with respect to r to obtain
∞∑

n=1

nr n−1 sin2 nφ = 1

2(1 − r)2
− 1

2

[
(r − 1)2 − 2(r 2 + 1) sin2 φ

[(1 − r)2 + 4r sin2 φ]2

]
. (iii)

The limit at r = −1 in (ii) gives us
∞∑

n=1

(−1)n−1

n
sin2 nφ = −1

2
log cos φ.

Now we can write the requested limit as

lim
x→0

x−2 lim
r→−1+

∞∑
n=1

r n

n

[
1 − sin2 nx

n2x2

]
sin2 nφ.
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Here we have anticipated the divergent series that would result if the limx→0 were
taken directly. Since the series as written is convergent, by the regularity of the Abel
summation process it is equal to its Abel sum. Now, for |r | < 1, we can bring the outer
limit under the sum, which yields

lim
r→−1+

1

3

∞∑
n=1

nr n sin2 nφ.

From (iii) we obtain 1
24 tan2 φ as the desired limit.

Also solved by R. Bagby, D. H. Bailey & J. M. Borwein (Canada), D. Beckwith, P. Bracken, R. Chapman
(U.K.), H. Chen, P. P. Dályay (Hungary), J. Grivaux (France), F. Holland (Ireland), K. L. Joiner, G. Keselman,
A. Stadler (Switzerland), R. Stong, E. I. Verriest, and the proposer.

A Minimum Determinant

11415 [2009, 180]. Proposed by Finbarr Holland, University College Cork, Cork, Ire-
land. Let (A1, . . . , An) be a list of n positive-definite 2 × 2 matrices of complex num-
bers. Let G be the group of all unitary 2 × 2 complex matrices, and define the function
F on the Cartesian product Gn by

F(U) = F(U1, . . . , Un) = det

(
n∑

k=1

U ∗
k AkUk

)
.

Show that

min
U∈Gn

F(U) =
n∑

k=1

σ1(Ak) ·
n∑

k=1

σ2(Ak),

where σ1(A j) and σ2(A j) denote the greatest and least eigenvalue of A j , respectively.

Solution by Roger A. Horn, University of Utah, Salt Lake City, UT. It suffices to
assume that the matrices Ai are positive semidefinite and therefore Hermitian. Let A =∑n

i=1 U ∗
i AiUi , α = ∑n

i=1 σ1(Ai ), and β = ∑n
i=1 σ2(Ai ). Note that α ≥ β ≥ 0 and

(α + β)/2 ≥ β. Let λ = σ1(A) and μ = σ2(A), so that λ ≥ μ and λ + μ = tr(A) =∑n
i=1 tr(U ∗

i AiUi ) = ∑n
i=1 trAi = ∑n

i=1(σ1(Ai) + σ2(Ai)) = α + β.
For Hermitian matrices C and D, Weyl’s inequality ensures that σ2(C) + σ2(D) ≤

σ2(C + D). From this along with the definition of A it follows that μ = σ2(A) ≥∑n
i=1 σ2(U ∗

i AiUi ) = ∑n
i=1 σ2(Ai ) = β. Since det A = λμ, we want to determine

min{λμ : λ + μ = α + β and λ ≥ μ ≥ β}. That is, for f (μ) = (α + β − μ)μ,
we require min{ f (μ) : β ≤ μ ≤ 1

2(α + β)}. Clearly, f ′(μ) = α + β − 2μ ≥ 0 for
μ ∈ [β, 1

2 (α + β)], so the minimum value of f (μ) is f (β) = αβ.
If the unitary matrices are chosen such that U ∗

i AiUi = diag(σ1(Ai ), σ2(Ai)) for
i = 1, . . . , n, then A = diag(α, β), and it follows that det(A) = αβ.

Also solved by R. Chapman (U.K.), M. J. Englefield (Australia), J.-P. Grivaux (France), E. A. Herman, O.
Kouba (Syria), J. H. Lindsey II, O. P. Lossers (Netherlands), R. Stong, M. Tetiva (Romania), E. I. Verriest,
GCHQ Problem Solving Group, and the proposer.
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REVIEWS
Edited by Jeffrey Nunemacher

Mathematics and Computer Science, Ohio Wesleyan University, Delaware, OH 43015

Mathematical Modeling: A Case Studies Approach. By Reinhard Illner, C. Sean Bohum,
Samantha McCollum, and Thea van Roode. American Mathematical Society, Providence, RI,
2005, xvi + 196 pp., ISBN 978-0-8218-3650-7, $35.

Reviewed by Charles R. Hampton

Over the past twenty-five years or so courses in mathematical modeling have entered
the curricula of many colleges and universities. Such a course provides us with a dis-
tinct way of demonstrating to our students the usefulness of mathematics in solving
problems from a wide variety of sources. Whether it be in modeling the spread of
disease, the flight of a golf ball, or the pricing of a financial derivative, mathematics
leaves the ivory tower to get its hands on “real” problems.

Unlike calculus or linear algebra, such a course does not have a small collection of
well-defined syllabi. Local conditions determine the content and even the student level
for which it is designed. Is the course for students prior to calculus or for those who
have had the basic courses for the math major? Does the curriculum already include
a course in operations research or mathematical programming? The wide variety of
mathematical modeling courses has led to a correspondingly wide variety of textbooks
designed to meet the demand. For courses aimed at students without calculus or linear
algebra background we have a book like Hadlock [3]. For upper-level undergraduates
we find books such as Giordano, Weir, and Fox [2], Beltrami [1], and the volume
from the MAA by Mooney and Swift [6]. At a higher level there are options such as
Mesterson-Gibbons [5]. It is for the middle of these categories that we find the most
options for textbooks including Illner, Bohun, McCollum, and van Roode (IBMvR),
which takes an unusual approach to the topic—more about it later.

Although many books had been published on the applications of particular parts of
mathematics and on the uses of mathematics in particular social and life sciences (as
well as the physical sciences), the first text on the process of mathematical modeling
for upper-level undergraduates was Maki and Thompson [4], published in 1973. This
volume included a wide variety of applications to the life, social, and management
sciences, and for several years it was the paradigm for subsequent texts. Each instructor
would ask questions such as: Does the new text fit my course and students better than
Maki and Thompson? Does it contain the topics from Maki and Thompson and add
others not there that I wish to consider? Are its examples and problems more up to
date?

My own experience with a junior/senior-level mathematical modeling course began
about 1980, although the course was labeled Applied Mathematics until the mid 1980s.
Since my background was in the hard sciences, physics in particular, I looked for texts
which included topics from the social and biological sciences. My desire was to give a
course which included a wide variety of models taken from as wide a range of subjects
as possible. For at least a decade I used the volume by Michael Olinick [7] as it most

doi:10.4169/000298910X492871
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nearly met my preferences. Alas it went out of date and out of print. Caveat: I have for
several years encouraged the author (an acquaintance from graduate school) to produce
a second edition and have recently reviewed his proposed updated and revised edition
for a publisher. In the last decade or so I have used several other texts, including most
recently the one under review.

For years at the January Joint Math Meetings I perused the exhibit area looking for
texts to use in my course. I have collected quite a few over the years but by no means
all of the options. Thus I have sources from which to find treatment of topics that I can
use to supplement whatever text I select or to use to construct my course in place of a
text. The latter option is cheaper for the students but is not as helpful to them or as easy
on me in preparation. I much prefer to use a text around which to build my modeling
course and to supplement it as I think appropriate.

It is clear that each of us who teaches such a junior/senior-level modeling course
has his or her own ideas of just what should be included. The breadth of material from
which to choose is nearly overwhelming. One could design a course just from the
applications of differential equations, or linear programming, or probability. Also one
could concentrate on applications to one field outside of mathematics, such as biology
or management science. For what it is worth, my preference is to include a wide range
of types of models and sources of applications. It seems to me that in addition to
illustrating the modeling process, one ought to include as many as possible of the
following types: probabilistic and deterministic, discrete and continuous, qualitative
and quantitative, as well as illustrating descriptive, predictive, and axiomatic models.
Now let’s turn to the IBMvR text published by the American Mathematical Society to
see how it might fit our course preferences.

The subtitle of IBMvR, A Case Studies Approach, indicates the style chosen for the
text. Written with the assistance of two of Illner’s students (McCollum and van Roode),
who took his course at the University of Victoria, the nine chapters each consider
a modeling problem and some of its extensions. Each chapter begins with a list of
those mathematical ideas employed and ends with a short selection of exercises. I
found the paucity of exercises in IBMvR to be a flaw, but one easily remedied with
selections from other sources. IBMvR includes a chapter on dimensional analysis that
is then illustrated via an interesting problem: the estimation of the strength of the 1945
nuclear explosion at Los Alamos based solely on the film released two years after the
event.

Here is a quick catalog of the problems considered: the dynamics of crystallization,
hydrostatics, annuities, dimensional analysis applied as noted above, prey-predator,
fishery management, determination of fair wage scales, and traffic flow both at the
macro and micro level. Each of these cases has the potential to engage the student
and each provides a vehicle to illustrate the modeling process. Several are applications
not found in other modeling texts and thus make available useful examples for the
instructor even if he/she chooses a different text.

The authors’ goal was “to produce a text limited to what can comfortably be covered
in one term. . . for a third-year audience.” They have succeeded admirably. While it is
highly unlikely a single text will include those topics and only those topics preferred
by any instructor (except the author of course), this one contains enough interesting
ones to base a course upon. I used a bit more than half of the text in my course and
supplemented it with student presentations of their own modeling projects and also
with topics such as voting theory with Arrow’s Theorem, models of the spread of
disease, and fair division problems.

IBMvR is a welcome addition to the collection of texts for modeling courses. It fits
well its intended audience, all of whom appreciate its small size and reasonable price.
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I would use it again as the text for my junior/senior-level course, and it should be on
anyone’s shortlist for such a course.
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Mathematics Is . . .

“Mathematics is an experimental science, and definitions do not come first, but
later on.”

Oliver Heaviside, On operators in physical mathematics. Part II,
Proceedings of the Royal Society of London 54 (1893) 121.

—Submitted by Carl C. Gaither, Killeen, TX
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Charming Proofs
A Journey into Elegant Mathematics
Claudi Alsina & Roger B. Nelsen

Theorems and their proofs lie at the heart of 
mathematics. In speaking of the purely aesthetic 
qualities of theorems and proofs, G. H. Hardy 
wrote that in beautiful proofs “there is a very 
high degree of unexpectedness, combined with 
inevitability and economy.” Charming Proofs 
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representation, the proofs in this collection will 
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with others, and to become involved in the process of creating new proofs.

Charming Proofs includes a short introduction about proofs and the process 
of creating proofs. The authors present, in 12 chapters, a wide and varied 
selection of proofs they consider charming. Topics include the integers, 
selected real numbers, points in the plane, triangles, squares, and other 
polygons, curves, inequalities, plane tilings, origami, colorful proofs, three-
dimensional geometry, etc. At the end of each chapter are some challenges 
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are over 130 such challenges.

Charming Proofs concludes with solutions to all of the challenges, references, 
and a complete index. As in the authors’ previous books with the MAA 
(Math Made Visual and When Less Is More), secondary school and college 
and university teachers may wish to use some of the charming proofs in their 
classrooms to introduce their students to mathematical elegance. Some may 
wish to use the book as a supplement in an introductory course on proofs, 
mathematical reasoning, or problem solving.
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Symmetrically Bordered Surfaces

William Cavendish and John H. Conway

Abstract. We address the question: given a compact topological surface with boundary, when
can it be symmetrically embedded in R

3? We construct examples of symmetric embeddings
for compact surfaces with an odd number of boundary components, and connected sums of an
even number of RP

2’s (cross surfaces) with any number of boundary components. We show
in the appendix that a connected sum of an odd number of RP

2’s with 4n boundaries cannot
be symmetrically embedded.

1. INTRODUCTION. Punch a hole in a Möbius strip. The resulting nonorientable
surface has two boundary components or borders. As far as the intrinsic topology of
the resulting “2-border Möbius” is concerned, there is no difference between these
two boundary components. This surface is homeomorphic to a cross surface (RP

2)
with two open disks removed, and one can check that this surface admits a homeomor-
phism sending one boundary component to the other. Punching a hole in an embedded
Möbius strip, however, produces two borders that look quite different. The original
border cannot be “capped off,” since any disk it bounds must intersect the surface. The
new border, on the other hand, bounds an embedded disk disjoint from the surface,
since we can put back into place the disk we punched out. This naturally raises the
question: is there an embedding of the 2-border Möbius that has a symmetry inter-
changing its two borders? The answer is given by the embedding in Figure 1.

Figure 1. A symmetric embedding of the 2-border Möbius.

Before generalizing this example we review some basic facts about the topology of
surfaces (see [1] for a complete treatment of this material). The Euler characteristic
of a surface S is denoted χ(S), and can easily be computed from a triangulation of the
surface via the identity χ(S) = V − E + F , where V , E , and F denote the numbers
of vertices, edges, and faces respectively.
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In the case of closed connected topological surfaces (i.e., compact connected sur-
faces without boundary), the Euler characteristic is a very strong invariant. Among
closed orientable surfaces, there is a unique homeomorphism type of surface with Eu-
ler characteristic 2 − 2g for any integer g ≥ 0. These surfaces can be constructed by
adding g “handles” to the 2-sphere, as shown in Figure 2, and are called surfaces of
genus g. By removing a finite number n of disjoint open disks, we can produce a sur-
face with boundary. The resulting surface has Euler characteristic 2 − 2g − n, so for
example a sphere with two disks removed (an annulus) has the same Euler charac-
teristic as the torus. Thus for compact oriented surfaces with boundary, we need to
keep track of both the Euler characteristic and the number of borders to get a complete
invariant.

Figure 2. Adding handles to the 2-sphere to produce a genus-g surface.

The situation for nonorientable surfaces is similar. A nonorientable surface can
be constructed by removing an open disk from an orientable surface and gluing in
a Möbius strip along its boundary. This operation, called “adding a cross cap,” de-
creases the Euler characteristic by 1. Doing this operation once to a sphere produces
the cross surface (RP

2); doing it twice produces the Klein bottle. These surfaces are
much more difficult to visualize, as they cannot be embedded in R

3. For nonorientable
closed surfaces the Euler characteristic is again a complete invariant, and takes the val-
ues 2 − n for any integer n > 0. Just as in the orientable case, removing a disk from
such a surface decreases the Euler characteristic by 1. We will use the notation of the
second author and denote the nonorientable surface obtained by adding a cross caps
to the 2-sphere and removing b disks by ×a∗b.

The classification theorem for surfaces summarizes this discussion: compact con-
nected surfaces with boundary are classified up to homeomorphism by orientability,
number of boundary components, and Euler characteristic. The reader can now check
that the surface in Figure 1 is indeed homeomorphic to a punctured Möbius strip.

As is the case with the 2-border Möbius, the borders of any compact surface with
boundary are all equivalent as far as the intrinsic topology of the surface is concerned.
The purpose of this paper is to address whether this intrinsic symmetry can be exhib-
ited by an embedded surface in R

3. More precisely, given a surface with boundary we
can ask whether it can be embedded in such a way that there is a symmetry taking
any border to any other. The precise answer to this question depends on exactly what
“symmetry” means. While more rigid definitions are also interesting, for the moment
we shall adopt the most general notion of symmetry, which only depends on the topol-
ogy of the embedding. We shall therefore say that an embedding is “symmetrically
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bordered” if for any two of its borders there is a homeomorphism of space taking the
surface to itself and taking one border to the other. In the following section we shall
produce symmetrically bordered embeddings for a large class of surfaces. Any surface
with an odd number of borders has such an embedding, as does any surface obtained
by removing disks from a closed surface with even Euler characteristic. The first au-
thor shows in the appendix that a surface obtained by removing 4n disks from a surface
of odd Euler characteristic admits no such embedding.

It is interesting to remark that the nonembeddablility of RP
2 in R

3 can be deduced
from the nonexistence of a symmetrically bordered 4-border Möbius (though this re-
sult can certainly be derived more directly). To see this, note that by zooming in on
a small neighborhood of a point in the image of an embedding of RP

2 and removing
four disjoint disks, one would obtain an embedding of ×1∗4 with equivalent borders.
For a discussion of the nonembeddability of RP

2 in R
3 in a similar vein, see [4].

2. SOME SYMMETRICALLY BORDERED SURFACES. Which surfaces do we
need to consider? A simple observation is that given a symmetrically bordered embed-
ding, we can add a handle to get another. Provided that the new handle is added in a
small neighborhood around a point in the surface, the handle can slide around freely
and can return to its initial position after a homeomorphism exchanging boundary
components is applied. This immediately answers the question for orientable surfaces,
as the n-bordered sphere can clearly be symmetrically embedded.

It remains to consider the case of nonorientable surfaces. The classification theorem
for surfaces implies that adding two cross-caps to a nonorientable surface is the same
as adding a handle, so by the above discussion a symmetrically bordered embedding
of ×a∗b yields a symmetric embedding of ×a+2∗b. This throws special emphasis on
two basic cases: ×1∗b, the “b-border Möbius,” and ×2∗b, the “b-border Klein.”

In the former case, Figure 1 shows a symmetrically bordered ×1∗2. Figure 2 shows
a nonorientable spanning surface for the Borromean rings that gives a nice example of
a symmetrically bordered ×1∗3.

Figure 3. A symmetrically embedded 3-border Möbius.

While the next natural case to consider would be ×1∗4, the appendix shows that
no symmetrically bordered embedding of this surface, or more generally any 4n-
border Möbius, exists. The following procedure, however, produces a symmetrically
n-bordered Möbius for any odd n. Take 2n points evenly spaced on a circle, and join
antipodal points so that each pair of lines crosses exactly once. At each intersection
point between two lines, we can resolve the crossing in one of two ways by making
one line pass over the other. Because the number of lines is odd, the crossings can be
resolved in such a way that the resulting diagram is invariant under a rotation of 2π/n.
By thickening this diagram, adding the same odd number of twists to each strap, and
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gluing a disk to the back of the initial circle, one arrives at a symmetrically n-bordered
Möbius, as one can easily check (see Figure 4).

Figure 4. Construction of a symmetrically 5-bordered Möbius.

It turns out that we can construct a symmetrically b-bordered Klein for any number
b. If b is odd, simply create a circle out of a chain as shown in Figure 5 by connect-
ing its loose ends. This also works for the chains of Figure 6, which are obtained by
deforming the embedding in Figure 5, and for the alternative chain of Figure 7.

Figure 5. A symmetrically bordered Klein chain.

Figure 6. A flattened Klein chain.

Figure 7. A linked Klein chain.

If b is even, the surfaces described above are orientable, but by giving the chain of
Figure 7 a half twist before gluing we can restore the nonorientability. This produces a
surface (Figure 8) that is symmetrically bordered, although its symmetries apparently
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Figure 8. A Klein necklace.

cannot be realized by isometries in R
3 (they can in S3). The analogous procedure

applied to Figure 6 fails. (Why?)
Table 1 summarizes our results. The entries N, justified in the appendix, indicate that

no symmetrically bordered embedding exists, Y indicates that such an embedding in
which all symmetries are orientation preserving exists, and Y* indicates the existence
of an embedding that requires orientation reversing symmetries. In the cases marked
“?” we do not know whether or not a symmetrically bordered embedding exists.

Table 1. Symmetric embeddability of nonorientable surfaces.

∗1 ∗2 ∗3 ∗4 ∗5 ∗6 ∗7 ∗8 ∗9 ∗10

×1 Y Y* Y N Y ? Y N Y ?
×2 Y Y Y Y Y Y Y Y Y Y
×3 Y Y* Y N Y ? Y N Y ?
×4 Y Y Y Y Y Y Y Y Y Y
×5 Y Y* Y N Y ? Y N Y ?
×6 Y Y Y Y Y Y Y Y Y Y

3. QUESTIONS. Our first question is that suggested by Table 1: does there exist a
symmetric embedding for ×2k+1∗4n+2 when n > 0? The special case of this question
for the 6-border Möbius is particularly intriguing. In these cases the appendix shows
that, as with the 2-border Möbius in Figure 1, orientation reversing homeomorphisms
must be present in the group of homeomorphisms that permute the boundary compo-
nents.

Which permutation groups are achieved by the topological symmetries of ×a∗b

permuting its b (oriented) borders? In the Möbius case (a = 1), the groups of our
own examples are cyclic or dihedral with the exception of the “Borromean surface” in
Figure 2.

Which links arise as boundaries of symmetrically bordered nonorientable surfaces
of a given type? It is clear that the “cross-cap number” of the link, i.e., the minimum
possible first Betti number B1 of a nonorientable spanning surface (see [6]), gives an
obstruction to finding nonorientable spanning surfaces of low complexity, though a
symmetric link with cross-cap number k may not have a symmetric spanning surface
with B1 = k.
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Our remaining questions concern metrical embeddings in which the symmetries are
to be realized by isometries. Note that the trick of adding a handle used above does
not apply in this case. There are two interesting cases, according to whether the am-
bient space is taken to be S3 or R

3. We note that the required symmetries of our sym-
metrically even-bordered Kleins can be achieved isometrically in S3, but apparently
not in R

3 (though a symmetrically (4n + 2)-bordered Klein example can be achieved
metrically in R

3 by taking a connected sum of two symmetrically (2n + 1)-bordered
Möbius examples). Such questions exist even in the orientable case; indeed for the 7-
border double torus it can be proved that no symmetrically bordered embedding exists
with symmetries given by isometries of R

3. There is another point to be considered,
which is whether the homeomorphisms in question are required to be orientation pre-
serving. As mentioned above, orientation reversing isometries may be necessary for a
given topological type, as is the case with the 2-border Möbius.

APPENDIX: SYMMETRY AND LINKING FORMS [by William Cavendish].
In this appendix we prove some nonexistence results about symmetric embeddings of
surfaces. The following discussion requires somewhat more background in algebraic
topology than the body of the paper, but should be understandable to the reader willing
to accept the following basic facts about H1(S), the first homology group of a surface
S. For a readable introduction to this material, see [2]. H1(S) is an abelian group which
is generated by equivalence classes of oriented loops in S. One can add two loops by
taking their formal sum, though one can also think of the sum of two loops as being
given by the union of these loops in the surface. Two or more loops sum to zero if
one can slide them around in the surface by means of a homotopy so that they sit as
the oriented boundary of an oriented subsurface of S. As a consequence, if a is the
homology class of an oriented loop, then −a is given by the homology class of the
same loop with the opposite orientation, as is show in Figure 9.

Figure 9. A canceling pair of curves in H1(S).

Let Sn be the image of a surface of type ×2k+1∗n under an embedding into R
3.

As above, Sn will be called “symmetrically bordered” if for any pair of boundary
components bi , b j of Sn there is a homeomorphism σ : R

3 → R
3 such that σ(Sn) = Sn

and σ(bi) = b j . We will refer to such homeomorphisms as “symmetries” of Sn .

Theorem A. There is no symmetrically bordered embedding of ×2k+1∗n into R
3 if n is

a multiple of 4. If n is even, then the group of symmetries of a symmetrically bordered
embedding of ×2k+1∗n must contain orientation reversing elements.

The strategy of the proof is to consider how loops in Sn link each other when pushed
off of the surface. This linking data depends only on the homology classes of the curves
in Sn , and we can encode this data in a bilinear form 〈·, ·〉 : H1(Sn) × H1(Sn) → Z

called the Gordon-Litherland form. By choosing a basis for H1(Sn), we can think of
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our embedded surface Sn as giving us a matrix. The symmetries of the surface Sn

impose symmetries on this matrix, while the orientability considerations force certain
entries in the matrix to be either even or odd. To prove Theorem A, we will show that
under the given hypotheses these parity conditions are incompatible with the symmetry
conditions.

Before the proof proper we set up some notation. A surface of the type ×2k+1∗n

can be represented as a standard quotient diagram for the cross surface with k handles
added and n disks removed, as shown in Figure 10 for the case ×5∗3. In what follows
we will refer to the following standard collections of curves on Sn . The labels bi will
denote the boundary curves, and the labels ai will denote curves passing between the
bi ’s as shown in Figure 10. We will only be interested in homology relations between
the ai ’s and the bi ’s, so the position of the handles in this diagram is not important
provided that they are disjoint from these curves. To simplify notation, ai and bi will
denote both curves in ×2k+1∗n and their images in the embedded surface Sn ⊂ R

3.

Figure 10. A standard quotient diagram for ×1 and curves on ×5∗3.

Following Gordon and Litherland [3], we define a symmetric bilinear form 〈·, ·〉 :
H1(Sn) × H1(Sn) → Z as follows. At any point p in Sn , we can choose a small neigh-
borhood of p in R

3 in which Sn looks like a standard plane in R
3. Given a curve

γ passing through this neighborhood, we can take a family of normal line segments
whose centers lie on γ to produce a ribbon, as shown in Figure 11. Taking the boundary
of this ribbon produces a pair of curves.

Figure 11. A curve and its ribbon.

If we produce such a ribbon along the entire length of γ , we obtain a new 1-manifold
which we’ll denote P(γ ) and call the “push off” of γ . In more technical language,
P(γ ) is the preimage of γ under the projection map π : ∂N → Sn, where N is a
tubular neighborhood of Sn . Note that P(γ ) will be either connected or disconnected
depending on whether γ is an orientation reversing or orientation preserving curve.
These two cases are exhibited in Figure 12.

For oriented curves γ1 and γ2, we define 〈γ1, γ2〉 to be the linking number of P(γ1)

with γ2 (see [5] for more information on linking numbers). If P(γ1) has two compo-
nents, this will be twice the linking number of γ2 with either component of P(γ1). This
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Figure 12. Curves on a Möbius strip with handle and their push-offs.

depends only on the homology classes of the curves γ1 and γ2, and since simple closed
curves generate H1(Sn) we can extend this form linearly to be defined on all of H1(Sn).
One can check that 〈γ1, γ2〉 is a symmetric form and can be computed in a projection
of the surface by summing contributions from crossings of γ1 and γ2 as follows:

The following observation about the parity of this form will be essential to our
argument.

Lemma B. If γ1 and γ2 are curves in Sn intersecting transversely, then 〈γ1, γ2〉 is
congruent mod 2 to the number of intersections between γ1 and γ2.

Recall that the number of transverse intersections between two homology classes
of closed curves is well defined mod 2, so this statement makes sense on the level of
homology as well.

Proof. It is an easy exercise to show that the number of crossings between γ1 and γ2

in any generic projection of γ1 and γ2 is equal to some even integer 2k. If there are no
intersections between γ1 and γ2, then each of the 2k crossings contributes either +1
or −1 to 〈γ1, γ2〉 and hence 〈γ1, γ2〉 is even. If γ1 and γ2 have n points of intersection,
then n of the 2k terms in the sum yielding 〈γ1, γ2〉 will be zero, and hence 〈γ1, γ2〉 will
be congruent to n mod 2.

From Figure 10 we have the relations

b1 = a1 − a2, b2 = a2 − a3, . . . , bn−1 = an−1 − an, bn = an + a1,

and from this

2ai = bi + bi+1 + · · · + bn − b1 − b2 − · · · − bi−1.

Let B be the matrix with entry Bi j = 〈bi , b j 〉, and A the matrix with entry Ai j =
〈ai , a j 〉. Note that the entries of B are all even by Lemma B because the curves bi
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do not intersect in Sn . Likewise the entries of A are all odd as ai intersects a j an odd
number of times. This is true even when i = j provided that one copy of the curve
is shifted slightly to have transverse intersections with the original curve. The next
lemma derives some consequences that the symmetry of Sn has on the entries of B.

Lemma C. If Sn is symmetrically bordered, then the collection of absolute values
present in each row ri of B is equal to the collection of absolute values present in any
other row r j .

Proof. If Sn is symmetrically bordered, for any i and j there exists a homeomor-
phism σ of R

3 taking Sn to itself taking bi to b j . Because σ restricts to a homeo-
morphism of Sn, σ permutes the boundaries bi . We also have that σ either preserves
the linking number or switches its sign according to whether σ is orientation preserv-
ing or reversing. Let τ be the permutation given by σ(bk) = bτ(k). We then have that
〈bi , bk〉 = ±〈σ(bi), σ (bk))〉 = ±〈b j , bτ(k))〉, so each entry in the i th row has a corre-
sponding entry in the j th row equal up to sign.

The rest of the proof is essentially a computation in linear algebra.

Proof of Theorem A. Suppose Sn is a symmetrically bordered surface, where n is an
even integer. Using the relations above between the a curves and the b curves, we have
that

4〈an/2+1, a1〉 = 〈2an/2+1, 2a1〉 =
〈(

n∑
i=n/2+1

bi −
n/2∑
i=1

bi

)
,

(
n∑

i=n/2+1

bi +
n/2∑
i=1

bi

)〉

=
n∑

i=n/2+1

n∑
j=n/2+1

〈bi , b j 〉 −
n/2∑
i=1

n/2∑
j=1

〈bi , b j 〉.

We proceed to show that the above sum is congruent to 0 modulo 8, which gives
that 〈an/2+1, a1〉 is even, contradicting Lemma B. Decomposing the symmetric matrix
B into n/2 × n/2 blocks and labeling them(

U S

ST L

)
,

the above is the sum of the entries in L minus the sum of the entries in U , which
we will denote �(L) − �(U). For a matrix or vector V , let |V | be the collection
(or, more precisely, multiset) of absolute values of entries in V . The collection of
absolute values in each row ri is the same by Lemma C, so we have that |U | ∪ |S| =
|r1| ∪ · · · ∪ |rn/2| = |rn/2+1| ∪ · · · ∪ |rn| = |L| ∪ |S|, so |L| = |U |.

The symmetry condition on the embedding gives that the entries along the diagonal
must all be equal up to sign, so |L| − |diag(L)| = |U | − |diag(U)|. Letting Tu(M)

and Tl(M) denote the upper and lower triangles in a matrix M , we thus have that
|Tu(U)| ∪ |Tl(U)| = |Tu(L)| ∪ |Tl(L)|, and because U and L are symmetric |Tu(L)| =
|Tl(L)| and similarly for U . Each entry in Tu(L) and Tu(U) is even, so by the preceding
observation �(Tu(L)) − �(Tu(U)) is a multiple of 4. Thus

�(L) − �(U) = �(Tu(L)) + �(Tl(L)) + tr(L) − �(Tu(U)) − �(Tl(U)) − tr(U)

= 2�(Tu(L)) + tr(L) − 2�(Tu(U)) − tr(U)

≡ tr(L) − tr(U) (mod 8)
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If all the symmetries of the surface are orientation preserving then all diagonal
entries are equal, not just equal up to sign. Thus the above is clearly congruent to
0 (mod 8), the desired contradiction. In the remaining case of Theorem A, n is a
multiple of 4 and orientation reversing homeomorphisms are allowed. If 〈bi , bi 〉 = 0
for all i then again we are done. Otherwise the borders bi break into two classes of
equal size: those which can be taken to b1 by an orientation preserving symmetry and
those that cannot. Elements in different classes will have opposite self-linking num-
bers, so tr(B) = tr(U) + tr(L) = 0. The diagonal of U has an even number of entries
of absolute value |2m| for some m, so tr(U) ≡ 0 (mod 4) and thus tr(L) − tr(U) =
tr(L) + tr(U) − 2tr(U) = −2tr(U) ≡ 0 (mod 8), again the desired contradiction.
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Stern’s Diatomic Sequence
0, 1, 1, 2, 1, 3, 2, 3, 1, 4, . . .

Sam Northshield

Abstract. Stern’s diatomic sequence appeared in print in 1858 and has been the subject of
numerous papers since. Our goal is to present many of these properties, both old and new. We
present a large set of references and, for many properties, we supply simple proofs or ones that
complement existing proofs. Among the topics covered are what these numbers count (hyper-
binary representations) and the sequence’s surprising parallels with the Fibonacci numbers.
Quotients of consecutive terms lead to an enumeration of the rationals. Other quotients lead to
a map from dyadic rationals to the rationals whose completion is the inverse of Minkowski’s ?
function. Along the way, we get a distant view of fractals and the Riemann hypothesis as well
as a foray into random walks on graphs in the hyperbolic plane.

1. INTRODUCTION. Stern’s diatomic sequence is a simply defined sequence with
an amazing set of properties. Our goal is to present many of these properties—those
that have most impressed the author. The diatomic sequence has a long history; per-
haps first appearing in print in 1858 [28], it has been the subject of several papers
[22, 23, 5, 9, 12, 13, 14]; see also [27, sequence 002487]! It is difficult to present
anything truly new on this topic; indeed, most of the properties discussed here have
appeared in print several times. Some properties however are apparently “folklore”
theorems and some are perhaps new. We try to present either simple proofs or proofs
that complement existing proofs. We have tried to give a sufficient set of references for
the interested reader to delve further into the topic or to find other proofs. We expect
that the interested reader will see clear directions for further research.

Beyond the basic and most well-known properties discussed in Section 2, we shall
focus on the combinatorics of the sequence (i.e., what the numbers count) in Section
3, some surprising parallels with the Fibonacci sequence in Section 4, enumeration of
the rational numbers in Section 5, some connections with Minkowski’s question mark
function in Section 6, and a geometric-probabilistic view in Section 7.

2. STERN’S DIATOMIC SEQUENCE AND ARRAY. Consider the following se-
quence: a0 = 0, a1 = 1, and

{
a2n = an,

a2n+1 = an + an+1.
(1)

Looking at the first few terms, we get

0, 1, 1, 2, 1, 3, 2, 3, 1, 4, 3, 5, 2, 5, 3, 4, 1, 5, 4, 7, 3, 8, 5, 7, 2, 7, 5, 8, . . .

This sequence has been well studied and has gone by several names. One of the first
was coined by Dijkstra who defined fusc(n) := an , apparently in reference to the ob-
fuscation it embodied (see [9]). Another is “Stern’s diatomic sequence” (see [3] for

doi:10.4169/000298910X496714

August–September 2010] STERN’S DIATOMIC SEQUENCE 581



example). The latter name comes from the following array of numbers, called “Stern’s
diatomic array”:

1 1
1 2 1
1 3 2 3 1
1 4 3 5 2 5 3 4 1
1 5 4 7 3 8 5 7 2 7 5 8 3 7 4 5 1
. . . . . . . . . . . . . . . . .

This is similar to Pascal’s triangle in that every entry in all but the top row is the sum of
certain entries above. Specifically, given the nth row, we get the next row by repeating
the nth row but, between each two entries, we put the sum of those entries. Any entry
which is at the top of a column is the sum of two entries on the previous row while
any other entry just repeats the entry directly above it. All entries not in the first or
last column contribute to three below and receive from either one or two above, so
that the “valence” (here meaning the number of bonds made with other entries) is 4
or 5. Hence, the term “diatomic”: conceivably an alloy with two types of atoms, of
chemical valence 4 and 5 (e.g., carbon and gold), could combine to make a kind of
crystal described by the diatomic array (see Figure 3 in Section 7). Of course, such a
crystal could only exist in hyperbolic space since row size increases exponentially.

We observe that the nth row of the diatomic array contains 2n−1 + 1 elements while
the sum of the elements in the nth row is 3n−1 + 1. The diatomic array can be written
symbolically in terms of {an}:

a1 a2

a2 a3 a4

a4 a5 a6 a7 a8

a8 a9 a10 a11 a12 a13 a14 a15 a16

· · · · · · · · ·
Each row of the diatomic array is palindromic and we may express this symmetry

as a formula: for all n and all k ≤ 2n ,

a2n+k = a2n+1−k . (2)

We also claim, again for all k, n with k ≤ 2n ,

a2n+k = ak + a2n−k . (3)

This is left as an exercise in induction (on n).
From now on, we let Fn denote the nth Fibonacci number, which can be defined

either recursively by

F0 = 0, F1 = 1, Fn+1 = Fn + Fn−1 (n ≥ 2)

or by Binet’s formula

Fn = (1 + √
5)n − (1 − √

5)n

2n
√

5
= φn − φ

n

φ − φ
, (4)

where φ is the “golden ratio” (1 + √
5)/2 and φ is its algebraic conjugate (1 − √

5)/2.
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Notice that the right column of the diatomic array matches the left. Removal of the
right column and squeezing everything to the left yields the “crushed” array:

1
1 2
1 3 2 3
1 4 3 5 2 5 3 4
1 5 4 7 3 8 5 7 2 · · ·

Theorem 2.1. The following are properties of the crushed array.

(a) Each column is an arithmetic sequence (i.e., successive differences are con-
stant). The sequence of these differences is

0, 1, 1, 2, 1, 3, 2, 3, 1, 4, . . . ;
a sequence with which we are now familiar!

(b) The row maxima are 1, 2, 3, 5, 8, 13, . . . ; part of the Fibonacci sequence!

(c) The locations of row maxima are 1, 3, 5, 7, 11, 13, 21, 27, 43, 53, . . . (e.g.,
a1 = 1 is the maximum of the first row, a5 = a7 = 3 is the maximum of the third
row), but note that since the diatomic array is palindromic, row maxima ap-
pear twice in all but the first two rows. The locations of earliest maxima of the
rows are 1, 3, 5, 11, 21, 43, 85, . . . , a subsequence J2, J3, . . . of “Jacobsthal’s
sequence” (Jn) [27, sequence A001045]. It obeys a three-term recurrence rela-
tion:

Jn+1 = Jn + 2Jn−1.

The sequence 2, 3, 7, 13, 27, 53, . . . , the locations of the last maxima of the
rows, also obeys this three-term recurrence relation.

Proof. Statement (a) can be formulated as a2n+k = nak + c. This is not hard to see: by
(2) and (3),

a2n+k + ak = a2n+1+k,

from which it follows that a2n+k − nak is independent of n.
Let Mn denote the maximum of the nth row of the diatomic array. Clearly every row

maximum must have odd index. Hence Mn+1 = a2k+1 for some k and so Mn+1 equals
a sum of two consecutive terms in the previous row: ak and ak+1. One of k and k + 1
is even and so appears in a previous row, and therefore

Mn+1 ≤ Mn + Mn−1.

Since M1 = 1 = F2 and M2 = 2 = F3, by induction, Mn ≤ Fn+1.
Jacobsthal’s sequence is given by a Binet-type formula:

J (n) := Jn = 2n − (−1)n

3
,

and so J (n) is always odd. Also, J (n) − 2J (n − 1) = ±1, and so

aJ (n+1) = aJ (n)+2J (n−1) = aJ (n) + a2J (n−1) = aJ (n) + aJ (n−1).
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Since aJ (1) = a1 = 1 = F1 and aJ (2) = a2 = 1 = F2,

aJ (n) = Fn.

This result, and more, goes back to a paper by Lind [23], who gives a formula for the
locations of both Fibonacci numbers and Lucas numbers in the diatomic array. Several
of these results have been ascribed to Tokita by Sloane [27, sequence A002487].

3. FINDING A COUNTING INTERPRETATION. An expression of n as a finite
sum n = e0 + e1 · 2 + e2 · 4 + e3 · 8 + e4 · 16 + · · · + ek · 2k where ei ∈ {0, 1, 2} is
called a hyperbinary representation of n. There are, in general, many hyperbinary
representations of an integer n.

Theorem 3.1. For all n, the number of hyperbinary representations of n equals an+1.

Proof. We shall prove this using generating functions (see [15] or [31] for a general
treatment). Consider the generating function for the diatomic sequence:

A(x) :=
∞∑

n=0

an+1xn .

By (b) and (c) of Theorem 2.1, if ak occurs in row n − 1, then ak ≤ Fn ≤ φn and k ≥
2n−2, and so a1/k

k ≤ φn/2n−2
. It follows that A(x) has a positive radius of convergence

and, for x in the interval of convergence,

A(x) =
∞∑

n=0

a2n+1x2n +
∞∑

n=0

a2n+2x2n+1 [split into sums where n is even or odd]

=
∞∑

n=0

(an + an+1)x2n +
∞∑

n=0

an+1x2n+1 [using (1)]

= (1 + x + x2)A(x2) [using a0 = 0 and cleaning up].

Continuity of A(x) at 0 combined with the fact that A(0) = 1 gives:

A(x) = (1 + x + x2)(1 + x2 + x4)(1 + x4 + x8)(1 + x8 + x16) · · ·
= (x0·1 + x1·1 + x2·1)(x0·2 + x1·2 + x2·2)(x0·4 + x1·4 + x2·4) · · ·

A generic term in the product looks like

xe0+e1·2+e2·4+e3·8+e4·16+···,

where each ei ∈ {0, 1, 2}, and so, combining like terms, the coefficient of xn in A(x)

is on the one hand the number of ways to write n as a sum of the form e0 + e1 · 2 +
e2 · 4 + e3 · 8 + e4 · 16 + · · · where ei ∈ {0, 1, 2}, and on the other hand an+1.

Theorem 3.1 goes back to Carlitz [6], who also showed that an is the number of
odd values of r for which the Stirling number (of the second kind) S(n, r) is also odd.
Bicknell-Johnson [3] showed that an+1 counts the number of partitions of n as a sum of
distinct even-subscripted Fibonacci numbers. Finch [11] notes that an+1 is the number
of “alternating bit sets” in n (the number of ways to choose a subsequence of the form
1010 . . . 10 from the sequence of 1’s and 0’s which represents n in binary). Finally,
there is a relation with the “Towers of Hanoi” problem (see [19]).
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4. PARALLELS WITH THE FIBONACCI SEQUENCE. We have seen that the
maximum of the nth row of the diatomic array is the (n + 1)st Fibonacci number. The
numbers an are, in several surprising ways, analogues of the Fibonacci numbers.

Consider Pascal’s triangle:

1
1 1

1 2 1
1 3 3 1

1 4 6 4 1
· · · · · ·

which is composed of binomial coefficients
(n

k

) := n!/(k! (n − k)!). The Fibonacci
numbers appear as diagonal sums across Pascal’s triangle. For example, the sum along
the boxed numbers is 5 = F5 and, in general,

∑
i

(
n − i

i

)
=

∑
2i+ j=n

(
i + j

i

)
= Fn+1. (5)

In general, we let a mod b denote the remainder of a upon division by b or, equiv-
alently, a mod b := a − b�a/b	.

Consider now “Pascal’s triangle mod 2” where each entry
(n

k

)
is replaced by

(
n

k

)
mod 2 :=

{
1 if

(n
k

)
is odd,

0 if
(n

k

)
is even:

1
1 1

1 0 1
1 1 1 1

1 0 0 0 1
· · · · · ·

The diatomic sequence appears as diagonal sums over Pascal’s triangle mod 2. For
example, the boxed entries sum to 3 = a5 and, in general, we get the following result.

Theorem 4.1.

∑
2i+ j=n

[(
i + j

i

)
mod 2

]
= an+1. (6)

We can prove this theorem using Kummer’s theorem of 1852 (see [21] or [15, exer-
cise 5.36]):

Lemma 4.2. Let p be a prime number. The largest k such that pk divides
(i+ j

i

)
is the

number of carries when adding i and j base p.

For example, in base 3, 13 = 1113 and 5 = 123, and adding them together requires 2
carries. By the lemma, 9 should be the largest power of 3 which divides

(13+5
5

) = 8568,
which is easily verified.
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Proof of Theorem 4.1. Lemma 4.2 implies that
(i+ j

i

)
mod 2 is 1 if and only if adding i

and j base 2 requires no carries or, saying that another way, i and j share no 1’s in the
same locations in their base-2 expansions. The left side of (6) then counts the number
of ways to write n as a sum 2i + j where i and j share no 1’s in the same locations in
their base-2 expansions, which is the number of hyperbinary expansions of n.

Most proofs of Fibonacci identities (of which there are hundreds!—see the books
by Koshy [20] and Vajda [30] for example) use or can use one of two basic tools: the
Binet formula and the recurrence formula. We find analogues of these for the diatomic
sequence.

Proposition 4.3. Stern’s diatomic sequence satisfies

an+1 = an + an−1 − 2(an−1 mod an). (7)

Proof. We prove this by a version of induction: we suppose, for a fixed n, that (7)
holds and show that (7) holds for 2n + 1 and for 2n.

Note that a2n mod a2n+1 = a2n = an and so

a2n+2 = an+1 = (an+1 + an) + an − 2(a2n mod a2n+1)

= a2n+1 + a2n − 2(a2n mod a2n+1).

Therefore (7) holds for 2n + 1. Also, a2n−1 mod a2n = (an + an−1) mod an = an−1

mod an . Thus

a2n+1 = an + an+1 = an + (an + an−1 − 2(an−1 mod an)

= a2n + a2n−1 − 2(a2n−1 mod a2n)

and so (7) holds for 2n.

We remark that just as (5) can be proven using the recurrence formula for Fibonacci
numbers, one can prove Theorem 4.1 by using Proposition 4.3.

Binet’s formula (4), a workhorse in the theory of Fibonacci and Lucas numbers, can
be rewritten as

Fn+1 =
n∑

k=0

φkφ
n−k

. (8)

This version has an analogue for Stern’s sequence.

Proposition 4.4. Let s2(k) denote the number of 1’s in the binary expansion of k and
let σ, σ := e±π i/3 be the primitive sixth roots of unity. Then

an+1 =
n∑

k=0

σ s2(k)σ s2(n−k). (9)

Proof. We show that the generating functions of both sides agree. Note that s2(k),
the number of 1’s in the binary expansion of k, obviously satisfies and can be in fact
defined by
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⎧⎪⎨
⎪⎩

s2(2k) = s2(k)

s2(2k + 1) = s2(k) + 1

s0 = 0.

Let σ := eiπ/3 and, for real x , let

B(x) :=
∞∑

k=0

σ s2(k)xk .

Then B(0) = 1, and

B(x) =
∞∑

k=0

σ s2(2k)x2k +
∞∑

k=0

σ s2(2k+1)x2k+1

=
∞∑

k=0

σ s2(k)x2k + x
∞∑

k=0

σ s2(k)+1x2k = (1 + σ x)B(x2).

Since (1 + x + x2) = (1 + σ x)(1 + σ x), we have

|B(0)|2 = 1, |B(x)|2 = (1 + x + x2)|B(x2)|2

and so |B(x)|2 has the same product formula as A(x). Hence they agree and

∞∑
n=0

an+1xn =
( ∞∑

k=0

σ s2(k)xk

)
·
( ∞∑

k=0

σ s2(k)xk

)

=
∞∑

n=0

(
n∑

k=0

σ s2(k)σ s2(n−k)

)
xn.

The sequence {s2(k)} has been well studied; see [27, sequence A000120] and ref-
erences therein. The sequence {2s2(k)}, also known as Gould’s sequence, also is well
studied (see [27, sequence A001316])—it is the number of 1’s in the kth row of Pas-
cal’s triangle modulo 2. General sums across Pascal’s triangle modulo 2, specifically

xn :=
∑

ai+bj=n

[(
i + j

i

)
mod 2

]
,

are discussed in [24].
Proposition 4.4 leads to several alternative ways to write an . For example, since

σ = σ−1 and the left side of (9) is real, one can write

an+1 =
n∑

k=0


(σ s2(k)−s2(n−k)) =
n∑

k=0

cos(π(s2(k) − s2(n − k))/3).

Finally, since


(σ n) = 1

2
(−1)n(3 · 1(3)(n) − 1),
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where 1(3)(n) is 1 if n is a multiple of 3 and 0 otherwise, we find

an+1 = 1

2

n∑
k=0

(−1)s2(k)−s2(n−k)[3 · 1(3)(s2(k) − s2(n − k)) − 1].

Note that by Binet’s formula (4),

lim
n→∞

Fn

φn
= 1√

5
.

Finch [11, p. 149] asked if it was true that

lim sup
n→∞

an

φlog2(n)
= 1 (10)

(though there is no particular evidence that this should be true and numerical evidence
suggests that it is not). To put this into context, Calkin and Wilf, in an unpublished
note (referred to in [11]), show that the left side of (10) satisfies .9588 < L < 1.1709.
By Theorem 4.1, an is a diagonal sum across Pascal’s triangle mod 2. Summing along
rows instead gives, as we saw before, 2s2(n). It is easy to see (we leave it as an exercise)
that

lim sup
n→∞

2s2(n)

2log2(n)
= 1.

Harborth [17] shows a similar result: if S(n) is the number of odd numbers in the first
n rows of Pascal’s triangle (i.e., S(n) = ∑

k≤n 2s2(k)), then

lim sup
n→∞

S(n)

3log2(n)
= 1.

5. ENUMERATING THE RATIONALS. Everyone knows that the rational num-
bers are countable (that is, are in one-to-one correspondence with Z

+, the set of posi-
tive integers) but few actually know of an explicit such correspondence. The diatomic
sequence gives one. Specifically,

{
1

1
,

1

2
,

2

1
,

1

3
,

3

2
,

2

3
,

3

1
,

1

4
,

4

3
, . . . ,

an

an+1
, . . .

}

is exactly the set of positive rational numbers (and no number appears twice). We state
this as a theorem; our proof (which we present for completeness) is new but can’t beat
the one by Calkin and Wilf as presented in their charming paper [5].

Theorem 5.1. The map n �−→ an/an+1 is a bijection from Z
+ to the set of positive

rational numbers.

Proof. We shall prove the theorem by showing that every relatively prime pair [a, b]
appears exactly once in the list

L := [1, 1], [1, 2], [2, 1], [1, 3], [3, 2], [2, 3], [3, 1], . . . , [an, an+1], . . . .
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Define the “Slow Euclidean Algorithm” (SEA) on pairs of positive integers: given a
pair [a, b], subtract the smaller from the larger; repeat; stop when equal. For example,

[4, 7] �→ [4, 3] �→ [1, 3] �→ [1, 2] �→ [1, 1].
Clearly, this algorithm always terminates and, since the greatest common divisor is
preserved at each step, it must terminate with [g, g], where g = gcd(a, b).

Let Ln := [an, an+1]. By (1), it’s easy to see that for n > 1,

SEA : L2n,L2n+1 �−→ Ln

and, moreover, if SEA : [a, b] �→ Ln then either [a, b] = L2n or [a, b] = L2n+1. Since
L1 = [1, 1], every Ln is a relatively prime pair.

If there is a relatively prime pair [a, b] not in L, then all of its successors under
the SEA, including [1, 1], are not in L—a contradiction. Hence, every relatively prime
pair appears in L.

The pair [1, 1] appears only once in L. In general, no relatively prime pair appears
more than once in L for, otherwise, there exists a smallest n > 1 such that Ln = Lm for
some m > n. Applying one step of the SEA to both Ln and Lm forces �n/2	 = �m/2	
and therefore m = n + 1. Thus an = an+1 = an+2, a contradiction.

It is clear that the map n �→ an/an+1 can be efficiently computed (i.e., computed in
polynomial time in the number of digits of n) but, unfortunately, the same is not true of
the inverse, since the first k where (ak, ak+1) = (1, n) is when k = 2n−1. So we can’t
even write this down in polynomial time (n has log n bits but the first position of 1/n
has roughly n bits.) For a solution that does run in polynomial time in both directions,
see [26].

Equation (7) leads to Theorem 5.2, a fact noted by several authors (e.g., Newman
and Somos, in [27, sequence A002487]). Let {x} denote the fractional part of x .

Theorem 5.2. The iterates of 1 + 1/x − 2{1/x} (equivalently, the iterates of 1 +
2�1/x	 − 1/x), starting at 1, span the entire set of positive rational numbers.

Proof. Let rn := an+1/an . Then we may rewrite (7) as

rn+1 = 1 + 1

rn
− 2

{
1

rn

}

and the result follows.

We conclude with two interesting formulas.

Theorem 5.3. For t > 1,

∑
m odd

1

tam − 1
= t

(t − 1)2
.

Also,

∞∑
n=1

2

a2na2
2n+1a2n+2

= 1.
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Proof. For a rational number r , let δ(r) be the denominator of r when expressed in
lowest terms or, equivalently,

δ(r) := min{k ∈ N : kr ∈ Z}.
Let A = {(n, j) : n, j ∈ Z

+, j > n} and B = {(r, k) : r ∈ Q, 0 < r < 1, k ∈ Z
+},

and let f : A → B be the function f (n, j) = (n/j, gcd(n, j)). It is easy to verify that
f is a bijection and if f (n, j) = (r, k), then δ(r) = j/k and so kδ(r) = j . Therefore

∑
0<r<1

1

t δ(r) − 1
=

∑
0<r<1

∞∑
k=1

t−kδ(r) =
∞∑

n=1

∑
j>n

t− j

=
∞∑

n=1

t−n
∞∑
j=1

t− j = 1

(t − 1)2
.

Note that for every positive integer j , a j < a j+1 if and only if j is even. Hence
every rational number strictly between 0 and 1 is of the form a2m/a2m+1 = am/a2m+1

for a unique m ≥ 1, and we see that

∞∑
m=1

1

ta2m+1 − 1
= 1

(t − 1)2
.

Since a1 = 1, adding 1/(t − 1) to both sides gives the result.
Let a ⊥ b mean that a and b are relatively prime. To get the second formula, we

rewrite the left-hand side and then use the substitution m = n + k:

∞∑
n=1

2

a2na2
2n+1a2n+2

= 2
∑

n,k≥1,n⊥k

1

nk(n + k)2

=
∞∑

m=2

∑
k<m,k⊥m

2

(m − k)km2

=
∞∑

m=2

2

m3

∑
k<m,k⊥m

[
1

k
+ 1

m − k

]

=
∞∑

m=2

4

m3

∑
k<m,k⊥m

1

k
.

As noted by Baney et al. [2, Theorem 7], the mth summand on the right is the proba-
bility that m is the lowest possible denominator of any fraction between the two coor-
dinates of a point P chosen uniformly at random from the unit square. Hence the total
sum is 1.

6. MINKOWSKI’S ? FUNCTION. Recall the notation for continued fractions (see,
for example, Hardy and Wright [18]): for positive integers c1, c2, c3, . . . ,

[0; c1, c2, c3, . . . ] := 1/(c1 + 1/(c2 + 1/(c3 + · · · ))).
Every irrational positive number between 0 and 1 can be written uniquely in that form
(rational numbers have nonunique finite expansions).
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0

1

1
0

0

1

1

Figure 1. The graphs of y = ?(x) and its inverse y = f (x).

In 1904, Minkowski introduced a singular function (continuous with derivative ex-
isting and 0 almost everywhere) ? : [0, 1] → [0, 1]. It’s value at x is defined in terms
of the continued fraction expansion of x : if x = [0, c1, c2, . . . ] then

?(x) :=
∑

k

(−1)k−1

2c1+···+ck−1
. (11)

One of the question mark function’s most interesting properties is that it maps
quadratic surds to rational numbers (since the sequence c1, c2, . . . is eventually peri-
odic precisely when x is a quadratic surd). Several nice references exist; see especially
the thesis of Conley [8]. The results of this section are surely known; I have seen hints
in internet references to a talk by Reznick and a note by Conway but am unable to give
a specific reference.

Let D denote the set {k/2n : k, n ∈ Z
+, k ≤ 2n} of positive dyadic rationals in the

unit interval and consider the function f : D → Q defined by

f (k/2n) := ak

a2n+k
.

This function is well-defined since

f (2k/2n+1) = a2k

a2n+1+2k

= ak

a2n+k
= f (k/2n).

Theorem 6.1. The function f extends to a strictly increasing continuous function from
the unit interval to itself.

Proof. Consider the matrices

M(m, n) :=
(

am+1 an+1

am an

)

and define

A0 := M(0, 1) =
(

1 1
0 1

)
, A1 :=

(
1 0
1 1

)
.
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Using (1) it is easy to verify that for i = 0 or 1,

Ai M(m, n) = M(2m + i, 2n + i).

Therefore,

if m =
n∑

k=0

ik2k then Ai0 Ai1 · · · Ain M(0, 1) = M(m, 2n+1 + m). (12)

Thus, for any positive integers n and k < 2n , M(k, 2n + k) is a product of matrices
with determinant 1 and so, for all n and k < 2n ,

ak+1a2n+k − aka2n+k+1 = 1. (13)

Next, note that every odd entry (i.e., entry of odd index) in the nth row of the
diatomic array is the sum of two consecutive entries in the previous row and so is
at least one more than an odd entry of the previous row. It follows that for all n and
k < 2n ,

a2n+ka2n+k+1 ≥ n + 1. (14)

Using (13) and (14), we see that

ak+1

a2n+k+1
− ak

a2n+k
= ak+1a2n+k − aka2n+k+1

a2n+k+1a2n+k
= 1

a2n+k+1a2n+k

and so

0 <
ak+1

a2n+k+1
− ak

a2n+k
≤ 1

n + 1

and the result follows.

For more information about using the binary representation of n and matrix mul-
tiplication to compute an , the reader should see Allouche and Shallit [1, Example 7,
p. 187].

The function f (x) has been called Conway’s box function [8, p. 82]. Since it is
strictly increasing, it has a continuous inverse. The inverse function is Minkowski’s
question mark function.

Theorem 6.2. f −1(x) = ?(x).

Proof. Note that, by (11), ?(x) is uniquely determined by ?(1) = 1 and

?

(
1

n + x

)
= 2−?(x)

2n
.

It is enough to show that f −1(x) also satisfies these equations or, equivalently,
f (1) = 1 and

f

(
2 − x

2n

)
= 1

n + f (x)
. (15)

It is then enough to show that (15) holds for dyadic rationals x := k/2m .
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By (2) and (3),

a2m+1+2m+1−k = a2m+2−k = a2m+1+k = ak + a2m+1−k

and

a2m+n+1+2m+1−k = a2m+n+2m+1−k + a2m+1−k .

Therefore, by induction,

a2m+n+2m+1−k = ak + na2m+1−k = ak + na2m+k .

Then

f

(
2 − k/2m

2n

)
= f

(
2m+1 − k

2m+n

)
= a2m+1−k

a2m+n+2m+1−k

= a2m+k

ak + na2m+k
= 1

n + f (k/2m)
.

We note another symmetry peculiar to Stern’s diatomic sequence (pointed out to
the author by Bruce Reznick). Given odd m, let m ′ be the number with reverse binary
expansion:

if m =
n∑

k=0

ik2k then m ′ =
n∑

k=0

in−k2k .

For example, if m = 35 = 1000112, then m ′ = 1100012 = 49.

Theorem 6.3. For all odd m, am = am′ .

Proof. Using equation (12) again, it’s easy to verify by induction that if m = ∑
ik2k ,

then

am = (
0 1

)
Ai0 · · · Ain

(
1
0

)
.

For any 2-by-2 matrix M , we define M∗ by(
a b
c d

)∗
:=

(
d b
c a

)
.

It’s easy to verify the following for any matrices M, N and i = 0, 1:

(M N )∗ = N ∗M∗,

A∗
i = Ai ,(

0 1
)

M∗
(

1
0

)
= (

0 1
)

M

(
1
0

)
.

Hence

(
0 1

)
Ai0 · · · Ain

(
1
0

)
= (

0 1
)

Ain · · · Ai0

(
1
0

)

and the result follows.
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There is a geometric way of viewing Minkowski’s ? function; consider Figure 2. We
consider each of the two objects to be lying in the complex plane with bottom edge
coinciding with the unit interval. Clearly they are homeomorphic and there is a unique
homeomorphism from SG to C P which takes the unit interval to itself and fixes its
endpoints. The restriction of this homeomorphism to the unit interval can be shown
to be f (x). (If ⊕ denotes “mediant addition” a/b ⊕ c/d = (a + c)/(b + d) and if
2nr, 2ns are consecutive integers for some n then f ((r + s)/2) = f (r) ⊕ f (s).)

Figure 2. Sierpinski gasket (SG) and Apollonian circle packing (C P).

The two figures in Figure 2 are called fractals because their Hausdorff dimension
is fractional. Roughly speaking, since SG is made up of three copies of itself, with
each copy having length and width half as big, the dimension of SG is the solution
of 2d = 3 (namely d = ln 3/ ln 2). However, Hausdorff dimension is not a topological
invariant and, indeed, the dimension of C P is unknown (see Graham et al. [16]).

We conclude this section with a connection to a well-known conjecture of number
theory (and perhaps give our little sequence—or at least f (x)—some additional grav-
itas). The triangles in SG are evenly distributed in the sense that if one takes any hori-
zontal line above the x-axis intersecting SG, it will intersect finitely many triangles in
the complement of SG which touch the x-axis. The bottom vertices of these triangles
are evenly distributed, being {k/2n : k odd } for some n. On the other hand, a hori-
zontal line at a distance t > 0 above the x-axis intersects finitely many circles in the
complement of C P tangent to the x-axis, but the tangent points of those circles with
the x-axis, call that set {x1, x2, . . . , xN }, are not evenly distributed. A measure of that
discrepency can be given by

�t :=
N∑

j=1

∣∣∣∣xi − i

N

∣∣∣∣ .
As t decreases towards 0, N grows, and although �t may also grow, it is conjectured
that it grows no faster than 1/t1/4. More precisely, it is conjectured that for all ε > 0,

lim
t→0+ t

1
4 +ε�t = 0.

This is known to be equivalent to the Riemann hypothesis(!). If 1/4 is replaced by
1/2, then the result is equivalent to the prime number theorem and is known to be true.
It is not known to be true for any other c < 1/2. (The points {x1, x2, . . . , xN } form
a Farey series—see, for example, [18]—and the connection between Farey series and
the Riemann hypothesis, due to Franel and Landau, is nicely explained by Edwards in
[10].)
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7. A GEOMETRIC VIEW. Let Sm,n be an infinite graph which is the “boundary”
of a tiling of a quarter-plane by 2n-gons so that every vertex has m edges emanating
downwards. For example, Figures 3 and 4 show S3,2 and S2,3 respectively. S2,2 is just
one quarter of an infinite square grid. S2,2 is a geometric representation of Pascal’s
triangle; assign to each vertex the corresponding number in Pascal’s triangle and note
that the number assigned to each vertex is the sum of all numbers in neighbors above.
By induction, the number assigned to each vertex v is the number of downward paths
starting at the top vertex and ending at v.

Figure 3 shows an infinite graph closely related to Stern’s sequence. We call this
a “hyperbolic” graph since, when it is embedded in the hyperbolic upper half-plane,
each quadrilateral has exactly the same size.

Figure 3. The hyperbolic graph S3,2.

For example, if we assign to each vertex v of S3,2 the number of downward paths
starting at the top and ending at v, we get:

1
1 1 1

1 1 2 1 2 1 1
1 1 2 1 3 2 3 1 3 2 3 1 2 1 1

and it’s not hard to see that Stern’s sequence features in it: the (n − 1)st row is

a1, a2, . . . , a2n−1, a2n , a2n−1, . . . , a2, a1.

Now consider a random walk starting at the top vertex and always going down-
wards, choosing one of its three edges at random. If we identify the bottom of S3,2

with the unit interval, then the random walk has a limiting distribution μ on the unit
interval. For example, let’s compute the chance that the random walk is eventually in
the interval [1/4, 3/8] (we call this quantity μ([1/4, 3/8])). The only way the random
walk can end up in this interval is if, at the second step, it is at the second or third vertex
of the third row. There are a2 = 1 and a3 = 2 ways to end up at these vertices respec-
tively. However, given it is at the second vertex or third vertex, only half of the time will
it end up in [1/4, 3/8], and so the desired probability is 1

2 (a2 + a3)/32 = a5/18 = 1/6.
In general,

μ

([
k

2n
,

k + 1

2n

])
= a2 j+1

2 · 3n−1
,

where j = k or 2n − 1 − k according to whether k is less than 2n−1 or not.
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Let M be the (infinite) matrix defined by M(i, j) = 1 if j ∈ {2i − 1, 2i, 2i + 1},
0 otherwise (i, j = 1, 2, 3, . . . ). This is the adjacency matrix of a graph with vertices
labelled by the positive integers. The powers of M have a limit:

M∞(i, j) := lim
n→∞ Mn(i, j)

exists for all i, j and

M∞(1, n) = an .

Figure 4. The hyperbolic graph S2,3.

Figure 4 shows the graph S2,3. Note that every quadrilateral in this particular repre-
sentation of the graph is either a square or a “golden rectangle” (i.e., a rectangle with
length-to-width ratio φ)! The row sizes are 1, 2, 4, 7, 12, 20, . . . , the partial sums of
Fibonacci numbers (see [27, sequence A000145] for more on this particularly well-
studied sequence). Counting downward paths as we did earlier for S3,2 gives rise to an
analogue (bn) of Stern’s sequence:

1, 1, 1, 2, 1, 2, 2, 1, 3, 2, 2, 3, 1, 3, 3, 2, 4, 2, 3, 3, 1, . . .

[27, sequence A000119] called the “Fibonacci diatomic sequence” (see [4]).
This sequence also arises from an analogue of Stern’s diatomic array called the

“Fibonacci diatomic array” [4]:

1 1
1 2 1
1 2 2 1
1 3 2 2 3 1
1 3 3 2 4 2 3 3 1
1 4 3 3 5 2 4 4 2 5 3 3 4 1
. . . . . . . . . . . . . . . . .

This array is contained in S2,3 in the same way that Stern’s diatomic array is contained
in S3,2.

If N (i, j) = 1 if j ∈ {�φi	, �φi�} and 0 otherwise, then N is the adjacency matrix
of a graph and

bn := lim
n→∞ N n(1, n).

The Fibonacci diatomic sequence (bn) has a counting interpretation: bn+1 is the number
of ways that n can be written as a sum of distinct Fibonacci numbers.
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8. FUTURE DIRECTIONS. Thus ends a tour of this splendid sequence. The ref-
erences below—and their references—contain more and the reader is encouraged to
delve further. Here are some directions of future research.

• Are there any applications for the Binet-type formula (9)?
• The Fibonacci sequence satisfies Fn � φn (here xn � yn means xn/yn is bounded

away from 0 and ∞; equivalently, xn = �(yn)) while an � φlog2 n even though the
conjectured equation (10) might not be true. More generally, other diagonal sums
across Pascal’s triangle satisfy

∑
ai+bj=n

(
i + j

i

)
� γ n

where γ is the unique positive solution to γ a + γ b = γ a+b (see [24]). For the same
a, b, and γ , is

∑
ai+bj=n

[(
i + j

i

)
mod 2

]
� γ log2 n

true? What if we sum mod 3 instead of mod 2?
• Stern’s sequence is characterized in Section 5 by having every relatively prime pair

of positive integers appear exactly once (as two consecutive terms). There are other
sequences with this property, but is Stern’s sequence minimal or universal in some
sense? Are there sequences so that every relatively prime pair appears exactly twice?
What if the condition of being relatively prime is removed? Is there a sequence where
every relatively prime triple appears exactly once?

• Is it possible to rephrase the Riemann hypothesis in terms of a conjecture about ak?
• The Fibonacci diatomic array and its associated graph S3,2 gives rise to the “Fi-

bonacci diatomic sequence”. Which properties listed above for Stern’s diatomic se-
quence have analogues for the Fibonacci diatomic sequence? How about for Sm,n or
other regular or not-so-regular hyperbolic tilings?
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Dispersive Quantization

Peter J. Olver

Abstract. The evolution, through linear dispersion, of piecewise constant periodic initial data
leads to surprising quantized structures at rational times, and fractal, nondifferentiable profiles
at irrational times. Similar phenomena have been observed in optics and quantum mechanics,
and lead to intriguing connections with exponential sums arising in number theory. Rami-
fications of these observations for numerics and nonlinear dispersion are proposed as open
problems.

1. INTRODUCTION. The genesis of this note was a supposedly straightforward ex-
ercise, based on a simple initial-boundary value problem for linearly dispersive waves
in a periodic domain, that I had devised for my forthcoming text in partial differential
equations [10]. Constructing the Fourier series solution is not especially challenging,
and so I also asked for graphs of the solution at various times. When I was writing up
the solution, the initial plots that I produced with MATHEMATICA were more or less
as predicted; however, when I introduced a different time step, the solution exhibited
a completely unexpected behavior. Further experimentation revealed that the solution
has a fractal-like, nondifferentiable structure at irrational times, but is piecewise con-
stant at rational times! I had never seen anything like this before, but the fact that the
problem was so elementary convinced me that it must be well known. Nevertheless, all
of the leading experts in dispersive waves to whom I showed these computations were
similarly surprised, convincing me that I might be onto something new and of potential
significance. Some further digging revealed that such rational/irrational behavior had
already been noted in the context of the linear Schrödinger equation, and leads rapidly
into the deep waters of advanced Fourier analysis and exponential sums in number
theory. This in turn pointed me towards a recent series of papers by Michael Berry
and his collaborators [1, 3, 4] that describe the Talbot effect in optics and in quantum
revivals, which was named after a striking optical experiment [15] conducted in 1836
by William Henry Fox Talbot, one of the founders of photography. Thus, the present
note reveals that a similar Talbot-like quantized/fractal effect can also be found in a
broad range of dispersive media.

Although this paper only makes a modest mathematical contribution, the fact that
these phenomena are not well known has convinced me that it is worth setting down
in print. The paper contains more questions than results, and the implications for wave
mechanics, both linear and nonlinear, and numerics remain to be explored.

2. DISPERSION IN A PERIODIC DOMAIN. The starting point is the following
periodic initial-boundary value problem on the interval 0 ≤ x ≤ 2π for the most basic
linearly dispersive wave equation:

∂u

∂ t
= ∂3u

∂x3
, u(0, x) = f (x),

u(t, 0) = u(t, 2π),
∂u

∂x
(t, 0) = ∂u

∂x
(t, 2π),

∂2u

∂x2
(t, 0) = ∂2u

∂x2
(t, 2π).

(2.1)

doi:10.4169/000298910X496723
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The underlying partial differential equation is called dispersive because, as we shall
see, periodic waves of different frequencies move with different speeds. We take as
initial data the unit step function:

f (x) = σ(x) =
{

0, 0 < x < π,

1, π < x < 2π.
(2.2)

The precise values assigned at its discontinuities are not important, although choosing
f (x) = 1

2 at x = 0, π, 2π is consistent with Fourier analysis. The boundary conditions
allow us to extend the initial data and solution to be 2π-periodic functions in x .

To construct the solution, we begin by expressing it as a time-dependent (complex)
Fourier series

u(t, x) ∼
∞∑

k=−∞
bk(t) ei kx , (2.3)

where, in conformity with the conventions of Fourier analysis, we use ∼ rather than
= to indicate that the Fourier series is formal and, without additional assumptions or
analysis, its convergence is not guaranteed. Substituting (2.3) into the partial differen-
tial equation in (2.1), and then equating the coefficients of the individual exponentials,
we find that each bk(t) satisfies an elementary linear ordinary differential equation:

dbk

dt
= −i k3 bk(t), and hence bk(t) = bk(0) e−i k3t .

We conclude that any 2π-periodic solution to the dispersive wave equation has Fourier
expansion

u(t, x) ∼
∞∑

k=−∞
bk(0) ei (kx−k3t). (2.4)

To solve the initial value problem, we expand the initial condition in a Fourier series:

f (x) ∼
∞∑

k=−∞
ck ei kx , where ck = 1

2π

∫ 2π

0
f (x) e−i kx dx . (2.5)

Equating u(0, x) = f (x), we conclude that bk(0) = ck are the Fourier coefficients of
the initial data. In the case of the step function (2.2), the Fourier coefficients are

bk(0) =

⎧⎪⎨
⎪⎩

−i/(πk), k odd,

1/2, k = 0,

0, 0 �= k even.

(2.6)

Inserting these particular values into the general solution formula (2.4), and rewrit-
ing the result in terms of real trigonometric functions, we obtain the (formal) Fourier
expansion of the solution to the original initial-boundary value problem (2.1–2.2):

u�(t, x) ∼ 1

2
+ 2

π

∞∑
j=0

sin
(
(2 j + 1)x − (2 j + 1)3 t

)
2 j + 1

. (2.7)
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t = 0. t = .1 t = .2

t = .3 t = .4 t = .5

Figure 1. Solution to dispersive wave equation for �t = .1.

Let us now graph the solution. We will do this naı̈vely, using MATHEMATICA to
sum the first 1000 terms in the Fourier series (2.7). The results, at several times uni-
formly spaced by �t = .1, are plotted in Figure 1. In the initial graph, you can see a
tiny residual Gibbs phenomenon due to the Fourier series approximation. The solution
evidently takes on a fractal-like profile, reminiscent of Weierstrass’s continuous but
nowhere differentiable function [7, pp. 401–421]. The temporal evolution continues
in this fashion, seemingly at random, until reforming the initial data at t = 2π , after
which the process periodically repeats. Incidentally, plotting the solution at a much
smaller time step makes the dispersive effects of the initial discontinuity fully mani-
fest; see Figure 2.

t = .0001 t = .001 t = .01

Figure 2. Solution to dispersive wave equation at small times.

So, while the fractal nature of the solution is mildly intriguing, most people with
some familiarity with dispersive wave phenomena would probably not be unduly sur-
prised by the observed behavior. However, let us instead graph the solution (2.7) at
times spaced by �t = 1

30π ≈ .10472. Now the results, as plotted in Figure 3, look
startingly different.

Apparently, at these times, the solution is piecewise constant! Figure 4 displays
some additional solution graphs at various rational multiples of π .

While the detailed structure of these solution profiles is not completely clear, it
is becoming evident that, at rational multiples of π , the solution to the initial value
problem (2.1) is piecewise constant. Of course, one might be tempted to ascribe this
to some strange numerical artifact, but further computational experiments make this
extremely unlikely. And, indeed, there is a relatively easy proof of the relevant result.

Theorem 1. Let p/q ∈ Q be a rational number.1 Then the solution (2.7) to the initial-
boundary value problem (2.1) at time t = πp/q is constant on every subinterval
π j/q < x < π( j + 1)/q for j = 0, . . . , 2q − 1.

1Throughout, we assume that the fraction p/q is in lowest terms, i.e., p and q have no common factors.
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t = 1
30 π t = 1

15 π t = 1
10 π

t = 2
15 π t = 1

6 π t = 1
5 π

Figure 3. Solution to dispersive wave equation for �t = 1
30 π .

t = π t = 1
2 π t = 1

3 π

t = 1
4 π t = 1

5 π t = 1
6 π

t = 1
7 π t = 1

8 π t = 1
9 π

Figure 4. Solution to dispersive wave equation at various rational times.

Proof. The first step is to note that any function h(x) that satisfies the conclusions of
the theorem is a linear combination,

h(x) =
2q−1∑
j=0

a jσ
j,q(x), (2.8)

of the compressed box functions

σ j,q(x) =
{

1, π j/q < x < π( j + 1)/q,

0, otherwise,
0 ≤ j ≤ 2q − 1. (2.9)
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The box function (2.9) has Fourier coefficients

c j,q
k = 1

2π

∫ 2π

0
σ j,q(x) e−i kx dx = 1

2π

∫ π( j+1)/q

π j/q
e−i kx

=

⎧⎪⎪⎨
⎪⎪⎩

i (e−i πk/q − 1)

2πk
e−i π j k/q, k �= 0,

1

2q
, k = 0.

(2.10)

Thus, the Fourier coefficients of the piecewise constant function (2.8) are

ck =
2q−1∑
j=0

a j c j,q
k . (2.11)

As a consequence, Theorem 1 will be established if we can show that the Fourier
coefficients bk(t) of our solution (2.7) at time t = πp/q have the form (2.11) for
suitable a0, . . . , a2q−1. Let us analyze what this entails.

Observe that, given c−q , . . . , cq−1, the equations in (2.11) corresponding to indices
k = −q, −q + 1, . . . , q − 1 form a system of 2q linear equations for the 2q unknowns
a0, . . . , a2q−1. Moreover, by (2.10), the rescaled Fourier coefficients

ĉk =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

c0, k = 0,

ck = 0, 0 �= k ≡ 0 mod 2q,

πk

i q(e−i πk/q − 1)
ck, k �≡ 0 mod 2q

(2.12)

satisfy

ĉk = 1

2q

2q−1∑
j=0

a j e−i π j k/q . (2.13)

Thus, the 2q rescaled coefficients ĉ−q , . . . , ĉq−1 coincide with the discrete Fourier
transform (DFT) [11] of the data a0, . . . , a2q−1 specified by the piecewise constant
function (2.8). We immediately conclude that the linear system (2.11) has a unique
solution, which is provided by the DFT reconstruction formula

a j =
q−1∑

l=−q

ĉl ei πl j k/q, j = 0, . . . , 2q − 1. (2.14)

Finally, again thanks to (2.10), the rescaled Fourier coefficients (2.12) satisfy

ĉk = ĉl, k ≡ l �≡ 0 mod 2q, ĉk = 0, 0 �= k ≡ 0 mod 2q. (2.15)

Thus, a Fourier series corresponds to a function that is constant on every subinterval
π j/q < x < π( j + 1)/q if and only if its Fourier coefficients satisfy (2.15). This con-
nection between the discrete Fourier transform and Fourier series of piecewise constant
functions is, of course, not new.
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Now, the Fourier coefficients of our solution (2.7) at the rational time t = πp/q are

ck = bk

(
π

p

q

)
= bk(0) ei (kx−k3πp/q), (2.16)

where bk(0) are given by (2.6). The crucial observation is that

if k ≡ l mod 2q, then k3 ≡ l3 mod 2q, and so ei (kx−k3πp/q) = ei (lx−l3πp/q).

(2.17)

This implies that the corresponding rescaled Fourier coefficients (2.12) satisfy the
piecewise constant criteria (2.15), which justifies the statement of the theorem.

Remark. Although we have focussed on the step function, the argument immediately
generalizes to any initial data u(0, x) = f (x) that is piecewise constant on the same
subintervals of length π/q.

This explains most of the features of the preceding quantized solution graphs.
Sometimes, the solution assumes identical values on adjacent subintervals, and so
exhibits larger regions of constancy. There is no doubt some number-theoretic charac-
terization of the lengths of such subintervals, but so far I haven’t spotted the pattern.

So what’s going on? At irrational times (relative to π) the solution has a nondif-
ferentiable, fractal-like nature. On the other hand, at rational times, the solution is
piecewise constant—the dispersion has, curiously, “quantized” the solution. These
quantized solution profiles are densely embedded in the fractal regime, so that the
fractalized, irrational profiles are limits of quantized, rational profiles at progressively
finer and finer scales. And thus, somehow the dispersive evolution is able to distinguish
rational from irrational times.

At this point, one might raise the objection that this particular solution is not con-
tinuous, and so its status as a weak solution2 to the dispersive wave equation is not
entirely clear. Of course, one can mollify the solution by convolution with a smooth,
concentrated kernel, which would effectively smooth out the coarser quantized times.

Since the underlying partial differential equation is linear, with constant coeffi-
cients, derivatives and integrals of solutions are also solutions. In particular, integrating
the solution (2.7) with respect to x a couple of times (omitting the constant terms in
order to preserve periodicity) produces a bona fide classical solution whose deriva-
tives exhibit such quantization/fractalization behavior. Vice versa, differentiating the
solution (2.7) once with respect to x yields a linear combination of two fundamen-
tal solutions, which corresponds to a pair of initial unit delta function impulses, of
opposite strength, concentrated at positions x = 0 and x = π .

Specifically, the fundamental solution u = F(t, x) based at the point x = π , say,
corresponds to the initial data u(0, x) = δ(x − π), where δ(x) denotes the Dirac delta
function (or, more accurately, distribution) [9, 10]. Since the periodic boundary value
problem is translation-invariant, the fundamental solution resulting from a unit delta
impulse at another location x = ξ is simply u = F(t, x − ξ + π). Applying the pre-

2By definition, a 2π-periodic (in both t and x) function u(t, x) is a weak solution to the dispersive wave
equation (2.1) if and only if

∫ 2π

0

∫ 2π

0 u(t, x)
[
ϕt (t, x) − ϕxxx (t, x)

]
dx dt = 0 for every 2π-periodic smooth

(C∞) function ϕ(t, x). A sufficiently smooth weak solution is a solution in the classical sense—this can be
deduced through integrating by parts. Weak solutions are of great importance in the modern theory of par-
tial differential equations [9, 18], particularly when dealing with solutions having discontinuities, e.g., shock
waves. We leave it to the interested reader to explore to what extent our solutions satisfy the weak solution
criterion.
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ceding Fourier analysis (2.3–2.5), we find that the fundamental solution has the formal
Fourier expansion

F(t, x) ∼ 1

2π

∞∑
k=−∞

ei (kx−k3t). (2.18)

The solution to the general initial value problem (2.1) is then provided by the super-
position formula

u(t, x) =
∫ 2π

0
F(t, x − ξ) f (ξ) dξ. (2.19)

Just as the step function solution is piecewise constant at rational times, the funda-
mental solution is a superposition of finitely many delta functions when t is a rational
multiple of π . On the other hand, when t is an irrational multiple of π , the conver-
gence of the fundamental solution’s Fourier series (2.18) is more problematic, being
the “derivative of a nondifferentiable function.” To establish the former result, we in-
voke the following lemma, whose proof follows a line of reasoning similar to that of
Theorem 1; details are left as an exercise.

Lemma 2. The Fourier coefficients (2.5) of a function f (x) are q-periodic in their
indices, so ck+q = ck for all k, if and only if the series represents a linear combination
of q (periodically extended) delta functions concentrated at the rational nodes x j =
2π j/q for j = 0, 1, . . . , q − 1:

f (x) =
q−1∑
j=0

a j δ(x − 2π j/q),

for suitable a0, . . . , aq−1.

Combining Lemma 2 with (2.17), we deduce the aforementioned result.

Theorem 3. Suppose t = πp/q is a rational multiple of π . Then the fundamental so-
lution to the initial-boundary value problem (2.1) is a linear combination of periodi-
cally extended delta functions. When p is odd, the 2q delta functions are concentrated
at the rational nodes x j = π j/q for j = 0, . . . , 2q − 1, whereas for p even, the q
delta functions are concentrated at x j = 2π j/q for j = 0, . . . , q − 1.

Observe that Theorem 1 can alternatively be deduced as a direct corollary of Theo-
rem 3. Furthermore, applying Theorem 3 to the superposition formula (2.19) produces
the following intriguing corollary:

Corollary 4. At a rational time, any solution profile u(πp/q, x) to the periodic initial-
boundary value problem depends on only finitely many values of the initial data,
namely u(0, x j ) = f (x j ) where x j = π j/q for j = 0, . . . , 2q − 1 when p is odd,
or x j = 2π j/q for j = 0, . . . , q − 1 when p is even.

Finally, integrating the fundamental solution (2.18)—leaving aside its constant term
to maintain periodicity—results in the Fourier series

G(t, x) =
∫ x

0

(
F(t, y) − 1

2π

)
dy ∼ 1

2π

∞∑
0 �=k=−∞

ei (kx−k3t)

k
, (2.20)
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which solves the periodic initial-boundary value problem with piecewise affine initial
data3

G(0, x) =
∫ x

0

(
F(0, y) − 1

2π

)
dy =

∫ x

0

(
δ(y − π) − 1

2π

)
dy = σ(x) − x

2π
.

(2.21)

Thus, when t = πp/q is a rational multiple of π , the integrated fundamental solution
is piecewise affine, with overall slope −1/(2π), while when t is an irrational multiple
of π , it is a fractalized, nondifferentiable function. An intriguing observation is that,
at rational times t = πp/q, Fourier series of the form (2.20) play an important role in
number theory [17], where they are known as Weyl exponential sums.

3. DISPERSION, THE SCHRÖDINGER EQUATION, AND THE TALBOT
EFFECT. The preceding observations can all be straightforwardly extended well
beyond the prototypical dispersive wave equation ut = uxxx . Recall [18] that the
dispersion relation ω(k) of a linear, scalar, constant coefficient partial differential
equation in one space dimension is obtained by substituting the exponential solution
ansatz

u(t, x) = ei (kx−ωt),

and then solving the resulting algebraic equation for the frequency ω as a function
of the wave number k. The differential equation is dispersive if the resulting function
ω(k) is real. For example, the third-order linearly dispersive wave equation (2.1) has
cubic dispersion relation ω(k) = k3. In general, if L is a scalar, constant coefficient
differential operator with purely imaginary Fourier transform L̂(k) = i ϕ(k), then the
dispersion relation for the scalar evolution equation

∂u

∂ t
= L[u] (3.1)

is ω(k) = i L̂(k) = −ϕ(k). If the evolution equation is real, this requires that L involve
only odd-order derivatives.

Now, the only place in the proof of Theorem 1 where the specific form of the par-
tial differential equation played a role was in the key observation (2.17), whose form
follows from the dispersion relation ω(k) = k3 of the underlying partial differential
equation. Consequently, the argument retains its validity when the dispersion relation
is any polynomial with integer coefficients: ω(k) ∈ Z[k]. As a result, Theorem 1 re-
mains true for any scalar evolution equation (3.1) with integral dispersion relation,
when subject to the same piecewise constant initial conditions and periodic boundary
conditions. Moreover, the conclusions of Theorem 3 and Corollary 4, describing the
form of the fundamental solution and the dependence of general solutions on the ini-
tial data at rational times, are also valid. By rescaling time, these results can be readily
extended to the case when the coefficients of ω(k) are integer multiples of a common
real number.

3As always, the right-hand side really means the 2π-periodic extension of the indicated function defined
on the interval 0 < x ≤ 2π .
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These arguments are equally applicable to complex differential operators with inte-
gral dispersion relations, and hence, in particular, to the elementary Schrödinger equa-
tion

i
∂u

∂ t
= ∂2u

∂x2
, (3.2)

whose dispersion relation is ω(k) = −k2. We conclude that periodic solutions to the
Schrödinger equation (3.2) exhibit the same quantization/fractalization phenomena at
rational/irrational times (relative to the length of the interval). The conclusions also
apply to any of the standard homogeneous boundary value problems: Dirichlet, Neu-
mann, or mixed, since their solutions can be obtained by restricting suitably peri-
odic extensions. This leads to intriguing implications for basic quantum mechanics
on bounded domains.

Now it turns out that such phenomena have already been observed in the context
of the linear Schrödinger equation (3.2). As before, let us concentrate on the periodic
initial-boundary value problem

u(t, 0) = u(t, 2π), ux(t, 0) = ux(t, 2π). (3.3)

As in [12], the Fourier series for the integrated fundamental solution is given by

u = G(t, x) = 1

2π

∞∑
0 �=k=−∞

ei (kx+k2t)

k
. (3.4)

The preceding arguments will demonstrate that, when t = πp/q is a rational mul-
tiple of π , the solution G(πp/q, x) is piecewise affine on the appropriate subintervals
of length π/q, and hence the fundamental solution is a linear combination of delta
functions concentrated at rational nodes x j = π j/q. On the other hand, when t is an
irrational multiple of π , (3.4) takes on a fractal nature, spread out over the entire inter-
val. Oskolkov [12] in fact proves that, at irrational times, the solution is a continuous
but nowhere differentiable function, confirming (at least in the Schrödinger context)
our earlier contention for the dispersive wave equation. A contemporaneous paper by
Kapitanski and Rodnianski [8] proves that solutions to the periodic Schrödinger equa-
tion have better analytic properties, as measured by Gevrey norms, at irrational times,
a result that inspired them to speculate whether a quantum particle “knows the time.”
The quantization phenomenon at rational times was explicitly noted by Michael Tay-
lor [16] who applied this fact to deduce sharp estimates on the Schrödinger solution
operator at such times.

It is worth pointing out that, when t = πp/q is rational, the integrated fundamental
solution (3.4) has the form of a Gauss sum, a concept of great importance in num-
ber theory [17]. Oskolkov [12] goes on to show how certain basic reciprocity rela-
tions for Gauss sums follow from the invariance of the Schrödinger operator under
spatial inversions. The relevance of such number-theoretic Gauss and Weyl exponen-
tial sums to quantum mechanics can be traced back to work of Berry, Goldberg, and
Hannay [2, 6]. The paper [2] offers a physical interpretation of the dispersive quanti-
zation/fractalization phenomena in the context of Fresnel diffraction by periodic grat-
ings. The intricate fractal images, dubbed curlicues, traced by partial Gauss sums in
the complex plane are investigated in [6].

In fact, as Michael Berry and his collaborators subsequently discovered [1, 3, 4],
the rational/irrational dichotomy has its origins in a fascinating optical experiment
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performed in 1836 by Talbot [15]. Talbot looked through a magnifying lens at im-
ages produced by white light passing through a diffraction grating. When the lens was
placed close to the grating, the image, as expected, was blurred. However, surprisingly,
moving the lens farther away led to a sharply focussed pattern, whose complemen-
tary colors changed with distance. Talbot’s experiment was revisited by Lord Rayleigh
[13], who calculated the Talbot distance to be d2/λ, where d is the grating’s spacing
and λ is the light’s wavelength. In 1996, Berry and Klein [3] mathematically justi-
fied the Talbot effect by writing the wave function due to an evenly spaced diffraction
grating as a Gauss sum of the form (3.4). Moreover, they discovered that, at rational
fractions of the Talbot distance, the sharp image reappears in multiple smaller copies,
while at irrational multiples it has a fractal, nondifferentiable profile. Indeed, rigorous
results on the fractal dimension of the solution graph at irrational times can be found
in [14].

The full optical image forms a remarkable multi-hued “Talbot carpet”; some ex-
amples can be found in [4]. In Figure 5, we display the “dispersive carpets” corre-
sponding to the particular solutions (2.7) and (3.4). The horizontal axis is 0 ≤ x ≤ 2π ,
while the vertical axis is a half period 0 ≤ t ≤ π . The gray scale represents solu-
tion values, with light being positive and dark negative. In both cases, despite the
presence of complicated quantized/fractal behavior, there is a discernible wave that
moves across the interval with unit speed. An explanation of the repeating tilted stripes,
though, is less apparent.

Figure 5. Dispersive and Schrödinger carpets.

Berry and Klein [3] further noted that the quantized/fractal Talbot effect also ap-
pears in the phenomenon of quantum revival, in which an initially concentrated wave
function, representing, say, an electron in an atomic orbit, at first spreads out but subse-
quently relocalizes. Experimental confirmations of the Talbot effect in both optics and
atoms are described in [4]. Thus, the observations contained in this note can be viewed
as extending the quantized/fractal Talbot effect to a broad range of linearly dispersive
wave equations on periodic domains.

4. FURTHER DIRECTIONS. The elementary but surprising results described here
raise many more questions than they answer. Here are a few possible directions for
further research.

• We can clearly extend these results to linearly dispersive equations in higher space
dimensions. With the appropriate integrality hypothesis on the dispersion relation,
the periodic initial-boundary value problem on a rectangle whose initial data is con-
stant on rational subrectangles will result in a solution that is quantized at rational
times and fractalized at irrational times. Taylor [16] establishes similar results for the
linear Schrödinger equation on tori, spheres, and even Zoll manifolds. An interest-
ing question is whether similar phenomena arise on more general compact domains.
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The case of dispersive waves on a sphere, e.g., the earth, is particularly deserving of
further investigation.

• It would be interesting to see whether invariance properties of dispersive wave
equations lead to novel reciprocity relations and other identities for the associated
number-theoretic Weyl exponential sums.

• We have concentrated on the periodic boundary value problem for linearly disper-
sive wave equations. The behavior under other boundary conditions, e.g., u(t, 0) =
ux(t, 0) = u(t, 2π) = 0, is not so clear because, unlike the Schrödinger equation,
these boundary value problems are not naturally embedded in the periodic version.
Fokas [5] has developed a new solution technique for linear partial differential equa-
tions based on novel integral representations, and it would be instructive to see how
such effects are manifested in his approach.

• How does this complicated analytic behavior impact numerical solution techniques?
The fact that different time steps (rational versus irrational) result in radically dif-
ferent solution profiles indicates that the design of numerical solution schemes that
accurately capture the phenomena will be a challenge. However, practical testing re-
mains to be done. See [20] for a recent survey on the numerics of dispersive partial
differential equations.

• Another issue is whether quantization/fractalization impacts dispersive nonlinear
partial differential equations on bounded domains. The numerical solution of the
periodic Korteweg–deVries equation, first implemented by Zabusky and Kruskal in
their seminal discovery of the soliton [19], appears not to exhibit such behavior. Why
doesn’t one see such effects in, say, periodic solutions to the Korteweg–deVries or
nonlinear Schrödinger equations? Perhaps the nonlinear term suffices to override
the anomalous effects of the linear dispersion. Or is the behavior there, and we just
haven’t looked carefully enough?

• The Talbot effect has been experimentally observed in both optics and atoms [4].
Can one design experiments that exhibit such behavior in other dispersive media?

ACKNOWLEDGMENTS. I’d like to thank Mark Keel, Philip Rosenau, Jerry Bona, Carlos Kenig, Thanasis
Fokas, Walter Strauss, Peter Lax, David Levermore, and, particularly, Michael Taylor and Michael Berry, as
well as the anonymous referees, for enlightening correspondence, references, and valuable suggestions.

REFERENCES

1. M. V. Berry and E. Bodenschatz, Caustics, multiply-reconstructed by Talbot interference, J. Mod. Optics
46 (1999) 349–365.

2. M. V. Berry and J. Goldberg, Renormalization of curlicues, Nonlinearity 1 (1988) 1–26. doi:10.1088/
0951-7715/1/1/001

3. M. V. Berry and S. Klein, Integer, fractional and fractal Talbot effects J. Mod. Optics 43 (1996) 2139–
2164.

4. M. V. Berry, I. Marzoli, and W. Schleich, Quantum carpets, carpets of light Physics World 14(6) (2001)
39–44.

5. A. S. Fokas, A Unified Approach to Boundary Value Problems, CBMS–NSF Conference Series in Applied
Math., vol. 78, SIAM, Philadelphia, 2008.

6. J. H. Hannay and M. V. Berry, Quantization of linear maps on a torus—Fresnel diffraction by a periodic
grating, Physica 1D (1980) 267–290.

7. E. W. Hobson, The Theory of Functions of a Real Variable and the Theory of Fourier’s Series, Dover,
New York, 1957.

8. L. Kapitanski and I. Rodnianski, Does a quantum particle know the time? in Emerging Applications of
Number Theory, IMA Volumes in Mathematics and Its Applications, vol. 109, Springer Verlag, New
York, 1999, 355–371.

August–September 2010] DISPERSIVE QUANTIZATION 609

http://www.ingentaconnect.com/content/external-references?article=0950-0340(1996)43L.2139[aid=9260311]
http://www.ingentaconnect.com/content/external-references?article=0951-7715(1988)1L.1[aid=9260312]
http://www.ingentaconnect.com/content/external-references?article=0950-0340(1999)46L.349[aid=9260313]
http://www.ingentaconnect.com/content/external-references?article=0950-0340(1999)46L.349[aid=9260313]


9. R. C. McOwen, Partial Differential Equations: Methods and Applications, Prentice-Hall, Upper Saddle
River, NJ, 2002.

10. P. J. Olver, Introduction to Partial Differential Equations (in preparation); available at http://www.
math.umn.edu/~olver/pdn.html.

11. P. J. Olver and C. Shakiban, Applied Linear Algebra, Prentice-Hall, Upper Saddle River, NJ, 2006.
12. K. I. Oskolkov, Schrödinger equation and oscillatory Hilbert transforms of second degree J. Fourier

Anal. Appl. 4 (1998) 341–356. doi:10.1007/BF02476032
13. L. Rayleigh, On copying diffraction-gratings, and on some phenomena connected therewith, Philos. Mag.

11 (1881) 196–205.
14. I. Rodnianski, Fractal solutions of the Schrödinger equation, Contemp. Math. 255 (2000) 181–187.
15. H. F. Talbot, Facts related to optical science, No. IV, Philos. Mag. 9 (1836) 401–407.
16. M. Taylor, The Schrödinger equation on spheres, Pacific J. Math. 209 (2003) 145–155. doi:10.2140/

pjm.2003.209.145
17. I. M. Vinogradov, The Method of Trigonometrical Sums in the Theory of Numbers, Dover, Mineola, NY,

2004.
18. G. B. Whitham, Linear and Nonlinear Waves, John Wiley, New York, 1974.
19. N. J. Zabusky and M. D. Kruskal, Interaction of “solitons” in a collisionless plasma and the recurrence

of initial states, Phys. Rev. Lett. 15 (1965) 240–243. doi:10.1103/PhysRevLett.15.240
20. E. Zuazua, Propagation, observation, and control of waves approximated by finite difference methods,

SIAM Rev. 47 (2005) 197–243. doi:10.1137/S0036144503432862

PETER J. OLVER received his Sc.B. from Brown University in 1973 and his Ph.D. from Harvard University
in 1976. He is the author of over 100 research papers in a wide range of subjects, as well as four books, on
Applications of Lie Groups to Differential Equations, on Equivalence, Invariants, and Symmetry, on Classical
Invariant Theory, and an undergraduate text coauthored with his wife Cheri Shakiban on Applied Linear Alge-
bra. He is currently serving as Department Head of the School of Mathematics at the University of Minnesota.
On those rare occasions when he is not doing mathematics, administrating, or trying to finish the PDE text
[10], he relaxes by playing the piano, gardening, and boating on the Mississippi.
School of Mathematics, University of Minnesota, Minneapolis, MN 55455
olver@math.umn.edu

Mathematics Is . . .

“Mathematics is one of the supreme arts of civilization.”

George F. Simmons, Differential Equations with Applications and
Historical Notes, 2nd ed., McGraw-Hill, New York, 1991, p. xix.

—Submitted by Carl C. Gaither, Killeen, TX

610 c© THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 117

http://www.ingentaconnect.com/content/external-references?article=0031-9007(1965)15L.240[aid=483789]
http://www.ingentaconnect.com/content/external-references?article=1069-5869(1998)4L.341[aid=9260319]
http://www.ingentaconnect.com/content/external-references?article=1069-5869(1998)4L.341[aid=9260319]
http://www.math.umn.edu/~olver/pdn.html
http://www.math.umn.edu/~olver/pdn.html
http://dx.doi.org/10.1007/BF02476032
http://dx.doi.org/10.1103/PhysRevLett
http://dx.doi.org/10.1137/S0036144503432862


A Fancy Way to Obtain the Binary Digits of
759250125

√
2

Thomas Stoll

Abstract. R. L. Graham and H. O. Pollak observed that the sequence

u1 = 1, un+1 =
⌊√

2

(
un + 1

2

)⌋
, n ≥ 1,

has the curious property that the sequence of numbers (u2n+1 − 2u2n−1)n≥1 gives the binary
digits of

√
2. We present an extension of the Graham–Pollak sequence which allows us to

get—in a fancy way—the binary digits of 759250125
√

2 and other numbers.

1. INTRODUCTION. In the present note we give some “easily-stated” recurrences
of a special type that generate the binary digits for some “complicated” real numbers,
such as the one in the title. The binary digits of any real number t = (d1.d2d3 · · · )2

with 1 ≤ t < 2 can be calculated by the formula

dn = �t2n−1� − 2�t2n−2�, n ≥ 1.

We here show a somewhat unexpected, “fancy” way to obtain the digits of some special
multiples of

√
2, where it is possible to hide this calculation.

This note is structured as follows. In Section 2 we first recall what is known about
the Graham–Pollak sequence and its variants, which serve as the motivating examples
for the definition of the so-called Graham–Pollak pairs in Section 3. We then give
the general theorem (Theorem 3.2), which in particular provides a new extension of
the original result due to Graham and Pollak. Finally, we give Corollary 3.3 as one
surprising example of the general phenomenon.

2. THE GRAHAM–POLLAK SEQUENCE. As usual, denote by �x� the greatest
integer less than or equal to x ∈ R, and by {x} the fractional part of x . Define the
sequence (un)n≥1 by the recurrence

u1 = 1, un+1 =
⌊√

2

(
un + 1

2

)⌋
, n ≥ 1. (1)

This sequence, which is also known as the Graham–Pollak sequence, first appeared
in a proceedings paper of F. K. Hwang and S. Lin [8] in the framework of Ford and
Johnson’s sorting algorithm [4]. For the reader interested in the background of the
algorithm, an updated exposition can be found in the third volume of D. E. Knuth’s
The Art of Computer Programming [9, Ch. 5.3.1, p. 188]. The sequence (1) was first
investigated from a purely mathematical point of view by R. L. Graham and H. O.
Pollak [6]. They found the particularly intriguing fact that

dn = u2n+1 − 2u2n−1 (2)

gives the nth binary digit of
√

2 = (1.011010100 . . . )2.

doi:10.4169/000298910X496732
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This fact puzzled several authors since then, and it has often been included as
a fun exercise in articles and books mostly on combinatorial number theory. We
mention, for instance, P. Erdős and R. L. Graham [3, p. 96], R. Guy [7, Ex. 30],
R. L. Graham, D. E. Knuth, and O. Patashnik [5, Ex. 3.46]. More recent references
are J.-P. Allouche and J. Shallit [1, Ex. 45, p. 116] and J. Borwein and D. Bailey [2,
pp. 62–63]. N. J. A. Sloane’s online encyclopedia of integer sequences [12] gives eight
sequences which are connected to the Graham–Pollak sequence (1), namely, A091522,
A091523, A091524, A091525, A100671, A100673, A001521, and A004539.

Recently [13, 14], the present author found vast extensions of the Graham–Pollak
sequence to parametric families of recurrences, where the initial value u1 = 1 is re-
placed by u1 = m and the

√
2 in the recurrence is accordingly changed. However, the

sequence is still wrapped in considerable mystery. Indeed, if we do not alter the
√

2 in
the recurrence, but on the other hand, allow only the 1/2 to vary (if n is odd), some
quite strange things happen: we get the digits of various different multiples of

√
2,

whose digits are seemingly unrelated. We point out that if we let the 1/2 vary for n
even instead (cf. [14, Theorem 3.3]), such effects cannot be observed.

3. MAIN RESULT. In this note we are concerned with the following type of recur-
rences.

Definition 3.1. Let ε ∈ R and define the sequence (vn)n≥1 by

v1 = 1, vn+1 =
{

�√2 (vn + ε)�, if n is odd;
�√2 (vn + 1

2)�, if n is even.

We call (ε, t) a Graham–Pollak pair if the sequence

dn = v2n+1 − 2v2n−1, n ≥ 1,

represents the binary digits of t ; that is, t = (d1.d2d3 . . . )2.

Note that (1/2,
√

2) is a Graham–Pollak pair according to the original result about
the sequence (1). Our main result is as follows:

Theorem 3.2. A list of Graham–Pollak pairs is given by

{(εi , ti ) : 1 ≤ i ≤ 8},
where

1 −
√

2

2
≤ ε1 <

√
2 − 1, t1 = √

2 − 1,

√
2 − 1 ≤ ε2 <

19

2

√
2 − 13, t2 = 11

8

√
2 − 5

8
,

19

2

√
2 − 13 ≤ ε3 <

77

2

√
2 − 54, t3 = 45

32

√
2 − 19

32
,

77

2

√
2 − 54 ≤ ε4 <

309

2

√
2 − 218, t4 = 181

128

√
2 − 75

128
,

309

2

√
2 − 218 ≤ ε5 <

1296121037

2

√
2 − 916495974, t5 = √

2,
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1296121037

2

√
2 − 916495974 ≤ ε6 <

79109

2

√
2 − 55938, t6 = 759250125

536870912

√
2 − 314491699

536870912
,

79109

2

√
2 − 55938 ≤ ε7 <

5

2

√
2 − 3, t7 = 46341

32768

√
2 − 19195

32768
,

5

2

√
2 − 3 ≤ ε8 <

√
2

2
, t8 = 3

2

√
2 − 1

2
.

We first comment on a few aspects of the theorem.

(a) A surprising feature of Theorem 3.2 is that as ε varies continuously, the output
makes discrete jumps among multiples of

√
2. Figure 1 illustrates the various

intervals for ε and the corresponding numbers t appearing in Theorem 3.2.

0.6

0.8

1.0

1.2

1.4

1.6

t

0.2 0.3 0.4 0.5 0.6 0.7
ε

Figure 1. The sets {(εi , ti )} for i = 1, . . . , 8.

(b) The binary digits of
√

2 are obtained for any choice of ε in the interval

[0.4959953 · · · , 0.5012400 · · · ).

This slightly generalizes the original result of Graham and Pollak with ε = 1/2.

(c) There may well exist Graham–Pollak pairs besides those given in Theorem 3.2.
However, it is easily checked with a computer that the range for admissible
values of ε cannot be too large. For example, for ε = 0.2928 we get d3067 =
−1, and for ε = 0.7073 we have d2293 = 2. Similar phenomena hold outside
these bounds where the values dn = −1 and dn = 2 are already obtained for
smaller indices n. Therefore, possible new pairs can only arise in a very small
neighborhood of ε = 1 −

√
2

2 or ε =
√

2
2 .

(d) There is also a connection to normal numbers, which shows that a characteri-
zation result for Graham–Pollak pairs is very difficult to obtain. Suppose that
there exists c1 ∈ R such that

{√2 2k−1} ≤ c1 < 1, for all k ≥ 1. (3)
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Then—according to (8) below—the interval given for ε1 can be enlarged to

c1

(
1 −

√
2

2

)
≤ ε1 <

√
2 − 1. Similarly, if there is c2 ∈ R such that

{3√
2 2k−2} ≥ c2 > 0, for all k ≥ 1, (4)

then the interval for ε8 can be enlarged to 5
2

√
2 − 3 ≤ ε8 <

√
2

2 + c2

(
1 −

√
2

2

)
.

The inequality (3) implies that
√

2 is not normal in base two, and (4) implies
that 3

√
2 is not normal [10, Ch. 1.8].

We conclude with a surprising example, which follows from Theorem 3.2 by the
(rather plain) observation that the number 1 − π2

e3 = 0.5086213 . . . lies in the interval
given for ε6.

Corollary 3.3. Define the sequence (wn)n≥1 by

w1 = 1, wn+1 =
{

�√2 (wn + 1 − π2

e3 )�, if n is odd;
�√2 (wn + 1

2 )�, if n is even.

Then for n ≥ 31, w2n+1 − 2w2n−1 is the (n + 1)th binary digit of 759250125
√

2.

4. PROOF OF THEOREM 3.2. First, let i ∈ I := {1, 2, . . . , 8} \ {5} and consider
the pairs (εi , ti ) in the statement of Theorem 3.2. Put

ti = (αi

√
2 − βi ) · 2−li

with αi , βi , li ∈ Z and (αi , 2) = 1. It is easy to verify that αi + βi = 2li +1 for i ∈ I .
Furthermore, let ξ1,i and ξ2,i be the endpoints of the associated interval for εi . We shall
prove that for ξ1,i ≤ εi < ξ2,i and k ≥ li + 2 we have

v2k = �ti 2
k−2� + γi 2

k−li −2, (5)

v2k+1 = �ti 2
k−1� + 2k, (6)

where γi = 2αi + βi . This then implies that for k ≥ li + 3,

v2k+1 − 2v2k−1 = �ti 2
k−1� − 2�ti 2

k−2�,

which is the kth binary digit of ti . In the final step we then show that formula (6) indeed
holds true for 0 ≤ k ≤ li + 1, which completes the proof.

We first use induction to prove that if (5) holds for k = li + 2, then (5) and (6) hold

for k ≥ li + 2. Assume the validity of (5). We have to show that
⌊√

2
(
v2k + 1

2

)⌋ =
�ti 2k−1� + 2k, which is equivalent to

�ti 2
k−1� + 2k ≤ √

2

(
�ti 2

k−2� + γi 2
k−li −2 + 1

2

)
< �ti 2

k−1� + 2k + 1,
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or in other words,

0 ≤ 2k−li −1

(
βi −

√
2

2
βi +

√
2

2
γi − 2li +1

)
+ √

2 �αi

√
2 2k−li −2�

− �αi

√
2 2k−li −1� +

√
2

2
< 1.

Since γi − βi = 2αi and αi + βi = 2li +1 this is the same as

0 ≤ {αi

√
2 2k−li −1} − √

2 {αi

√
2 2k−li −2} +

√
2

2
< 1. (7)

Relation (7) is true since 0 ≤ {x} − √
2 {x/2} + √

2/2 < 1 for all x ∈ R.
Now, assume relation (6). We have to ensure that

⌊√
2 (v2k+1 + ε)

⌋ = �ti 2k−1� +
γi 2k−li −1, or equivalently,

�ti 2
k−1� + γi 2

k−li −1 ≤ √
2

(�ti 2
k−1� + 2k + ε

)
< �ti 2

k−1� + γi 2
k−li −1 + 1.

Here we end up with

0 ≤ (1 − √
2){αi

√
2 2k−li −1} + √

2 ε < 1, (8)

which is true provided 1 − √
2/2 ≤ ε <

√
2/2. This interval includes all of the inter-

vals [ξ1,i , ξ2,i) in Theorem 3.2, and hence there is no additional restriction on ε.
It remains to check the initial conditions. This task encompasses some straightfor-

ward calculations; we only give the main steps. First, we have to guarantee that (5) is
true for k = li + 2. Of course, this crucially depends on the choice of ε. Since vn(ε) is
nondecreasing for increasing values of ε, there is at most one semi-open real interval
[ξ̄1,i , ξ̄2,i) for ε such that

v2(li +2) = �ti 2
li � + γi = �αi

√
2 − βi� + 2αi + βi = �αi

√
2� + 2αi . (9)

We will show that [ξ̄1,i , ξ̄2,i) = [ξ1,i , ξ2,i). It is not difficult to crank out a reasonable
guess for ξ̄1,i with the help of a computer. In fact, v2(li +2) is a piecewise constant func-
tion in ε with only a finite number of jump discontinuities. Thus, we can get a close
approximation of ξ̄1,i by interval halving. Furthermore, from Definition 3.1 we see that
ξ̄1,i (if it exists) has the form ci

2

√
2 − di for some integers ci , di ∈ Z. We use Maple 11

(PolynomialTools[MinimalPolynomial]) to calculate an approximate minimal
polynomial of degree two with “small” coefficients to identify a conjectured value for
ξ̄1,i . Again, we have to ensure that the value still satisfies (9).

As an illustration, let i = 6 and consider

v2(li +2) = v62 = v62(ε), �αi

√
2� + 2αi = 2749487923.

Figure 2 shows the location of the jumps in the graph of v62(ε) for ε ∈ [0.40, 0.60].
By the above procedure we find that ξ̄1,6 is “close” to

ξ1,6 = 1296121037
√

2/2 − 916495974 = 0.5012400 . . . .

Once more, we use Maple with the ansatz ε = ξ1,i − δ, where δ denotes a small
positive quantity, to show that ε = ξ1,i is indeed the smallest value which satisfies (9).
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0.4

ε

0.5 0.51 0.55 0.6

2,749,487,923

jumps of v[62]

Figure 2. The jumps of v62(ε) for i = 6 and 0.4 ≤ ε ≤ 0.6.

This is a symbolic computation and does not involve high-precision arithmetic. In
a similar fashion, we show that ξ̄2,i = ξ2,i . It is important to note that the values of
v1, v3, . . . , v2(li +1)+1 remain unchanged for ε ∈ [ξ1,i , ξ2,i) for every fixed i ∈ I . More-
over, a routine calculation confirms that (6) is true for 0 ≤ k ≤ li + 1.

Finally, we have to treat the case i = 5, which is less involved than the cases i ∈ I .
Here we directly show that

v2k = �ti 2
k−2� + 2k−2 and v2k+1 = �ti 2

k−1� + 2k

for k ≥ 1, so that we do not have to bother about initial conditions. (We leave the
details to the interested reader.)

Summing up, we have that the intervals [ξi,1, ξi,2) are disjoint for i = 1, 2, . . . , 8
and completely cover [1 −

√
2

2 ,
√

2
2 ). This finishes the proof of Theorem 3.2.
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From the Writings of Thomas Pynchon

Mathematics once seemed the way—the internal life of numbers came as a rev-
elation to me, perhaps as it might have to a Pythagorean apprentice long ago
in Crotona—a reflection of some less-accessible reality, through close study of
which one might perhaps learn to pass beyond the difficult given world.

Thomas Pynchon, Against the Day,
Penguin Press, New York, 2006, p. 749

—Submitted by John L. Leonard, University of Arizona
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Wallis-Ramanujan-Schur-Feynman

T. Amdeberhan, O. Espinosa, V. H. Moll, and A. Straub

Abstract. One of the earliest examples of analytic representations for π is given by an infinite
product provided by Wallis in 1655. The modern literature often presents this evaluation based
on the integral formula

2

π

∫ ∞

0

dx

(x2 + 1)n+1
= 1

22n

(
2n

n

)
.

In trying to understand the behavior of this integral when the integrand is replaced by the
inverse of a product of distinct quadratic factors, the authors encounter relations to some for-
mulas of Ramanujan, expressions involving Schur functions, and Matsubara sums that have
appeared in the context of Feynman diagrams.

1. WALLIS’S INFINITE PRODUCT FOR π. Among the earliest analytic expres-
sions for π one finds two infinite products: the first one given by Vieta [21] in 1593,

2

π
=

√
1

2

√
1

2
+ 1

2

√
1

2

√√√√1

2
+ 1

2

√
1

2
+ 1

2

√
1

2
· · · ,

and the second by Wallis [22] in 1655,

2

π
= 1 · 3

2 · 2
· 3 · 5

4 · 4
· 5 · 7

6 · 6
· 7 · 9

8 · 8
· · · . (1.1)

In this journal, T. Osler [15] has presented the remarkable formula

2

π
=

p∏
n=1

√√√√√1

2
+ 1

2

√√√√1

2
+

√
1

2
+ · · · + 1

2

√
1

2

∞∏
n=1

2p+1n − 1

2p+1n
· 2p+1n + 1

2p+1n
,

where the nth term in the first product has n radical signs. This equation becomes
Wallis’s product when p = 0 and Vieta’s formula as p → ∞. It is surprising that such
a connection between the two products was not discovered earlier.

The collection [1] contains both original papers of Vieta and Wallis as well as other
fundamental papers in the history of π . Indeed, there are many good historical sources
on π . The text by P. Eymard and J. P. Lafon [6] is an excellent place to start.

Wallis’s formula (1.1) is equivalent to

n∏
k=1

(2k) · (2k)

(2k − 1) · (2k + 1)
= 24n(2n

n

)(2n+1
n

)
(n + 1)

→ π

2
(1.2)

doi:10.4169/000298910X496741
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as n → ∞. This may be established using Stirling’s approximation

m! ∼ √
2πm

(m

e

)m
.

Alternatively, there are many elementary proofs of (1.2) in the literature. Among them,
[23] and [12] have recently appeared in this journal.

Section 3 presents a proof of (1.2) based on the evaluation of the rational integral

Gn := 2

π

∫ ∞

0

dx

(x2 + 1)n
. (1.3)

This integral is discussed in the next section. The motivation to generalize (1.3) has
produced interesting links to symmetric functions from combinatorics and to one-loop
Feynman diagrams from particle physics. The goal of this work is to present these
connections.

2. A RATIONAL INTEGRAL AND ITS TRIGONOMETRIC VERSION. The
method of partial fractions reduces the integration of a rational function to an algebraic
problem: the factorization of its denominator. The integral (1.3) corresponds to the
presence of purely imaginary poles. See [3] for a treatment of these ideas.

A recurrence for Gn is obtained by writing 1 = (x2 + 1) − x2 for the numerator of
(1.3) and integrating by parts. The result is

Gn+1 = 2n − 1

2n
Gn. (2.1)

Since G1 = 1 it follows that

Gn+1 = 1

22n

(
2n

n

)
. (2.2)

The choice of a new variable is one of the fundamental tools in the evaluation of
definite integrals. The new variable, if carefully chosen, usually simplifies the problem
or opens up unsuspected possibilities. Trigonometric changes of variables are consid-
ered elementary because these functions appear early in the scientific training. Unfor-
tunately, this hides the fact that this change of variables introduces a transcendental
function with a multivalued inverse. One has to proceed with care.

The change of variables x = tan θ in the definition (1.3) of Gn gives

Gn+1 = 2

π

∫ π/2

0
(cos θ)2n dθ.

In this context, the recurrence (2.1) is obtained by writing

(cos θ)2n = (cos θ)2n−2 + sin θ

2n − 1

d

dθ
(cos θ)2n−1

and then integrating by parts. Yet another recurrence for Gn is obtained by a double-
angle substitution yielding

Gn+1 = 2

π

∫ π/2

0

(
1 + cos 2θ

2

)n

dθ,
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and a binomial expansion (observe that the odd powers of cosine integrate to zero). It
follows that

Gn+1 = 2−n
�n/2�∑
k=0

(
n

2k

)
Gk+1.

Thus, (2.2) is equivalent to the finite sum identity

�n/2�∑
k=0

2−2k

(
n

2k

)(
2k

k

)
= 2−n

(
2n

n

)
. (2.3)

There are many possible ways to prove this identity. For instance, it is a perfect candi-
date for the truly 21st-century WZ method [16] that provides automatic proofs; or, as
pointed out by M. Hirschhorn in [10], it is a disguised form of the Chu-Vandermonde
identity

∑
k≥0

(
x

k

)(
y

k

)
=

(
x + y

y

)
(2.4)

(which was discovered first in 1303 by Zhu Shijie). Namely, upon employing Legen-
dre’s duplication formula for the gamma function

�( 1
2 )�(2z + 1) = 22z�(z + 1)�(z + 1

2),

the identity (2.3) can be rewritten as

∑
k≥0

( n
2

k

)( n
2 − 1

2

k

)
=

(
n − 1

2
n
2 − 1

2

)
.

This is a special case of (2.4). Another, particularly nice and direct, proof of (2.3), as
kindly pointed out by one of the referees, is obtained after comparing constant terms
in (

x

2
+ x−1

2
+ 1

)n

= 2−n
(
x1/2 + x−1/2

)2n
.

Remark 2.1. The idea of double-angle reduction lies at the heart of the rational Lan-
den transformations. These are polynomial maps on the coefficients of the integral of
a rational function that preserve its value. See [13] for a survey on Landen transforma-
tions and open questions.

3. A SQUEEZING METHOD. In this section we employ the explicit expression for
Gn given in (2.2) to establish Wallis’s formula (1.1). This approach is also contained
in Stewart’s calculus textbook [19] in the form of several guided exercises (45, 46, and
68 of Section 7.1). The proof is based on analyzing the integrals

In :=
∫ π/2

0
(sin x)n dx .

620 c© THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 117



The formula

I2n =
∫ π/2

0
(sin x)2n dx = (2n − 1)!!

(2n)!!
π

2

follows from (2.2) by symmetry. Its companion integral

I2n+1 =
∫ π/2

0
(sin x)2n+1 dx = (2n)!!

(2n + 1)!!
is of the same flavor. Here n!! = n(n − 2)(n − 4) · · · {1 or 2} denotes the double fac-
torial. The ratio of these two integrals gives

Wn I2n/I2n+1 = π

2
,

where Wn is defined by (1.2). The convergence of Wn to π/2 now follows from the
inequalities 1 ≤ I2n/I2n+1 ≤ 1 + 1/(2n). The first of these inequalities is equivalent to
I2n+1 ≤ I2n, which holds because (sin x)2n+1 ≤ (sin x)2n. The second is equivalent to

2n
∫ π/2

0
(sin x)2n dx ≤ (2n + 1)

∫ π/2

0
(sin x)2n+1 dx,

which follows directly from the bound I2n ≤ I2n−1 and the recurrence (2n + 1)I2n+1 =
2nI2n−1. Alternatively, the second inequality can be proven by observing that the func-
tion

f (s) = s
∫ π/2

0
(sin x)s dx

is increasing. This may be seen from the change of variables t = sin x and a series
expansion of the new integrand yielding

f ′(s) =
∞∑

k=0

1

22k

(
2k

k

)
2k + 1

(2k + s + 1)2
> 0. (3.1)

Remark 3.1. Comparing the series (3.1) at s = 0 with the limit

f ′(0) = lim
s→0

f (s)

s
= lim

s→0

∫ π/2

0
sins x dx = π

2

immediately proves

∞∑
k=0

(
2k

k

)
2−2k

2k + 1
= π

2
.

This value may also be obtained by letting x = 1
2 in the series

∞∑
k=0

(
2k

k

)
x2k

2k + 1
= arcsin 2x

2x
.

The reader will find in [11] a host of other interesting series that involve the central
binomial coefficients.
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4. AN EXAMPLE OF RAMANUJAN AND A GENERALIZATION. A natural
generalization of Wallis’s integral (1.3) is given by

Gn(q) = 2

π

∫ ∞

0

n∏
k=1

1

x2 + q2
k

dx, (4.1)

where q = (q1, q2, . . . , qn) with qk ∈ C. This notation will be employed throughout.
Similarly, qα is used to denote (qα

1 , qα
2 , . . . , qα

n ). As the value of the integral (4.1) is
fixed under a change of sign of the parameters qk , it is assumed that Re qk > 0. Note
that the integral Gn(q) is a symmetric function of q that reduces to Gn in the special
case q1 = · · · = qn = 1.

The special case n = 4 appears as Entry 13, Chapter 13 of Volume 2 of B. Berndt’s
Ramanujan’s Notebooks [2], in the form1:

Example 4.1. Let q1, q2, q3, and q4 be positive real numbers. Then

2

π

∫ ∞

0

dx

(x2 + q2
1 )(x2 + q2

2 )(x2 + q2
3 )(x2 + q2

4 )

= (q1 + q2 + q3 + q4)
3 − (q3

1 + q3
2 + q3

3 + q3
4 )

3q1q2q3q4(q1 + q2)(q2 + q3)(q1 + q3)(q1 + q4)(q2 + q4)(q3 + q4)
.

Using partial fractions the following general formula for Gn(q) is obtained. In the
next section a representation in terms of Schur functions is presented.

Lemma 4.2. Let q = (q1, . . . , qn) be distinct and Re qk > 0. Then

Gn(q) =
n∑

k=1

1

qk

n∏
j=1
j =k

1

q2
j − q2

k

. (4.2)

Proof. Observe first that if b1, b2, . . . , bn are distinct then

n∏
k=1

1

y + bk
=

n∑
k=1

1

y + bk

n∏
j=1
j =k

1

b j − bk
. (4.3)

Replacing y by x2 and bk by q2
k and using the elementary integral

2

π

∫ ∞

0

dx

x2 + q2
= 1

q

produces the desired evaluation of Gn(q).

Remark 4.3. Gn(q), as defined by (4.1), is a symmetric function in the qi ’s which
remains finite if two of these parameters coincide. Therefore, the factors q j − qk in the
denominator of the right-hand side of (4.2) cancel out. This may be checked directly by
combining the summands corresponding to j and k. Alternatively, note that the right-
hand side of (4.2) is symmetric while the critical factors q j − qk in the denominator
combine to form the antisymmetric Vandermonde determinant. Accordingly, they have
to cancel.

1A minor correction from [2].
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Example 4.4. The identities

2

π

∫ ∞

0

n+1∏
j=1

1

x2 + j2
dx = 1

(2n + 1)n! (n + 1)! ,

2

π

∫ ∞

0

n+1∏
j=1

1

x2 + (2 j − 1)2
dx = 1

22n(2n + 1)(n!)2
,

2

π

∫ ∞

0

n∏
j=1

1

x2 + 1/j2
dx = 2A(2n − 1, n − 1)(2n

n

)
may be deduced inductively from Lemma 4.2. Here, A(n, k) are the Eulerian numbers
which count the number of permutations of n objects with exactly k descents. Recall
that a permutation σ of the n letters 1, 2, . . . , n, here written as σ(1) σ (2) . . . σ (n),
has a descent at position k if σ(k) > σ(k + 1). For instance, A(3, 1) = 4 because there
are 4 permutations of 1, 2, 3, namely 1 3 2, 2 1 3, 2 3 1, and 3 1 2, which have exactly
one descent.

The problem of finding an explicit formula for the numerator appearing on the right-
hand side of (4.2), when put on the lowest common denominator, is discussed in the
next section.

5. REPRESENTATION IN TERMS OF SCHUR FUNCTIONS. The expression
for Gn(q) developed in this section is given in terms of Schur functions. The reader is
referred to [4] for a motivated introduction to these functions in the context of alternat-
ing sign matrices and to [17] for their role in the representation theory of the symmet-
ric group. Among the many equivalent definitions for Schur functions, we now recall
their definition in terms of quotients of alternants. Using this approach, we are able
to associate a Schur function not only to a partition but more generally to an arbitrary
vector.

Here, a vector μ = (μ1, μ2, . . . ) means a finite sequence of real numbers. μ is
further called a partition (of m) if μ1 ≥ μ2 ≥ · · · and all the parts μ j are positive
integers (summing up to m). Write 1n for the partition with n ones, and denote by λ(n)

the partition

λ(n) = (n − 1, n − 2, . . . , 1).

Vectors and partitions may be added componentwise. In case they are of different
length, the shorter one is padded with zeroes. For instance, one has λ(n + 1) = λ(n) +
1n . Likewise, vectors and partitions may be multiplied by scalars. In particular, a · 1n

is the partition with n a’s.
Fix n and consider q = (q1, q2, . . . , qn). Let μ = (μ1, μ2, . . . ) be a vector of length

at most n. The corresponding alternant aμ is defined as the determinant

aμ(q) = ∣∣qμ j
i

∣∣
1≤i, j≤n

.

Again, μ is padded with zeroes if necessary. Note that the alternant aλ(n) is the classical
Vandermonde determinant

aλ(n)(q) = ∣∣qn− j
i

∣∣
1≤i, j≤n

=
∏

1≤i< j≤n

(qi − q j ).
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The Schur function sμ associated with the vector μ can now be defined as

sμ(q) = aμ+λ(n)(q)

aλ(n)(q)
.

If μ is a partition with integer entries this is a symmetric polynomial. Indeed, as μ

ranges over the partitions of m of length at most n, the Schur functions sμ(q) form a
basis for the homogeneous symmetric polynomials in q of degree m.

The Schur functions include as special cases the elementary symmetric functions ek

and the complete homogeneous symmetric functions hk . Namely, ek(q) = s1k (q) and
hk(q) = s(k)(q).

The next result expresses the integral Gn(q) defined in (4.1) as a quotient of Schur
functions.

Theorem 5.1. Let q = (q1, . . . , qn) and Re qk > 0. Then

Gn(q) = sλ(n−1)(q)

sλ(n+1)(q)
= sλ(n−1)(q)

en(q)sλ(n)(q)
. (5.1)

Proof. The equality en(q)sλ(n)(q) = sλ(n+1)(q) amounts to the identity

q1q2 · · · qn

∣∣q2n−2 j
i

∣∣
i, j

= ∣∣q2n−2 j+1
i

∣∣
i, j

,

which follows directly by inserting the factor qi into row i of the matrix.
From the previous definition of Schur functions, the right-hand side of (5.1) be-

comes

sλ(n−1)(q)

en(q) sλ(n)(q)
= aλ(n−1)+λ(n)(q)

en(q)a2λ(n)(q)
.

Observe that a2λ(n)(q) = |q2n−2 j
i |i, j = aλ(n)(q2) is simply the Vandermonde determi-

nant with qi replaced by q2
i . Next, expand the determinant aλ(n−1)+λ(n) by the last col-

umn (which consists of 1’s only) to find

aλ(n−1)+λ(n)(q) = en(q)

n∑
k=1

(−1)n−k

qk
aλ(n−1)(q

2
1 , q2

2 , . . . , q2
k−1, q2

k+1, . . . , q2
n ).

Therefore

aλ(n−1)+λ(n)(q)

en(q) a2λ(n)(q)
=

n∑
k=1

(−1)n−k

qk

∏
i< j

i, j =k

(q2
i − q2

j )
/ ∏

i< j

(q2
i − q2

j ). (5.2)

Observe that the only terms that do not cancel in the quotient above are those for
which i = k or j = k. The change of sign required to transform the factors q2

k − q2
j to

q2
j − q2

k eliminates the factor (−1)n−k . The expression on the right-hand side of (5.2)
is precisely the value (4.2) of the integral Gn(q) produced by partial fractions.

The next example illustrates Theorem 5.1 with the principal specialization of the
parameters q.
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Example 5.2. The special case qk = qk produces the evaluation

2

π

∫ ∞

0

n∏
k=1

1

x2 + q2k
= 1

qn2

n−1∏
j=1

1 − q2 j−1

1 − q2 j
. (5.3)

This can be obtained inductively from Lemma 4.2 but may also be derived from The-
orem 5.1 in combination with the evaluation (6.1) of the principal specialization of
Schur functions as in Theorem 7.21.2 of [18].

Taking the limit q → 1 in (5.3) reproduces formula (2.2) for Gn . In other words,
(5.3) is a q-analog [7] of (2.2). Similarly,

πq

1 + q
= q1/4

∞∏
n=1

1 − q2n

1 − q2n−1

1 − q2n

1 − q2n+1

is a useful q-analog of Wallis’s formula (1.2) which naturally appears in [8], where
Gosper studies q-analogs of trigonometric functions (in fact, Gosper arrives at the
above expression as a definition for πq while q-generalizing the reflection formula
�(z)�(1 − z) = π

sin πz ).

The proof of Theorem 5.1 extends to the following more general result.

Lemma 5.3.

n∑
k=1

1

qα−β

k

n∏
j=1
j =k

1

qα
j − qα

k

= sλ(q)

sμ(q)
,

where

λ = (α − 1) · λ(n) − β · 1n−1,

μ = (α − 1) · λ(n + 1) − (β − 1) · 1n.

As a consequence, one obtains the following integral evaluation which generalizes
the evaluation of Gn(q) given in Theorem 5.1.

Theorem 5.4. Let q = (q1, . . . , qn) and Re qk > 0. Further, let α and β be given such
that α > 0, 0 < β < αn, and β is not an integer multiple of α. Then

Gn,α,β(q) := sin(πβ/α)

π/α

∫ ∞

0

xβ−1∏n
k=1(xα + qα

k )
dx = sλ(q)

sμ(q)
,

where λ and μ are as in Lemma 5.3.

Proof. Upon writing β = bα + β1 for b < n a positive integer and 0 < β1 < α, the
assertion follows from the partial fraction decomposition

xbα∏n
k=1(xα + qα

k )
= (−1)b

n∑
k=1

qbα
k

xα + qα
k

∏
j =k

1

qα
j − qα

k

,
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the integral evaluation

∫ ∞

0

xβ1−1dx

xα + qα
= 1

qα−β1

π/α

sin(πβ1/α)
,

and Lemma 5.3.

6. SCHUR FUNCTIONS IN TERMS OF SSYT. The Schur function sλ(q) asso-
ciated to a partition λ also admits a representation in terms of semi-standard Young
tableaux (SSYT). The reader will find information about this topic in [4]. Given a
partition λ = (λ1, λ2, . . . , λm), the Young diagram of shape λ is an array of boxes,
arranged in left-justified rows, consisting of λ1 boxes in the first row, λ2 in the second
row, and so on, ending with λm boxes in the mth row. A SSYT of shape λ is a Young
diagram of shape λ in which the boxes have been filled with positive integers. These
integers are restricted to be weakly increasing across rows (repetitions are allowed)
and strictly increasing down columns. From this point of view, the Schur function
sλ(q) = sλ(q1, . . . , qn) can be defined as

sλ(q) =
∑

T

qT ,

where the sum is over all SSYT of shape λ with entries from {1, 2, . . . , n}. The symbol
qT is a monomial in the variables q j in which the exponent of q j is the number of
appearances of j in T . For example, the array shown in Figure 1 is a tableau T for the
partition (6, 4, 3, 3). The corresponding monomial qT is given by q1q3

2 q3q3
4 q4

5 q2
6 q7q8.

1 2 2 4 5 5
2 3 4 5
4 6 6
5 7 8

Figure 1. A tableau T for the partition (6, 4, 3, 3).

The number Nn(λ) of SSYT of shape λ with entries from {1, 2, . . . , n} can be
obtained by letting q → 1 in the formula

sλ(1, q, q2, . . . , qn−1) =
∏

1≤i< j≤n

qλi +n−i − qλ j +n− j

q j−1 − qi−1
(6.1)

(see page 375 of [18]). This yields

Nn(λ) =
∏

1≤i< j≤n

λi − λ j + j − i

j − i
. (6.2)

The evaluation (2.2) of Wallis’s integral (1.3) may be recovered from here as

Gn+1 = sλ(n)(1
n+1)

sλ(n+2)(1
n+1)

= Nn+1(λ(n))

Nn+1(λ(n + 2))
= 1

22n

(
2n

n

)
.
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7. A COUNTING PROBLEM. The k-central binomial coefficients c(n, k), defined
by the generating function

(1 − k2x)−1/k =
∑
n≥0

c(n, k)xn,

are given by

c(n, k) = kn

n!
n−1∏
m=1

(1 + km).

For k = 2 these coefficients reduce to the central binomial coefficients
(2n

n

)
. The num-

bers c(n, k) are integers in general and their divisibility properties have been studied
in [20]. In particular, the authors establish that the k-central binomial coefficients are
always divisible by k and characterize their p-adic valuations.

The next result attempts an (admittedly somewhat contrived) interpretation of what
the numbers −c(n, −k) count.

Corollary 7.1. Let λ and μ be the partitions given by

λ = (k − 1) · λ(n) − 1n−1,

μ = (k − 1) · λ(n + 1).

Then the integer −c(n, −k) enumerates the ratio between the total number of SSYT of
shapes λ and μ with entries from {1, 2, . . . , n} times the factor k2n−1/n.

Proof. By Theorem 5.4,

Nn(λ)

Nn(μ)
= sλ(1

n)

sμ(1n)
= Gn,k,1(1

n) = sin(π/k)

π/k

∫ ∞

0

1

(xk + 1)n
dx,

and the expression on the right-hand side is routine to evaluate:

Nn(λ)

Nn(μ)
= �(n − 1

k )

�(n)�(1 − 1
k )

=
n−1∏
m=1

km − 1

km
.

This product equals −c(n, −k) divided by k2n−1/n.

Remark 7.2. R. Stanley pointed out some interesting Schur function quotient results.
See exercises 7.30 and 7.32 in [18].

8. AN INTEGRAL FROM GRADSHTEYN AND RYZHIK. In this section, it is
demonstrated how the previous results can be used to prove an integral evaluation
found as entry 3.112 in [9]. The main tool is the (dual) Jacobi-Trudi identity which
expresses a Schur function in terms of elementary symmetric functions. Namely, if λ

is a partition such that its conjugate λ′ (the unique partition whose Young diagram,
see Section 6, is obtained from the one of λ by interchanging rows and columns) has
length at most m then

sλ = ∣∣eλ′
i −i+ j

∣∣
1≤i, j≤m

.

This identity may be found for instance in [18, Corollary 7.16.2].
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Theorem 8.1. Let fn and gn be polynomials of the form

gn(x) = b0x2n−2 + b1x2n−4 + . . . + bn−1,

fn(x) = a0xn + a1xn−1 + . . . + an,

and assume that all roots of fn lie in the upper half-plane. Then

∫ ∞

−∞

gn(x)dx

fn(x) fn(−x)
= π i

a0

Mn

	n
,

where

	n =

∣∣∣∣∣∣∣∣∣∣

a1 a3 a5 . . . 0
a0 a2 a4 0
0 a1 a3 0
...

. . .

0 0 0 an

∣∣∣∣∣∣∣∣∣∣
, Mn =

∣∣∣∣∣∣∣∣∣∣

b0 b1 b2 . . . bn−1

a0 a2 a4 0
0 a1 a3 0
...

. . .

0 0 0 an

∣∣∣∣∣∣∣∣∣∣
.

Proof. Write fn(x) = a0
∏n

j=1(x − iq j ). By assumption, Re q j > 0. Further,

fn(x) fn(−x) = (−1)na2
0

n∏
j=1

(x2 + q2
j ).

Let q = (q1, q2, . . . , qn). It follows from Theorem 5.4 that

∫ ∞

−∞

x2βdx

fn(x) fn(−x)
= (−1)n+βπ

a2
0

sλ(n−1)−2β·1n−1(q)

sλ(n+1)−2β·1n (q)
= (−1)nπ

a2
0

sλ′(q)

sλ(n+1)(q)

where λ = λ(n − 1) + 2 · 1β . The latter equality is obtained by writing the quotient of
Schur functions as a quotient of alternants, multiplying the kth row of each matrix by
q2β

k , and reordering the columns of the determinant in the numerator. The right-hand
side now is a quotient of Schur functions to which the Jacobi-Trudi identity can be
applied. In the denominator, this gives

sλ(n+1)(q) = ∣∣en+1−2k+ j(q)
∣∣
1≤k, j≤n

= ∣∣e2k− j (q)
∣∣
1≤k, j≤n

.

Note that em(q) = 0 whenever m < 0 or m > n. Further, ek(q) = i kak/a0. Hence,
sλ(n+1)(q) = i n(n+1)/2	n/an

0 . The term sλ′(q) is dealt with analogously. The claim fol-
lows by expanding the determinant Mn with respect to the first row.

9. A SUM RELATED TO FEYNMAN DIAGRAMS. Particle scattering in quan-
tum field theory is usually described in terms of Feynman diagrams. A Feynman dia-
gram is a graphical representation of a particular term arising in the expansion of the
relevant quantum-mechanical scattering amplitude as a power series in the coupling
constants that parametrize the strengths of the interactions.

From the mathematical point of view, a Feynman diagram is a graph to which a cer-
tain function is associated. If the graph has circuits (loops, in the physics terminology)
then this function is defined in terms of a number of integrals over the 4-dimensional
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momentum space (k0, k), where k0 is the energy integration variable and k is a 3-
dimensional momentum variable.

Feynman diagrams also appear in the calculation of the thermodynamic properties
of a system described by quantum fields. In this context, the integral over the energy
component of a Feynman loop diagram is replaced by a summation over discrete en-
ergy values. These Matsubara sums were introduced in [14]. A general method to
compute these sums in terms of an associated integral was presented in [5].

These techniques, applied to the expression (4.2) for the integral Gn(q), give the
value of the sum associated with the one-loop Feynman diagram consisting of n ver-
tices and vanishing external momenta, Ni = 0, as depicted in Figure 2.

1

2

3

nn – 1

m

Figure 2. The one-loop Feynman diagram with n vertices and vanishing external momenta. m is the summa-
tion variable associated to each of the internal lines.

The Matsubara sum associated to the diagram in Figure 2 is

Mn(q) :=
∞∑

m=−∞

n∏
k=1

1

m2 + q2
k

, (9.1)

where the variables qk are related to the kinematic energies carried by the (virtual)
particles in the Feynman diagram. This sum was denoted by SG in [5]; the notation has
been changed here to avoid confusion.

Example 9.1. The first few Matsubara sums are

M1(q1) = π
D1

q1
,

M2(q1, q2) = π
q2 D1 − q1 D2

q1q2(q2
2 − q2

1 )
,

M3(q1, q2, q3) = π
q2q3(q2

2 − q2
3 )D1 + q3q1(q2

3 − q2
1 )D2 + q1q2(q2

1 − q2
2 )D3

q1q2q3(q2
3 − q2

2 )(q
2
2 − q2

1 )(q2
1 − q2

3 )
,

with D j = coth(πq j ).

Theorem 9.2. The Matsubara sum Mn(q) is given by

Mn(q) = π

n∑
k=1

coth(πqk)

qk

n∏
j=1
j =k

1

q2
j − q2

k

.
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Proof 1. This follows from the partial fraction expansion

n∏
k=1

1

m2 + q2
k

=
n∑

k=1

1

q2
k + m2

∏
j =k

1

q2
j − q2

k

,

which is a special case of (4.3), switching the order of summation, and employing the
classical

π coth(πz)

z
=

∞∑
m=−∞

1

z2 + m2
.

Proof 2. The method developed in [5] shows that

Mn(q) = π

[
1 +

n∑
m=1

nb(qm)(1 − Rm)

]
Gn(q), (9.2)

where Gn(q) is the integral defined in (4.1),

nb(q) = 1

e2πq − 1
= 1

2
(coth πq − 1) ,

and Rm is the reflection operator defined by

Rm f (q1, . . . , qm, . . . ) = f (q1, . . . , −qm, . . . ).

To use (9.2) combined with the evaluation (4.2) of Gn(q) it is required to compute the
action of each 1 − Rm on the summands of (4.2). Namely,

(1 − Rm)
1

qk

n∏
j=1
j =k

1

q2
j − q2

k

= 2δkm

qk

n∏
j=1
j =k

1

q2
j − q2

k

,

where δkm is the Kronecker delta. Therefore

nb(qm)(1 − Rm)Gn(q) = 2 nb(qm)

qm

n∏
j=1
j =m

1

q2
j − q2

m

,

and the result follows from 2 nb(q) = coth(πq) − 1.

Finally, an expansion of Mn(q) in terms of symmetric functions is given. Starting
with the classical expansion

π coth qk

qk
= 1

q2
k

− 2
∞∑

m=1

(−1)mq2m−2
k ζ(2m),

where ζ(s) denotes the Riemann zeta function, it follows that

Mn(q) =
n∑

k=1

1

q2
k

∏
j =k

1

q2
j − q2

k

− 2
∞∑

m=1

(−1)mζ(2m)

n∑
k=1

q2(m−1)

k

∏
j =k

1

q2
j − q2

k

.
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Using the identity (h j being the complete homogeneous symmetric function)

hm−n(x1, . . . , xn) = (−1)n−1
n∑

k=1

xm−1
k

∏
j =k

1

x j − xk
,

which follows from Lemma 5.3 (or see page 450, Exercise 7.4 of [18]), this proves:

Corollary 9.3. The Matsubara sum Mn(q), defined in (9.1), is given by

Mn(q) = 1

en(q2)
+ 2

∞∑
m=0

(−1)mζ(2m + 2n)hm(q2).

10. CONCLUSIONS. The evaluation of definite integrals has the charming quality
of taking the reader for a tour of many parts of mathematics. An innocent-looking
generalization of one of the oldest formulas in analysis has been shown to connect the
work of the four authors in the title.
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NOTES
Edited by Ed Scheinerman

On Cantor’s First Uncountability Proof,
Pick’s Theorem, and the

Irrationality of the Golden Ratio

Mike Krebs and Thomas Wright

Abstract. In Cantor’s original proof of the uncountability of the reals (not the diagonalization
argument), he constructs, given any countable sequence of real numbers, a real number not
in the sequence. When we apply this argument to a certain standard enumeration of the ratio-
nals, the real number we produce will necessarily be irrational. Using some planar geometry,
including Pick’s theorem on the number of lattice points enclosed within certain polygonal
regions, we show that this number is the reciprocal of the golden ratio, whence follows the
well-known fact that the golden ratio is irrational.

In 1874, two years before the publication of his famous diagonalization argument,
Georg Cantor’s first proof of the uncountability of the real numbers appeared in print
[1]. Surprisingly, a small twist on Cantor’s line of reasoning shows that the golden
ratio is irrational, as we shall demonstrate herewith. En route, we will make use of
another classic 19th century theorem by another Georg, this time Georg Pick. Pick’s
theorem [2] provides a simple formula for the number of lattice points enclosed within
a simply connected polygonal region in the plane with lattice point vertices.

We begin by recapitulating Cantor’s 1874 proof. To show that the real numbers
are uncountable, we must show that given any countable sequence of distinct real
numbers, there exists another real number not in the sequence. Like the diagonalization
argument, our proof will do so by providing an explicit alogrithm which produces such
a number; unlike the diagonalization argument, our proof will employ not decimal
expansions but order properties of the real numbers.

Let (an) be a countable sequence of distinct real numbers. Suppose that there are
two distinct terms a j and ak such that no term a� lies strictly between a j and ak—in
other words, suppose that {an} does not possess the intermediate value property. Let L
be any real number strictly between a j and ak , for example (a j + ak)/2. Then L is not
in the sequence (an).

Now suppose that (an) does have the intermediate value property. Cantor recursively
constructs two new sequences (bn) and (cn) as follows. Let b1 = a1, and let c1 = a2.
Let bk+1 be the first term in (an) that lies strictly between bk and ck . Let ck+1 be the
first term in (an) that lies strictly between bk+1 and ck .

We consider only the case a1 > a2; the proof in the case a2 > a1 is very similar.
Since a1 > a2, we get that (bn) is a strictly decreasing sequence, while (cn) is strictly
increasing. Moreover, every cn is less than every bm . Furthermore, note that if bn = ak

and bn+1 = a�, then k < �; a similar statement holds for the sequence (cn). In other
words, as we go along choosing b’s and c’s, we select them from deeper and deeper in
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the sequence (an). Let L be the least upper bound of {cn}. Note that ck < L < b� for
all k, �.

We claim that L is not in the sequence (an). Suppose otherwise. Then L = a� for
some �. Choose m such that bm = ak and cm = ar with k, r > �; this is possible be-
cause the b’s and c’s are always coming from deeper and deeper in the sequence (an).
By construction of the b and c sequences, for every i ≤ max{k, r}, we have ai ≤ cm or
ai ≥ bm . But from above, cm < L < bm . We have thus arrived at a contradiction and
hence the conclusion of a rather ingenious proof.

Let’s now run through Cantor’s argument not with an arbitrary sequence (an) but
with a very specific sequence. Namely, let (an) be the standard enumeration of the set
of rational numbers that are greater than 0 and less than or equal to one. That is, the
sequence (an) is obtained by writing all these rationals in lowest terms, then listing
them in order of increasing denominators, where fractions with the same denomina-
tor are listed in order of increasing numerators. The first several terms of (an) are
1/1, 1/2, 1/3, 2/3, 1/4, 3/4, 1/5, 2/5, 3/5, 4/5, 1/6, 5/6, . . .

Taking (bn) and (cn) as above, a straightforward calculation shows that the first few
terms of (bn) and (cn) are:

b1 = 1
1 c1 = 1

2

b2 = 2
3 c2 = 3

5

b3 = 5
8 c3 = 8

13

b4 = 13
21 c4 = 21

34

b5 = 34
55 c5 = 55

89
...

...

A surprising pattern has revealed itself—suddenly and without warning, our old
friends the Fibonaccis have dropped by for a visit! Our next lemma shows that this
pattern holds for all n.

Recall that the Fibonacci sequence (Fn) is defined by F1 = F2 = 1 and Fn+2 =
Fn + Fn+1.

Lemma 1. For all n, we have that bn = F2n−1/F2n and cn = F2n/F2n+1.

Proof. We proceed by induction on n. The base case b1 = F1/F2 and c1 = F2/F3

is immediate. Now assume bk = F2k−1/F2k and ck = F2k/F2k+1. We will show that
bk+1 = F2k+1/F2k+2; the proof that ck+1 = F2k+2/F2k+3 is similar. We must show two
things about F2k+1/F2k+2, namely that it lies strictly between bk and ck , and that it is
the first such term in the sequence (an).

The fact that ck < F2k+1/F2k+2 < bk admits a lovely proof without words. Consider
Figure 1. Let v1 and v2 be the vectors in R

2 extending from the origin to (F2k, F2k−1)

and (F2k+1, F2k), respectively. The slope of v1 + v2 lies strictly between the slopes of
v1 and v2, as we see readily from the picture. But the slope of v1 is bk , the slope of v2

is ck , and the slope of v1 + v2 is (F2k−1 + F2k)/(F2k + F2k+1) = F2k+1/F2k+2.
We now show that F2k+1/F2k+2 is the first term of (an) which lies between bk and

ck . Again, we realize these ratios as slopes of vectors in the plane—see Figure 2.
Let

T =
{
(x, y) | F2k+1 ≤ x ≤ F2k+2 and

F2k

F2k+1
<

y

x
<

F2k−1

F2k

}
.
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F2k F2k+1 F2k+2

F2k–1

F2k

F2k+1

v1

v2

Figure 1. Ratios of consecutive Fibonacci numbers.

F2k F2k+1 F2k+2

F2k–1

F2k

F2k+1 T

Figure 2. The region T .

The boundary of the shaded region T is a trapezoid. Points on the two vertical line
segments (which lie in T ) represent fractions with denominators F2k+1 and F2k+2.
Points on the two dotted lines (which lie outside T ) represent the ratios F2k−1/F2k

and F2k/F2k+1. Lattice points in Figure 2 represent rational numbers. We claim that
T contains no lattice points other than (F2k+2, F2k+1). Any term of the sequence (an)

which lies between ck and bk in magnitude, but comes after bk and ck and before
F2k+1/F2k+2 in the sequence, would be represented by just such a lattice point, and so
proving this claim will suffice to complete the proof of Lemma 1. To do so, we invoke
the following theorem.

Theorem 2 (Pick’s theorem). Let R be a simply connected polygonal region in R
2

with lattice point vertices. Let A be the area of R; let b be the number of lattice points
on the boundary of R; and let i be the number of lattice points in the interior of R.
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Then

A = i + b

2
− 1.

Note that we cannot apply Pick’s theorem directly in our case, as the vertices of T
might not be lattice points. We can, however, cover T with the four parallelograms P1,
P2, P3, and P4, as shown in Figure 3, where P1 is the parallelogram determined by v1

and v2, and the others are translates of P1, namely P2 = P1 + v2, P3 = P1 + v1, and
P4 = P1 + 2v1. An easy induction shows that 2F2k+1 > F2k+2 and 3F2k > F2k+2, so
indeed T ⊆ P1 ∪ P2 ∪ P3 ∪ P4 = P , as depicted in Figure 3.

F2k F2k+1 F2k+2 3F2k 2F2k+1

F2k–1

F2k

F2k+1

Figure 3. Four parallelograms cover T .

The area of P1 is∣∣∣∣det

(
F2k−1 F2k

F2k F2k+1

)∣∣∣∣ = |F2k−1 F2k+1 − F2
2k| = 1,

where the last equality follows from a standard exercise in mathematical induction,
namely the fact that |Fn−1 Fn+1 − F2

n | = 1 for all integers n ≥ 2. Since P1, P2, P3,
and P4 are all congruent and intersect only along edges, it follows that P has area 4.
Consecutive Fibonacci numbers are coprime—again, an easy induction proves this.
It follows that for j ∈ {1, 2, 3, 4}, the only lattice points on the boundary of Pj are
the vertices of Pj . Hence the boundary lattice points of P are precisely the ten points
shown in Figure 3.

So by Pick’s theorem, the interior of P contains 4 − 10/2 + 1 = 0 lattice points.
Therefore T contains no lattice points other than (F2k+2, F2k+1), as desired.

Let L be the least upper bound of the sequence (ck), as above. It follows from
Lemma 1 that L = limk→∞ F2k/F2k+1. Let φ = (1 + √

5)/2. The number φ is called
the golden ratio. It is well known that the limit L of the ratio of consecutive Fi-
bonacci numbers is φ−1. (Quick proof for the uninitiated: Let M = limn→∞ Fn+1/Fn =
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limn→∞ Fn+2/Fn+1 = limn→∞ (Fn+1 + Fn)/Fn+1 = 1 + 1/M . Solve for M to get
M = φ, and then take reciprocals.)

Cantor’s line of reasoning showed that L is not an element of {an}. But {an} contains
every rational number between 0 and 1. As 0 < φ−1 < 1, we therefore conclude that
φ−1 is not rational. Hence we have the following theorem.

Theorem 3. The golden ratio is irrational.

We remark that our discussion will immediately remind many readers of the con-
tinued fraction expansion for φ. Indeed, our proof that the two sequences produced by
Cantor’s method are given by ratios of consecutive Fibonacci numbers tracks closely
along the lines of a proof that a truncated continued fraction gives a best approximation
amongst all rationals with equal or smaller denominator.

ACKNOWLEDGMENTS. The authors would like to thank David Beydler for pointing out the clever trick
illustrated in Figure 1. We would also like to thank the referees for many helpful and encouraging comments.
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The Diophantine Equation x4 ± y4 = iz2 in
Gaussian Integers

Filip Najman

Abstract. In this note we find all the solutions of the Diophantine equation x4 ± y4 = i z2

using elliptic curves over Q(i). Also, using the same method we give a new proof of Hilbert’s
result that the equation x4 ± y4 = z2 has only trivial solutions in Gaussian integers.

1. INTRODUCTION. The Diophantine equation x4 ± y4 = z2, where x, y, and z
are integers, was studied by Fermat, who proved that there exist no nontrivial solutions.
Fermat proved this using the infinite descent method, proving that if a solution can be
found, then there exists a smaller solution (see for example [1, Proposition 6.5.3]).
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This was the first particular case of Fermat’s Last Theorem proven (the theorem was
completely proven by Wiles in [11]).

The same Diophantine equation, but now with x, y, and z being Gaussian integers,
i.e., elements of Z[i], was later examined by Hilbert (see [3, Theorem 169]). Once
again, it was proven that there exist no nontrivial solutions. Other authors also ex-
amined similar problems. In [9] equations of the form ax4 + by4 = cz2 in Gaussian
integers with only trivial solutions were studied. In [2] a different proof than Hilbert’s
is given, using descent, that x4 + y4 = z4 has only trivial solutions in Gaussian inte-
gers. The equations x4 ± y4 = z2 over some quadratic fields were also considered in
[7] and [8], again proving that there exist no nontrivial solutions. Some applications of
Diophantine equations of this type can be found in [12] and [13].

In this short note, we will examine the Diophantine equation

x4 ± y4 = i z2

in Gaussian integers and find all the solutions of this equation. Also, we will give a new
proof of Hilbert’s results. Our strategy will differ from the one used by Hilbert and will
be based on elliptic curves. Elliptic curves have also been used in [4] to prove that the
Diophantine equation x3 + y3 = z3 has only trivial solutions in Gaussian integers, but
in a somewhat different way than in this note. We will use elliptic curves over quadratic
fields that have nontrivial torsion, while in [4], an elliptic curve with trivial torsion over
the rationals was examined.

For an elliptic curve E over a number field K , it is well known, by the Mordell-Weil
theorem, that the set E(K ) of points on the curve E with coordinates in the field K is
a finitely generated abelian group. The group E(K ) is isomorphic to T ⊕ Z

r , where
r , which is called the rank, is a nonnegative integer and T , which is called the torsion
subgroup, is the group of all elements of finite order. Thus, there are finitely many
points on an elliptic curve over a field if and only if it has rank 0.

We will be interested in the case when K = Q(i). We will work only with elliptic
curves with rational coefficients, and by a recent result of the author (see [5]), if an
elliptic curve has rational coefficients, then the torsion of the elliptic curve over Q(i)
is either cyclic of order m, where 1 ≤ m ≤ 10 or m = 12, of the form Z2 ⊕ Z2m , where
1 ≤ m ≤ 4, or Z4 ⊕ Z4.

Throughout this note, the following extension of the Lutz-Nagell Theorem is used
to compute torsion groups of elliptic curves.

Theorem (Extended Lutz-Nagell Theorem). Let E be an elliptic curve in the form
E : y2 = x3 + Ax + B with A, B ∈ Z[i]. If a point (x, y) ∈ E(Q(i)) has finite order,
then:

1. x, y ∈ Z[i].
2. Either y = 0 or y2 | (4A3 + 27B2).

The main step in the proof of the Lutz-Nagell Theorem (for curves over Q) is to
show that all the torsion points have integer coordinates. This is done by showing that
no prime can divide the denominators of the coordinates of the torsion points. The
proof of the Lutz-Nagell Theorem can easily be extended to elliptic curves over Q(i).
Details of the proof can be found in [10, Chapter 3]. An implementation in Maple can
be found in [10, Appendix A].

Note that every elliptic curve can be put in the form E : y2 = x3 + Ax + B (this is
the short Weierstrass form) over any field of characteristic zero, and thus in particular
over Q(i). The Extended Lutz-Nagell Theorem enables us to easily get a finite list of
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possible candidates for the torsion points, and then check which ones are actually tor-
sion points. Although when all the torsion points are found, one could easily compute
the group structure of the torsion subgroup using addition laws, all we need is the list
of all the torsion points.

2. THE DIOPHANTINE EQUATION x4 ± y4 = iz2.

Definition 1. We call a solution (x, y, z) of the Diophantine equation

x4 ± y4 = cz2,

for some given c ∈ C, trivial if xyz = 0.

We are now ready to prove our main result.

Theorem 1.

(i) The equation x4 − y4 = i z2 has only trivial solutions in Gaussian integers.
(ii) The only nontrivial solutions satisfying gcd(x, y, z) = 1 in Gaussian integers of

the equation x4 + y4 = i z2 are (x, y, z), where x, y ∈ {±i, ±1}, z = ±i(1 +
i).

Proof.

(i) Suppose (x, y, z) is a nontrivial solution. Dividing the equation by y4 and mak-
ing the variable change s = x/y, t = z/y2, we obtain the equation s4 − 1 = i t2,
where s, t ∈ Q(i). We can rewrite this equation as

r = s2, (1)

r 2 − 1 = i t2. (2)

Multiplying these equations we obtain i(st)2 = r 3 − r . Again, making the variable
change a = st, b = −ir and dividing by i , we obtain an equation defining an elliptic
curve

E : a2 = b3 + b.

Using the program [6], written in PARI, we compute that the rank of this curve is 0. It
is easy to compute, using the Extended Lutz-Nagell Theorem, that E(Q(i))tors = Z2 ⊕
Z2 and that b ∈ {0, ±i}. It is obvious that all the possibilities lead to trivial solutions.

(ii) Suppose (x, y, z) is a nontrivial solution satisfying gcd(x, y, z) = 1. Dividing
the equation by y4 and making the variable change s = x/y, t = z/y2, we obtain the
equation s4 + 1 = i t2, where s, t ∈ Q(i). We can rewrite this equation as

r = s2, (3)

r 2 + 1 = i t2. (4)

Multiplying these equations we obtain i(st)2 = r 3 + r . Again, making the variable
change a = st, b = −ir and dividing by i , we obtain an equation defining an elliptic
curve

E : a2 = b3 − b.
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Using the program [6], we compute that the rank of this curve is 0. Using the Ex-
tended Lutz-Nagell Theorem we compute that E(Q(i))tors = Z2 ⊕ Z4 and that b ∈
{0, ±i, ±1}. Obviously b = 0 leads to a trivial solution. It is easy to see that b = ±1
leads to r = ±i and this is impossible, since r has to be a square by (3). This leaves us
the possibility b = ±i . Since we can suppose that x and y are coprime, this case leads
us to the solutions stated in the theorem.

3. A NEW PROOF OF HILBERT’S RESULTS. We now give a new proof of
Hilbert’s result, which is very similar to Theorem 1.

Theorem 2. The equation x4 ± y4 = z2 has only trivial solutions in Gaussian inte-
gers.

Proof. Suppose (x, y, z) is a nontrivial solution. Dividing the equation by y4 and mak-
ing the variable change s = x/y, t = z/y2, we obtain the equation s4 ± 1 = t2, where
s, t ∈ Q(i). We can rewrite this equation as

r = s2, (5)

r 2 ± 1 = t2, (6)

and by multiplying these two equations, and making the variable change a = st , we
get the two elliptic curves

a2 = r 3 ± r.

As in the proof of Theorem 1, both elliptic curves have rank 0 and it is easy to check
that all the torsion points on both curves lead to trivial solutions.

Remark. Note that from the proofs of Theorems 1 and 2 it follows that the mentioned
solutions are actually the only solutions over Q(i), not just Z[i].

ACKNOWLEDGMENTS. The author would like to thank the referees for many helpful suggestions. The
author was supported by the Ministry of Science, Education and Sports, Republic of Croatia, Grant 037-
0372781-2821.
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Polynomial Root Motion

Christopher Frayer and James A. Swenson

Abstract. A polynomial is determined by its roots and its leading coefficient. If you set the
roots in motion, the critical points will move too. Using only tools from the undergraduate
curriculum, we find an inverse square law that determines the velocities of the critical points
in terms of the positions and velocities of the roots. As corollaries we get the Polynomial Root
Dragging Theorem and the Polynomial Root Squeezing Theorem.

1. INTRODUCTION. Given a polynomial p(x), all of whose roots are real, Rolle’s
theorem implies that p(x) has exactly one critical point between each pair of adjacent
roots. If we move (“drag”) some of the roots, the critical points will also change. The
Polynomial Root Dragging Theorem (our Corollary 3; see [1], [4]) explains the change
qualitatively: moving one or more roots of the polynomial to the right will cause every
critical point to move to the right or stay fixed. Moreover, no critical point moves as
far as the root that is moved the farthest.

In this note we consider a more dynamic problem, which we call “polynomial root
motion.” Rather than forcing all the roots to move in the same direction [1], or requir-
ing two roots to be squeezed together (our Corollary 4; see [2]), we consider the more
general case where each root is allowed to move linearly in a fixed direction. That is,
we introduce a time parameter t , let ri = ai + vi t for some constant (possibly zero)
velocities vi , and study

pt(x) =
n∏

i=1

(x − ri ).

The basic question is: at time t0, which way is a specified critical point moving?
Our Theorem 2, in addition to answering the basic question of polynomial root

motion, shows that the roots affect critical points almost like gravity affects masses.
Specifically, the influence of a particular root on the velocity of a given critical point
varies jointly with the root’s velocity and the inverse square of the distance separating
the root from the critical point. As corollaries, we obtain independent proofs of the
Polynomial Root Dragging Theorem and the Polynomial Root Squeezing Theorem.
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2. POLYNOMIAL ROOT MOTION. Let pt(x) be a monic polynomial of degree
n ≥ 2, with real, moving roots ri = ai + vi t for 1 ≤ i ≤ n, and critical points c1(t) ≤
c2(t) ≤ · · · ≤ cn−1(t). That is,

pt(x) =
n∏

i=1

(x − ri ) =
n∑

k=0

(−1)kσk xn−k .

Here the coefficient σk is defined as

σk(r1, . . . , rn) =
∑

A⊆{1,... ,n}, |A|=k

(∏
i∈A

ri

)
,

which is the kth elementary symmetric function on {ri | 1 ≤ i ≤ n} (see [3, p. 607]).
Conventionally, we define σ0 ≡ 1 and σ−1 ≡ 0.

For future use, we discuss ∂σk
∂r j

. Observe that σk contains
(n

k

)
terms, each of which

is a product of k distinct factors ri . Of these
(n

k

)
terms,

(n−1
k−1

)
contain r j . The partial

derivative of each of these terms with respect to r j is obtained simply by deleting
the r j . The other terms of σk are constant with respect to r j ; it follows that ∂σk

∂r j
=

σk−1(r1, . . . , r j−1, r j+1, . . . , rn). For convenience, we introduce the notation σ
ĵ

k =
σk(r1, . . . , r j−1, r j+1, . . . , rn), so ∂σk

∂r j
= σ

ĵ

k−1.
We’re now ready to begin work on the basic question. Notice first that the equation

p′
t (x) = 0 implicitly defines a critical point as a function x = ci (t). For (x, t) in a

neighborhood where p′′
t (x) 	= 0, ci (t) is continuously differentiable by the implicit

function theorem (see [5, Theorem 9.28]).
Let’s understand in detail what happens when p′

t0
(x) = p′′

t0
(x) = 0. In this case,

since pt0 has n real roots, x is a root of pt0 with multiplicity at least three. We’ll call
this a “triple root collision”—it means that at least two of the n − 1 critical points of
pt0 “collide” at x . At triple root collisions, ci(t) is still continuous as it is squeezed
between roots that are colliding, and continuity follows from the Squeeze Theorem.

In the lemma that follows, we study an arbitrary critical point of pt (x). Note that
σk , σ ı̂

k , and ck depend implicitly on t .

Lemma 1. If c(t) is a differentiable function on (a, b) such that c(t) is a critical point
of pt(x) for all t ∈ (a, b), then

dc

dt
=

∑n−2
k=0

[(
(−1)k(n − k − 1)cn−k−2

)∑n
i=1 viσ

ı̂
k

]
∑n−2

k=0(−1)k(n − k)(n − k − 1)cn−k−2σk

wherever this expression is defined.

Proof. We have pt (x) = ∑n
k=0(−1)kσk xn−k , so c is a critical point of pt(x) when

0 = p′
t (c) =

n−1∑
k=0

(−1)kσk(n − k)cn−k−1.

(We have taken advantage of the usual convention that c0 ≡ 1, even when c = 0.)
Differentiating with respect to t yields

0 =
n−1∑
k=0

[
(−1)kσk(n − k)(n − k − 1)cn−k−2 dc

dt
+ (−1)k dσk

dt
(n − k)cn−k−1

]
. (1)
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By the chain rule

dσk

dt
=

n∑
i=1

∂σk

∂ri

dri

dt
=

n∑
i=1

σ ı̂
k−1vi ,

and (1) becomes

dc

dt
=

∑n−1
k=0(−1)k+1

∑n
i=1 σ ı̂

k−1vi (n − k)cn−k−1∑n−1
k=0(−1)kσk(n − k)(n − k − 1)cn−k−2

,

where we have hypothesized that the denominator is nonzero. In the numerator, the
k = 0 term vanishes, because σ ı̂

−1 = ∂

∂ri
(1) = 0, and in the denominator, the k = n − 1

term vanishes, because n − k − 1 = 0. Reindexing in the numerator, we obtain

dc

dt
=

∑n−2
k=0

[(
(−1)k(n − k − 1)cn−k−2

)∑n
i=1 viσ

ı̂
k

]
∑n−2

k=0(−1)k(n − k)(n − k − 1)cn−k−2σk

,

as desired.

We pause to analyze a few special cases. First, we analyze the n = 2 case, to verify
that Lemma 1 is plausible. Here, σn−2 = σ

ĵ

n−2 = 1 for j ∈ {1, 2}, so we have c′(t) =
(v1 + v2)/2, as we should expect.

Let’s also consider the case where all vi are equal—say vi = v for all i . In this case,
the entire graph is being translated to the right with velocity v. Note that each term
of σk contains k different factors. Each term is omitted from σ ı̂

k for exactly k distinct
values of i , and thus appears (n − k) times in

∑n
i=1 viσ

ı̂
k . It follows that

dc

dt
=

∑n−2
k=0

[(
(−1)k(n − k − 1)cn−k−2

)∑n
i=1 viσ

ı̂
k

]
∑n−2

k=0(−1)k(n − k)(n − k − 1)cn−k−2σk

=
∑n−2

k=0

[(
(−1)k(n − k − 1)cn−k−2

)
v(n − k)σk

]
∑n−2

k=0(−1)k(n − k)(n − k − 1)cn−k−2σk

= v,

(2)

as desired.
We now use Lemma 1 to show that the roots affect critical points almost like gravity

affects masses: the influence of a particular root on the velocity of a given critical point
varies jointly with the root’s velocity and the inverse square of the distance separating
the root from the critical point.

Theorem 2 (Polynomial Root Motion Theorem). Suppose that c(t) is a critical
point of pt (x) for all t , with c differentiable, c(t0) = 0, and p′′

t0
(0) 	= 0. If pt0(x)

has a double root at x = 0 (say, rk = rk(t0) = 0 if and only if k ∈ {i, j}), then
c′(t0) = (vi + v j )/2. Otherwise,

c′(t0) = −pt0(0)

p′′
t0
(0)

n∑
i=1

vi

r 2
i

.

Proof. The σk , at t = t0, are the coefficients of pt0 , up to sign. Hence, by Taylor’s
theorem, σn = (−1)n pt0(0), σn−1 = (−1)n+1 p′

t0
(0) = 0, and 2σn−2 = (−1)n p′′

t0
(0).
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Since σn−2 	= 0, setting c = 0 in Lemma 1 gives

c′(t0) =
n∑

i=1

σ ı̂
n−2

2σn−2
vi .

First, suppose that x = 0 is a root of pt0 . Since pt0 has n real roots, and 0 is a critical
point, 0 must be a multiple root. Since p′′

t0
(0) 	= 0, 0 is a root of multiplicity two, so

assume that rk = 0 if and only if k ∈ {i, j}. Then σn−2 = ∏
k /∈{i, j } rk , and so

σ k̂
n−2 =

{
σn−2 k ∈ {i, j},
0 k /∈ {i, j},

which yields

c′(t0) = σn−2

2σn−2
vi + σn−2

2σn−2
v j = vi + v j

2
.

Now consider the case where x = 0 is not a root of pt0 . Observe that, for each j ,
σ ı̂

j = σ j − riσ
ı̂
j−1. Inductively, we obtain

σ ı̂
n−2 =

n−2∑
k=0

(−1)n−kσkr n−2−k
i .

It follows that

0 = (−1)n pt0(ri) =
n∑

k=0

(−1)n−kσkr n−k
i = σn − riσn−1 + r 2

i σ ı̂
n−2.

Solving for σ ı̂
n−2, we can rewrite

c′(t0) =
n∑

i=1

σ ı̂
n−2

2σn−2
vi =

n∑
i=1

riσn−1 − σn

r 2
i · 2σn−2

vi .

Using Taylor’s formula, as above, we have

c′(t0) =
n∑

i=1

riσn−1 − σn

r 2
i · 2σn−2

vi =
n∑

i=1

−ri p′
t0
(0) − pt0(0)

r 2
i p′′

t0
(0)

vi = −pt0(0)

p′′
t0
(0)

n∑
i=1

vi

r 2
i

as desired.

While Theorem 2 has a noticeably simpler statement than Lemma 1, it provides a
complete answer to the basic question of polynomial root motion! After all, pt (x) can
always be translated horizontally to place the critical point of interest at x = 0 when
t = t0, and then Theorem 2 lets us determine which way that critical point is moving
at t = t0.

We can read Theorem 2 as representing the velocity of a critical point at a given
time as a certain weighted average of the vi .1 This suggests that we can use Theorem
2 to give an independent proof of the Polynomial Root Dragging Theorem.

1The sum of the weights equals one, as it should; we see this by substituting 1 for v in (2).
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Corollary 3 (Polynomial Root Dragging Theorem, [1]). Let p(x) be a degree-n
polynomial with n real roots. When we drag a subset of the roots to the right, its
critical points either stay fixed or move to the right.

Proof. It’s enough to prove the theorem for a single critical point, in the case when
exactly one root (say, r1) is moved d units to the right. Define pt (x) by taking p0(x) =
p(x), v1 = d > 0, and vi = 0 for all i 	= 1. Choose a critical point, and let its position
at time t be given by ci (t). There are only finitely many times when r1 collides with
another root. Since ci is continuous, it will suffice to show that ci is nondecreasing on
each open interval between these times. Consider such an interval. Since r1 is a single
root throughout this interval, ci 	= r1 in this interval. If ci coincides with some other
root, then there are distinct j, k 	= 1 such that ci = r j = rk at some time during the
interval. But r j and rk are not moving, so ci = r j = rk throughout the interval, and
therefore ci is constant on the interval.

Now suppose that ci does not coincide with any root at any time in the interval, and
let t0 be a fixed time in the interval. Translating in x as necessary, we may assume that
ci (t0) = 0. Theorem 2 gives

c′
i (t0) = −pt0(0)

p′′
t0
(0)r 2

1

d.

Since 0 is a critical point and pt0(0) 	= 0 is a local extremum, pt0(0)/p′′
t0
(0) < 0 by

the second derivative test, and again c′
i (t0) > 0, as desired. Hence ci (0) ≤ ci (1), and

ci will move to the right or stay fixed.

Corollary 4 (Polynomial Root Squeezing Theorem, [2]). Let p(x) be a polynomial
of degree n with (possibly repeated) real roots r1, r2, . . . , rn, and select ri < r j . If ri

and r j move equal distances toward each other, without passing other roots, then each
critical point will stay fixed or move toward (ri + r j )/2.

Proof. Fix d > 0, the distance which ri and r j will move. Define pt (x) by taking
p0(x) = p(x), vi = d, v j = −d, and vk = 0 for all k 	∈ {i, j}. Fix t0 ∈ (0, 1), choose
a critical point, and let its position at time t be given by ck(t).

We have assumed that ri and r j do not pass other roots. Thus, if ck(t0) is at a multiple
root, it must be a stationary multiple root; hence ck is constant. Otherwise, we translate
in x to move ck(t0) to x = 0. Applying Theorem 2, we have

c′
k(t0) = −d · pt0(0)

p′′
t0
(0)

(
1

r 2
i

− 1

r 2
j

)
.

As we saw in the proof of Corollary 3, −d · pt0(0)/p′′
t0
(0) > 0. Hence c′

k(t0) > 0 if and
only if |ri | < |r j |. That is, at time t0, ck is moving in the same direction as the nearer
of {ri , r j }, and is therefore moving toward the more distant of {ri , r j}. This implies the
desired conclusion, no matter where ck(t0) is located relative to {ri , r j }.
3. CONCLUSION. We find it particularly satisfying that these results on polynomial
root motion can be proved using standard topics from the undergraduate curriculum,
such as implicit differentiation, the second derivative test, and Taylor’s theorem. It
would be nice to prove an analogue of Corollaries 3 and 4 in the case where different
subsets of the roots are moved in opposing directions. If ci (t) is a critical point of pt (x)

for all t , then in principle we can integrate c′
i (t) to find the net change in the critical
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point. Unfortunately, for this purpose, Lemma 1 does not provide a usable expression
for c′

i (t). Nor can we apply the simpler Theorem 2, which is valid only for a single
value t = t0.

An interesting exercise is to completely characterize the n = 3 case, where

y = pt (x) = A
3∏

i=1

(x − ri (t)).

It is not hard to explain what happens when roots collide, or to show that a critical
point can change directions at most once. When two roots collide, Theorem 2 implies
that the critical point between the two roots will move away from the collision in the
direction of the fastest moving root. We can describe the triple root collision qualita-
tively, despite the fact that Theorem 2 does not apply in this case. Indeed, r1, r2, r3,
and c are all odd functions of t . The fact that a critical point changes direction at most
once, which follows as dc

dt is monotonic when n = 3, was a complete surprise to us: we
thought that it would be possible to find velocities and initial positions of the roots that
would send fast-moving roots shooting past the critical point at different times, from
opposite directions, producing at least two changes in direction. What can one say in
the degree-n case?
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1. INTRODUCTION Sloane’s On-Line Encyclopedia of Integer Sequences [5] is
well known. It is of major assistance to numerous mathematicians and fuses together
diverse lines of mathematical research. For example, searching for 2, 3, 4, 6, 9, 14, 22,

35, 56, 90, 145, . . . leads to sequence A001611, the “Fibonacci numbers + 1,” listing
about ℵ0 comments, references, links, formulas, Maple and Mathematica programs,
and cross-references to other sequences. Everybody can see that Sequence A000071,
which lists the “Fibonacci numbers − 1,” has even more material, so it must contain
at least ℵ1 comments, references, links, formulas, Maple and Mathematica programs,
cross-references to other sequences, and extensions.

Though there are two (unpublished) links common to the two sequences, the re-
spective lists of references of the two sequences have an empty intersection; even in
the “adjacent sequences,” the sequences do not acknowledge each other. Moreover,
there is no cross-reference from one sequence to the other. This is astonishing, border-
ing on the offensive, since both sequences stem from the same source, the Fibonacci
numbers. Are they antagonistic to each other? Our purpose is to show that there should
be no animosity between the two sequences; both coexist peacefully in some applica-
tions.

2. KIMBERLING’S THEOREM. Let F−2 = 0, F−1 = 1, Fn = Fn−1 + Fn−2 (n ≥
0) be the Fibonacci sequence. (For technical reasons we use an indexing that differs
from the usual.) Let a(n) = �nτ� and b(n) = �nτ 2�, where τ = (1 + √

5)/2 denotes
the golden section. We consider iterations of these sequences. An example of an iter-
ated identity is a(b(n)) = a(n) + b(n). It can be abbreviated as ab = a + b, where
the suppressed variable n is assumed to range over all positive integers, unless other-
wise specified. Consider the word w = �1�2 · · · �k of length k over the binary alphabet
{a, b}, where the product means iteration (composition). The number m of occurrences
of the letter b is the weight of w. Recently, Clark Kimberling [4] proved the following
nice and elegant result:

Theorem I. For k ≥ 2, let w = �1�2 · · · �k be any word over {a, b} of length k and
weight m. Then w = Fk+m−4a + Fk+m−3b − c, where c = Fk+m−1 − w(1) ≥ 0 is inde-
pendent of n.

Notice that in the theorem—where w(1) is w evaluated at n = 1—only the weight
m appears, not the locations within w where the bs appear. Their locations, however,
obviously influence the behavior of w. This influence is hidden in the “constant” c =
ck,m,w(1).

Examples.

(i) Consider the case m = 0. Theorem I gives directly ak = Fk−4a + Fk−3b −
Fk−1 + 1, since �τ� = 1, so w(1) = �τ . . . �τ�τ�� . . . � = 1.

(ii) m = 1, w = bak−1. Then w(1) = �τ 2�τ . . . �τ�τ�� . . . � = 2, since �τ 2� = 2.
Hence bak−1 = Fk−3a + Fk−2b − Fk + 2.

(iii) m = 1, w = ak−1b. Then w(1) = ak−1b(1) = �τ . . . �τ�τ 2�� . . . �. What’s the
value of of this expression? The answer is given in the next section.

3. AN APPLICATION.

Theorem 1. Suppose that k ≥ 1, and let w = ak−1b. Then w(1) = ak−1b(1) =
Fk−1 + 1; thus ck,m,w(1) = Fk−2 − 1, and w = ak−1b = Fk−3a + Fk−2b − (Fk−2 − 1).
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We see, in particular, that in a single theorem we have both “Fibonacci numbers +
1” (for w(1)) and “Fibonacci numbers − 1” (for w = w(n)), coexisting amicably.

Proof. The ratios Fk/Fk−1 are the convergents of the simple continued fraction ex-
pansion of τ = [1, 1, 1, . . . ]. Therefore 0 < τ F2k+1 − F2k+2 < F−1

2k+1 and −F−1
2k <

τ F2k − F2k+1 < 0 (see, e.g., [3, Ch. 10]). We may thus write

τ F2k+1 − F2k+2 = δ1(k), where 0 < δ1(k) < F−1
2k+1,

and

τ F2k − F2k+1 = δ2(k), where − F−1
2k < δ2(k) < 0.

We note that b(1) = �τ 2� = 2 = F0 + 1, ab(1) = �τ�τ 2�� = �2τ� = 3 = F1 + 1,
and a2b(1) = �3τ� = 4 = F2 + 1. To complete the proof, we proceed by induction.
Suppose that a j b(1) = Fj + 1 for some j ≥ 2.

We consider two cases. If j is even, then j = 2k for some k ≥ 1. Using the induc-
tion hypothesis, we get

a j+1b(1) = a(a2k b(1)) = �τ(F2k + 1)� = F2k+1 + 1 + �τ−1 + δ2(k)� = F2k+1 + 1,

since for k ≥ 1, F2k ≥ F2 = 3 so −1/3 < δ2(k) < 0, and 0.6 < τ − 1 = τ−1 < 0.62.
Similarly, if j is odd then j = 2k + 1 for some k ≥ 1, and we get

a j+1b(1) = a(a2k+1b(1)) = �τ(F2k+1 + 1)�
= F2k+2 + 1 + �τ−1 + δ1(k)� = F2k+2 + 1,

since for k ≥ 1, F2k+1 ≥ 5, so 0 < δ1(k) < 1/5.

The word ak−1b features in many identities proved in [2]. In particular, b, ab, a2b—
as well as a3—play a prominent role in the Flora game defined and analyzed there.
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eralizations and references, is welcome. The problem number and the solver’s
name and address should appear on each solution. An asterisk (*) after the num-
ber of a problem or a part of a problem indicates that no solution is currently
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PROBLEMS

11516. Proposed by Elton Bojaxhiu, Albania, and Enkel Hysnelaj, Australia. Let T be
the set of all nonequilateral triangles. For T in T , let O be the circumcenter, Q the
incenter, and G the centroid. Show that infT∈T � OG Q = π/2.

11517. Proposed by Cezar Lupu, student, University of Bucharest, Bucharest, Roma-
nia, and Tudorel Lupu, Decebal High School, Constanta, Romania. Let f be a three-
times differentiable real-valued function on [a, b] with f (a) = f (b). Prove that∣∣∣∣

∫ (a+b)/2

a
f (x) dx −

∫ b

(a+b)/2
f (x) dx

∣∣∣∣ ≤ (b − a)4

192
sup

x∈[a,b]
| f ′′′(x)|.

11518. Proposed by Mihaly Bencze, Brasov, Romania. Suppose n ≥ 2 and let
λ1, . . . , λn be positive numbers such that

∑n
k=1 1/λk = 1. Prove that

ζ(λ1)

λ1
+

n∑
k=2

1

λk

(
ζ(λk) −

k−1∑
j=1

j−λk

)
≥ 1

(n − 1)(n − 1)! .

11519. Proposed by Ovidiu Furdui, Campia Turzii, Cluj, Romania. Find

∞∑
n=1

∞∑
m=1

(−1)n+m Hn+m

n + m
,

where Hn denotes the nth harmonic number.

11520. Proposed by Peter Ash, Cambridge Math Learning, Bedford, MA. Let n and k
be integers with 1 ≤ k ≤ n, and let A be a set of n real numbers. For i with 1 ≤ i ≤ n,
let Si be the set of all subsets of A with i elements, and let σi = ∑

s∈Si
max(s). Express

the kth smallest element of A as a linear combination of σ0, . . . , σn.

doi:10.4169/000298910X496796
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11521. Proposed by Marius Cavachi, “Ovidius” University of Constanta, Constanta,
Romania. Let n be a positive integer and let A1, . . . , An, B1, . . . , Bn , C1, . . . , Cn be
points on the unit two-dimensional sphere S2. Let d(X, Y ) denote the geodesic distance
on the sphere from X to Y , and let e(X, Y ) be the Euclidean distance across the chord
from X to Y . Show that
(a) There exists P ∈ S2 such that

∑n
i=1 d(P, Ai ) = ∑n

i=1 d(P, Bi ) = ∑n
i=1 d(P, Ci ).

(b) There exists Q ∈ S2 such that
∑n

i=1 e(Q, Ai ) = ∑n
i=1 e(Q, Bi ).

(c) There exist a positive integer n, and points A1, . . . , An,B1, . . . , Bn , C1, . . . , Cn on
S2, such that for all R ∈ S2,

∑n
i=1 e(R, Ai ),

∑n
i=1 e(R, Bi ), and

∑n
i=1 e(R, Ci ) are not

all equal. (That is, part (b) cannot be strengthened to read like part (a).)

11522. Proposed by Moubinool Omarjee, Lycée Jean Lurçat, Paris, France. Let E
be the set of all real 4-tuples (a, b, c, d) such that if x, y ∈ R, then (ax + by)2 +
(cx + dy)2 ≤ x2 + y2. Find the volume of E in R

4.

SOLUTIONS

Cevian Subtriangles

11404 [2009, 83]. Proposed by Raimond Struble, North Carolina State at Raleigh,
Raleigh, NC. Any three non-concurrent cevians of a triangle create a subtriangle. Iden-
tify the sets of non-concurrent cevians which create a subtriangle whose incenter coin-
cides with the incenter of the primary triangle. (A cevian of a triangle is a line segment
joining a vertex to an interior point of the opposite edge.)

Solution by M. J. Englefield, Monash University, Victoria, Australia. Label the vertices
of the primary triangle ABC in counterclockwise order, and let I be the incenter.
The following construction identifies the required triples of cevians. Take an arbitrary
cevian AA′ not passing through I and consider the circle κ centered at I tangent to
AA′, say at PA. There are two points on κ for which the line joining them to B is
tangent to κ . Choose for PB the one that is counterclockwise from PA on κ , and take
B ′ to be the intersection of the line through B and PB with AC . Similarly choose PC

to lie counterclockwise from PB on κ , and let C ′ be the intersection of AB with the
tangent from C to κ at PC . By construction, κ is the incircle of the subtriangle.

Editorial comment. Little attention has been given to the subtriangle that is the topic of
this problem. If the non-concurrent cevians divide the sides of �ABC in ratios λ, μ, ν,
Routh’s theorem gives the area of the subtriangle as (λμν − 1)2/((λμ + λ + 1)(μν +
μ + 1)(νλ + ν + 1)) times the area of ABC . It is also known (H. Bailey, Areas and
centroids for triangles within triangles, Math. Mag. 75 (2002) 371) that the centroids
of the two triangles coincide if and only if λ = μ = ν.

Also solved by R. Chapman (U. K.), C. Curtis, J. H. Lindsey II, M. D. Meyerson, J. Schaer (Canada), R. A.
Simon (Chile), R. Stong, Con Amore Problem Group (Denmark), GCHQ Problem Solving Group (U. K.), and
the proposer.

A Limit of an Alternating Series

11412 [2009, 179]. Proposed by Omran Kouba, Higher Institute for Applied Sciences
and Technology, Damascus, Syria. Let f be a monotone decreasing function on [0, ∞)

such that limx→∞ f (x) = 0. Define F on (0, ∞) by F(x) = ∑∞
n=0(−1)n f (nx).

(a) Show that if f is continuous at 0 and convex on [0, ∞), then limx→0+ F(x) =
f (0)/2.
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(b) Show that the same conclusion holds if we drop the second condition on f from (a)
and instead require that f have a continuous second derivative on [0, ∞) such that∫ ∞

0 | f ′′(x)| dx < ∞.
(c) Dropping the conditions of (a) and (b), find a monotone decreasing function f on
[0, ∞) with f (0) > 0 such that

lim sup
x→0+

sup
0<y<x

F(y) = f (0), lim sup
x→0+

inf
0<y<x

F(y) = 0.

Solution by Richard Bagby, New Mexico State University, Las Cruces, NM. For f a
monotone decreasing function on [0, ∞) with limx→∞ f (x) = 0, define

F(x) =
∞∑

n=0

(−1)n f (nx) =
∞∑

n=0

[ f (2nx) − f ((2n + 1)x)], x > 0.

By the alternating series test, the series defines F(x) with 0 ≤ F(x) ≤ f (0).
(a) If f is convex, then for each x > 0, the difference f (kx) − f ((k + 1)x) is a

nonincreasing function of the positive integer k. Therefore, we have

F(x) ≥
∞∑

n=0

[ f ((2n + 1)x) − f ((2n + 2)x)] = f (0) − F(x),

as well as

F(x) ≤ f (0) − f (x) +
∞∑

n=1

[ f ((2n − 1)x) − f (2nx)] = 2 f (0) − f (x) − F(x).

Thus we see that f (0) ≤ 2F(x) ≤ 2 f (0) − f (x) for all x > 0 when f is convex. In
particular, limx→0+ F(x) = 1

2 f (0) if f (x) is also continuous at the origin.
(b) Suppose that instead of assuming that f (x) is convex, we assume that f ∈

C2[0, ∞) with
∫ ∞

0 | f ′′(x)| dx < ∞. Observe that since f (x) → 0 as x → ∞, we
may write

F(x) = 1

2
f (0) + 1

2

∞∑
n=0

(−1)n[ f (nx) − f ((n + 1)x)]

= 1

2
f (0) + 1

2

∞∑
n=0

[∫ (2n+2)x

(2n+1)x
f ′(t) dt −

∫ (2n+1)x

2nx
f ′(t) dt

]

= 1

2
f (0) + 1

2

∞∑
n=0

∫ (2n+1)x

2nx

(∫ x

0
f ′′(s + t) ds

)
dt

= 1

2
f (0) + 1

2

∫ x

0

( ∞∑
n=0

∫ (2n+1)x

2nx
f ′′(s + t) dt

)
ds.

This implies that ∣∣∣∣F(x) − 1

2
f (0)

∣∣∣∣ ≤ x

2

∫ ∞

0
| f ′′(t)| dt,

so once again F(x) → 1
2 f (0) as x → 0 from the right.

(c) A simple choice of a monotone decreasing function f with f (0) > 0 for which

lim sup
x→0+

F(x) = f (0), lim inf
x→0+ F(x) = 0

August–September 2010] PROBLEMS AND SOLUTIONS 651



is given by f (x) = 1 for 0 ≤ x < 1 and f (x) = 0 for 1 ≤ x < ∞. For each positive
integer k, we then have F(1/(2k)) = 1 and F(1/(2k + 1)) = 0.

Also solved by M. Bello-Hernández & M. Benito (Spain), N. Caro (Colombia), R. Chapman (U. K.), P. P.
Dályay (Hungary), P. J. Fitzsimmons, J. Grivaux (France), J. H. Lindsey II, O. P. Lossers (Netherlands), K.
Schilling, R. Stong, Szeged Problem Solving Group “Fejéntaláltuka” (Hungary), GCHQ Problem Solving
Group (U. K.), Microsoft Research Problems Group, and the proposer.

A Definite Hyperbolic

11418 [2009, 276]. Proposed by George Lamb, Tucson, AZ. Find

∫ ∞

−∞

t2sech2t

a − tanh t
dt

for complex a with |a| > 1.

Solution by Omran Kouba, Higher Institute for Applied Sciences and Technology,
Damascus, Syria. The answer is 1

12

(
Log3( a+1

a−1) + π2Log( a+1
a−1)

)
, where Log is the prin-

cipal branch of the logarithm defined on the complex plane cut along the negative real
numbers. The formula is valid for every complex number a with a /∈ [−1, 1].

For a /∈ [−1, 1] the integral is convergent. Denote its value by I (a). Compute

I (a) =
∫ ∞

−∞

t2 dt

(a cosh t − sinh t) cosh t
=

∫ ∞

−∞

4t2e2t dt

((a − 1)e2t + a + 1)(e2t + 1)

= 1

2

∫ ∞

−∞

x2ex dx

((a − 1)ex + a + 1)(ex + 1)
= 1

2(a − 1)
J

(
a + 1

a − 1

)
,

with

J (b) =
∫ ∞

−∞

x2ex dx

(ex + b)(ex + 1)
.

In order to evaluate J (b) for b ∈ C \ (−∞, 0], let

F(z) = (z3 + π2z)ez

(1 − ez)(b − ez)
.

For large positive R, consider the contour γR consisting of a positively oriented rect-
angle ABC D with vertices A, B, C, D at −R − iπ , R − iπ , R + iπ , and −R + iπ ,
respectively. The only points inside the rectangle γR where the denominator of F van-
ishes are 0 and Log b, but 0 is a removable singularity for F and Log b is a simple
pole with residue

Res(F, Log b) = Log3b + π2Log b

b − 1
.

The residue formula says that∫
γR

F(z) dz = 2π i

b − 1
(Log3b + π2Log b).
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However,

∫
AB

F(z) dz +
∫

C D
F(z) dz =

∫ R

−R
F(x − iπ) dx −

∫ R

−R
F(x + iπ) dx

=
∫ R

−R

(
(x + iπ)3 + π2(x + iπ) − (x − iπ)3 − π2(x − iπ)

)
ex

(1 + ex)(b + ex)
dx

= 6π i
∫ R

−R

x2ex dx

(1 + ex)(b + ex)
,

so

lim
R→∞

(∫
AB

F(z) dz +
∫

C D
F(z) dz

)
= 6π i

∫ ∞

−∞

x2ex dx

(1 + ex)(b + ex)
= 6π i J (b).

Next,
∫

BC F(z) dz = i
∫ π

−π
F(R + i t) dt , so if R > 1 + |b|, then

∣∣∣∣
∫

BC
F(z) dz

∣∣∣∣ ≤ 2π sup
t∈[−π,π]

|F(R + i t)| ≤ 2π

√
R2 + π2(R2 + 2π2)eR

(eR − 1)(eR − |b|) .

Therefore, limR→∞
∫

BC F(z) dz = 0. Similarly, limR→∞
∫

D A F(z) dz = 0. Combining
our results, we conclude that

6π i J (b) = 2π i

b − 1
(Log3b + π2Log b),

or, equivalently,

J (b) = 1

3(b − 1)
(Log3b + π2Log b).

Therefore, as claimed, we get

I (a) = a − 1

2
J

(
a + 1

a − 1

)
= 1

12

(
Log3

(
a + 1

a − 1

)
+ π2Log

(
a + 1

a − 1

))
.

Also solved by R. Bagby, D. H. Bailey & J. M. Borwein (U.S.A. & Canada), D. Beckwith, R. Chapman (U. K.),
H. Chen, P. Corn, Y. Dumont (France), M. L. Glasser, J. Grivaux (France), J. A. Grzesik, K. McInturff, L. A.
Medina, P. Perfetti (Italy), Á. Plaza (Spain), O. G. Ruehr, A. Stadler (Switzerland), V. Stakhovsky, R. Stong,
N. Thornber, GCHQ Problem Solving Group (U. K.), and the proposer.

A Triangle Construction

11419 [2009, 276]. Proposed by Vasile Mihai, Belleville, Ontario, Canada. Let G
be the centroid, H the orthocenter, O the circumcenter, and P the circumcircle of a
triangle ABC that is neither isosceles nor right.
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Let A′, B ′, and C ′ be the orthic
points of ABC , that is, the respec-
tive feet of the altitudes from A, B,
and C . Let A1 be the point on P such
that AA1 is parallel to BC , and de-
fine B1, C1 similarly. Let A′

1 be the
point on P such that A1 A′

1 is parallel
to AA′, and define B ′

1, C ′
1 similarly

(see sketch).
Show that

(a) A1 A′
1, B1 B ′

1, and C1C ′
1 are con-

current at the point I opposite H
from O on the Euler line H O .

(b) A1 A′, B1 B ′, and C1C ′ are concur-
rent at the centroid G.

OB

BA

CC1

B1

A1

C

A1

C1

B1

H

AG

(c) the circumcircles of O A1 A′
1, O B1 B ′

1, and OC1C ′
1 (which are clearly concurrent

at O) are concurrent at a second point K lying on H O , and |O H | · |O K | = abc/p,
where a, b, and c are the edge lengths of ABC , and p is the perimeter of A1 B1C1.

Solution by Paul Yiu, Florida Atlantic University, Boca Raton, FL.
(a) Each of the lines A1 A′

1, B1 B ′
1, and C1C ′

1 is the reflection of an altitude in the
perpendicular bisector of the corresponding side, and these bisectors each contain the
circumcenter O . Since the altitudes intersect at the orthocenter H , these reflected lines
intersect at the reflection of H in O .

(b) Let D be the midpoint of BC . Since AA1 and BC are parallel and AA1 = 2 · D A′,
the lines A1 A′ and AD intersect at a point that divides each of A1 A′ and AD in the
ratio 2 : 1. This point is the centroid G of triangle ABC . The same holds for B1 B ′ and
C1C ′.
(c) The inverse of the line A1 A′

1 in the circumcircle P is the circle O A1 A′
1. This circle

contains the inverse K of I in P . The same holds for the lines B1 B ′
1 and C1C ′

1. Note
that |O H | · |O K | = |O I | · |O K | = R2, where R is the circumradius.

If ABC is acute, then the angles of A1 B1C1 are π − 2A, π − 2B, and π − 2C . The
perimeter p of triangle A1 B1C1 is given by

p = 2R(sin 2A + sin 2B + sin 2C) = 2a cos A + 2b cos B + 2c cos C

= a2(b2 + c2 − a2) + b2(c2 + a2 − b2) + c2(a2 + b2 − c2)

abc

= 16	2

abc
=

(
abc

R

)2

· 1

abc
= abc

R2
.

Therefore, R2 = abc/p.
This formula is correct only for acute triangles. If angle A is obtuse, the angles of

triangle A1 B1C1 are 2A − π , 2B, and 2C .

Also solved by M. Bataille (France), J. Cade, R. Chapman (U. K.), P. P. Dályay (Hungary), M. Goldenberg
& M. Kaplan, J.-P. Grivaux (France), J. G. Heuver (Canada), L. R. King, O. Kouba (Syria), J. H. Lindsey II,
O. P. Lossers (Netherlands), R. Minkus, C. R. Pranesachar (India), R. Stong, M. Tetiva (Romania), Z. Vörös
(Hungary), L. Zhou, GCHQ Problem Solving Group (U. K.), and the proposer.
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Matrix Normality

11422 [2009, 277]. Proposed by Christopher Hillar, The Mathematical Sciences Re-
search Institute, Berkeley, CA. Let H be a real n × n symmetric matrix with dis-
tinct eigenvalues, and let A be a real matrix of the same size. Let H0 = H , H1 =
AH0 − H0 A, and H2 = AH1 − H1 A. Show that if H1 and H2 are symmetric, then
AAt = At A; that is, A is normal.

Solution by Patrick Corn, St. Mary’s College of Maryland, St. Mary’s City, MD. If
we conjugate H0, H1, H2, and A by the same orthogonal matrix, then the hypotheses,
definitions, and conclusion remain unchanged. There exists an orthogonal matrix that
diagonalizes H0, since H0 is a real, symmetric matrix. Without loss of generality, then,
we may assume that H0 is diagonal with distinct entries.

Since H1 is symmetric, it follows that AH0 − H0 A = (AH0 − H0 A)t = H0 At −
At H0, and thus (A + At)H0 = H0(A + At). Since the matrix A + At commutes with
H0, it must be diagonal. Now write A = D + S, where D = (1/2)(A + At) is diagonal
and S = (1/2)(A − At) is skew-symmetric.

Since H2 is symmetric, we have H1(A + At) = (A + At)H1, and H1 D = DH1.
That is, (AH0 − H0 A)D = D(AH0 − H0 A). Since D and H0 commute, AH0 −
H0 A = SH0 − H0S, and then (SH0 − H0S)D = D(SH0 − H0S), so H0(DS − SD) =
(DS − SD)H0. Thus DS − SD commutes with H0, so it must be diagonal. However,
DS and SD both have zero diagonals, since S does, and therefore DS = SD.

Expanding and using DS = SD, we conclude that

AAt − At A = (D + S)(Dt + St) − (Dt + St)(D + S) = 2(SD − DS) = 0.

This gives the desired result.

Also solved by R. Chapman (U. K.), C. Curtis, P. P. Dályay (Hungary), A. Fok, S. M. Gagola Jr., M. Goldenberg
& M. Kaplan, D. Grinberg, J.-P. Grivaux (France), E. A. Herman, R. Howard, O. Kouba (Syria), C. Lanski,
J. H. Lindsey II, O. P. Lossers (Netherlands), A. Muchlis (Indonesia), J. Simons (U. K.), J. H. Smith, R. Stong,
E. I. Verriest, L. Zhou, GCHQ Problem Solving Group (U. K.), and the proposer.

A Lobachevsky Integral

11423 [2009, 277]. Proposed by Gregory Minton, D. E. Shaw Research, LLC, New
York, NY. Show that if n and m are positive integers with n ≥m and n − m even, then∫ ∞

x=0 x−m sinn x dx is a rational multiple of π .

Solution by Hongwei Chen, Christopher Newport University, Newport News, VA. We
use induction on m. Let I (n, m) = ∫ ∞

0 x−m sinn x dx . First, for any odd positive inte-
ger n = 2k + 1, we recall that

sin2k+1 x = 1

22k

k∑
i=0

(−1)k−i

(
2k + 1

i

)
sin

(
(2k − 2i + 1)x

)
and ∫ ∞

0

sin(ax)

x
dx = π

2

for a > 0. Hence

I (2k + 1, 1) = 1

22k+1

k∑
i=0

(−1)k−i

(
2k + 1

i

)
π
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is a rational multiple of π . For m = 2, note that integration by parts gives

I (n, 2) = n
∫ ∞

0

sinn−1 x cos x

x
dx .

Using the product to sum formula for sine and cosine, for n = 2k we can expand
sin2k−1 x cos x as

1

22k−1

k−1∑
i=0

(−1)k−i+1

(
2k − 1

i

)(
sin

(
(2k − 2i)x

) + sin
(
(2k − 2i − 2)x

))
,

so

I (2k, 2) = k

22k−2

(
1

2

(
2k − 1

k − 1

)
+

k−2∑
i=0

(−1)k−i+1

(
2k − 1

i

))
π

is also a rational multiple of π . For m ≥ 2, integrating by parts twice leads to

I (n, m + 1) = − n2

m(m − 1)
I (n, m − 1) + n(n − 1)

m(m − 1)
I (n − 2, m − 1).

When n − (m + 1) is even and nonnegative, the right side is a rational multiple of
π by the induction hypothesis. Therefore, the left side is also such a multiple, which
completes the proof.

Editorial comment. The integrals I (n, m) were apparently first considered by N. I.
Lobachevskiı̆, Probabilité des résultats moyens tirés d’observations répétées, J. Reine
Angew. Math. 24 (1842) 164–170.

T. Hayashi, in “On the integral
∫ ∞

0
sinn x

xm dx ,” Nieuw Arch. Wiskd. (2) 14 (1923)
13–18, gave the following explicit evaluation:

I (n, m) = π(−1)(n−m)/2

2n−m+1(m − 1)!
∑

0≤ j≤(n−1)/2

(−1) j

(
n

j

) (n

2
− j

)m−1

which for m = 1 or 2 simplifies to

I (2k + 1, 1) = π

2k+1

(2k − 1)!!
k! = π

22k+1

(
2k

k

)

I (2k, 2) = π

2k

(2k − 3)!!
(k − 1)! = π

22k−1

(
2k − 2

k − 1

)
,

and these more than suffice for the current problem.

Also solved by K. F. Andersen (Canada), R. Bagby, M. Bataille (France), D. Beckwith, D. Borwein (Canada),
K. N. Boyadzhiev, R. Buchanan, R. Chapman (U. K.), P. Corn, J. Dai & C. Goff, P. P. Dályay (Hungary),
Y. Dumont (France), G. C. Greubel, J. Grivaux (France), J. A. Grzesik, E. A. Herman, G. Keselman, J. Kolk
(Netherlands), T. Konstantopoulis (U. K.), O. Kouba (Syria), I. E. Leonard (Canada), J. H. Lindsey II, O. P.
Lossers (Netherlands), Y. Mikata, M. Omarjee (France), É. Pité (France), Á. Plaza (Spain), R. E. Rogers,
O. G. Ruehr, J. Simons (U. K.), A. Stadler (Switzerland), R. Stong, R. Tauraso (Italy), M. Tetiva (Romania),
N. Thornber, E. I. Verriest, Z. Vörös (Hungary), M. Vowe (Switzerland), H. Widmer (Switzerland), L. Zhou,
Columbus State University Problem Solvers, GCHQ Problem Solving Group (U. K.), Microsoft Research
Problems Group, NSA Problems Group, and the proposer.
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REVIEWS
Edited by Jeffrey Nunemacher

Mathematics and Computer Science, Ohio Wesleyan University, Delaware, OH 43015

Finite Group Theory. By I. Martin Isaacs. American Mathematical Society, Providence, Rhode
Island, 2008, xi+350pp., ISBN 978-0-8218-4344-4, $59.

Reviewed by Peter Sin

In the preface of Finite Group Theory the author, I. Martin Isaacs, states that his prin-
cipal reason for writing the book was to expose students to the beauty of the subject.
Finite group theory is indeed a subject which has both beautiful theory and beautiful
examples. The simplicity and elegance of the group axioms have made group theory
an almost universal choice as a starting point in the teaching of abstract mathematics.
But Isaacs had more than this in mind. Throughout the history of the subject there have
been many examples of theorems with proofs which are ingenious, highly original, or
which establish an important new general principle—proofs of great aesthetic value.

Everyone who has taken a graduate algebra course is aware of Sylow’s theorems,
and of the noticeable increase in depth of the discussion which follows them. A slightly
less well known example is Frattini’s proof that the intersection of all maximal sub-
groups (now called the Fratttini subgroup in his honor) must be nilpotent. This short
proof introduced two basic mathematical principles. One is the key algebraic con-
cept of a radical, which also underlies many fundamental results such as Nakayama’s
Lemma on commutative rings. The other is the importance of transitive group ac-
tions and, specifically, the method of applying Sylow’s theorems which has become
known as the Frattini Argument. Another classical theorem whose proof has an almost
magical quality is Burnside’s paqb theorem, which states that a group whose order is
divisible by at most two primes must be solvable. Its wonderful proof was one of the
earliest major applications of character theory. We will return to it later.

The first half of the twentieth century witnessed the definitive work of P. Hall, whose
generalizations of Sylow’s theorems illuminated the structure of solvable finite groups.

The modern era of finite group theory began around 1959, when a number of
startlingly original and powerful ideas were introduced by Thompson, to prove a con-
jecture of Burnside, then the Feit-Thompson Odd Order Theorem and the classification
of the N-groups, which include all simple groups with the property that every proper
subgroup is solvable. These results caused an explosion of research leading eventu-
ally to the classification of the simple finite groups. The classification is a composite
of deep results by many contributors, including major achievements by Aschbacher.
Much of this vast body of research is technically very challenging and well beyond the
scope of most graduate courses. A large portion of it has been redacted with great care
and skill in the series by Gorenstein, Lyons, and Solomon [3]–[8].

In writing his book, Isaacs has selected some the the gems of the theory, including
Thompson’s proof of Burnside’s conjecture on the nilpotence of Frobenius kernels,
and made them accessible to beginning graduate students.

doi:10.4169/000298910X496804
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Great beauty is also to be found in the finite groups themselves. We can all admire
the perfect symmetry of the platonic solids, and we have been puzzled by Rubik’s
cube. These tiny glimpses of the multifaceted world of finite groups give a hint of the
treasure to be found within. Even if we restrict ourselves to simple groups, there is a
bewildering array, including many strange and exotic groups acting as symmetries of
geometric objects of all dimensions. Among the simple groups there are some which
belong to infinite families. The alternating groups make up the most familiar series
of simple groups and often the only one encountered in introductory courses. There
are other families which are parametrized by finite fields and root systems, each with
its own geometry. These families, constructed by Chevalley from Lie algebras, are
finite analogs of simple Lie groups. A good way to understand the structure of these
groups is to study their geometries. The theory of buildings was developed by Tits
for this purpose. To give an example, we can consider the projective special linear
groups, discussed in Chapter 8 of Finite Group Theory. The building of such a group
is the simplicial complex whose simplices are the chains of subspaces in the “standard”
vector space on which the special linear group acts. Tits’ classification of buildings is a
key element in the classification theorem for simple groups. Then there are 26 sporadic
simple groups which do not belong to the infinite families, many of which are still
quite mysterious. The largest of these groups, discovered by Fischer and Griess, is the
famous Monster group. Work of McKay, Thompson, Conway, Norton, and Borcherds
has revealed amazing connections between the Monster, modular forms, and vertex
operator algebras. Who knows what other surprises may be in store?

Because the simple groups are so absorbing and since they connect finite group
theory to other parts of mathematics such as Lie algebras, geometry, number theory,
and combinatorics, a large part of current research in finite groups is directed towards
obtaining explicit information about the subgroup structure and representation theory
of simple groups.

In the 1980s a huge amount of detailed information about a lot of groups was com-
puted and compiled into the Atlas of Finite Groups [2] in an appropriately oversized
volume. This has proved to be a very valuable source of information, especially for
testing conjectures.

The gathering of detailed information about simple groups was also an integral part
of the classification program. In order to classify the simple groups it is necessary to
prove theorems which state that a simple group with certain properties must belong
to a list of known examples. One considers a minimal counterexample and attempts
to reach a contradiction. By minimality, every composition factor of every proper sub-
group is a known simple group. At this point delicate properties of the known simple
groups are often needed in a detailed analysis to reach a contradiction.

Enthusiasts of finite groups are fortunate to live in the age of computers. With pro-
grams such as the freely available GAP (Groups, Algorithms, Programming), students
can easily gain hands-on experience with a rich collection of groups, including some
sporadic ones. The increasing role of computers has also brought many benefits to re-
searchers. It is now much easier to test conjectures and to avoid following false leads,
and a wealth of information, including a version of the Atlas, is accessible online.
Computational finite group theory has grown rapidly into a flourishing research area
in its own right.

Isaacs’ book is based on an intermediate-level graduate course. The constraints of
such a course force an instructor to be selective about content. Isaacs has chosen to
emphasize the general principles of finite group theory and its beautiful arguments
rather than to delve into the fascinating examples or the computational aspects. The
book is well crafted with close attention paid to precise exposition while maintaining a
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friendly conversational style. Those who have attended the author’s lectures will also
recognize the drawings used to depict the inclusions and intersections of subgroups in
groups, which have almost become Isaacs’ trademarks. A beginning student will learn
useful general principles of finite group theory from this book and gain an appreci-
ation of the elegance of the field. There are hardly any prerequisites and the pace is
moderate enough that with a little guidance an advanced undergraduate could study it.
The exercises are well composed and have the nice property that their solutions can
be deduced from the statements in the book. A few are challenging and many are fun
to solve. Although introductory in nature, the book contains several items not com-
monly covered. The chapters on subnormal subgroups treat this topic very clearly and
more thoroughly than other texts and include several interesting old results which this
reviewer had not seen before.

For me, the highlight of the book is the account of Burnside’s paqb theorem men-
tioned earlier, which includes some interesting history as well as mathematics. The
question was raised long ago whether Burnside’s result could be deduced without the
use of algebraic integers through character theory, but instead by purely combinatorial
arguments derived from Sylow’s theorems. In the seventies, such a proof was obtained
by combining work of Goldschmidt, Bender, and Matsuyama. However, as the entire
proof was not in a single paper, it was not particularly easy to read. In this book we see
the whole proof, reworked to some extent by Isaacs. His presentation is very smooth,
bringing the important ideas to the fore. Although the proof is “elementary” in the
sense of not using characters, it is actually quite an advanced argument which illus-
trates a number of useful techniques. There are arguments about involutions, which
are reminiscent of Brauer’s early contributions, and standard arguments on generation
of groups by centralizers of elements. Moreover, the proof is based on a method of
Bender, similar to one by which Bender succeeded in simplifying part of the proof of
the Odd Order Theorem.

A small quirk of the book is the conspicuous absence of references to original pa-
pers and further reading. The addition of a bibliography to any future edition would be
helpful to readers without access to MathSciNet.

Finite Group Theory was designed to provide the necessary group-theoretical back-
ground for the author’s students of representation theory. For this purpose it makes a
suitable companion to the excellent text on character theory by the same author. Read-
ers who wish to pursue the subject of finite groups further will be ready to progress
to more advanced texts such as the book by Aschbacher [1] of the same title or the
second volume of the series by Gorenstein, Lyons, and Solomon [4].
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Lester R. Ford Awards for 2009

The Lester R. Ford Awards, established in 1964, are made annually to authors
of outstanding expository papers in the MONTHLY. The awards are named for
Lester R. Ford, Sr., a distinguished mathematician, editor of the MONTHLY

(1942–1946), and President of the Mathematical Association of America (1947–
1948).

Winners of the Lester R. Ford Awards for expository papers appearing in Vol-
ume 116 (2009) of the MONTHLY are:

• Judith V. Grabiner, Why Did Lagrange “Prove” the Parallel Postulate? pp. 3–
18.

• Mike Paterson and Uri Zwick, Overhang, pp. 19–44.
• Jerzy Kocik and Andrzej Solecki, Disentangling a Triangle, pp. 228–237.
• Tom M. Apostol and Mamikon A. Mnatsakanian, New Insight into Cycloidal

Areas, pp. 598–611.
• Bob Palais, Richard Palais, and Stephen Rodi, A Disorienting Look at Euler’s

Theorem on the Axis of a Rotation, pp. 892–909.
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